Monte Carlo Methods in Stochastic Programming

DavidMorton

Graduate Program in Operations Research

The University of Texasat Austin

August2001

Monte Carlo Methods in Stochastic Programming

Overview

• Introduction

– Problemstatement

– Somethings we won’t cover

– WhyMonte Carlo?

• The ExternalSamplingMethod

– What properties shouldwe want/expect?

– Bias

– Consistency

– Rates of convergenceand limitingdistributions

• InternalSamplingMethods

– Cutting-planemethods: two-stage

– Cutting-planemethods: multi-stage

– Stochastic quasi-gradientmethods

• Testing SolutionQuality

• AnExampleof SequentialIssuesthat Arise

Stochastic ProgrammingModels z_∗ = min^{x∈X} E f (x, ξ̃)

Such problemsarise in statistics, simulation,and mathematical programming.

Our focus: mathematical programmingwith X deterministic.

We’llassume X ≠ ∅ and closed, z_∗ > − ∞ and E f_2(x, ξ̃) <

∞ ∀x ∈ X. Callthese assumptions(A1)-(A3).

ξ̃ is a random vector on (Ξ,B,P ).

Choiceof f determinesproblemclass.

1. Simplerecoursemodel (i.e., one-stage or static model)

Examples:

• f (x, ξ̃) = ρ^1 � � K� i=1 ξ̃^ix^i − T � � + + ρ^2 � � K� i=1 ξ̃^ix^i − T � � −

• f (x, ξ̃) = I � � K� i=1 ξ̃^ix^i ≤ T � �

2. Two-stage stochastic linear program with recourse:

f (x,ξ̃) = cx + min^y g̃y s.t. D̃y = B̃x + d̃ y ≥ 0 where ξ̃ = vec(g̃,D̃,B̃,d̃) and X = {x : Ax = b,x ≥ 0}.

Classicexampleof a two-stage problem:

x decisionvariablesdeterminesystemdesign a realizationof ξ̃ is then observed y decisionvariables,adapted to ξ, are used to operate system

........................ ^{3. A T-stage stochastic program with recoursez∗ = minx1 Ef 1(x0,x1,ξ̃2|ξ̃1)s.t. x1 ∈ X1(x0,ξ̃1)wherefor t = 1,...,T − 2,f t(xt,ξ̃t+1 |ξ̃t) = minxt+1 Ef t+1 (xt,xt+1 ,ξ̃t+2 |ξ̃t+1 )}

s.t. x^{t+1} ∈ X^{t+1} (x_t,ξ̃_{t+1} ) and f^{T− 1}(x_{T− 1},ξ̃^T|ξ̃_{T− 1}) = min^{xT} f^T(x_{T− 1},x^T,ξ̃_T) s.t. x^T ∈ X^T(x_{T− 1},ξ̃_T).

SomeThingsWe Won’t Talk About

• Modelswith Decision-Dependent Probability Distributions

• Optimizing(Discrete-Event)SimulationModels

Gradientestimation: IPA, Likelihood-ratio method

Gridsearch

Meta-models

• Methods for DiscreteX

Comparingalternativesystemdesigns

Bandit problems

(actually much of what we willdiscussholdsfor discreteX)

• Stochastic DynamicProgramming/MarkovDecisionProcesses

WhyUseMonte Carlo Methods?

For fixed x, Ef (x, ξ̃) =_�^Ξ f (x, ξ)dP

So, put optimizationw.r.t. x asidefor the moment

Let’sconsiderthe simplerproblemof numericallycomputingthe multi-dimensionalintegral

I =_{� b1}^{a1} ···_{� bd}^{ad} g(u^1,...,u^d)du^d ...du^1

What methods are available?

Broadlyspeaking,the methods can be classified as:

1. AnalyticalIntegration

Quality: exact

Viability: often impossibleor impractical to perform

2. NumericalQuadrature (e.g., Simpson’srule in ℜ_d)

Quality: deterministicerror bounds

Viability: limitedby dimensiond, say, d ≤ 10-12

3. Monte Carlo Integration

Quality: statistical error bounds

Viability: convergesslowly(∝ 1/ √ n) but rate independent of d

(although standard deviationtends to grow with d)

High-dimensionalintegralof a “difficult ” functiong

Monte Carlo integration is the “method of choice”

SolvingStochastic Programs

• Exact SolutionProcedures

– Simplexmethod, interior point algorithms, decompositionmethods

• Boundingand ApproximationSchemes

– Lower bounds: Jensen’sinequality

– Upper bounds: Edmundson-Madanskyinequality

– Applybounds conditionallyto partitions of Ξ

• Monte Carlo Sampling-BasedMethods

– Externalsampling

– Internalsampling

Monte Carlo Integration

Suppressingthe (fixed) decisionx

Let z = Ef (ξ̃) and σ_2 = varf (ξ̃) < ∞

Let ξ̃_1,...,ξ̃_n be i.i.d. as ξ̃

Let z^n = 1 n n� i=1 f (ξ̃_i) z^n is the sample mean estimator of the population mean z

FACT 1. Ez^n = z z^n is an unbiased estimator of z

FACT 2. z^n → z, wp1(strong LLN) z^n is a strongly consistent estimator of z

FACT 3. √ n(z^n − z) ⇒ N(0,σ_2) (CLT)

Rate of convergenceis 1/ √ n and scaleddifference is normallydistributed

FACTS4,5,...lawofiterated logarithm,largedeviationsresults,...

Monte Carlo Methods in Stochastic Programming

ExternalSampling

• True/populationproblem:

(P ) z_∗ = min^{x∈X} E f (x, ξ̃)

Denote optimalsolutionx_∗

• Solvesampleproblem:

(P^n) z_∗^n = min^{x∈X} � � 1 n n� i=1 f (x, ξ̃_i) � � Here, ξ̃_1,...,ξ̃_n i.i.d. as ξ̃

Denote optimalsolutionx_∗^n

• Viewz_∗^n as an estimator of z_∗ and x_∗^n as an estimator of x_∗

• What can we say about z_∗^n and x_∗^n as n → ∞ ?

• What should we want to say about z_∗^n and x_∗^n as n → ∞ ?

Note: What I’mcallingthe external sampling method is also calledsample-path optimization , sample average approximation, stochastic counterpart, and non-recursive method.

Monte Carlo Methods: ExternalSampling

PossibleGoals

1. x_∗^n → x_∗, wp1and √ n(x_∗^n − x_∗) ⇒ N(0,Σ)

2. z_∗^n → z_∗, wp1and √ n(z_∗^n − z_∗) ⇒ N(0,σ_2)

3. Ef (x_∗^n,ξ̃) → z_∗,wp1

4. lim^{n→ ∞} P_� Ef (x_∗^n,ξ̃) ≤ z_∗ + ϵ̃^n_� = 1− α whereϵ̃^n → 0

ModelingIssues:

•If(P^n) isfor maximum-likelihood estimationthen goal1. could be appropriate.

•If (P ) is to price a financial option then goal 2. could be appropriate.

•When(P ) isa decision-makingmodel,1. maybe more then we needand 2. isofsecondaryinterest. Goals3. and 4. are arguably adequate.

Mathematical/TechnicalIssues:

•Ingeneral,we shouldn’texpect {x_∗^n}_∞^{n=1} to convergewhen(P ) has multiple optimal solutions. In this case, we want: “limit points of {x_∗^n}_∞^{n=1} solve(P ).”

•If we achieve this “limit points” result, X is compact and

Ef (x, ξ̃) is continuousthen we obtain goal 3.

•The limitingdistributionsmay not be normal.

Monte Carlo Methods: ExternalSampling

Example

(P ) z_∗ = min^{− 1≤ x≤ 1}_�E f (x, ξ̃) = Eξ̃x_� whereξ̃ ∼ N(0,1) z_∗ = 0 and everyfeasiblesolutionis optimal

(P^n) z_∗^n = min^{− 1≤ x≤ 1} � �1 n n� i=1 ξ̃_i � � x x_∗^n = � � � � � � 1 if_{n�}^{i=1} ξ̃_i ≤ 0

− 1 if_{n�}^{i=1} ξ̃_i > 0 and z_∗^n = − |N(0,1/n)|

Observations

1. Ez_∗^n < z_∗ ∀n (Negativebias)

2. z_∗^n → z_∗,wp1 (Stronglyconsistent) 3. √ n(z_∗^n − z_∗) = − |N(0,1)| (Non-normal error)

Anotherexample:

Changethe feasibleregionin (P ) to X = ℜ

Then, as before z_∗ = 0 but z_∗^n = − ∞ , wp1∀n

So, optimization changesthe nature ofsample-meanestimators

Monte Carlo Methods: ExternalSampling

Bias

E � � 1 n n� i=1 f (x, ξ̃_i) � � = E f (x, ξ̃) ∀x ∈ X

Thus, min^{x∈X} E � � 1 n n� i=1 f (x, ξ̃_i) � � = min^{x∈X} E f (x, ξ̃) = z_∗ and so we obtain

Ez_∗^n = E � �min^{x∈X} 1 n n� i=1 f (x, ξ̃_i) � � ≤ min^{x∈X} E f (x, ξ̃) = z_∗

So, z_∗^n has a negativebias, i.e., Ez_∗^n ≤ z_∗

Simpleexamplewhenn = 1

E min^{x∈X} f (x, ξ̃) ≤ min^{x∈X} Ef (x, ξ̃)

Interpretation: We’ll do better if we get to “wait and see” ξ̃ before choosingx.

Also,can show bias decreasesmonotonically

Ez_∗^n ≤ Ez_∗^{n+1} ≤ z_∗

Intuition?

Monte Carlo Methods: ExternalSampling

Consistencyof z_∗^n

Aswe’veseen, the strong LLN lim^{n→ ∞} � � � 1 n n� i=1 f (x, ξ̃_i) − Ef (x, ξ̃) � � � = 0, wp1, ∀x ∈ X is insufficient to ensurez_∗^n → z_∗, wp1.

However,a uniform strong LLNhypothesisis sufficient lim^{n→ ∞} sup^{x∈X} � � � � 1 n n� i=1 f (x, ξ̃_i) − Ef (x, ξ̃) � � � � = 0, wp1.

We have

|z_∗^n− z_∗| = � � � 1 n n� i=1 f (x_∗^n,ξ̃_i) − Ef (x_∗,ξ̃) � � � ≤ sup^{x∈X} � � � 1 n n� i=1 f (x, ξ̃_i) − Ef (x, ξ̃) � � � Why?

The right-handsideconvergesto 0 by the USLLNhypothesisso z_∗^n → z_∗, wp1, i.e., z_∗^n is a stronglyconsistent estimator of z_∗.

Monte Carlo Methods: ExternalSampling

Consistencyof x_∗^n

Under USLLNand the additional hypothesis that Ef (x, ξ̃) is continuouswe obtain: Everylimitpoint of {x_∗^n}_∞^{n=1} solves(P ).

Idea of proof:

Assumex̂ is a limit point of {x_∗^n}_∞^{n=1} with Ef (x̂,ξ̃) > z_∗ and the subsequenceis indexedby N. We alreadyknow lim^{n → ∞}

n ∈ N

� � 1 n n� i=1 f (x_∗^n,ξ̃_i) ≡ z_∗^n � � = z_∗, wp1.

But,^� � � � 1 n n� i=1 f (x_∗^n,ξ̃_i) − Ef (x̂,ξ̃) � � � � ≤ � � � 1 n n� i=1 f (x_∗^n,ξ̃_i) − Ef (x_∗^n,ξ̃) � � � +_��Ef (x_∗^n,ξ̃_i) − Ef (x̂,ξ̃)_��

First term → 0 by USLLNand secondby continuity of Ef (x, ξ̃). So, lim^{n → ∞}

n ∈ N 1 n n� i=1 f (x_∗^n,ξ̃_i) = Ef (x̂,ξ̃) > z_∗

•{x_∗^n}_∞^{n=1} can have: no limit point, multiple limit points or a uniquelimitpoint

•To ensureexistenceof a limitpoint it’ssufficient to assumeX is compact

•IfX iscompactand (P ) has a uniquesolutionx_∗ then {x_∗^n}_∞^{n=1} convergesto x_∗.

Monte Carlo Methods: ExternalSampling

Consistencyof x_∗^n and z_∗^n

Epi-Convergence

Couldnow turn to studyingconditionsunder whichthe USLLN holds...

Abovediscussionissimpleenoughto squeezeonto two slidesbut doesn’t givea representativeviewof consistencyanalyses.

Epi-convergenceis a more general(and hencepowerful)tool for establishingconsistencyresults.

DEFN:A sequenceof functions{ϕ^n}_∞^{n=1} is said to epi-converge to ϕ (written ϕ^n epi → ϕ) if the epi-graphsof ϕ^n, {(x, β) : β ≥ ϕ^n(x)} convergeto that of ϕ.

FACT: Suppose ϕ^n epi → ϕ. Then,

(i) limsup

n→ ∞ infx ϕ

n(x) ≤ inf^x ϕ(x)

(ii) If x̂ is an limit point of {x_∗^n}_∞^{n=1} wherex_∗^n ∈ argminϕ^n(x), then x̂ ∈ argminϕ(x).

Epi-convergenceis employed in a variety of settings whena true model (P ) is approximatedby a sequenceof models(P^n).

The approximationmight be deterministic,stochastic, arise algorithmically, etc.

Monte Carlo Methods: ExternalSampling

Rates of Convergenceand LimitingDistributions:z_∗^n

By the standard CLT for i.i.d.r.v.’swe have √ n � � 1 n n� i=1 f (x, ξ̃_i) − Ef (x, ξ̃) � � ⇒ N(0,σ_2(x)) ∀x ∈ X whereσ_2(x) = varf (x, ξ̃).

Now, we’vealreadyseen that whenwe optimizethe sampleand populationmeanswithrespect to x the limitingdistributionneed not be normal.

However,we can obtain the following. Assume(A1)-(A3) and

•X is compact

•f satisfies the followingLipschitzcondition � �f (x^1,ξ̃) − f (x^2,ξ̃)_�� ≤ a(ξ̃)‖x^1 − x^2‖ ∀x^1,x^2 ∈ X, whereEa_2(ξ̃) < ∞ for somereal-valuedfunctiona

•(P ) has a uniqueoptimalsolutionx_∗

Then, √ n (z_∗^n − z_∗) ⇒ N(0,σ_2(x_∗)).

•The asymptoticanalysisis done on a functionalspace.

•If solutionto (P ) isn’t uniquethen the limitingdistributionis non-normal and involvesoptimization of random variables, parameterizedby x, overX_∗, the set of optimalsolutions.

Monte Carlo Methods: ExternalSampling

Rates of Convergenceand LimitingDistributions:x_∗^n

Assume(A1)-(A3),

•f (·,ξ̃) is convexand twicecontinuouslydifferentiable

•X = {x : Ax ≤ b}

•(P ) has a uniqueoptimalsolutionx_∗

•(x^1 − x^2)_TH_∗(x^1 − x^2) > 0, ∀x^1,x^2 ∈ X,x^1 ≠ x^2 whereH_∗ = E∇_2^xf (x_∗,ξ̃).

•Assume∇^xf (x, ξ̃):

— is measurablefor all x ∈ X

— satisfies the followingLipschitzcondition � � �∇^xf (x^1,ξ̃) − ∇^xf (x^2,ξ̃)_�� ≤ a(ξ̃)‖x^1 − x^2‖ ∀x^1,x^2 ∈ X, whereEa_2(ξ̃) < ∞ for somereal-valuedfunctiona

Then, √ n(x_∗^n − x_∗) ⇒ u whereu solvesthe random QP:

min^u_1^2u_TH_∗u + c_Tu s.t. A^{i·}u ≤ 0 : i ∈ {i : A^ix_∗ = b^i} u_TE∇^xf (x_∗,ξ̃) = 0 and c is multivariate normalwithmean 0 and covariancematrix

Σ_∗ whereΣ_∗^{ij} = cov � ∂f (x∗,ξ̃)

∂xi ,_{∂f (x∗,ξ̃)}^{∂xj} � .

Monte Carlo Methods for Stochastic Programming

ExternalSampling:Summary

• True/populationproblem:

(P ) z_∗ = min^{x∈X} E f (x, ξ̃)

Denote optimalsolutionx_∗

• Solvesampleproblem:

(P^n) z_∗^n = min^{x∈X} � � 1 n n� i=1 f (x, ξ̃_i) � � Here, ξ̃_1,...,ξ̃_n i.i.d. as ξ̃

Denote optimalsolutionx_∗^n

Bias: z_∗^n has an optimisticbias that decreasesas n grows.

Consistency: Uniform SLLNyieldsconsistencyof z_∗^n. USLLN pluscontinuity of Ef (x, ξ̃) ensures“limit pts solve(P )” notion of consistencyfor x_∗^n. Epi-convergenceis powerfulanalysistool.

Rates of convergenceand limitingdistributions: Additionalassumptionsneededto obtain results. Convergencerate is 1/ √ n. but in general,limitingdistributionis non-normal.

Now, what if ξ̃_1,...,ξ̃_n are not i.i.d. but are drawn in another manner (e.g., in an attempt to reducevariance)?

Monte Carlo Methods for Stochastic Programming

InternalSampling:BasicIdea

Considerthe deterministicconvexoptimizationmodel:

(P ) min^{x∈X} F (x) whereX is a convexset and F a convexfunction.

Algorithms to solve(P ) (e.g., steepest-descent, cutting-plane) requireevaluationsof F and/or ∇ F at iterates x^k.

Our stochastic program is (P ) with F (x) = Ef (x, ξ̃). So, if we can evaluateEf (x, ξ̃) and ∇ Ef (x, ξ̃) at iterates x^k we can employ the deterministicalgorithm.

We consider Monte Carlo methods when exact evaluations of

Ef (x, ξ̃) and ∇ Ef (x, ξ̃) are impossible.

Developingan “internal sampling” method consistsofadaptinga deterministicalgorithmbyreplacingEf (x, ξ̃) and/or ∇ Ef (x, ξ̃) with estimates obtained by Monte Carlo sampling.

Of course,we want the newalgorithm to generate iterates {x^k} with desirableproperties.

New and typicallyindependent observationsof ξ̃ are generated on an as-neededbasisat each iteration of the algorithm.

Caveat: Ef (x, ξ̃) isoftennondifferentiable(soregard∇ Ef (x, ξ̃) as a subgradient)

xEf(x,xi)

Monte Carlo Methods: InternalSampling

A Cutting-PlaneAlgorithm

Solvea sequenceof master programsof the form:

z^K = min^{x,θ} θ s.t. θ ≥ Ef (x^k,ξ̃) + ∇ Ef (x^k,ξ̃)(x − x^k), k ∈ K x ∈ X whereK = {1,...,K}.

Properties:

• z^K ≤ z_∗ ≤ min^{k∈K} Ef (x^k,ξ̃)

• X compact, ∇ Ef (x, ξ̃) boundedyieldsoptimallimitpoints

• Can’t compute Ef (x^k,ξ̃) and ∇ Ef (x^k,ξ̃) (what to do?)

Monte Carlo Methods: InternalSampling

A Cutting-PlaneAlgorithm

Supposewe generaten = 500i.i.d.observationsofξ̃ and at each iteration use these n = 500observationsto replace

Ef (x^k,ξ̃) and ∇ Ef (x^k,ξ̃) with 1 n n� i=1 f (x^k,ξ̃_i) and 1 n n� i=1 ∇ f (x^k,ξ̃_i)

Thismightbereasonablebut it’snot aninternalsamplingmethod.

It’s an external samplingmethod: We’re simplysolvingan instance of (P^{n=500} ) with a cutting-planealgorithm.

Now, ifat each iteration we generate n = 500new observations of ξ̃ that are independent of observationsin previousiterations then we’dhave an internal samplingalgorithm.

Dantzig, Glynnand Infangerdo this with a sampling-basedver-sionofthe L-shapedmethod(calledDECIS)fortwo-stagestochas-tic LPs. They also employ an importance samplingscheme to reducevariance.

Monte Carlo Methods: InternalSampling

A Cutting-PlaneAlgorithm: Stochastic Decomposition

(P ) min^{x∈X} Ef (x, ξ̃)

Assume(A1)-(A3), f (x, ξ̃) ≥ 0, wp1, X is a polytope, Ξ is compact, f (x, ξ̃) = cx + min^{y≥ 0} qy s.t. Wy = T̃x + h̃ and {π : πW ≤ q} is bounded.

Stochastic DecompositionAlgorithm (Higleand Sen)

1. Find x^1 ∈ X and let K = 0 and K = {0}.

2. Let K = K + 1, K = K ∪ {K}, and generate ξ̃_K from distributionof ξ̃ and independent of other observations.

Compute g^K = 1 K K� k=1 f (x^K ,ξ̃_k) − 1 K K� k=1 ∇ f (x^K ,ξ̃_k)x^K and G^K = 1 K K� k=1 ∇ f (x^K ,ξ̃_k)

3. Let g^k =_{K− 1}^K g^k and G^k =_{K− 1}^K G^k for k ∈ K \ {K}.

4. Let x^{K+1} ∈ argmin^{x,θ} θ s.t. θ ≥ G^kx + g^k k ∈ K x ∈ X

Goto step 2.

Monte Carlo Methods: InternalSampling

A Cutting-PlaneAlgorithm: Stochastic Decomposition(cont.)

The entire history of observationsξ̃_1,...,ξ̃_K is used in computing the cut at iteration K.

“Old cuts neverchange” in deterministiccutting-planemethods.

The danger with this in a sampling-basedcutting-planemethod is that a cut that’s too highcan “cut off” the optimalsolution.

Step 3 is a “cure” to this danger becauseit (slowly)washes out old cuts.

The SD algorithm actually computes cuts only over the set of dual extreme points observedso far. Such cuts are cheaper to compute but are weaker than what we show.

Convergenceresult: Underhypotheses on previousslide,there is a subsequenceof {x^k}_∞^{k=1} with limitpoints that solve(P ), wp1.

And, using a sequence of incumbent solutions with improving objectiveestimates it is possibleto construct such a subsequence.

This establishesa consistencyresult for SD.

........................

Monte Carlo Methods: InternalSampling

A Multi-StageCutting-PlaneAlgorithm

Considera multi-stagestochastic linear program.

A“general” implementationofa nesteddecompositionalgorithm stores cuts separately at everynode of the scenario tree.

What if the stochastic parameters are seriallyindependent?

Then, the nodes on each stage t can “share” cuts, i.e., we only have to store one group of cuts per stage.

Monte Carlo Methods: InternalSampling

A Multi-StageCutting-PlaneAlgorithm (cont.)

Assumeinter-stage independenceand assumethe number of direct descendants of any one node in the tree is “manageable”

(e.g., 50). For a T-stage problemthis yields50_{T− 1} leafnodes.

Algorithm (Pereira& Pinto and Birge& Donohue)

Upper Boundis a SampleMean:

Lower Boundis Deterministic:

Can establishconsistency.

Monte Carlo Methods: InternalSampling

Variants of Steepest-DescentMethods

Steepest-DescentMethod min^x f (x) x^{n+1} = x^n − t^n∇^xf (x^n) min^x Ef (x, ξ̃) x^{n+1} = x^n − t^n∇^xEf (x^n,ξ̃)

Stochasticvariant ofsteepest descentreplaces∇^xEf (x^n,ξ̃) with an estimator.

•Robbins-Monro(1951): Gradientestimator is unbiased

•Kiefer-Wolfowitz (1952): Finite-difference estimator

•Stochastic Quasi-GradientMethods (Ermoliev1983): Allows non-differentiableEf (x, ξ̃), constrainedoptimization(witha projector operator), biasedgradient estimators (with bias shrinking to zero).

A focus in simulation:Constructinggradient estimators.

Finite-differenceapproximationsleadto convergencerates slower than n_{− 1/2}. For example, with forward differences can obtain n_{− 1/4}, with central differences n_{− 1/3}, with central differences and commonrandom numbers n_{− 2/5}.

Monte Carlo Methods

Testing SolutionQuality

(P ) z_∗ = min^{x∈X} E f (x, ξ̃)

Our goal: Givenx̂ ∈ X and α we want to find a (random) confidence intervalwidth ϵ̃ with:

P (E f (x̂,ξ̃) ≤ z_∗ + ϵ̃) ≈ 1− α

Recallbias result Ez_∗^n ≤ z_∗ where

(P^n) z_∗^n = min^{x∈X} � � 1 n n� i=1 f (x, ξ̃_i) � � So, E � � 1 n n� i=1 f (x̂,ξ̃_i) − min^{x∈X} 1 n n� i=1 f (x, ξ̃_i) � � � � �

G^n ≥ Ef (x̂,ξ̃) − z_∗.

Remarks

• AnticipatevarG^n ≤ varU^n + varL^n

• G^n ≥ 0

• G^n is not asymptoticallynormal (what to do?)

Monte Carlo Methods

Testing SolutionQuality (cont.)

1. Find x̂ ∈ X, candidate solution

2. Generaten^g batches of sizen:

ξ̃11,ξ̃12,...,ξ̃1n ξ̃21,ξ̃22,...,ξ̃2n . ξ̃ng1,ξ̃ng2,...,ξ̃ngn

3. Calculatepoint estimate:

Ḡ(n^g) = 1 n^g ng� i=1 G_i^n = 1 n^g ng� i=1 � � � 1 n n� j=1 f (x̂,ξ̃_{ij} ) − min^{x∈X} 1 n n� i=1 f (x, ξ̃_{ij} ) � � � Based on the central limittheorem for i.i.d.r.v.’s: √ n^g_�Ḡ(n^g) − EG^n_� ⇒ N(0,σ_2^g) as n^g → ∞

Construct (1 − α)-levelconfidence intervalfor optimality gap: � � �0,Ḡ(n^g) + t^{ng− 1,α}s^g(n^g)

√ n^g � � � Optimality gap = Ef (x̂,ξ̃) − z_∗

Monte Carlo Methods

Testing SolutionQuality (cont.)

Methods for Findingx̂

Option 1.

Usingthe externalsamplingmethod and solve x̂ ∈ argmin

x ∈ X 1 n_′ n′� i=1 f (x, ξ̃_i)

Option 2.

Usean internal samplingmethod (SD, SQG,...)

Option 3.

Employ a heuristic...

Monte Carlo Methods

Testing SolutionQuality (cont.)

ComputationalResults: Two-Stage SLPs

Problem “Core” Dimension Total

Size of ξ scenarios

DB 73× 107(357) 46 4.5× 10_{25}

WRPM 345× 364(1226) 11 5.6× 10_6

20TERM 128× 827(5336) 40 1.1× 10_{12}

SSN 177× 795(2548) 86 1.0× 10_{70}

Problem DB WRPM 20TERM SSN n_′ in SP^n′ for x̂ 50 50 50 2000

Optimality Gap n 25 25 25 1000 n^g 30 30 30 30

Ḡ(n^g) 23 197 141 0.69

95% CIWidth 0.2% 0.08% 0.5% 8%

× Var. Red. 4300 480 1300 17

Upper Bound

Ū(n^u) − 17567 289186 254394 10.06

110115120125130135Sample Size

20406080100120

Objective value estimate

012345678910102030405060708090100110120sampling errorpoint estimateSample Size

Optimality Gap

Monte Carlo Methods: Biasand SamplingError Capacity Expansionin a ManufacturingSystem

Value of Stochastic Solution≈ 13% Ef (x̂,ξ̃) ≈ 131.7± 2.3 (95%) with 3000samples

Monte Carlo Methods

AnExampleof SequentialIssuesthat Arise

StoppingRulesfor Sampling-BasedAlgorithms

(P ) z_∗ = min^{x∈X} E f (x, ξ̃)

Situation:

•Assumewe haveat hand an algorithm that at each iteration k requiresus to select a samplesizen^k

•Then, we observeG^k(n^k) satisfying √ n^k(G^k(n^k) − μ^k) ⇒ N(0,σ_2^k) as n^k → ∞ whereG^k = U^k − L^k withEL^k ≤ z_∗ and EU^k = E f (x^k,ξ̃) for x^k ∈ X.

•Wewillstopthe algorithmoniterationT = inf{k : G^k(n^k) ≤ 0}

•Our goal: select samplesizesn^k = n^k(ϵ) to ensure lim^{ϵ↓0} P_� μ^{T(ϵ)} ≤ ϵ_� ≥ 1− α

Note this result implies lim^{ϵ↓0} P_� E f (x^{T(ϵ)},ξ̃) ≤ z_∗ + ϵ_� ≥ 1− α

Monte Carlo Methods

StoppingRules(cont.)

BasicIdea: Increasethe samplesizeas the algorithm proceeds

We want

P {μ^T > ϵ} ≤ P {μ^T > G^T + ϵ}

=_{∞�}^{k=1}P {Stop at k,G^k(n^k) ≤ μ^k − ϵ}

≤_{∞�}^{k=1}P {G^k(n^k) ≤ μ^k − ϵ} ≤ α We’ll bound this infinite series, term-by-term, by a series that convergesto α.

Monte Carlo Methods

StoppingRules(cont.)

Assume sup^{k≥ 1} E exp � γ � Dk− μk σk/√ nk � � is boundedfor |γ| < γ^o. If n^k ≥

� σ^k ϵ � 2 �

β_′+ 2p ln_2 k_� then lim^{ϵ↓0} P_� μ^{T(ϵ)} ≤ ϵ_� ≥ 1− α where0 < α < 1, p > (2γ_2^o)_{− 1}, ϵ> 0, β_′ = max_� 2ln_{� ϕ(p)√}^{2π α}_� , 1_� and ϕ(p) =_{∞�}^{k=1}k_{− pln k}

Again,this yields lim^{ϵ↓0} P_� E f (x^{T(ϵ)},ξ̃) ≤ z_∗ + ϵ_� ≥ 1− α

Monte Carlo Methods in Stochastic Programming

Summary

• The ExternalSamplingMethod

– What properties shouldwe want/expect?

– Bias

– Consistency

– Rates of convergenceand limitingdistributions

• InternalSamplingMethods

– Cutting-planemethods: two-stage

– Cutting-planemethods: multi-stage

– Stochastic quasi-gradientmethods

• Testing SolutionQuality

• AnExampleof SequentialIssuesthat Arise

• With more time...VarianceReductionTechniques