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Abstract: We explore the connection between the operator product expansion (OPE)
in the boundary and worldsheet conformal field theories in the context of AdSd+1/CFTd

correspondence. Considering single trace scalar operators in the boundary theory and using
the saddle point analysis of the worldsheet OPE [1], we derive an explicit relation between
OPE coefficients in the boundary and worldsheet theories for the contribution of single
trace spin ℓ operators to the OPE. We also consider external vector operators and obtain
the relation between OPE coefficients for the exchange of single trace scalar operators in
the OPE. We revisit the relationship between the bulk cubic couplings in the Supergravity
approximation and the OPE coefficients in the dual boundary theory. Our results match
with the known examples from the case of AdS3/CFT2. For the operators whose two and
three point correlators enjoy a non renormalization theorem, this gives a set of three way
relations between the bulk cubic couplings in supergravity and the OPE coefficients in the
boundary and worldsheet theories.
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1 Introduction

The AdS/CFT correspondence gives a non-perturbative duality between string theories
in AdS spacetimes and a certain class of quantum field theories living on the asymptotic
boundary. Even though there is no explicit proof of the duality till now, there have been
numerous checks during the last two decades which are consistent with the conjectured
duality. However, these explicit checks have mostly been performed in the regime where
the bulk spacetime is weakly curved and the dual string theory is well approximated by
classical Supergravity. In order to systematically venture beyond this regime, it is certainly
desirable to have a worldsheet formulation. But the worldsheet description is often not
easily tractable. For example, the presence of RR fluxes complicates the quantization of
the worldsheet sigma model in the usual RNS formalism. Consequently, this obstructs the
direct construction of vertex operators.

The case of AdS3/CFT2, however, offers some examples where both the worldsheet
theory and the boundary CFT theories are more explicitly understood. This has made
it possible to perform several calculations that can check the duality beyond the usual
Supergravity regime [2–14]. However, in other examples of the AdS/CFT correspondence,
the worldsheet theory has been less tractable. A particularly interesting case is the class
of free Yang Mills theories on the boundary and there have been various attempts and
proposals to understand the worldsheet description of such theories [15–21]. However, in
this case also, a complete control over the worldsheet sigma model is still lacking.

Fortunately, it turns out that just the assumption of the existence of a well defined
worldsheet description can reproduce basic features of the dual field theory. In this paper,
we shall focus on an important aspect of any local quantum field theory which is the
existence of an operator product expansion (OPE). The OPE allows the product of nearby
local operators to be expanded in a sum of local operators. For the CFTs, this expansion
has nice convergent properties [22].

For the class of CFTs with weakly coupled AdS string duals, it was shown in [1] that the
OPE can be understood from the perspective of the worldsheet theory. The analysis was
based on very general properties of the connection between the boundary and worldsheet
operators and did not rely on any specific theory. In particular, it was shown that the
contribution of single trace scalar operators in the OPE of two boundary scalar operators
can be reproduced from the OPE of the corresponding worldsheet vertex operators. In this
paper, we perform a generalisation of this result to the case where operators with non-zero
spin are exchanged in the OPE of boundary scalar operators and also consider the situation
in which external operators are conserved spin 1 currents in the boundary CFT. Making
use of relation between the boundary and worldsheet correlators in the OPE regime, we
write down an explicit relationship between the OPE coefficients in the boundary and the
worldsheet theories in a model independent way.

In the Supergravity regime of the bulk String theory, the boundary correlation functions
can be computed using Witten diagrams. The cubic coupling constants of the bulk effective
field theory can be related to 3-point functions coefficients in the boundary by calculating
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the associated three point Witten diagrams. Also, in the case of 4-point functions there has
been significant work in analysing the OPE limit of the Witten diagrams and its matching
with the corresponding expected behaviour in the boundary CFT [23–27]. For operators
whose 2 and 3 point correlation functions do not receive quantum corrections as the coupling
strength is varied, such as superconformal chiral primaries, our general analysis enables us
to connect with these calculations and obtain a trio of relations among the boundary OPE
coefficients, bulk couplings and the worldsheet OPE coefficients.

The rest of this paper is organised as follows. In section 2, we briefly review the saddle
point analysis of [1]. The main result of this analysis is that the OPE of single trace
operators in the boundary theory can be reproduced from a saddle point analysis in the
worldsheet theory. In section 3, we consider the worldsheet vertex operators which are dual
to boundary spinning operators and take into account their contribution to the worldsheet
OPE of two scalar vertex operators. In this section, we also give a nice interpretation to
the structure of the OPE expansion in terms of so called shadow operators. In section 4,
we consider a 4-point function of scalars in the boundary theory and using the results of
sections 2 and 3, obtain an explicit relationship between OPE coefficients in the boundary
and worldsheet CFTs for the contribution of traceless symmetric spin ℓ operators to the
OPE. In section 5, we carry out a similar analysis for external conserved vector currents with
a scalar exchange in their OPE. In section 6, we note some known results relating boundary
OPE coefficients and bulk AdS couplings. Finally, in section 7, we shall compare our general
results with some of the relevant results in the case of AdS3/CFT2 correspondence and end
with conclusion and some future outlook in section 8. Appendices will elaborate on our
notations and conventions and contain some of the calculations and some useful results
needed in the analysis.

It is common in the AdS3/CFT2 literature to denote the scaling dimensions of the
boundary and the worldsheet theories by 2j and 2∆ respectively (see, e.g., [1, 7]). However,
we shall use a convention which is more common in other situations, namely, our boundary
and worldsheet scaling dimensions will be denoted by ∆ and h respectively.

2 Review of Saddle point Analysis on the World-Sheet

In this section we briefly review the general analysis of [1] which relates the operator product
expansions in the boundary CFT and the worldsheet CFT describing the dual bulk string
theory. We consider Euclidean CFTs in d-dimensions which can admit dual descriptions in
terms of weakly coupled string theories on AdSd+1 ×M , where M is a compact manifold.
The vertex operators on the worldsheet which create perturbative single string states can
be related to a special class of local operators in the dual boundary CFT by the AdS/CFT
correspondence as1

O∆,q(x) =

∫
d2z V∆,q(x; z, z̄) (2.1)

1We leave the relative normalization between worldsheet and boundary CFT operators implicit for now.
We shall take this into account in section 4.
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In the above expression, the integration is over the worldsheet co-ordinates. V denotes the
worldsheet vertex operator, ∆ is the scaling dimension of the boundary operator O and q

denotes quantum numbers for additional possible global symmetries of the boundary CFT.
The worldsheet scaling dimension of V will be denoted by h(∆, q)2. Following [1], we shall
use the terminology of large N gauge theories to refer to the operators O∆,q (which create
single string states) as “single-trace” operators.

The vertex operators in the physical Hilbert space of the worldsheet CFT are labelled
by ∆ = d

2 + 2is, s ∈ R. In the boundary CFT, these correspond to the principal series
representation of the d-dimensional Euclidean conformal group SO(d + 1, 1) and, by the
standard AdS/CFT dictionary, are dual to normalizable modes in the bulk AdS spacetime3.
The most general form of scalar contribution to the OPE of two such vertex operators can
be written as

V∆1,q1(x, z)V∆2,q2(0, 0) =
∑
q

∫
C
d∆

∫
ddx′F (z;x, x′;∆i,∆; qi, q)V∆,q(x

′; 0) + · · · (2.2)

The label C in this expression denotes that the ∆ integral is along the contour d
2 +2is and

the dots denote the contribution from descendants of the worldsheet vertex operator V∆,q.
In order to avoid cluttering the notation, we shall henceforth denote the external vertex
operators simply as V1 and V2.

We now want to relate this to the OPE in the dual boundary CFT. However we are
interested in boundary operators belonging to unitary representations of SO(d+1, 1) which
are labelled by real values of ∆ satisfying the unitarity bound ∆ ≥ d

2 . These operators are
dual to non-normalizable modes in AdS and consequently are not present in the physical
Hilbert space of states in the worldsheet CFT. Thus, we need to analytically continue
the above OPE expression to real values of ∆1,∆2 and ∆. Generally, as a result of such
analytic continuation, the function F (z;x, x′;∆i,∆; qi, q) can develop poles and this will
yield additional contributions to the OPE in (2.2). In some cases, these can be shown to
be related to the contribution of “multi-trace” operators to the boundary OPEs [7]. In this
work, we shall not concern ourselves with the analysis of such “multi-trace” contributions.
We proceed with the assumption that apart from these extra contributions, the above form
of the worldsheet OPE is preserved.

We also note that the operator V∆,q appearing in the OPE (2.2) has the interpretation
of a scalar operator in the boundary CFT. In general, the worldsheet OPE will receive
contributions from vertex operators which can carry boundary co-ordinate indices. Such
operators have the natural interpretation in the boundary theory as operators with spin.
We shall consider these in the next section.

Now using the conformal symmetries of the worldsheet and the boundary theories,
2Here h is the sum of the left and right worldsheet conformal dimensions. As mentioned in introduction,

our conventions differ from those used in [1]. See appendix A for more details.
3In an interesting recent paper [28], operators belonging to principal series representations in Euclidean

CFTs were considered for studying general solutions to the conformal bootstrap equations for arbitrary Lie
Groups.
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we can fix the form of the function F (z;x, x′;∆i,∆; qi, q) appearing in (2.2) upto a factor
which will be related to the 2-point and 3-point function coefficients of the worldsheet CFT.
Ignoring the contributions of the worldsheet descendant operators, we have

V1(x, z)V2(0, 0) =
∑
q

∫
C
d∆

∫
ddx′

|z|−(h(1)+h(2)−h(∆,q))

|x|α|x′|β|x′ − x|γ
F (∆i,∆; qi, q)V∆,q(x

′; 0) (2.3)

The parameters α, β, γ can be determined by demanding invariance of the above OPE under
boundary conformal transformations as shown in the next section. In particular invariance
under scale transformations in the boundary CFT implies

α+ β + γ − d = ∆1 +∆2 −∆ (2.4)

Also, the vertex operators which create physical string excitations must be level matched
Virasoro primaries with worldsheet conformal dimensions (1, 1). Thus,

h(1) + h(2) = 4 (2.5)

In what follows, we shall be interested in analysing the small |x| limit of the above OPE
since this corresponds to the OPE limit in the boundary CFT. Changing to new coordinate
y such that x′ = y|x| and keeping only the leading order terms in this limit, we obtain

V1(x, z)V2(0, 0) =
∑
q

∫
C
d∆

|z|−(h(1)+h(2)−h(∆,q))

|x|α+β+γ−d
F

(0,0,0)
12∆ V∆,q(0; 0)

∫
ddy

|y|β|y − x̂|γ
(2.6)

where, following the convention introduced in appendix A, we have changed the notation
as F (0,0,0)

12∆ ≡ F (∆i,∆; qi, q). The three zeros in the superscript denote the boundary space-
time spins of the three operators which appear in the above OPE equation.

Consider now the n-point correlation functions of the boundary CFT operators. By
the AdS/CFT duality, these can be expressed as correlation functions of the integrated
worldsheet vertex operators as,

An ≡

⟨
O1(x1)O2(0)

n−2∏
i=3

Oi(xi)On−1(xn−1)On(xn)

⟩

=

∫
d2z

⟨
V1(x1; z)c̄cV2(0; 0)

n−2∏
i=3

∫
d2wiVi(xi;wi)c̄cVn−1(xn−1; 1)c̄cVn(xn;∞)

⟩
S2

(2.7)

where, using the global part of the worldsheet conformal symmetry group, we have set
three of the vertex operator insertions on the worldsheet at 0, 1 and ∞. The c and c̄ are
the usual ghost and anti-ghost insertions which are required to make unintegrated vertex
operators BRST invariant. The label S2 in the worldsheet correlator above implies that we
shall consider tree level or genus 0 contributions to the worldsheet correlation functions.
In other words, this analysis captures the planar contribution (i.e. large N -limit of the
boundary CFT) to the boundary correlation function.

Using the worldsheet OPE (2.6) and the relations (2.4), (2.5), we obtain on performing
the angular worldsheet integration

An = |x1|−∆1−∆2
∑
q

∫
dln|z|

∫
C
d∆|z|h(∆,q)−2|x1|∆B(∆i, qi;∆, q) (2.8)
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Figure 1. (Borrowed from [1]) The vertical dashed line labelled by d
2 + is denotes the contour of

integration in the OPE of normalizable vertex operators. The original contour is deformed along
the real axis as indicated by the arrow such that it intersects the point ∆ = ∆0 (marked in red),
which is the saddle point of the ∆ integral in equation (2.8).

where,

B(∆i, qi;∆, q) ≡ 2πF
(0,0,0)
12∆ ⟨c̄cV∆,q(0; 0)X⟩

∫
ddy

|y|β|y − x̂1|γ
(2.9)

X in the above expression denotes all the other n− 3 integrated vertex operators and the
two fixed vertex operators of equation (2.7).

Although not exact, the expression (2.8) yields the most dominant contribution in the
region of small |z| and small |x1|. The ∆-integral in (2.8) can be shown to admit a saddle
point at ∆ = ∆0 such that

∂∆h(∆, q)|∆=∆0 = −2
ln|x1|
ln|z|

It turns out that the values of ∆0 satisfying this condition, in general, do not lie on the
original contour of integration. Assuming the integrand to be an analytic function of ∆,
except at the location of specific poles, we can deform the integration contour such that
it intersects the real ∆-axis at ∆0 as illustrated in figure 1. As discussed in [1], the poles
which we may cross while shifting the contour, don’t change the conclusion of this analysis.

Having performed the ∆ integral via saddle point, we can again resort to a saddle point
approximation for evaluating the z-integral. The saddle point condition for the z integral
gives

h(∆0, q) = 2
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This is precisely the condition which must hold for a worldsheet vertex operator to corre-
spond to a physical string state in the bulk AdS target space. Consequently this corresponds
to a single trace boundary operator via the AdS/CFT duality.

To ensure that the saddle approximation is justified, we also need to check that the
higher order fluctuations around the saddle value are suppressed. This indeed turns out to
be the case provided ∂∆h|∆0 < 0 and ∂2

∆h|∆0 < 0. A straightforward computation of the
gaussian fluctuations around the saddle point finally gives the most dominant contribution
to the integral in the spacetime OPE limit |x1| → 0 as,

An = −2iπ
∑
q

|x1|∆0−∆1−∆2

∂∆h(∆, q)|∆=∆0

B(∆i, qi;∆0, q) (2.10)

The dependence of the above expression on |x1| and the n − 1 point correlator in the
boundary CFT through the n− 1 point worldsheet correlator in B(∆i, qi;∆0, q), is exactly
the form we expect when we consider the contribution to the boundary n-point function
from the exchange of a single trace operator of dimension ∆0 in the OPE of O∆1 and O∆2 .

Upto now, we have considered the contribution of only scalar operators in the OPE. In
section 4, we shall generalise this to include the contribution of operators with spin. The
saddle point analysis remains exactly identical to that described above. Hence, we shall not
present the details of the saddle point analysis any further. Instead, our focus will be on
extracting the relation between the OPE coefficients in the worldsheet and boundary theo-
ries by expressing (2.10) for the special case of 4-point functions in a factorized form in the
(12)(34) channel. However, before that, in the next section, we consider the contributions
of the more general operators in the OPE of two worldsheet (and also boundary) scalars.

3 General Scalar-Scalar Worldsheet OPE

In this section, we generalize the scalar-scalar OPE (2.2) to include the contributions of the
worldsheet operators which are dual to boundary CFT operators with spin. As we shall
see, the conformal invariance fixes the co-ordinate dependence of the OPE completely. We
start by showing that the OPE structure can be given a nice interpretation in terms of
shadow operators.

3.1 Structure of the OPE and Shadow Operators

We start by making a connection between the shadow operators and the structure of
the OPE (2.2). We had noted in the previous section that the z dependence of the
function F (z;x, x′;∆i,∆; qi, q) in (2.2) is fixed by worldsheet conformal invariance to be
|z|−(h(1)+h(2)−h(∆,q)). Thus, we can write (working with arbitrary values of xi and zi for the
moment)

V1(x1, z1)V2(x2, z2) =
∑
q

∫
C
d∆

∫
ddx|z12|−(h(1)+h(2)−h(∆,q))F

(0,0,0)
12∆ L(x1, x2;x)V∆,q(x, z2)

(3.1)
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where L(x1, x2;x) denotes the functional dependence of F (zi;xi, x; ∆i,∆; qi, q) on x1, x2
and x. We shall now show that the shadow operator formalism provides an efficient way of
determining L(x1, x2;x).

In a d-dimensional CFT, the shadow of a conformal primary operator Oµ1···µℓ
∆ of spin

ℓ and scaling dimension ∆ is defined as [29]

Õµ1···µℓ
d−∆ (x) ≡

k∆,ℓ

πd/2

∫
ddy

1

|x− y|2(d−∆)
Jµ1

(ν1
· · · Jµℓ

νℓ)
(x− y)Oν1···νℓ

∆ (y) (3.2)

where,

Jµν(x) = δµν − 2
xµxν

x2

and the brackets in the subscript of Jµ1

(ν1
· · · Jµℓ

νℓ)
denote total symmetrization in those

indices. The normalisation factor

k∆,ℓ ≡
1

(∆− 1)ℓ

Γ(d−∆+ ℓ)

Γ(2∆−d
2 )

ensures that
˜̃O(ℓ)
∆, µ1···µℓ

= O(ℓ)
∆, µ1···µℓ

Now if we perform a conformal transformation in the boundary CFT, a scalar primary
operator will transform as

O∆,q(x) → [Ω(x)]∆ O∆,q(x)

where Ω(x) is the conformal factor. This implies that under the boundary conformal trans-
formation, the dual worldsheet vertex operator V∆,q transforms as

V∆,q(z, x) → [Ω(x)]∆ V∆,q(z, x) (3.3)

Since the boundary conformal symmetry acts as a global symmetry on the worldsheet, (3.1)
should transform in a covariant fashion when a conformal transformation is implemented
in the boundary CFT. Hence, using (3.3) we must have

L(x1, x2;x) → [Ω(x1)]
∆1 [Ω(x2)]

∆2 [Ω(x)]d−∆L(x1, x2;x)

But this is precisely the conformal transformation property of a 3-point function involving
the boundary operators O∆1 ,O∆2 and the shadow operator Õd−∆. Thus

L(x1, x2;x) ∝
⟨
O∆1(x1)O∆2(x2)Õd−∆(x)

⟩
(3.4)

Using (B.2) and (G.2), this 3-point function can be computed as [29]

⟨O∆1(x1)O∆2(x2)Õd−∆(x)⟩

=
k∆,0

πd/2

∫
ddy

1

|x− y|2(d−∆)
⟨O∆1(x1)O∆2(x2)O∆(y)⟩

=
k∆,0

πd/2

∫
ddy

1

|x− y|2(d−∆)

[
1

|y − x1|∆+∆1−∆2 |y − x2|∆+∆2−∆1 |x1 − x2|∆1+∆2−∆

]
=

H(∆1,∆2,∆, d)

|x1 − x2|∆1+∆2+∆−d|x2 − x|∆2−∆1−∆+d|x− x1|∆1−∆2−∆+d
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where,

H(∆1,∆2,∆, d) ≡ k∆,0

Γ
(
∆1−∆2−∆+d

2

)
Γ
(
∆2−∆1−∆+d

2

)
Γ
(
2∆−d

2

)
Γ
(
∆+∆1−∆2

2

)
Γ
(
∆+∆2−∆1

2

)
Γ (d−∆)

Since we are only interested in obtaining the functional form of L(x1, x2;x), we can choose
(H(∆1,∆2,∆, d))−1 to be the proportionality constant in (3.4). Thus, we get

V1(x1, z1)V2(x2, z2) =
∑
q

∫
C
d∆

∫
ddx′

|z12|−(h(1)+h(2)−h(∆,q))

|x12|α|x2 − x|β|x− x1|γ
F

(0,0,0)
12∆ V∆,q(x; z2)

which is the same as (2.3) if we put z1 = z, z2 = 0, x1 = x, x2 = 0 and x = x′ above.
Moreover, the values of α, β and γ is fixed to be

α = ∆1 +∆2 +∆− d,

β = ∆2 −∆1 −∆+ d,

γ = ∆1 −∆2 −∆+ d

In appendix F, we shall obtain the same results for α, β and γ in a slightly different way.

3.2 General World-Sheet OPE

We now consider the contributions of the operators of the form Vµ1···µℓ
∆,q (x, z) to the OPE be-

tween the two worldsheet scalar vertex operators V1(x1; z1) and V2(x2; z2) . The additional
coordinate indices (µ1, · · ·µℓ) imply that the corresponding dual operator in the boundary
CFT has spin ℓ. From the worldsheet perspective, these can be interpreted as appropri-
ate global symmetry labels. The most general form of the worldsheet OPE involving the
exchange of such operators can be written as

V1(x1, z1)V2(x2, z2)

=
∑
q

∫
C
d∆

∫
ddx Fµ1···µℓ

(xi, x; zi;∆i,∆; qi, q)Vµ1···µℓ
∆,q (x, z1)

=
∑
q

∫
C
d∆

∫
ddx |z12|−(h(1)+h(2)−h(∆,q))F

(0,0,ℓ)
12∆ Lµ1···µℓ

(x1, x2, x)Vµ1···µℓ
∆,q (x, z1) (3.5)

In going to the last line, we have used the conformal symmetry of the worldsheet theory
to fix the z dependence. In order to obtain the functional form of Gµ1···µℓ

(x1, x2, x) we
shall again make use of shadow formalism. Consider applying an inversion on the boundary
coordinates. This gives,

xµi →
xµi
x2i

, x2ij →
x2ij
x2ix

2
j

, ddx → ddx

|x|2d

A boundary CFT operator Oµ1···µℓ
∆,q with spin ℓ and dimension ∆ transforms under

inversion as

Oµ1···µℓ
∆,q (x) → |x|2∆Jµ1

ν1 (x) · · · J
µℓ
νℓ
(x) Oν1···νℓ

∆,q (x)
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The dual worldsheet operator Vµ1···µℓ
∆,q (x, z) then tranforms according to

Vµ1···µℓ
∆,q (x, z) → |x|2∆Jµ1

ν1 (x) · · · J
µℓ
νℓ
(x) Vν1···νℓ

∆,q (x, z)

For ℓ = 0 we will have

O∆,q(x) → |x|2∆O∆,q(x), V∆,q(x, z) → |x|2∆V∆,q(x, z)

Using these relations it is evident that to preserve the form of the OPE in (3.5) under
inversion, Lµ1···µℓ

(x1, x2, x) must transform as

Lµ1···µℓ
(x1, x2, x) → |x1|2∆1 |x2|2∆2 |x|2(d−∆)

(
Jµ1
ν1 (x) · · · J

µℓ
νℓ
(x)

)−1
Lν1···νℓ(x1, x2, x)

where, the inverses of Jµνs in the above expression can be obtained using the identity
Jµρ(x)Jρν(x) = δµν .

Now it is easy to verify that a 3 point function involving O∆1 ,O∆2 and Õµ1···µℓ
d−∆ trans-

forms exactly in the above fashion under inversion which will imply,

Lµ1···µℓ
(x1, x2, x) ∝

⟨
O∆1(x1)O∆2(x2)Õ

µ1···µℓ
d−∆ (x)

⟩
(3.6)

This 3-point function can be obtained using the result for
⟨
O∆1(x1)O∆2(x2)O

µ1···µℓ
d−∆ (x)

⟩
given in equation (B.2), the definition of shadow operator (3.2) and the integral (G.3) as
[29]

⟨O∆1(x1)O∆2(x2)Õ
µ1···µℓ
d−∆ (x)⟩

=
k∆,ℓ

πd/2

∫
ddy

Jµ1

(ν1
· · · Jµℓ

νℓ)
(x− y)

|x− y|2(d−∆)
⟨O∆1(x1)O∆2(x2)O

ν1···νℓ
∆ (y)⟩

=
k∆,ℓ

πd/2

∫
ddy

Jµ1

(ν1
· · · Jµℓ

νℓ)

|x− y|2(d−∆)

[
Zν1(x1, x2, y) · · ·Zνℓ(x1, x2, y)

|y − x1|∆+∆1−∆2−ℓ|y − x2|∆+∆2−∆1−ℓ|x1 − x2|∆1+∆2−∆+ℓ

]
=

H ′(∆1,∆2,∆, d, ℓ) Zµ1(x1, x2, x) · · ·Zµℓ(x1, x2, x)

|x1 − x2|∆1+∆2+∆−d+ℓ|x2 − x|∆2−∆1−∆+d−ℓ|x− x1|∆1−∆2−∆+d−ℓ

where,

H ′(∆1,∆2,∆, d, ℓ) ≡ k∆,ℓ

λℓΓ
(
∆1−∆2−∆+d+ℓ

2

)
Γ
(
∆2−∆1−∆+d+ℓ

2

)
Γ
(
2∆−d

2

)
Γ
(
∆+∆1−∆2+ℓ

2

)
Γ
(
∆+∆2−∆1+ℓ

2

)
Γ (d−∆+ ℓ)

and,

Zµ(x1, x2, x3) ≡
(x1 − x3)

µ

(x1 − x3)2
− (x2 − x3)

µ

(x2 − x3)2
, λℓ(a, b) ≡

ℓ−1∏
r=0

(
a+ b

2
+ ℓ− 1 + r

)
The functions Zµ and λℓ will apper throughtout the draft with different arguments. We
shall specify only the arguments from now on. In the expression of H ′ above, we have

λℓ(a, b) = λℓ(∆ +∆1 −∆2 − ℓ,∆+∆2 −∆1 − ℓ)
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We can take the proportionality factor in (3.6) to be (H ′(∆1,∆2,∆, d, ℓ))−1. The worldsheet
OPE for the exchange of operators dual to boundary spin ℓ operators can then be expressed
as

V1(x1, z1)V2(x2, z2)

=
∑
q

∫
C
d∆

∫
ddx

|z12|−(h1+h2−h∆,q) Zµ1 · · ·Zµℓ

|x1 − x2|α|x2 − x|β|x− x1|γ
F

(0,0,ℓ)
12∆ Vµ1···µℓ

∆,q (x, z1) (3.7)

where α, β, γ in the above expression are given by

α = ∆1 +∆2 +∆− d+ ℓ,

β = ∆2 −∆1 −∆+ d− ℓ,

γ = ∆1 −∆2 −∆+ d− ℓ (3.8)

Thus, we see that the dependence of the worldsheet OPE on the coordinates of the boundary
spacetime can be rather efficiently obtained by appealing to the notion of shadow operators.
In section 4, we shall show that the tensor structure in the worldsheet OPE obtained via
this method indeed reproduces the structure which is expected to appear in the OPE of
the dual operators in the boundary CFT theory.

We should mention that one could have fixed the functional form of Lµ1···µℓ
in equa-

tion (3.5) by noting that the conformal invariance dictates the x dependence of correlator
involving two scalars and one spin ℓ object to be as given in equation (B.2). This would
still leave the power of factors in the denominator of (B.2) undetermined which could then
be fixed by demanding the OPE equation to be consistent with the conformal invariance.
As shown in appendix F, this brute force way of computing α, β and γ matches with the
result given in (3.8).

We can simplify the expression in (3.7) by putting the vertex operator V2 at the origin of
the x and z coordinate systems and change the integration variable to y such that x = y|x1|.
This gives,

V1(x1, z1)V2(0, 0)

=
∑
q

∫
C
d∆

|z1|−(h1+h2−h∆,q)

|x1|α+β+γ+ℓ−d
F

(0,0,ℓ)
12∆

∫
ddy

Zµ1(x̂1, 0, y) · · ·Zµℓ
(x̂1, 0, y)

|y|β |y − x̂1|γ
Vµ1···µℓ
∆,q (y|x1|, 0)

Taylor expanding the exchanged operators around |x1| = 0 and keeping only the leading
terms (since we are ignoring the contributions of descendants anyway), we obtain

V1(x1, z1)V2(0, 0) =
∑
q

∫
C
d∆

|z1|−(h1+h2−h∆,q)

|x1|α+β+γ+ℓ−d
F

(0,0,ℓ)
12∆ Vµ1···µℓ

∆,q (0, 0)Gµ1···µℓ
(x1) (3.9)

where, using the integral (G.4), we have

Gµ1···µℓ(x1) ≡
∫

ddy
Zµ1(x̂1, 0, y) · · ·Zµℓ

(x̂1, 0, y)

|y|β |y − x̂1|γ

= πd/2λℓ(β, γ)
Γ
(
d−β
2

)
Γ
(
d−γ
2

)
Γ
(
β+γ−d

2 + ℓ
)

Γ
(
β
2 + ℓ

)
Γ
(γ
2 + ℓ

)
Γ
(
2d−β−γ

2

) [
x̂µ1
1 · · · x̂µℓ

]
(3.10)
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4 Relation between OPE coefficients in the Worldsheet and the Bound-
ary theories

Suppose C
(0,0,ℓ)
12∆ be the OPE coefficient which appears in the symmetric traceless spin ℓ

contribution to the OPE of two boundary scalar operators. Our goal now is to obtain the
relationship between C

(0,0,ℓ)
12∆ and the worldsheet OPE coefficient F

(0,0,ℓ)
12∆ . To do this, we

shall make use of the saddle point analysis reviewed in section 2.

We consider the 4-point correlator of the scalar operators of the boundary CFT. We
can evaluate this correlator directly in the boundary theory in the OPE limit. Alternatively,
we can use the representation of the boundary operators as integrated worldsheet vertex
operators and use the saddle point analysis to evaluate it using the worldsheet theory. As
mentioned in section 2, the saddle point analysis gives the result in the OPE limit. Com-
paring the boundary and the worldsheet calculations will give us the desired relationship.

Since we intend to deal with relations between OPE coefficients across two theories,
we need to fix the relative normalization between the vertex operators in the worldsheet
theory and the operators in the boundary CFT. We can do this by comparing the two
point function in the two theories. Choosing the coefficient of boundary two point function
automatically fixes the normalization of the worldsheet vertex operators. This is done in
Appendix E. Below, we shall work with the normalized vertex operators.

4.1 Boundary CFT Calculation

The four point function of arbitrary scalar operators in the boundary theory can be easily
evaluated in the OPE limit. Using the OPE (C.1), the 3-point function (B.2) and the
relation between the OPE coefficient and the 3-point function coefficient (D.1), we obtain⟨

O1(x1)O2(0)O3(x3)O4(x4)
⟩

=
∑
∆,q

C
(0,0,ℓ)
12∆

(x1)µ1 · · · (x1)µℓ

|x1|(∆1+∆2−∆)+ℓ

⟨
Oµ1···µℓ

∆,q (0)O3(x3)O4(x4)
⟩

=
∑
∆,q

(x̂1)µ1 · · · (x̂1)µℓ

|x1|∆1+∆2−∆

Kℓ(∆)C
(0,0,ℓ)
12∆ C

(0,0,ℓ)
34∆

(
Zµ1(x3, x4, 0) · · ·Zµℓ(x3, x4, 0)− Traces

)
|x3|∆3+∆−∆4−ℓ|x4|∆4+∆−∆3−ℓ|x34|∆3+∆4−∆+ℓ

(4.1)

where Kℓ(∆) denotes the 2-point function coefficient of two spin ℓ operators as introduced
in equation (B.1)4 and q denotes the quantum numbers due to additional global symmetries.

4.2 Worldsheet Calculation

Next, we calculate the same 4-point function in the OPE limit using the worldsheet theory.
Unlike section 2, we shall now consider the contribution of symmetric traceless spin ℓ

4Throughout the paper, we have chosen the 2-point function coefficient, namely K0(∆) to be equal
to 1. This means that we shall not need to distinguish between the OPE coefficients C

(0,0,0)
123 and the

corresponding three point function coefficient C̄
(0,0,0)
123 .
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operators in the OPE. Following the procedure of section 2, the 4 point function is given
in the OPE limit (x1 → x2 = 0) as follows⟨

O1(x1)O2(0)O3(x3)O4(x4)
⟩

=
1∏4

i=1 a
(0)
i

∫
d2z⟨V1(x1; z)c̄cV2(x2; 0)c̄cV3(x3; 1)c̄cV4(x4;∞)⟩

= − 2iπ∏4
i=1 a

(0)
i

∑
q

|x1|∆0−∆1−∆2

∂∆h(∆, q)|∆=∆0

B̄(∆i, qi;∆0, q) (4.2)

Here we have introduced the factors a
(0)
i taking into account the relative normalization

between Oi and Vi. Their precise form is given in the appendix E. B̄ is given by an
expression similar to the one given in equation (2.9) but now generalized to include the
contribution from tensor operators

B̄ ≡ 2πF
(0,0,ℓ)
12∆0

⟨
c̄cVµ1···µℓ

∆0,q
(0; 0)c̄cV3(x3; 1)c̄cV4(x4;∞)

⟩
Gµ1···µℓ

(x1) (4.3)

Gµ1···µℓ is given in equation (3.10) and the OPE coefficient F (0,0,ℓ)
12∆0

is related to the two and
three point function coefficients5 on the worldsheet as derived in appendix D.2.

The 3-point correlator appearing in (4.3) can be written as the product of a ghost
correlator and a matter correlator. The universal expression for matter correlator is fixed
by the conformal invariance of the worldsheet and boundary theories and is given in equation
(D.3). The ghost correlator is given by

⟨c̄c(z1)c̄c(z3)c̄c(z4)⟩ = Cg
S2
|z13|2|z34|2|z14|2 (4.4)

where Cg
S2

is the ghost normalization factor.

Fixing the points z1, z3 and z4 in the ghost correlator (4.4) at 0, 1 and ∞ respectively,
using (D.3) for the matter correlator and the relation between the 3-point function coeffi-
cient and OPE coefficient given in equation (D.4), we obtain⟨
c̄cVµ1···µℓ

∆0,q
(0; 0)c̄cV3(x3; 1)c̄cV4(x4;∞)

⟩
= Cg

S2
F̄

(0,0,ℓ)
34∆0

[
lim

z4→∞
|z4|−2(h4−2)

]
Zµ1(x3, x4, 0) · · ·Zµℓ(x3, x4, 0)− Traces

|x3|(∆3+∆0−∆4)−ℓ|x4|(∆4+∆0−∆3)−ℓ|x3 − x4|(∆3+∆4−∆0)+ℓ

= F
(0,0,ℓ)
34∆0

Cg
S2

πd/2λℓ(β
′, γ′)Dℓ(∆0)

Γ
(
d−β′

2

)
Γ
(
d−γ′

2

)
Γ
(
β′+γ′−d

2 + ℓ
)

Γ
(
β′

2 + ℓ
)
Γ
(
γ′

2 + ℓ
)
Γ
(
2d−β′−γ′

2

)


× Zµ1(x3, x4, 0) · · ·Zµℓ(x3, x4, 0)− Traces
|x3|(∆3+∆0−∆4)−ℓ|x4|(∆4+∆0−∆3)−ℓ|x3 − x4|(∆3+∆4−∆0)+ℓ

(4.5)

where Dℓ(∆0) is the 2-point function coefficient of vertex operators (see equation (D.2))
and,

β′ ≡ ∆4 −∆3 −∆0 + d− ℓ, γ′ ≡ ∆3 −∆4 −∆0 + d− ℓ

5It is important to distinguish between the OPE coefficient F
(0,0,ℓ)
12∆0

and the 3-point function coefficient
F̄

(0,0,ℓ)
12∆0

since they are related by a non trivial factor. The relation between them is given in equation (D.4)
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Using the expression (4.5) in equation (4.3) and comparing equations (4.1) and (4.2), we
finally obtain the following explicit relationship between the boundary OPE coefficients
C

(0,0,ℓ)
12∆0

and worldsheet OPE coefficients F
(0,0,ℓ)
12∆0

C
(0,0,ℓ)
12∆0

=

√
−4iπd+2Cg

S2
Dℓ(∆0)

∂∆h(∆, q)|∆=∆0Kℓ(∆0)

I12

a
(0)
1 a

(0)
2

F
(0,0,ℓ)
12∆0

(4.6)

The above equation is the main result of our paper for the case of symmetric spin ℓ exchange.
We remind the reader that in the above expression Cg

S2
is the normalization of the ghost

correlator defined through (4.4), Dℓ(∆0) is the coefficient in the 2-point function of the
worldsheet operators V∆0,q. Kℓ(∆0) appears as the 2-point function coefficient of boundary
spin ℓ operators as defined in (B.1). The normalization factors a

(0)
i are specified in (E.2)

and I12 is given by

I12 ≡
λℓ Γ

(
∆0+∆1−∆2+ℓ

2

)
Γ
(
∆0+∆2−∆1+ℓ

2

)
Γ
(
d−2∆0

2

)
Γ
(
∆1−∆2−∆0+d+ℓ

2

)
Γ
(
∆2−∆1−∆0+d+ℓ

2

)
Γ (ℓ+∆0)

(4.7)

The relation between the boundary OPE coefficients C
(0,0,ℓ)
34∆0

and the worldsheet OPE coef-

ficients F
(0,0,ℓ)
34∆0

can be obtained by replacing (12) with (34) in (4.6), namely

C
(0,0,ℓ)
34∆0

=

√
−4iπd+2Cg

S2
Dℓ(∆0)

∂∆h(∆, q)|∆=∆0Kℓ(∆0)

I34

a
(0)
3 a

(0)
4

F
(0,0,ℓ)
34∆0

(4.8)

where, I34 is given by an expression similar to (4.7) with the replacement of (12) by (34).

5 Generalization to External Spinning Operators

We can repeat the analysis of the previous section for correlation functions of spinning
operators. For simplicity, we consider the 4-point function of two conserved vector currents
and two scalar operators and consider the exchange of a scalar in the OPE of the two
vectors. Our goal will again be to obtain the relationship between the OPE coefficients in
the worldsheet and the boundary theories.

5.1 Boundary CFT Calculation

The conformal dimension of the conserved vector operators is d− 1. Using the OPE (C.2),
the 4-point function of two such operators and two scalar operators with scaling dimensions
∆3 and ∆4 can be evaluated as

⟨Oµ(x1)Oν(0)O3(x3)O4(x4)⟩

=
∑
∆

C
(1,1,0)
12∆

b δµν + x̂µ1 x̂
ν
1

|x1|2(d−1)−∆
⟨O∆(0)O3(x3)O4(x4)⟩

=
∑
∆

b δµν + x̂µ1 x̂
ν
1

|x1|2(d−1)−∆

C
(1,1,0)
12∆ C

(0,0,0)
34∆

|x3|∆3+∆−∆4 |x4|∆4+∆−∆3 |x34|∆3+∆4−∆
(5.1)

The constant b is fixed for conserved currents and is given in equation (C.5).
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5.2 Worldsheet Calculation

Again, we can represent the boundary operators as the integrated worldsheet vertex oper-
ators and calculate the desired 4-point function in the OPE limit using the saddle point
approximation. Using the normalization of the vertex operators (E.1) and the OPE (C.7),
the saddle point analysis gives⟨

Oµ(x1)Oν(0)O3(x3)O4(x4)
⟩

=
1

a
(1)
1 a

(1)
2 a

(0)
3 a

(0)
4

∫
d2z⟨Vµ(x1; z)c̄cVν(0; 0)c̄cV3(x3; 1)c̄cV4(x4;∞)⟩

= − 2iπ

a
(1)
1 a

(1)
2 a

(0)
3 a

(0)
4

∑
q

|x1|∆−2(d−1)

∂∆h(∆, q)|∆=∆0

Bµν(∆i, qi;∆0, q) (5.2)

where, the function Bµν is given by

Bµν ≡ 2πF
(1,1,0)
12∆0

⟨c̄cV∆,q(0; 0)c̄cV3(x3; 1)c̄cV4(x4;∞)⟩Hµν(x1) (5.3)

Hµν(x) is defined in equation (C.8).

The 3-point function appearing in (5.3) is a special case (ℓ = 0) of (4.5). Hence,
using (4.5) for ℓ = 0, the expression of Hµν given in (C.8) and comparing (5.2) with the
corresponding boundary CFT result (5.1), we obtain the following relationships between
the boundary and the worldsheet OPE coefficients

C
(1,1,0)
12∆0

=

√
−4iπd+2Cg

S2
D0(∆0)

∂∆h(∆, q)|∆=∆0

Ī12

a
(1)
1 a

(1)
2

F
(1,1,0)
12∆0

C
(0,0,0)
34∆0

=

√
−4iπd+2Cg

S2
D0(∆0)

∂∆h(∆, q)|∆=∆0

I34

a
(0)
3 a

(0)
4

F
(0,0,0)
34∆0

(5.4)

where,

Ī12 ≡
[

2∆0(2d−∆0 − 2)

(d−∆0)2(∆0 + 1− d)

] Γ
(
∆0
2

)
Γ
(
∆0
2

)
Γ
(
d−2∆0

2

)
Γ
(
d−∆0

2

)
Γ
(
d−∆0

2

)
Γ (∆0)

and,

I34 =
Γ
(
∆0+∆3−∆4

2

)
Γ
(
∆0+∆4−∆3

2

)
Γ
(
d−2∆0

2

)
Γ
(
∆3−∆4−∆0+d

2

)
Γ
(
∆4−∆3−∆0+d

2

)
Γ (∆0)

Note that the result (5.4) is consistent with (4.8) for ℓ = 0.

6 Relationship with AdS Coupling Constants

In this section, we quote some relations between cubic couplings in AdS supergravity and
the OPE coefficients in the boundary CFT. These relations, for the coupling between two
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scalars ϕ1, ϕ2 and one spin ℓ operator hµ1···µℓ , were obtained in [27]. The interaction term
is taken to be of the form 1

Sϕϕh
g
(0,0,ℓ)
ϕϕh ϕ1 (∇µ1···µℓ

ϕ2)h
µ1···µℓ , Sϕϕh being a symmetry factor.

We quote the result here,

C
(0,0,ℓ)
123

= g
(0,0,ℓ)
ϕϕh π

d
2

√
C∆1C∆2C∆3,ℓ

Γ
(
α12 +

ℓ
2

)
Γ
(
α23 +

ℓ
2

)
Γ
(
α13 +

ℓ
2

)
Γ
(
∆1+∆2+∆3+ℓ−d

2

)
21−ℓΓ(∆1)Γ(∆2)Γ(∆3 + ℓ)


(6.1)

where, ∆1,∆2 and ∆3 are the scaling dimensions of ϕ1, ϕ2 and hµ1···µℓ respectively and

α12 ≡
∆1 +∆2 −∆3

2
; α23 ≡

∆2 +∆3 −∆1

2
; α13 ≡

∆1 +∆3 −∆2

2

C
(0,0,ℓ)
123 is the relevant OPE coefficient in the boundary CFT and g

(0,0,ℓ)
ϕϕh is the cubic coupling

constant in supergravity. C∆,ℓ are the normalization factors associated with the bulk to
boundary propagators EV1V2···Vℓ

∆,ℓ of spin ℓ operator given by

EV1V2···Vℓ
∆,ℓ (P,X) = C∆,ℓ

RV1V2···Vℓ

(−2P ·X)∆
; C∆,ℓ =

1

2

(
ℓ+∆− 1

∆− 1

)
π−d/2Γ(∆)

Γ
(
∆+ 1− d

2

)
We have used the embedding space notation to express the propagator (see [27]). RV1V2···Vℓ

is the relevant tensor structure (dimensionless).

We shall also state the result for a Witten diagram with two external conserved currents
(of dimension d− 1)and a scalar. The interaction term (see [23]) considered is of the form
ηµνηρσϕ∂[µAν]∂[ρAσ]. This diagram can be computed by an inversion on the coordinates
(which is an isometry of AdS) followed by direct evaluation of the integrals. The result
between the corresponding OPE coefficient (see (B.3), (C.4)) and the cubic coupling in
supergravity is given by,

C
(1,1,0)
12∆ = g

(1,1,0)
123 π

d
2

√
Cd−1,1Cd−1,1C∆

(d− 2)2Γ
(
∆
2 + 1

)
Γ
(
∆+d−2

2

)
Γ
(
2d−2−∆

2

)
2Γ(∆)Γ(d)Γ(d)

The results presented here all assume a canonical normalization for terms in the Lagrangian
as mentioned before. A factor of 1√∏3

i=1 C∆i,ℓi

has been multiplied to each result from the

Witten diagrams to ensure consistency with a unit normalized two point function.

7 Comparison with the case of AdS3/CFT2

One can use the AdS/CFT correspondence to compute the boundary CFT’s correlation
functions using the dual gravitational description. The computations in the boundary
theory are usually done in weak coupling regime whereas the calculations done in the
bulk in the supergravity approximation give results in the strong coupling regime of the
boundary CFT and there is, a priori, no reason to believe that the correlators computed
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at different coupling strengths should match with each other. However, it may happen
that some correlators of a theory are independent of the coupling strength due to the
supersymmetry. Matching of correlators in such cases is one of the important checks of the
AdS/CFT correspondence.

In the example of duality between N = 4 SYM in four dimensions and string theory on
AdS5 × S5, the 3-point functions of chiral primaries calculated using the boundary theory
and the bulk supergravity theory were shown to agree, thus indicating the existence of a
non-renormalization theorem protecting the correlators [30] (see also [25, 26, 31–36]). In this
case, the worldsheet theory however is not well understood. Another interesting example
is the correspondence between the S-dual description of IIB string theory living on D1-D5

with near horizon geometry AdS3×S3×M4 and the two dimensional N = (4, 4) CFT with
deformed symmetric orbifold target space. It turns out that all the three corners of the
picture, namely the two dimensional boundary conformal field theory, the bulk supergravity
approximation and the worldsheet description of the 10 dimensional string theory, are
tractable in this case (although, at different points in the moduli space). 3-point functions
of chiral primaries have been shown to match from calculations done at all the three corners
[8–10, 13]. This is not surprising now that a non-renormalization theorem for the 3-point
functions of chiral primaries in two dimensional N = (4, 4) theory has been proved in
[14, 37].

In this work, we have obtained relations between the OPE coefficients in the worldsheet
theory and the dual boundary CFT and, in the previous section, noted the relations between
the cubic couplings in the supergravity theory and the OPE coefficients in the boundary
CFT dual to it. These relations are obtained in a model independent manner based on how
we expect the vertex operators in the worldsheet theory and primaries in the boundary CFT
to be related to each other [7]. For the operators whose 3-point functions in the boundary
CFT are subject to a non-renormalization theorem, this triangle of relations closes. We
shall now check that our results are consistent with some explicitly known results in the
case of AdS3/CFT2.

We start by showing that our result for relation between the OPE coefficients of the
boundary and the worldsheet theory match with the corresponding results for chiral primary
operators of the AdS3/CFT2 case mentioned above. In [8], the three point function of the
boundary CFT chiral primaries was computed via the three point function of the “dual”
worldsheet vertex operators. This was shown to be in agreement with the results computed
directly in the boundary CFT. To see that our calculations are consistent with the results
for the chiral primaries of AdS3/CFT2, we shall check that the relation between 3-point
function coefficients of the normalized operators on the boundary and the worldsheet theory
matches with results in [8].

Using (4.6) and (D.4) (for ℓ = 0), the relation between the 3-point function coefficients
in the boundary and the worldsheet theory in our computation, denoted C̄

(0,0,0)
12∆0

and F̄
(0,0,0)
12∆0
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(for scalars) respectively, when applied to the case of AdS3/CFT2, is given by

C̄
(0,0,0)
12∆0

=


√

2πCg
S2√

f(∆1)D0(∆1)
√

f(∆2)D0(∆2)
√

f(∆0)D0(∆0)

 F̄
(0,0,0)
12∆0

(7.1)

where, we have used the fact that the factor −2iπ
∂∆h(∆,q)|∆=∆0

appearing in (4.6) is just 1
f(∆) ,

f(∆) being ∆+ 1 in this case.

We now need to check that the computation performed in [8] for the 3-point function
of chiral primaries matches with the above result. In [8], the chiral primaries considered are
the n-cycle twist operators O∆,m,m̄ of the boundary theory, where ∆ = n−1 is the operator
dimension and (m, m̄) are the R symmetry quantum numbers. The 3-point function of these
operators (with the normalization of the two point function being set to unity) is given by
(also see [38–40]),

⟨O∆1,m1,m̄1O∆2,m2,m̄2O∆3,m3,m̄3⟩ = C̄
(0,0,0)
123

∏
i<j

1

|xij |2αij

where, α12 = (∆1 +∆2 −∆3)/2 etc. and in the large N limit, C̄(0,0,0)
123 is given by,

C̄
(0,0,0)
123 =

(∆1 +∆2 +∆3 + 2)2

4
√
N

∏
i(∆i + 1)1/2

Γ (α13 + 1)Γ (α12 + 1)

Γ (∆1 + 1)
(7.2)

Next, let the worldsheet vertex operators “dual” to the boundary CFT chiral primary op-
erators be denoted by V∆,m,m̄(x, x̄; z, z̄). The vertex operators are related to the boundary
CFT operators through (2.1) and, as before, their normalization is given by (E.1). The
3-point function of these vertex operators (in the string theory on AdS3 × S3 × T 4) was
computed in [8] and their ∆i and N dependence was obtained to be,

F̄
(0,0,0)
123 ∼ (∆1 +∆2 +∆3 + 2)2 Γ (α13 + 1)Γ (α12 + 1)√

N
∏

i(∆i + 1)Γ (∆1 + 1)

∏
i

√
f(∆i)D0(∆i) (7.3)

We see that the 3-point function coefficients C̄
(0,0,0)
123 and F̄

(0,0,0)
123 in (7.2) and (7.3) respec-

tively are consistent with the relation (7.1).

Next, we turn our attention to verifying the relation between cubic couplings in bulk
supergravity and the OPE coefficients in the boundary theory for the chiral primary oper-
ators of AdS3/CFT2 example we are considering. Please note that the straightforward use
of Witten diagrams in our approach can only give results that are valid for non-extremal
correlators (the bulk cubic couplings of “extremal operators” vanish). In the supergravity
approximation, the correlators of CFT chiral primaries and the bulk cubic couplings have
been calculated in [41–43]. In this case, there is, however an additional subtlety in iden-
tifying the supergravity fields dual to the operators of the boundary CFT. It turns out
that none of the chiral primaries mentioned earlier in this section can be identified with
the supergravity scalar fields. A naive matching of operators is inconsistent with the non-
renormalization of the correlators. One has to consider a linear combination of these (and
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other) chiral primaries in the CFT theory if one has to match the non-extremal three point
functions computed in the orbifold theory with those computed in the supergravity theory.
For extremal correlators, even this is not enough and non-linear operator mixings have to
be considered. However we shall not delve deeper into these issues here and we refer the
reader to [10, 44] instead.

Here we shall assume that an appropriate linear combination of the chiral primaries in
the CFT theory has been taken such that the non-renormalization of the non-extremal three
point functions is manifest. We can then compare the relation between the corresponding
boundary OPE coefficient and the cubic coupling in supergravity. Following the discussion
in [10, 44], we consider a class of scalar supergravity fields Σk,I (k, I being the R symmetry
labels). We are going to consider the three point function of this operator. The relevant
part of the action is,

S = −N

4π

∫
d3x

√
−G

[
1

2
(∇Σk,I)

2 + k(k − 2)Σ2
k,I +

1

3!
g123Σk1I1Σk2I2Σk3I3

]
(7.4)

It should be noted that 1
3!g123 is the corresponding coupling constant U123 in [10].

Let OΣ
∆,I be the boundary CFT operator (with dimension ∆) dual to Σk,I . We fix

the normalization of the 2-point function of these boundary scalar operators to unity. The
3-point function computed using the dual gravity theory is then given by [10, 44],⟨

OΣ
∆1,I1O

Σ
∆2,I2O

Σ
∆3,I3

⟩
=

3√
2N

g123
3!

Γ(α12)Γ(α13)Γ(α23)Γ
(
∆1+∆2+∆3−2

2

)
Γ(∆1)Γ(∆2)Γ(∆3)

1

|x12|2α12 |x13|2α13 |x23|2α23

In section 6, the interaction term comes with a factor 1
S123

g123, and the number of possible
Wick contractions cancels with the symmetry factor. In the action (7.4), the interaction
terms are defined uniformly (irrespective of the operators in question) and consequently
the convention chosen is to multiply by 3! (for every diagram). Furthermore, in order to
compare with our calculation, we absorb the overall factor in the action (7.4) into the kinetic
term. This means that the cubic coupling that we really need to consider according to our
conventions is ĝ123 = 2

√
π√
N
g123. Doing this, we find the relation between the OPE coefficient

C
(0,0,0)
123 and the cubic coupling to be,

C
(0,0,0)
123 =

1

4
√
2
√
π

Γ(α12)Γ(α13)Γ(α23)Γ
(
∆1+∆2+∆3−2

2

)
Γ(∆1)Γ(∆2)Γ(∆3)

ĝ123

This matches exactly with the relation 6.1 (for J = 0 and d = 2). The corresponding relation
for the three point function of two scalars with the stress tensor (in general dimensions) was
verified in [27] itself. It is also straightforward to verify these relations in the AdS5/CFT4

case using the results presented in [30].

8 Discussion

In this paper, we have given an explicit relation between the OPE coefficients in the world-
sheet and the boundary theories for the contribution of arbitrary symmetric traceless spin ℓ
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single trace operators to the OPE of single trace scalar operators. We have also considered
the case of external conserved vector operators and derived the corresponding relation for
the same. Our analysis was done in a model (and dimension) independent manner. The
analysis gives a 3-way relation between cubic couplings in the bulk supergravity, boundary
OPE coefficients and the worldsheet OPE coefficients for the operators whose 2 and 3-point
functions enjoy a non-renormalization theorem. We have also shown that our results are
consistent with corresponding known results in the case of AdS3/CFT2 correspondence.

An obvious limitation of this analysis is that it does not say anything about the origin
of multi trace operators in the boundary OPE. As mentioned in [1], the single trace terms
in the boundary OPE arise when two operators come close to each other on the worldsheet.
Due to this local nature associated with the single trace operators, a saddle point analysis
on the worldsheet is enough to reproduce the single trace contributions to the boundary
OPE. However, as is well known, the multi trace operators give rise to logarithmic terms
in the boundary OPE due to anamolous contribution to the dimensions of these operators.
It is also important to understand the origin of these contributions to the OPE of single
trace operators from the worldsheet point of view.

As mentioned in section 2, in the case of AdS3/CFT2, the analytic continuation of the
operator dimensions for non-normalizable operators may give rise to multi trace contribu-
tions. However, in general, it is not obvious that all multi trace contributions to the OPE
can be accounted in this way. It would be interesting to understand the anamolous loga-
rithmic contributions from a worldsheet calculation. The multi trace contributions might
arise non-locally on the worldsheet and a local analysis used in this paper might not capture
these contributions.

We should also mention that our relation between the bulk cubic couplings and the
boundary OPE coefficients are not applicable for extremal correlators since the bulk ex-
tremal cubic couplings vanish. One needs to use appropriate boundary terms to obtain the
corresponding boundary OPE coefficients (see, e.g., [10]).

Apart from understanding the OPE in the boundary CFT from the worldsheet point
of view in more detail, it would also be interesting to relate the bootstrap conditions on
the boundary and worldsheet theories. This may help in classifying the landscape of large
N CFTs which can admit weakly coupled string duals. The explicit relation between the
OPE coefficients in the boundary and worldsheet theory will probably be relevant in this
context.
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A Notations and Conventions

Notations for Most Used Variables

1. The notation AdS/CFT stands for AdSd+1/CFTd

2. World-Sheet coordinates ≡ z, z̄

3. AdS boundary coordinates ≡ x, y, · · ·

4. Boundary space-time operators ≡ Oi(x)

5. World-Sheet Vertex operators ≡ Vi(x; z, z̄)

6. Scaling dimension of boundary CFT operators ≡ ∆i

7. Scaling dimension of world-sheet vertex operators ≡ h

8. Quantum number for internal global symmetries ≡ q

Convention for Frequently occuring quantiites

In the cases where OPE and 3-point functions are charecterized by only one undetermined
coefficient (which is always the case in this paper), we shall use the following convetions:

1. The 3-point function coefficient of operators with dimensions ∆1,∆2,∆3 and spins
ℓ1, ℓ2, ℓ3 in the boundary CFT is denoted by C̄

(ℓ1,ℓ2,ℓ3)
∆1∆2∆3

.

2. The OPE coefficient of OPE between two operators of dimensions ∆1,∆2 and spins
ℓ1, ℓ2 in the boundary CFT will be denoted by C

(ℓ1,ℓ2,ℓ3)
∆1∆2∆3

where ∆3 and ℓ3 denote the
dimension and spin of the operator which contributes to the OPE.

3. The 3-point function coefficient of world-sheet vertex operators which are charactrized
by boundary space-time scaling dimensions ∆1,∆2,∆3 and spins ℓ1, ℓ2, ℓ3 (under the
global symmetry due to boundary CFT) will be denoted by F̄

(ℓ1,ℓ2,ℓ3)
∆1∆2∆3

.

4. The OPE coefficient of OPE between two world-sheet vertex operators charactrized by
boundary scaling dimensions ∆1,∆2 and spins ℓ1, ℓ2 (under global symmetry) will be
denoted by F

(ℓ1,ℓ2,ℓ3)
∆1∆2∆3

where ∆3 and ℓ3 denote the dimension and spin of the operator
which contributes to the OPE.

In all the above, we shall often use just the numbers instead of ∆i in the subscript. For
example, the 3-point function of two scalars with dimensions ∆1,∆2 and a spin ℓ operator
of dimension ∆ will be denoted as C̄

(0,0,ℓ)
12∆ .
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Some Frequently Occuring Functions

1. The following combination of the coordinates x1, x2 and x appears frequently in our
analysis

Zµ(x1, x2, x) ≡
(x1 − x)µ

(x1 − x)2
− (x2 − x)µ

(x2 − x)2
(A.1)

We shall always identify it by its arguments whenever this function appears. Note
that the position of the co-ordinates in the argument is important for this function.

2. Following product also appears frequently in our expressions

λℓ(a, b) ≡
ℓ−1∏
r=0

(
a+ b

2
+ ℓ− 1 + r

)
(A.2)

It is symmetric in the arguments a and b.

3. Finally, we define

Jµν(x) ≡ δµν − 2
xµxν

x2
(A.3)

B Some Useful CFT Correlators

In this appendix, we note down some CFT correlators which we shall need in this paper.

1. The two point function of spin-ℓ symmetric traceless operators with conformal dimen-
sion ∆ is given by

⟨Oµ1···µℓ(x)Oν1···νℓ(0)⟩ = Kℓ(∆)

[
Jµ1

(ν1
(x) · · · Jµℓ

νℓ)
(x)− Traces

|x|2∆

]
(B.1)

Kℓ(∆) is the two point function coefficient for spin ℓ operators and Jµν(x) is defined in
(A.3). We shall normalise the scalar operators to unity so that K0(∆) = 1. However,
for ℓ ̸= 0, we shall keep the explicit factors of Kℓ(∆).

2. The 3-point function of two scalars and one spin ℓ operator is given by

⟨O1(x1)O2(x2)Oµ1···µℓ
3 (x3)⟩ =

C̄
(0,0,ℓ)
123

(
Zµ1(x1, x2, x3) · · ·Zµℓ(x1, x2, x3)− traces

)
|x12|∆1+∆2−∆3+ℓ|x23|∆2+∆3−∆1−ℓ|x13|∆1+∆3−∆2−ℓ

(B.2)

Zµ(x1, x2, x3) is defined in equation (A.1).

3. An operator Oµ1···µℓ
∆ represents a conserved current if ∆ = ℓ + d − 2. In particular,

for global symmetry currents (ℓ = 1,∆1 = ∆2 = d− 1), we have the following result
[45]

⟨Oµ(x1)Oν(x2)O∆3(x3)⟩ = C̄
(1,1,0)
123

Jµ
σ(x1 − x3)J

σν(x3 − x2) + c Jµν(x1 − x2)

|x12|2(d−1)−∆3 |x23|∆3 |x13|∆3
(B.3)

where, the constant c is given by

c =
∆3 − 2(d− 1)

∆3
(B.4)
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C Some Useful OPEs

In this appendix, we note down some of the boundary and world-sheet OPEs which we
shall need in our calculations.

C.1 Scalar-Scalar Boundary CFT OPE

The OPE of two scalar operators in a boundary CFT has the following general structure

O1(x1)O2(x2) =
∑
∆,q

C
(0,0,ℓ)
12∆ (∆i; qi, q)

(x12)µ1 · · · (x12)µℓ

|x1 − x2|∆1+∆2−∆+ℓ
Oµ1···µℓ

∆,q (x2) + · · · (C.1)

Oµ1···µℓ
∆,q is a primary operator of dimension ∆. q denotes the internal quantum numbers

coming from some possible global symmetries of the boundary theory. The · · · terms denote
the contributions due to the descendants and the multi trace operators.

C.2 Vector-Vector Boundary CFT OPE

We shall be interested in the contribution of scalars to the OPE of two vector operators.
By rotation invariance, this contribution can have the following general structure (ignoring
the descendant and multi trace contributions)

Oµ
1 (x1)O

ν
2(0) =

∑
∆

C
(1,1,0)
12∆

x̂µ1 x̂
ν
1 + b δµν

|x1|∆1+∆2−∆
O∆(0) + · · · (C.2)

Since in this paper, we are only interested in the conserved currents, the constant b can be
fixed by the conformal symmetry. To do this, we shall evaluate the contribution to three
point correlator of two spin 1 and one scalar operator in two different ways in the OPE
limit. Using the OPE (C.2) for identical spin 1 conserved currents, we obtain

⟨Oµ(x1)Oν(0)O(x3)⟩ =
∑
∆

C
(1,1,0)
12∆

x̂µ1 x̂
ν
1 + b δµν

|x1|2(d−1)−∆
⟨O∆(0)O(x3)⟩

= C
(1,1,0)
123

x̂µ1 x̂
ν
1 + b δµν

|x1|2(d−1)−∆3 |x3|2∆3
(C.3)

The exact expression of the same correlator as given in (B.3) reduces in the OPE limit
x1 → x2 = 0 to

⟨Oµ(x1)Oν(0)O(3)⟩ = C̄
(1,1,0)
123

x̂µ1 x̂
ν
1 −

(1+c)
2c δµν

|x1|2(d−1)−∆3 |x3|2∆3
(C.4)

comparing (C.3), (C.4) and using (B.4), we obtain

b = −(∆ + 1− d)

∆ + 2− 2d
and C̄

(1,1,0)
123 = C

(1,1,0)
123 (C.5)
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C.3 “Vector-Vector” Worldsheet OPE

We can have operators on the worldsheet which can carry boundary co-ordinate indices. The
integral over the worldsheet co-ordinate of these operators can be interpreted as boundary
tensor operators. We shall consider two such “vector” operators and focus on the contribu-
tion of the scalar operators in their OPE. The most general form of this contribution can
be written as

Vµ
1 (x1, z1)V

ν
2 (x2, 0) =

∑
q

∫
C
d∆

∫
ddx Fµν(z1;xi, x;∆i,∆; qi, q)V∆,q(x, 0)

where, as usual, we have ignored the contribution of descendants.

The x and z dependence of Fµν is fixed by the conformal invariance. Using the tensor
structure from the 3-point function of two vectors and one scalar as given in equation (B.3),
we can write

Vµ
1 (x1, z1)V

ν
2 (x2, 0)

=
∑
q

∫
C
d∆

∫
ddx

F
(1,1,0)
12∆

|z1|h1+h2−h∆,q

(
c̄Jµν(x1 − x2) + Jµ

σ(x1 − x)Jσν(x2 − x)
)

|x1 − x2|α|x2 − x|β|x1 − x|γ
V∆,q(x, 0)

By demanding the OPE relation to be invariant under conformal transformation or using
the shadow operator trick described in section (3.1), we obtain the functional forms of α, β
and γ in this case to be

α = 2(d− 1) + ∆− d , β = d−∆ = γ (C.6)

Now, setting x2 = 0 and making the coordinate transformation x = y|x1|, we obtain

Vµ
1 (x1, z1)V

ν
2 (0, 0)

=
∑
q

∫
C
d∆ F

(1,1,0)
12∆

|z1|−(h1+h2−h∆,q)

|x1|α+β+γ−d

∫
ddy

1

yβ |y − x̂1|γ[
c̄ (δµν − 2x̂µ1 x̂

ν
1) +

(
δµσ − 2

(x̂1 − y)µ(x̂1 − y)σ
(x̂1 − y)2

)(
δσν − 2

yσyν

y2

)]
V∆,q(y|x1|, 0)

We are interested in the small |x1| limit and we are also ignoring the contributions of the
descendants. So, as before, we expand the Vµ

∆,q for small x1 and keep only the first term in
its Taylor expansion to get

Vµ
1 (x1, z1)V

ν
2 (0, 0) =

∑
q

∫
C
d∆

|z1|−(h(1)+h(2)−h(∆,q))

|x1|α+β+γ−d
F

(1,1,0)
12∆ V∆,q(0, 0) H

µν(x1) (C.7)
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where, using the integrals given in the appendix (G), we have

Hµν

≡
∫

ddy

|y|β |y − x̂1|γ
[
c̄ (δµν − 2x̂µ1 x̂

ν
1) +

(
δµσ − 2

(x̂1 − y)µ(x̂1 − y)σ

(x̂1 − y)2

)(
δσν − 2

yσyν

y2

)]
=

[{
c̄+

(β(γ − 2)− 2γ + 2d

βγ

)}
δµν −

{
2c̄+

2(d− 2)(β + γ − d)

βγ

}
x̂µ1 x̂

ν
1

]
πd/2Γ

(
d−β
2

)
Γ
(
d−γ
2

)
Γ
(
β+γ−d

2

)
Γ
(
β
2

)
Γ
(γ
2

)
Γ
(
2d−β−γ

2

) (C.8)

Since we are considering the conserved currents, the constant c̄ is fixed and is given by
replacing ∆ with d−∆ in equation (B.4) to be

c̄ =
2− d−∆

d−∆

Using (C.6), we thus obtain

Hµν =
πd/2Γ

(
∆
2

)
Γ
(
∆
2

)
Γ
(
d−2∆

2

)
Γ
(
d−∆
2

)
Γ
(
d−∆
2

)
Γ (∆)

[
−2∆(∆ + 2− 2d)

(d−∆)2(∆ + 1− d)

] [
x̂µx̂ν − (∆ + 1− d)

(∆ + 2− 2d)
δµν

]
Note that the ratio of the coefficients of δµν and x̂µ1 x̂

ν
1 is precisely the corresponding ratio

(C.5) of the boundary CFT calculation.

D Relation Between OPE Coefficients and 3-point Function Coefficients

In our calculations, we need the relation between the 3-point function coefficients and
the OPE coefficients for the boundary CFT theory and the world-sheet theory. We shall
consider each case below. We shall be interested in obtaining the relationship for three
point function of two scalars and one spin ℓ operator and the OPE coefficient for spin ℓ

exchange between the OPE of two scalar operators.

D.1 Boundary CFT Theory

To obtain the relation between the 3-point function coefficient of two scalar and one spin
ℓ operator, namely C̄

(0,0,ℓ)
123 and the OPE coefficient C

(0,0,ℓ)
123 (i.e. spin ℓ contribution to the

OPE of two scalars), we shall evaluate the 3-point function of two scalars and one spin ℓ

operator in the OPE limit using two different ways. Equating the two expressions will give
us the desired result.

We first evaluate the 3-point function by using the OPE method. Considering spin ℓ

exchange in the OPE and using (B.1) gives,⟨
O1(x1)O2(0)O

µ1···µℓ
3 (x3)

⟩
=

∑
∆,q

C
(0,0,ℓ)
12∆ (q1, q2; q)

(x1)
ν1 · · · (x1)νℓ

|x1|∆1+∆2−∆+ℓ
⟨Oν1···νℓ∆,q(0)Oµ1···µℓ

3 (x3)⟩

= Kℓ(∆3)C
(0,0,ℓ)
123 (q1, q2; q)

(x1)
ν1 · · · (x1)νℓ

|x1|∆1+∆2−∆3+ℓ

[
Jµ1

(ν1
(x̂3) · · · Jµℓ

νℓ)
(x̂3)− Traces

|x3|2∆3

]
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Alternatively, the exact expression of the 3-point function of two scalars and one spin ℓ

operator fixed by the conformal invariance is given in equation (B.2). Setting x2 = 0

in (B.2) and evaluating it in the small x1 limit gives an expression whose x dependence
matches precisely with the corresponding x dependence of the result obtained using the
OPE method above. This gives,

C̄
(0,0,ℓ)
123 = Kℓ(∆3)C

(0,0,ℓ)
123 (D.1)

D.2 World-sheet Theory

For the world-sheet theory, we want to obtain the relationship between the 3-point function
coefficient F̄

(0,0,ℓ)
123 and the OPE coefficient F

(0,0,ℓ)
123 . We again consider the three point

function of one spin ℓ and two spin zero vertex operators. Using the world sheet OPE (3.9)
between the vertex operators V1(x1) and V2(x2), this 3-point correlator can be evaluated
as

⟨V1(x1, z1)V2(0, 0)Vµ1···µℓ
∆3,q3

(x3, z3)⟩

=
∑
q

∫
C
d∆

|z1|−(h(1)+h(2)−h(∆,q))

|x1|α+β+γ−D+ℓ
F

(0,0,ℓ)
12∆

⟨
Vν1···νℓ
∆,q (0, 0)Vµ1···µℓ

∆3,q3
(x3, z3)

⟩
Gν1···νℓ(x1)

By conformal invariance, the 2-point function of two spin ℓ vertex operators on the world-
sheet can be written as⟨

Vµ1···µℓ
1 (x1, z1)V2ν1···νℓ(x2, z2)

⟩
=

δq1,q2
|z12|2h1

[
Dℓ(∆1)δ(∆1 −∆2)

J
(µ1
ν1 · · · Jµℓ)

νℓ − Traces
|x12|2∆1

]
(D.2)

Dℓ(∆) is a constant depending upon the conformal dimension. Using the above expression,
we obtain

⟨V1(x1, z1)V2(0, 0)Vµ1···µℓ
∆3,q3

(x3; z3)⟩

= F
(0,0,ℓ)
123 Dℓ(∆3)

|z1|−(h(1)+h(2)−h(∆3,q3))

|x1|α+β+γ−D+ℓ

(
Jµ1

(ν1
(x3) · · · Jµℓ

νℓ)
(x3)− Traces

)
|z3|2h3 |x3|2∆3

Gν1···νℓ(x1)

Alternatively, the universal expression for the same correlator is fixed by the conformal
invariance to be⟨

V1(x1; z1)V2(x2; z2)Vµ1···µℓ
3 (x3; z3)

⟩
=

F̄
(0,0,ℓ)
123

|z12|h1+h2−h3 |z23|h2+h3−h1 |z31|h3+h1−h2

×

(
Zµ1(x1, x2, x3) · · ·Zµℓ(x1, x2, x3)− Traces

)
|x12|∆1+∆2−∆3+ℓ|x23|∆2+∆3−∆1−ℓ|x31|∆3+∆1−∆2−ℓ

(D.3)

For our case, this reduces to

⟨V1(x1; z1)V4(0; 0)Vµ1···µℓ
∆3,q3

(x3; z3)⟩

=
F̄

(0,0,ℓ)
123

|z1|h1+h1−h3 |z3|2h3

(
Zµ1(x1, 0, x3) · · ·Zµℓ(x1, 0, x3)− Traces

)
|x1|∆1+∆2−∆3+ℓ|x3|2(∆3−ℓ)
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Simplifying the tensor structure in numerator of the above expression, comparing with the
result obtained using the OPE method and using (3.10) , we obtain the desired result

F̄
(0,0,ℓ)
123 =

πd/2λℓ(β, γ)Dℓ(∆3)
Γ
(
d−β
2

)
Γ
(
d−γ
2

)
Γ
(
β+γ−d

2 + ℓ
)

Γ
(
β
2 + ℓ

)
Γ
(γ
2 + ℓ

)
Γ
(
2d−β−γ

2

)
F

(0,0,ℓ)
123 (D.4)

where λℓ(β, γ) is defined in equation (A.2).

E Normalization of World-Sheet Vertex Operators

In order to match correlators computed using the worldsheet theory with the correlators
computed in the boundary CFT theory, we need to fix the relative normalization between
the world-sheet vertex operators and the boundary CFT operators. A convenient way to do
this is to fix the normalization of the two point functions. We have chosen the normalization
of the boundary CFT two point functions of spin ℓ operators to be Kℓ(∆) with K0(∆) = 1.
By computing the boundary CFT two point functions using the world-sheet theory and
demanding its normalization to be Kℓ(∆) fixes the relative normalization of the vertex
operators.

The two point function of two vertex operators (not normalized yet) is given by (D.2).
Fixing the world-sheet coordinates at z = 0 and z = 1 in this, the boundary CFT two point
function can be computed as follows,

⟨
Oµ1···µℓ

1 (x1)O2ν1···νℓ(x2)
⟩
=

1

Vconf

⟨
Vµ1···µℓ
1 (x1, z1 = 1)V2ν1···νℓ(x2, z2 = 0)

⟩
= f(∆)

[
Dℓ(∆)

(
J
(µ1
ν1 · · · Jµℓ)

νℓ − Traces
)

|x12|2∆

]

We have divided the right hand side by the volume of the conformal group Vconf on sphere
since we have fixed the world-sheet coordinates. This factor cancels the divergence arising
due to the delta function in equation (D.2) upto a factor f(∆). In the situations where the
scaling dimensions and the spectrum of the theory is explicitly known such as in the case
of AdS3/CFT2 correspondence, this factor can be determined explicitly (see, e.g., [8]).

To match the above result with (B.1), the relative normalization between the boundary
and the world-sheet vertex operators should be fixed as

O∆(x) =
1

a
(ℓ)
∆

∫
d2z V∆(x, z) (E.1)

where,

a
(ℓ)
∆ ≡

√
f(∆)Dℓ(∆)

Kℓ(∆)
(E.2)
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F Alternative Way of Fixing the World-Sheet OPE Structure

As mentioned in section 3.2, the tensor structure of the OPE (3.5) can be fixed by demanding
the conformal invariance and noting the 3-point correlator of two scalars and one spin ℓ

object as given in equation (B.2). This would give the same result as (3.7) upto the powers
α, β and γ in the denominator. These powers can be determined by demanding the OPE
relation (3.7) to be invariant under the conformal transformation. We now show that the
action of dilatation and inversion on the OPE relation (3.7) gives the same result as given
in (3.8).

If the vertex operator V has scaling dimension ∆ from the boundary CFT point of
view, then under dilatation x → x′ = λx, it transforms as

V(x, z) → λ−∆ V(x, z)

and hence, the OPE relation (3.7) becomes

λ−∆1−∆2V1(x1, z1)V2(x2, 0)

=
∑
q

∫
C
d∆ (λ)−α−β−γ+d−∆−ℓ

∫
ddx

|z1|−(h1+h2−h∆,q)Zµ1 · · ·Zµℓ

|x1 − x2|α|x2 − x|β|x1 − x|γ
F

(0,0,ℓ)
12∆ Vµ1···µℓ

∆,q (x, 0)

where, Zµ = Zµ(x1, x2, x) and the factor of λ−ℓ in the right hand side comes from the
terms involving Zµ in the numerator.

Comparing the two sides of the above equation, we get,

α+ β + γ = ∆1 +∆2 −∆+ d− ℓ (F.1)

Next, we consider the effect of inversion on the boundary coordinates xi in (3.7) in which
we have

xµ → xµ

x2
, x2ij →

x2ij
x2ix

2
j

, ddx → ddx

|x|2d
, V(x, z) → |x|2∆V(x, z)

Vµ1···µℓ(x, z) → |x|2∆Jµ1
ν1(x) · · · J

µℓ
νℓ
(x)Vν1···νℓ(x, z)

We also have 6

(Zµ1 · · ·Zµℓ)Vµ1···µℓ
(x, z) → |x|2∆+2ℓ(Zµ1 · · ·Zµℓ)Vµ1···µℓ

(x, z)

Using these, the OPE (3.7) gives

x2∆1
1 x2∆2

2 V1(x1, z1)V2(x2, 0)

=
∑
q

∫
C
d∆

∫
ddx

|z1|−(h(1)+h(2)−h(∆,q))

|x12|α|x2 − x|β|x− x1|γ
|x1|α+γ |x2|α+β|x|β+γ−2d+2∆+2ℓ

Zµ1(x1, x2, x) · · ·Zµℓ
(x1, x2, x)F

(0,0,ℓ)
12∆ Vµ1···µℓ

∆,q (x, 0)

6To see this for spin 1, we note that[
xµ
1x

2
3 − xµ

3x
2
1

x2
13

− xµ
2x

2
3 − xµ

3x
2
2

x2
23

](
δµν − 2

x3µx3ν

x2
3

)
=

(
xµ
13

x2
13

− xµ
23

x2
23

)
(x3)

2
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Comparing both sides gives us the desired result

α = ∆1 +∆2 +∆− d+ ℓ,

β = ∆2 −∆1 −∆+ d− ℓ,

γ = ∆1 −∆2 −∆+ d− ℓ

It should be noted that this solution automatically satisfies the constraint (F.1).

G Some Useful Integrals

In this appendix, we shall note down some integrals which occur frequently in our calcula-
tions. The references [46, 47] are helpful in obtaining some of these integrals.

1. Following basic integral is the building block of the more complicated integrals which
we shall need in this paper

I(a, b) ≡
∫

ddy

|y|a |y − x̂|b
=

πd/2Γ
(
d−a
2

)
Γ
(
d−b
2

)
Γ
(
a+b−d

2

)
Γ
(
a
2

)
Γ
(
b
2

)
Γ
(
2d−a−b

2

) (G.1)

Note that this is manifestly symmetric in a and b.

2. Another useful integral is∫
ddy

|y1 − y|a1 |y2 − y|a2 |y3 − y|a3

=
πd/2

|y12|d−a3 |y23|d−a1 |y13|d−a2

Γ
(
d−a1
2

)
Γ
(
d−a2
2

)
Γ
(
d−a3
2

)
Γ
(
a1
2

)
Γ
(
a2
2

)
Γ
(
a3
2

) (G.2)

3. Next, we consider∫
ddy

yµ

|y|a |y − x̂|b
=

πd/2Γ
(
d−a+2

2

)
Γ
(
d−b
2

)
Γ
(
a+b−d

2

)
Γ
(
a
2

)
Γ
(
b
2

)
Γ
(
2d−a−b+2

2

) x̂µ

To evaluate this integral, we note that it can only be proportional to x̂µ, since there
is no other vector in the problem. Hence, we write Iµ(a, b) = h(a, b, x2)x̂µ. Now,
contracting both sides with x̂µ, completing the square and using (G.1) gives the
desired result.

4. We shall also need∫
ddy

yµyν

|y|a |y − x̂|b

= πd/2

[
Γ
(
d−a+4

2

)
Γ
(
d−b
2

)
Γ
(
a+b−d

2

)
Γ
(
a
2

)
Γ
(
b
2

)
Γ
(
2d−a−b+4

2

) x̂µx̂ν +
Γ
(
d−a+2

2

)
Γ
(
d−b+2

2

)
Γ
(
a+b−d−2

2

)
2Γ

(
a
2

)
Γ
(
b
2

)
Γ
(
2d−a−b+4

2

) ηµν

]
To evaluate this integral, we note that the Lorentz invariance allows this integral to
be a linear combination of terms proportional to x̂µx̂ν and ηµν . Hence, we can write∫

ddy
yµyν

|y|a |y − x̂|b
= g1(a, b)x̂

µx̂ν + g2(a, b)η
µν
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Contracting it with ηµν and x̂µx̂ν and solving the resulting equations, we obtain the
desired result.

5. For calculations involving world-sheet vectors, we need

Iµνλ(a, b) ≡
∫

ddy
yµyνyλ

|y|a |y − x̂|b

To evaluate this integral, we note that the Lorentz invariance allows it to be a linear
combination of terms made up of x̂µ, x̂ν , x̂λ and ηµν . Hence, we can write

Iµνλ(a, b) = f1(a, b)x̂
µx̂ν x̂λ + f2(a, b)

(
ηµν x̂λ + ηµλx̂ν + ηλν x̂µ

)
The last 3 terms have same coefficients since Iµνλ is symmetric in all three indices.
Again, Contracting it with various combinations of x̂µ, x̂ν , x̂λ and ηµν and solving the
resulting equations gives

f1 =
πd/2Γ

(
a+b−d

2

)
Γ
(
d−a+6

2

)
Γ
(
d−b
2

)
Γ
(
a
2

)
Γ
(
b
2

)
Γ
(
3 + d− a+b

2

)

f2 =
πd/2Γ

(
a+b−d−2

2

)
Γ
(
d−a+4

2

)
Γ
(
d−b+2

2

)
2Γ

(
a
2

)
Γ
(
b
2

)
Γ
(
3 + d− a+b

2

)
6. For calculations involving spin ℓ operators, we shall encounter the following integral

(2.19 of [48])

∫
ddy

Jµ1

(ν1
(x− y) · · · Jµℓ

νℓ)
(x− y)Zν1(x1, x2, y) · · ·Zνℓ(x1, x2, y)

|x1 − y|a|x2 − y|b|x− y|c

= πd/2 λℓ(a, b)Γ
(
d−a
2

)
Γ
(
d−b
2

)
Γ
(
d−c
2

)
Γ
(
a
2 + ℓ

)
Γ
(
b
2 + ℓ

)
Γ
(
c
2 + ℓ

) Zµ1(x1, x2, x) · · ·Zµℓ(x1, x2, x)

|x− x1|a+c−d|x− x2|b+c−d|x1 − x2|d−c

(G.3)

where, a+ b+ c = 2d− 2ℓ.

7. Another useful integral which is related to the integral (G.3) is (2.19 of [48])

∫
ddy

Zµ1 · · ·Zµℓ

|x1 − y|a|x2 − y|b
= πd/2λℓ

Γ
(
a+b−d

2 + ℓ
)
Γ
(
d−a
2

)
Γ
(
d−b
2

)
Γ
(
d− a+b

2

)
Γ
(
a
2 + ℓ

)
Γ
(
b
2 + ℓ

) (x12)µ1 · · · (x12)µℓ

|x12|2(
a+b−d

2
+ℓ)

(G.4)

where, Zµ = Zµ(x1, x2, y) in the integrand.
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