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The Legendrian Homology Algebra

(Y , ξ) contact manifold, α contact form, R Reeb vector field.

Λ1, ...,Λk ⊂ Y disjoint Legendrian spheres.

Non-degeneracy assumptions:
R: closed Reeb orbits are non-degenerate: γ : [0,T ]→ Y closed
flow–line of R, T > 0, γ(0) = γ(T ),

det(dγ(0)ΦR
T − idTγ(0)Y ) 6= 0.

Λ1, ...,Λk : Reeb chords are non-degenerate: γ : [0,T ]→ Y
flow-line of R, γ(0) ∈ Λj0 , γ(T ) ∈ Λj1 . Then

dγ(0)ΦR
T (Tγ(0)Λj0)∩| Tγ(T )Λj1 .

⇒ closed Reeb orbits and Reeb chords are isolated.
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The Legendrian Homology Algebra
Maslov class assumption:

For any complex structure J on ξ we can choose a nowhere
vanishing alternating C–multilinear ϕ : Λn−1ξ → C such that

ϕ((T Λj)k) ∈ R.

for all j = 1, ..., k.

Cij ... set of all Reeb chords connecting Ci and Cj
Ci := Cii

∐
{ei}, C :=

∐
i ,j Cij \ {ei}

ϕ defines for any closed Reeb orbit and any Reeb chord c a
grading |c| ∈ Z. We set |ei | = 0 and define a K-algebra

R := spanK(e1, ..., ek); ei · ej = δij .

K〈C〉 is a left-right R-module via

ei · c = δijc for c ∈ Ckj

c · ei = δijc for c ∈ Cjk
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The Legendrian Homology Algebra
The Legendrian homology algebra is defined as

LHA(Λ) := R ⊕K〈C〉 ⊕K〈C〉 ⊗R K〈C〉 ⊕K〈C〉 ⊗R K〈C〉 ⊗R K〈C〉 ⊕ ...
= K〈c1c2...ck | `, i1, ..., i`+1 ∈ N, ci ∈ Cji+1,ji for i = 1, ..., `〉

c1...ck satisfying condition are called linearly composable.
Choose generic compatible almost complex structure J on R× Y .
The differential d : LHA(Λ)→ LHA(Λ) is defined on chords c ∈ C
via

dLHAc :=
∑

|c|=
∑
|bj |+1

nc;b1...bmb1...bm

where
nc;b1...bm = ]̂MY

Λ (c; b1, ..., bm)/R,
dLHA(ei ) = 0, and extended to LHA(Λ) using the graded Leibniz
rule.

dLHA is correctly defined: If nc;b1...bm 6= 0 then b1...bm are linearly
decomposable.
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Λ (c ; b1, ..., bm)



LHA(Λ) and LHA(Λi , Λ)
We denote by LHA(Λi ; Λ) the differential graded subalgebra of
LHA(Λ) of words which begin and end on Λi .

Proposition 4.3.: d2
LHA = 0. The homologies

LHA(Λ) := H∗(LHA(Λ), dLHA) and LHA(Λi ; Λ) := H∗(LHA(Λi Λ), dLHA)

are independent of all choices (α, J , ...) and Legendrian isotopy
invariants.
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Setup

I (X̄ , ω,Z )...Liouville domain, X̄0 ⊂ intX̄ subdomain such that
Z points outward at Y0 = ∂X̄0;

I W̄ := X̄ \ intX̄0 ...Liouville cobordism,
∂−W̄ = Y0, ∂+W̄ = Y := ∂X̄ ;

I W ,X ,X0...completions of W̄ , X̄ , X̄0
I L ⊂W ...exact Lagrangian cobordism between Legendrians

Λ− ⊂ Y0 and Λ+ ⊂ Y .
Define homomorphism F W

L : LHA(Λ+)→ LHA(Λ−) on chords
c ∈ C(Λ+)

F W
L (c) :=

∑
|c|=
∑
|bj |

mc;b1...bmb1...bm

where
mc;b1...bm = ]̂MW

L (c; b1, ..., bm),

where b1, ..., bm ∈ C(Λ−).



F W
L

Proposition 4.4: (1) F W
L is a homomorphism of graded algebras

which is independent up to chain homotopy of all choices.
(2) If L =

∐k
j=0 Lk and Lj ∩ ∂+W̄ = ∅ for j > 0

F W
L (LHA(Λ+)) ⊂ LHA(Λ0−; Λ−).

In particular, F W
L induces homomorphismn

f W
L : LHA(Λ+)→ LHA(Λ0−; Λ−).
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Deformations LHA(Λ; q)
Choose 0–cycle q representing a homology class q ∈ H0(Λ):

Choose a finite set of points on Λ, at most one onm each
connected component.
Assumption: The endpoints of the Reeb orbits and q are disjoint.

Define

LHA(Λ; q) := R ⊕K〈C ∪ {q}〉 ⊕K〈C ∪ {q}〉 ⊗R K〈C ∪ {q}〉 ⊕ ...

where q is an element of degree n − 2.

The differential dLHA;q is defined on a chord c ∈ C(Λ) via

dLHA;qc :=
∑

|c|=
∑
|bj |+1+k(n−2);k=k0+...+km

nc;b1...bm;k0,...,kmqk0b1qk1 ...qkm−1bmqkm ,

where

nc;b1...bm;k0,...,km = ]̂(ev−1
k (q × ...× q︸ ︷︷ ︸)/R ⊂MY

Λ (c; b1, ..., bm; k0, ..., km)/R)

dLHA;qq = 0 and extend it to all words using graded Leibniz rule.
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LHA(Λ; q)

Proposition 4.5: d2
LHA;q = 0. The homology

LHA(Λ; q) = H∗(LHA(Λ; q), dLHA;q)

is independent of all choices (including representative q) and
Legendrian isotopy invariant up to isomorphisms preserving q.

Λ ⊂ Y connected Legendrian submanifold, q ∈ Λ. Λf ⊂ Y \ Λ
small Legendrian unknot, lk(Λ,Λf ) = ±1.
A = K〈b1qk1b2...bmq〉 ⊂ (LHA(Λ; q), dLHA;q) unital subalgebra.
Define

B := A/(q2).

dLHA;q descends to dB on B.

Proposition 4.6: LHA(Λf ; Λ ∪ Λf ) ∼= H∗(B, dB)
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The Cyclic Complex LHcyc(Λ)
LHO(Λ) ⊂ LHA(Λ...subalgebra of cyclically composable
monomials, dLHO = dLHA|LHO(Λ).

LHO+(Λ) := LHO(Λ)/R
P : LHO+(Λ)→ LHO+(Λ) induced by

P(c1c2...c`) = (−1)|c1|(|c2|+...+|c`|)c2...c`c1.

LHOcyc(Λ) = LHO+(Λ)/im(1− P), dcyc induced differential.
LHOcyc is not an algebra. If w = c1...c` ∈ LHO+(Λ) we denote
(w) ∈ LHOcyc(Λ) and the multiplicity of (w) is the largest k ∈ N
such that (w) = (vk) for some v ∈ LHO+(Λ).
Proposition 4.7: d2

cyc = 0 and

LHcyc(Λ) = H∗(LHcyc(Λ), dcyc)

is independent of all choices and is Legendrian isotopy invariant of
Λ.
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for a chord c and w ′ ∈ LHA(Λ) such that cw ′ ∈ LHO+(Λ) and
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d̂LHO+(ĉw ′) = S(dLHO+c)w ′ + (−1)|c|+1ĉ(dLHO+w ′)
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