HIGHER STRUCTURE: EXERCISE 2

DINGYU YANG

Exercise 1 (Transversality): Let U and V' be compacted embedded submanifolds
in RY. Denote shift 7} : z — 2 +r on RV, Show that for generic r € RN, T,.(U)
and V are transverse in RY.

Exercise 2: Show coproduct A for the tensor coalgebra TS (C[1]) := @, (C[1])®*
is coassociative: (A x Id)o A = (Id x A) o A. -

Exercise 3: Recall for an A, structure with trivial m; = 0 for i > 3, we have
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where by convention x; denotes the first entry of the homogeneous element. Now,
for any for some f : Z — Z and g : Z> — Z, define operations d := (—1)/(dg#1)p,
and A := (—1)5(‘1’3’5‘”1’deg”?)mg7 where we suppress the dependence on f and g in the
notations. Find the general form of f and g such that the associated (C,d, A) is a
DGA. Namely, doA = No(dxId)+(— )dcgml/\O(Idxd) and Ao(AxId) = Ao(Idx A).

Exercise 4: Show d is a coderivation, namely, d satisfies co-Leibniz (without
assuming that {my},>1 satisfies the Ao, relation), namely, using the Sweedler no-
tation A(z) := 32, #(1)®2(2), Aldz) = 32, (dz 1)@y +(—1)%8 W 2y @dx(g) ).

Exercise 5: Show that dod = 0 if and only if {my},>1 satisfies the A relation.

Exercise 6: Define the coassociative coalgebra (F¢(C),A) equipped with linear
map F¢(C) — C as the cofree coassociative coalgebra generated by a vector space
C by the following universal property: Let (V, u) be a coassociative coalgebra that
is nilpotent E| and let ¢ : V. — C be any linear map, then there exists a unique
coalgebra map ¢ : V. — F¢(C) (that is, (p ® ¢) o u = A o @) such that pro @ = ¢.

Show that cofree coassociative coalgebra generated by V in the above sense
exists, namely 7' (C') with the projection pr onto C.

Let d be a coderivation for the cofree (T'{(C[1]),A). Then it is determined by
d:=prod:T¢(C1]) — C[1]; and (C,{my, := S~' od o, o (S¥")},>1) is an A
algebra, where ¢, : C[1]®" — T¢(C[1]) is the inclusion and S : C' — C[1] is the
degree shift.

(Hint: Denote A" 1z := Z(I T(1) ® -+ @ Z(y), then because of cofreeness,

pra(d ZZPT 1)) ® - @d(@@) - @pr(Tm)),

=1 ()
where pry, : T¢(C[1]) — C[1]®™ is the projection.)
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1Being nilpotent means that for any z € V there exists n = n(z) such that p™(x) = 0, where
the iterated composition is defined to be OF_; (1 x Id"™%) := (u x Id" 1) o+ 0 (i x Id) o .
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