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1. DERIVATION OF RENORMALIZED FEYNMAN RULES IN PARAMETRIC SPACE

We turn to the derivation of Feynman rules. In our Hopf algebra Hr, we have
graphs T' with labelled edges e € T[1l. To a graph T, we will assign forns®r which
depend on the edge labels A., the squared masses m?2, and the momenta q(v),
v € 'Y, Physicists may wish to consider these external momenta q(v) as external
edges, with a splitting as in say g(v) = ¢1 + g2 corresponding to two external edges
at v, if so desired (for example to achieve homogeneity in the valence of vertices).

We assume that for a product of graphs 21_52, labels are not repeated. The
forms @ have the structure ®r = fr({4.})Qr, with fr({A.}) a function of all

the edge variables and Qr a stamttart=form, sec below. With unrepeated labels,

@rir, = fr, /1.0y ur, -
Renormalized Feynman rules make use of the Hopf algebra Hp to construct a
linear combination of forms ®& such that it can be integrated against positive real

projective PI'" =1 _space. We write ®E(T) € G = SpeCpeyn (H) for the resulting

integral. S -

H W
M40 Se
c%((qb\ 2 S Sl

L M t“i 4



2 DIRK KREIMER

1.1. Schwinger parametrization and the exponential integral. We first de-
fine the two graph polynomials v, . Both mynomlals We
define them here though using spanning trees and spanning forests. We have (for
a connected graph I')

1) o= T4 |
T egT

for spanning trees T' and edges e of I'. Furthermore, we let ¢(v) be the external
momentum entering a vertex v € I' (it can be zero), and for a Subset of vertices

X Iy welet Q(X) =), cxq(v). Then,

(2) pri= » QM)-QT) ] A

ThUTy ~  —— egTyUT,
where T; UT} is a spanning two-forest. Note: Q(T1) = —Q(Tb), Q(T1)? = Q(T»)? =

—Q(Th) - Q(T2).
We extend these definitions to products of graphs as follows. For v =[], v,
—_—

(3) Py = H'l/)%a Py = Z Pryi vaj

% VE

& 5 @\g ?(434) (%) ¢ (2

T 4 (e
4(4)= ¢(Ty)
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Define Quw = q(v) - q(w), let S := Zu,werm) CowQuw & real (cpyw € R) linear
combination of scalar products @Q,,, which vanishes only when all external momenta
q(v) vanish. We say that S is in general kinematic position. Let O,y := Quuw/S

and ©, := m?2/S. —_— = o~
(4)  ¢r(©):= %7 ¢r(S,0) = Sér(0), ¢r(0©) := ¢r(0) + ¢Yr (Z Ae@e) .

We usually write ¢r = ¢r(5,0) in the decomposed form (and in slight abuse of
notation) as ¢r = S¢r(0). Extension to products is defined as before.
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We have for any v C ', with v = U;ys, ¥y = [, ¥+,

Proposition 1.

(5) dr = wr/w%ws,\RSlw:\z@w@
(6) or(©) = or/y(©), + RL(O),|R,(O), > [v()], + 1,
S——— —~—~—

and |¢r| = |Yr| + 1, and |U|y is the degree of U in the edge variables of V, and
Ul =[Ulv-

Note that ¢r/,(©) can be zero, for example when masses are zero and Q(7;) = 0
for all two-forests of I'/~.

Proof. From the definitions via spanning trees and two-forests. O
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ey
We now let Op be the hypercube RE l, and consider the integrand obtained

from a Schwinger parametrization of a Feynman graph T,
dA, - dA 5 (/l
e e r
(7) Bp(S,0) = =10 \V4

Vi
This unrenormalized integrand cannot be integrated yet in the edge variables A,
against Op. Its renormalized counterpart has the form (say for logarithmic diver-
gences, the general case is below and has the same structure)

0

®) Of(5,50,0,00) = Y (~1)V1®(So,00)®r/4(S,0).
[f] —

(9) = ) _ @S0, 00)2rn(S,0),

where we used Sweedler’s notation Ag(T') = > I" @ I'” in the second line. This is
the traditional forest formula.
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INote that we use 1y = 1, ¢p(©) = 0.
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In the following, we will renormalize this integrand using kinetic renormalization
schemes. For that, we let 2sr = 2sd(I") be the superficial degree of divergence of T
(in the example of a massive scalar field theory with quartic interactions):

(10) R2sp = 4[T| — 2T,
Then, all vertex graphs I' have sy = 0 together with [T[U| = 2|T'|, while for all
propagator graphs, sy = 1 with [Tl = 2|1 — 1.
Let us introduce new variables A, — a., Ac = ta., and dA; - - - dA ri| — dtA\Qr,
—————  —_———

with Qr the usual (|TM|—1)-form A, Md
1=
11 Op == A : A
. o A > 4,
/\
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We want to study the overall ¢-integration as a function of the superficial degree
of divergence st first. Concretely, we are interested to define and find the limit in

the t-integration
o0
(12) lim O,

c—0 c

where ¢ € R;. We use renormalization conditions on &r = & (S5, 0).

\ G esks vevo
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Kinetic renormalization conditions imply that we choose values Sy, 0 for the
scale and for the angles, such that the renormalized amplitudes of a graph T,
together with their first sp derivatives in an expansion around that point, vanish.

For sp = 0, we can simply subtract at a chosen Sy, Gq: -
(13) 2r(5.6) = 2r(S.6) — Pr(So.0)

which takes care of the overall divergence in the graph I'.

For sy = 1, we are dealing with a quadratically divergent propagator function.
We will subtract at ¢> = m2. Note that there are no angles ©,,, for a two-point
function, the ©, remain though. Kinetic renormalization conditions are determined
by the requirement that the renormalized amplitude vanishes at ¢ = m?, together
with its first derivative 0,2, so that the pole in the propagator has a on-shell unit
residue?.

2For a massless propagator, vanishing of <I>113“ at ¢> = 0 and of ‘I>i’3/q2 at ¢ = p? are also
convenient renormalization conditions.
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1.2. sp = 0. Let us start with the case sp = 0. The limit is
— S¢r(©)
o QF In
(14) lim [ [@r(S,0) — @r(Sp, Op)] = ——5 ) /

c—0 c .—/\ djlz‘ ’

using that for small ¢ > 0,

< etX ¢
(15) / et == C—i—lnX—FX-i—%

Here, vg is the Euler “Mascherort constant. Note that we can decompose the loga-

rithm as (f

Soér (O
o S¢>¢<Fe§o>> — In(S/S0) + In(¢r(©)/ér(©0)),

- —
(we assume S/Sy > 0). We assume also that the angles ©, © are chosen such that
we are off Landau singularities. Approaching such singularities means studying the
corresponding variation of the logarithm above.

(
e : (QL% QL)L Jl =4
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Let us now look at Jogarithmic sub-divergences. A typical term in the forest
formula provides an ingpgrand of the form

S¢r/;(®) | S097(©0) So¢r/f(90) | So¢r(90)
r/i e kR

(16) e e 7 et 2
16 = =5 .
‘h ﬁW®
)
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Combining each of the two products of exponentials into a single exponential
and using the exponential integral as above delivers

1 Sor,s(0)hs+Sohs(©0)br s |

(17) So¢r/f(@o)wf+50¢f(@0)wr/flQ
wF/ ! djf
Summing over all forests including the empty one delivers the renormalized inte-
grand as the homogeneous of degree zero form
0 e woN wﬁ\h‘J
18 off .= (—)fImF.
(1) = Yy i Lol

®f is an integrand which can, this is just a rewriting of the forest formula, be

integrated against ]P"Fm‘*l(RJr). An explicit proof from scratch is given below
though, after we decomposed Feynman rules suitably.
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