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Abstract

We consider a generalization of elliptic multiple zeta values, which we call twisted
elliptic multiple zeta values. These arise as iterated integrals on an elliptic curve
from which a rational lattice has been removed. At the cusp, twisted elliptic
multiple zeta values are shown to degenerate to cyclotomic multiple zeta values
in the same way as elliptic multiple zeta values degenerate to classical multiple
zeta values. We investigate properties of twisted elliptic multiple zeta values and
consider them in the context of the non-planar part of the four-point one-loop
open-string amplitude.
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1 Introduction

Within the program of studying iterated integrals on Riemann surfaces of various genera, the
genus-zero case, which leads to multiple zeta values (MZVs) [1-3], is the starting point and takes
the most prominent réle. During the last years, however, the genus-one situation has received
more attention: various iterated integrals on the elliptic curve as well as associated periods and
elliptic associators have been investigated [4-7].

The simplest genus-one generalizations of MZVs are elliptic multiple zeta values (eMZVs),
which arise from iterated integrals on the once-punctured elliptic curve, that is the elliptic curve
where the origin is removed [8]. In this article, the notion of eMZVs is extended to twisted
elliptic multiple zeta values (teMZVs), which are iterated integrals on a multiply-punctured
elliptic curve. While for eMZVs it is sufficient to remove the origin, teMZVs arise when a lattice
with rational coordinates as visualized in figure 1 is removed from the elliptic curve. The iterated
integrals to be considered are performed over a path parallel to the real axis and are therefore a
generalization of Enriquez’ A-cycle eMZVs.! A slight technical difficulty, which was absent for
eMZVs, is that the integrands giving rise to teMZVs might have additional poles along the path
of integration. We address the problem by suggesting a rather natural regularization scheme,
which essentially amounts to integrating over an infinitesimal deformation of the real axis.
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Figure 1: The shaded region represents the elliptic curve C/(Z + Z7), where edges marked by / and
= are identified. In the setup of teMZVs, points from the lattice Q + Q7 are removed from the elliptic

curve. Here we show the example {0, %, %} + {0, %, %}7’

A crucial tool in the study of eMZVs was the existence of a certain first-order linear differen-
tial equation, expressing eMZVs as special linear combinations of iterated integrals of Eisenstein
series and MZVs [7,8,10,11]. One of the main results of this article is the generalization of this
differential equation to teMZVs. In particular, one can again identify a procedure delivering the
boundary data for teMZVs at the cusp ioo of the modular parameter 7, and relating them to
integrals over genus-zero Riemann surfaces in a natural way. While for eMZVs this procedure
leads to MZVs, in the case of teMZVs we obtain cyclotomic MZVs [3,12-14]. A further parallel
to eMZVs is the existence of shuffle and Fay relations.

Scattering amplitudes in open-superstring theories have been recently noticed as a rewarding
setup where iterated integrals on Riemann surfaces appear naturally. Generalizing the ubiquity

Tt is worth noting that there is no structural problem in defining twisted B-cycle eMZVs by considering
integration paths parallel to the direction of the modular parameter 7 [9].



of MZVs in tree-level amplitudes?, one-loop scattering amplitudes (corresponding to genus-one
surfaces) provide a natural testing ground for eMZVs [28]. However, the analysis in ref. [28] was
focused on the planar sector of the one-loop amplitude where the integrations are performed
over a single boundary of a genus-one surface with cylinder topology.

In this article, teMZVs will be identified as a convenient language tailored to the non-planar
part of the open-string one-loop amplitude: the extension of the iterated integrals to both
boundaries of the cylinder leads to a class of teMZVs with twist 7/2. We will employ these
teMZVs to calculate non-planar contributions to the low-energy expansion® of the four-point
one-loop open-string amplitude. Explicit results will be given up to the third subleading low-
energy order which are checked to match the expressions available in the literature at the first
subleading low-energy order [29] and at the cusp [30].

Interestingly, our results for the string scattering amplitudes in the cases considered can be
expressed without using teMZVs: they appear in combinations which ultimately boil down to
eMZVs. We will provide arguments bolstering the conjecture that this feature will persist to all
orders in the low-energy expansion.

Finally, we expect the teMZVs defined here to be closely related to the monodromy of
the universal twisted elliptic KZB equation to be studied in upcoming work of Calaque and
Gonzalez [9]. A particularly important aspect of their work is the definition of a twisted version
of the derivation algebra, the untwisted version of which [31, 5,32, 33| already appeared in the
study of eMZVs [10,34,11]. Similar to the situation for eMZVs, this twisted derivation algebra
might be capable of encoding the number of indecomposable teMZVs of a given weight and
length.

In section 2 we introduce teMZVs, and discuss the expansion of their constituents with
respect to the modular parameter of the elliptic curve. Thereby we set the stage for section 3,
where a differential equation for teMZVs w.r.t. 7 as well as a procedure to extract their 7 — ico
limit is presented. In ‘section 4, the formalism is applied to the calculation of the non-planar
contribution to the open-string one-loop scattering amplitude and the rdle of teMZVs therein is
discussed. After concluding and pointing out a couple of open problems in section 5 we provide
various appendices containing collections of definitions for the numerous objects appearing as
well as several detailed calculations omitted in the main text.

2 From elliptic to twisted elliptic multiple zeta values

Elliptic multiple zeta values can be represented as iterated integrals on the multiply punctured
elliptic curve C/(Z + Z7) \ {b1,...,bs} with parameter 7 in the upper half plane H, where we
denote ¢ = exp(2miT). Starting from I'(; z) = 1, elliptic iterated integrals are defined recursively

Via
(o b = [ame—mr (). sl (2.1)

where the interval of integration is [0, z]. As will be discussed in subsection 2.1, regularization
prescriptions have to be specified, if n; = 1 and b; € [0, z]. In particular, regularization of the

divergences has been discussed in section 2 of ref. [10].

2See [15-17) for a discussion of the contributing iterated integrals on a genus-zero surface in the mathematics
literature and [18,19] for a treatment via polylogarithms in a physics context. Moreover, the expansion of n-point
disk integrals has been addressed via motivic MZVs [20] and the Drinfeld associator [21] (also see [22]). As
a complementary approach, the relation of disk integrals to hypergeometric functions has been used to obtain
(n < 5)-point expansions |23,24] and certain ranges of low-energy orders at n < 7 points, see e.g. [25-27].

3The low-energy expansion of string amplitudes refers to an expansion in the inverse string tension ao’.



The weighting functions f(")(z,T), arise as expansion coeflicients of the doubly-periodic
completion of the Eisenstein—Kronecker series, starting with

_01(z,7) 492 Im (2)

(0) — (1)
0D =1, O = g e

(2.2)

see appendix B for details and conventions. They are doubly-periodic functions of alternating
parity

f(n)(z + 177—) = f(n)(z + 7, T) = f(n)(zﬂ—) ) f(n)(_Z’ T) = (_1)nf(n)(277—) ) (23)

and the function f (1)(2 —b;,7) in eq. (2.2) acquires a pole at z = b; which requires regularization
of eq. (2.1). Throughout the article, we will frequently omit noting the 7-dependence of both
weighting functions f(") and elliptic iterated integrals eq. (2.1).

In refs. [28,10], the main focus was on elliptic multiple zeta values, whose shifting parame-
ters b; — referred to as twists — have been limited to b; = 0. Correspondingly, the elliptic curve
in question has a single puncture only: EX = C/(Z + Z7) \ {0}. Evaluating this subclass of
elliptic iterated integrals at z = 1 leads to the definition of Enriquez’ A-cycle elliptic multiple
zeta values or eMZVs for short:

w(nl, no, ... ,ng) = / f(”l)(zl)dzl f(n2)(2’2)dZ2 e f(W)(Zg)ng (2.4)
0<z;<z;+1<1
=Ty 501 =T(ng,...,n2,n1;1).

The quantities w = Zle n;, and the number ¢ of integrations in eqs. (2.1) and (2.4) are referred
to as weight and length of the elliptic iterated integral and the corresponding eMZV, respectively.

Allowing for rational values s; and r; in b; = s; + r;7, leads to twisted elliptic multiple zeta
values or teMZVs:

w (Tlﬁ by Zﬁ) = / FO) (21 = br)dzy f2) (20 — ba)dzo ... ) (2 — by)dz

0<2;<z;4+1<1
Mg Mp—1 ... N1
= F ( b[ b[_l b1 I 1) ) (25)

where the notion of weight and length carry over from eq. (2.4) directly. Taking the double-
periodicity (2.3) of the weighting functions £ into account, one can limit the attention to
i, 8; € [0,1), which corresponds to the shaded region in figure 2.

In this article we are going to limit our attention to twists Q + Qr, that is r;,s; € Q. In
order to classify those, let us introduce

%"‘1} AX = An\ {0} . (2.6)

1
n n

A, = {0,

If b; € A, the twist is referred to as proper rational. Correspondingly, all other twists — that is
those with b; € (A, +A,7)\ A as visualized in figure 2 — are called generic twists. While in the
latter situation divergences occur at endpoints only and can be addressed using the methods in
ref. [8], the presences of a proper rational twist requires more work as discussed in subsection 2.1.
Twisted eMZVs based on proper rational twists do not make an appearance in the open-
string one-loop amplitude. However, they are interesting from a number-theoretic point of view
because their constant terms give rise to cyclotomic generalizations of MZVs or “cyclotomic
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Figure 2: Example of the lattice A,,+A,7 at n = 3: Proper rational twists and generic twists are marked
in red and blue, respectively. Edges marked by / and = are identified in C/(Z + Zr), respectively.

MZVs” for short [3,12-14]. The set of (generic) twists b; € {0,7/2} turns out to lead to teMZVs
relevant for the non-planar open-string amplitude, which we are going to discuss in section 4.
2.1 Regularization

In order to regularize the divergences in eq. (2.5) caused by twists b1, ...,by € A, we propose to
replace the straight line [0, 1] by the domain of integration [0, 1] in the right panel of figure 3.
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Figure 3: Deformation of the straight-line path [0, 1] to the path [0, 1], avoiding the possible singularities
of f),

Here, ¢ > 0 is an additional real parameter, which determines the radii of the semicircles around
proper rational twists in figure 3. One then defines regularized values of teMZVs

w(bbi) =lim [ = byda £ (2 = b)dza o f0 (20— bz, (27)
[0,1]¢

which agree with eq. (2.5) if all twists are generic. The existence of the limit in eq. (2.7) requires
some explanation because f(l)(z — b;) has a pole at z = b;. For a single proper rational twist
b € AY, the path [0,1]; can be written as the composition of a straight line from 0 to b — ¢,
followed by a semicircle from b — € to b + € above b, and then followed by a straight line from
b+etol:

w(3) = lim dz f(z —b)+ dz fD(z —b) + dz fO—b) . (28
e—0.J]0,b—¢] [b—e,b+e] [b+¢,1]

Im

Clearly, the contribution to eq. (2.8) coming from the non-holomorphic part 2m’% of f()



in eq. (2.2) vanishes in the limit ¢ — 0. The contribution coming from the closed one-form
01 (1)
01(2,7')
same homotopy class. Computing eq. (2.8), we find that

w(})=1log (W) — T = —im, (2.9)

dz in turn is independent of ¢ by Stokes theorem, since the paths [0,1]. belong to the

where the first term comes from the first and third integral in eq. (2.8) and vanishes by reflection
and periodicity of the 6; function. The contribution of —im is due to the second integral in
eq. (2.8).

The higher-length case is handled similarly. First we note that on the semicircles we have
additional contributions from the non-meromorphic parts of the weighting functions f () (zi—b;)
(cf. eq. (2.17) below), given by powers of 2m’%. These additional contributions on the
semicircle are bounded by Im (z;) < ¢, and the accompanying meromorphic functions have at
most a simple pole at b;. Hence, the overall integrand on the semicircle is finite as ¢ — 0.

Subsequently, we may use the composition of paths formula for iterated integrals (cf. eq. (C.3))
to check that the contributions from the non-meromorphic parts on the semicircles are in fact
of O(e) and therefore do not contribute in the limit ¢ — 0. Thus we are left with integrals over
meromorphic functions of the z;, which do not depend on € by homotopy of all paths [0, 1].

The upshot is then that, up to terms which vanish in the limit ¢ — 0, the right hand side
of eq. (2.7) is independent on ¢, thus convergent. An example at length two can be found in
appendix C.

2.2 General properties of elliptic iterated integrals and (t)eMZVs

In general, iterated integrals of the form (2.1) satisfy shuffle relations. In terms of combined
letters B; = ZZ , the shuffle relation for elliptic iterated integrals reads

P(Bl,BQ,. . .,BgB;Z) F(Cl, .. .,Cgo;z) =TI ((Bl,BQ, - .,BgB) L (Cl, ces ,Cgc);z) y (2.10)

where W denotes the shuffle product [35]. Naturally, the shuffle relation eq. (2.10) straightfor-
wardly carries over to eMZVs,

w(ni,ng,...,ng,)wlmi,me,...,mg,) =w((ni,ne,...,ng,)w(my,me,...,myg,)), (2.11)
and teMZVs
w(Bl,BQ, e ,BgB)w(Cl, ce ,Cgc) =w ((Bl,Bg, ce ,BgB) L (01, .. .,Cgc)) s (2.12)

where the B;, C; are combined letters as defined above.
Taking into account the parity property (2.3) of the weighting functions f() and the defi-
nition of elliptic iterated integrals, one finds the reflection identity

D (550 hisz) = (myymobmebetnep (14 - 0 M) (2.13)

which is, however, valid only if the combined letter B; = bll_ with b; a proper rational twist does
not occur. The need to exclude such instances of B; stems from the regularization of section 2.1
which does not preserve the reflection property.

Again, as in the case of the shuffle relation, there is an echo of the reflection identity for



eMZVs and teMZVs:

w(ni,na, ... np_1,mg) = (=1)"MT2TF0 G(ny np g, .. ng,n1)

ni, N2, ..., N g, g—15 -y N1
w ( bi, bz, o bﬁ) _ (_1)n1+n2+ -Hﬂw ( by Do o ?)1> R (2.14)
where Ei =1+ 7 — b; and letters B; = bli with b; a proper rational twist are again excluded.

2.3 g-expansion of teMZVs

In contrast to usual MZVs, which are just numbers, eMZVs and teMZVs are functions of the
modular parameter 7 and can be expanded in its exponentiated cousin ¢ = €*™7. The ¢-
expansions of eMZVs and teMZVs rely on the available g-expansions of the weighting functions
f™_ The discussion below will simplify considerably, if we consider in addition a class of
meromorphic weighting functions ¢(™.

While the weighting functions f(™) appear as expansion coefficients of the doubly-periodic
completion €(z, o, 7) of the Eisenstein—Kronecker series F'(z,,7) (cf. eq. (B.1)) 6]

Qz,a,7) = exp <2m'a EE Ejg)F(z, a,T) = Z F™ (2, 7)o", (2.15)
n=0

the functions ¢g(™ are the expansion coefficients of the Eisenstein-Kronecker series [36,37]

o0
F(z,a,7) = Z g™ (z,7)a" . (2.16)
n=0
The set of meromorphic functions ¢ (z, 7) starts with ¢g(® =1 and ¢ (z,7) = zgg:g and can

be related to their doubly-periodic but non-meromorphic* completions via eq. (2.15):

n < 1 Im (2)\"7
™ (z, 1) = jz:% =) <2mhn (7_)) gV (z,7) . (2.17)

Quasi-periodicity and the reflection property of F(z,a, T) (see egs. (B.5) and (B.6)) imply the
following properties of the ¢ (z,7),
n n n = (—2mi g n—j n n_(n
§E) = gD, g = 3 G, () = (1)), (219
=0

and their Fourier expansions are given by [37,6,28|

o0

g (z,7) = 7 cot(rz) — 2i(2mi) Z sin(2rmz) ¢"™"
n,m=1
9 (z,7) = —2Co1, - 2(;]:?1)! n;ﬂ cos(2mmz) n*Ftgmn | k>0 (2.19)
I 2k+1 00
g (2, 1) = _Qi% H;I sin(2rmz) n?k g™ k>0.

4Note that by Liouvilles theorem, every meromorphic, doubly-periodic function, which has at most a simple
pole at zero must be constant. Therefore, one either has to include non-holomorphic factors (as we do here,
following [6]) or allow poles of order > 2 (as in [4], §5.1.2).



For real values of z one finds from eqgs. (2.15) and (2.17) that f("(z) = ¢ (2) and their
g-expansions agree. In particular, they can be employed to find g-expansions for eMZVs

)
w(ny,ng,...,ne) = wo(ni,ne,...,ng) + Z ck(ny,ng, ... ,ng)qk . (2.20)
k=1

The g-independent quantity wg in eq. (2.20) is called the constant term of the eMZV w and is
known to be a Q[(27i)~!]-linear combination of MZVs (see refs. [28,10,11]).

In order to describe the ¢-dependence of teMZVs in a similar manner, we consider the
twist b = s + 7 in the weighting function () (z — b) eq. (2.17) for real values of z:

f™(z—s—rr,7) :27( (iﬂirj)_)‘ gV(z—s—r7,7), 2€R. (2.21)
3=0 '

Employing eqns. (2.19), the functions g(j)(z — b, 7), can be expanded in non-negative rational
powers of g,

2k+1 @2m)* & o
gDz — s —r7,7) = 801 cot(m(z — 5 — 7)) + TAY Z n“t g™
( ) m,n=1
X {cos(27rm(z =)™ —q¢ ™) —isin(2mrm(z — s))(¢™" + q_mr)} , k>0
2 2k 1 o
g(%)(z —s—r7,7) = =2 — ( mi) Z p2k—lgmn (2.22)
m n=1
X { cos(2mm(z — 8))(¢™ + ¢~ ™) — isin(2rm(z — 8))(¢™" — q_mr)} , E>0.
The cotangent term in ¢(!) may be rewritten as
oo
meot(m(z — s —rr7)) =im(l + qre%” =) Z re2mi(s—2) )" (2.23)

1—r

On these grounds, f(z — s — 1) can be expanded in powers of ¢ and ¢'~" such that every

teMZV admits an expansion in ¢P,
N1, N2, -y Mg\ 15 nz, N1,M25000570 p\k
w () =wo (B ) + ch (B ) @) (2.24)

where 1/p € Q is the least common denominator of all occurring r;. The g-independent quantity
wo in eq. (2.24) is called the constant term of the teMZV, which we are going to study in
section 3. Depending on the set of twists b;, different classes of objects appear as constant terms:
while MZVs cover constant terms for generic twists, proper rational twists lead to cyclotomic
MZVs [3,12-14]. We will refer to teMZVs for which ¢ (’Z’,i’g;”;ﬁ) = 0 for all kK € NT as
constant.

3 g-expansion for twisted elliptic multiple zeta values

The goal of this section is to set up an initial value problem for teMZVs eq. (2.5) and to
obtain their g-expansion without performing any integral over their trigonometric constituents
in eq. (2.22). Following the strategy for computing the usual eMZV’s g-expansion in [8,10], in



a first step we derive a first-order differential equation in 7 for teMZVs. In the second step,
a boundary value at the cusp 7 — ¢00 will be determined to identify a unique solution to the
differential equation. Since the action of J; reduces the length of teMZVs, one can derive the
g-expansion for teMZVs recursively.

For eMZVs, Eisenstein series and MZVs are the building blocks for the 7-derivative and con-
stant term respectively [8,10,11]. Similarly, we will show that the weighting functions f*) (b, 7)
evaluated at lattice points b € A, + A,7 and cyclotomic MZVs are suitable generalizations
thereof for teMZVs.

After deriving the differential equation in subsection 3.1, the constant term will be elaborated
on in subsection 3.2 for generic twists and modifications when including proper rational twists
are discussed in subsection 3.3.

3.1 Differential equation

We begin by defining a generating series for teMZVs of length 2,

T ] = [ QG- bhanda Q0 - basdz . 0z b addz
0<z;<2;4+1<1

o0
_ ni—1 _no—1 ne—1 ni, N2, ..., Ny
- Z QT Qg s Qpt W by by, by )

ni,nz,...,ng=0

(3.1)

generalizing a construction of [8]. As a consequence of the mixed heat equation (B.4), Q(z—0b, )
satisfies the differential equation

0:Q(z — s —r7,a) = exp(—2mira)0; F(z — s — 7, a)
. 1
= exp(_zﬂ-”'a)( — 10, + ﬁﬁz&))F(z —5—1rT, a) (3'2)

1
= Tmﬁz@aQ(z —s—TrT,Q), zeR.

The 7-derivative of the generating function (3.1) reads

¢ ¢
. 0 a1, a2, ..., oy
2m§T by, by, .. bg] = / dzrdzg ... dzg Y 02,00,z — biyoq) [[ Uz — by, )
0<zi<zi41<1 =1 7
QL vy Qg1 g, ..., Oy
= 60‘4(2(_ bé? aﬁ) T |: b1, ..oy bg,11| - 80419(_ b17 al) T |: ba, ..., bg]
‘ +
L, oy OG—2, OG—1FQG, Qil, oy O
+ (T [ b1, ..., b2727 bi, ' bz+17 v bz} aaiflﬂ( bi — bi*l’aifl)
i=2

QL ey QG—2, Q110G Qg1 .ovy Qi
LT[ g e s ) g 0~ bya)

ey big, bit1, -
(3.3)

where we used eq. (3.2) in the first line. In the second equality, the number of integrations is
reduced by evaluating [ dz; 9,,04,Q(z; — bi, ;) via boundary terms O,,Q(z; — bi, o;)|z "1 with
20 = 0 and zp11 = 1. The resulting products of the form Q(z; — b1, a;—1)Q(z; — b;, ;) are
rewritten using the Fay identity eq. (B.3) such that each integration variable z; appears in at
most one factor of 2. The details of the computation can be found in appendix E.

Upon expanding 2 and 7" in eq. (3.3) in «;, one can compare the coefficients of the monomials
my

af"™ .. ay". The coefficient of each monomial is a linear combination of some £ multiplied

10



by teMZV of length ¢ — 1. Working out the details yields the following differential equation for
teMZVs (¢ > 2),

2midew (705 ) = WOV (e (3050 ) - O b e ()

be_1 2, ey Do

n; + k—1 h(ni,l—k:-i-l)( b — b, )w N1, e, Mi—2, Ntk Nig1, o Mg
? i—1 b1, ..oy bi—2, bi,  big1, ., be

e R
w‘

ni-1+k—1 h(ﬂ@*k‘i’l)( bi 1 — b ) < ey Mi—2, N1k, Mig1, ooy nz)
k -1 b1, oy bim2,  bi—1, big1, .., be

+ (_1)ni+10ni,1ZleniZIh(ni71+ni+1)( bi — bi_q ) <n1, vy Mi—2, 0, niy, .., ’I’L[) ‘| : (34)

b1, .oy bi—2, 0, bit1, ..., by

where we have introduced 6,>; = 1 — d,,0 for non-negative n to indicate that some of the
contributions in the last three lines vanish for n; = 0. Furthermore we used the shorthand

K (z,7) = (n—1)f"™(z,7). (3.5)

For vanishing twists b; = 0, eq. (3.4) reduces to the differential equation for eMZVs stated in
eq. (2.47) of ref. [10] since the weighting functions f(™ are related to holomorphic Eisenstein
series (with Go(7) = —1) via

(27’(‘2) > k—1 _mn .
_ f(k)(O,T) — Gp(r) = 2¢,+ ( ~1)! m;:lm q . k even . (3.6)

0 : kodd

In other words, the functions h(™)(b;, 7) occurring in the differential equation (3.4) take the role
of Eisenstein series in the differential equation for eMZVs.

The differential equation (3.4) is shown to be compatible with the regularization of teMZVs
with proper rational twists b; € A (described in subsection 2.1) in appendix F.

3.2 Constant terms for generic twists

In this subsection we are going to extend the constant-term procedure for eMZVs studied in
[10,11] to a procedure delivering the constant terms for teMZVs. Calculating the constant term
for teMZVs amounts to the computation of the limit 7 — ico of eq. (2.5). This limit will figure
as the initial value for the differential equation (3.4) discussed in the previous subsection.

In order to make the bookkeeping more efficient, it is convenient to consider the following
generating series, which is is a generalization of the A-part of Enriquez’ elliptic KZB associator |7]
to the realm of teMZVs:

g 9 PR ]
A M =20 Y w () adi (v). . adi? (y)ady (y)
>0 ni,ne,...,ng >0
b1,ba,..., by € (An—i-AnT)\A;f

:ﬁexp( /dz

where A,, and A were defined in eq. (2.6). There is no loss of generality in studying the lattice
A, + A7 rather than A, + A,,7 with m # n: the latter can be embedded into the lattice

f9e-brad, ). 61

k=0 b€ (An+AnT)\AJ
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ANn + An7 with N the smallest common multiple of m and n.

Note that proper rational twists b € A\ have been excluded from the summation range for b
in eq. (3.7) in order to relegate a discussion of the additional ingredients required in these cases
to section 3.3. Moreover, P exp(...) denotes the path-ordered exponential with reverted order
of multiplication for the non-commutative variables

adg(y) = [z,9],  ady(y) = [z, [z, [z, 9l].. ], (3-8)

n times

in comparison to the order of the integration variables z. Furthermore — although composed of
several non-commutative variables x;, and y — each nested commutator ady! (y) is treated as a

single letter when reversing the order of multiplication.

al ag

The series (3.7) combines different instances of the generating series T [ by by .. O‘bﬂ ineq. (3.1),

Wis Y/ Qp Qp_q ... a1
A (T = Y1) > T 5 5t 0] (3.9)
£2>0 b1yee b € (A +AnT)\AY

summing over all values of the length ¢ > 0 and the generic twists b; € (A, +A,,7)\A*. The non-
commutative product of adfc”i_ (y) corresponds to commutative variables af i1 in eq. (3.1), which

accompany individual teMZVs in the respective generating series. While the organization via
ozfi_l is better suited for the study of the differential equation of teMZVs, the non-commutative
variables ad];fibv(y) in eq. (3.8) are well adapted to the subsequent analysis of their constant

terms®.

3.2.1 Degeneration of weighting functions

twist
Al sn,maz (M

ing functions f(k)(z —b,7) as T — ioco or ¢ — 0. Conveniently, the limit is expressed in the

In order to compute lim,_ ;o , we need to study the degeneration of the weight-

variables 14
4 w
= ™ dz = — —.
2 w

w (3.10)

Using the g-expansions egs. (2.22) and (2.23) together with eq. (2.21) we obtain, for generic
twists and k£ > 1,

k—1 15

: - \k— . \k—2m
) Y _ mi(=2mir)" (—2mir) 1 dw
Aim FP s —rm)dz ( (k — 1)! 277;0 e —2m) ") 2mi w
dw Ex Bpp(=2md)™ 1 (=2mir)k—m
= —— kE>1. 3.11
w 7n2:20 m)! (k—m)! ” (3.11)
Here, we have used (o, = —%, where Bj, denote the Bernoulli numbers (such that

By = —%). While f© =1, the case of fM(z —b) is special and we find

(1—r) dw tr#0
2 w
lim fM(z—s—rr)dz = . (3.12)
o e

2w w-1 "~

5The use of two, essentially equivalent, generating series of teMZVs goes back to Enriquez’ original work on
eMZVs [8].
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Combining eqgs. (3.11) and (3.12) allows to rewrite the exponent of eq. (3.7) as follows:

d d
lim dzz< S PG badk (y )):ganwl, (3.13)
T—+100 —
bE(An+AnT)\AY w w
where
R adx adx 6—27riradzb
Yn = _W;l(y) + Z ,;TTM@) ) t = [y, zo] - (3.14)
€ - be(An+An)\An € -
dw

and 42 in
w—1

the degeneration limits eqs. (3.11) and (3.12) of f*)(z —b, 7). In absence of twists, for instance,

These definitions of 7, and ¢ are tailored to track the appearance of the forms <"

the first contribution to g, in eq. (3.14) stems from setting r» = 0 in eq. (3.11) and identifying
k1
the generating series of %adﬁo (y):

= B 27TZ dw
3 k) k _ k k
Jim —dz kz:% (f( (z)ady ( ) =—— Z dzo(y) - s (y)
adx dw dw
*m(y); — ——adu(y). (3.15)

In the generalization to non-zero twists r # 0, the second contribution to g, in eq. (3.14) arises

—2mi)m L (—2mir)k—m
Pl 7271!) ( (Qk—r)n)! ads, (y)-

dependence on r gives rise to the factor of e 2724z, in the numerator.

as the generating series of Zlfnzo Note in particular that the

By comparing the degeneration behaviour in eq. (3.13) with eq. (3.7), we deduce that

: wis D t
lim AzAniAnr)\AX( 7) =P exp ( / [w + w—J dw) , (3.16)

T—>100
ety

where the unit circle w € C3™(1) arises from the path of integration [0,1] C C under the change
of variables eq. (3.10). Strictly speaking, eq. (3.16) requires regularization, due to divergences
at w = 1. They are treated in analogy to eMZVs as described in refs. (8,11, 28| and cause
modifications to be pointed out in the subsequent discussion.

3.2.2 Deforming the integration contour

twist
A(A +AnT

plicit differential forms along the unit circle CZ™(1), see the left panel of figure 4 below. Since

We have expressed lim, ;00 A (1) as a generating series of iterated integrals of ex-

the integrand in eq. (3.13) is holomorphic on C \ {0,1}, the resulting path-ordered exponen-
tial eq. (3.16) is homotopy-invariant. Therefore one can replace the unit circle by a contour
homotopic to it, visualized in the right panel of figure 4.

This deformed contour can in turn be viewed as the composition of straight paths Py, P, 1
connecting the points w = 0,1 along with a circle C3™(¢) of infinitesimal radius around the
origin, as shown in figure 4. Moreover, the regularization alluded to above manifests itself in
figure 4: both paths C37(1) as well as the composition P; C3™ () P,CY(¢) have to leave w = 1
with velocity —1 and arrive back at w = 1 with the same velocity. More precisely, both paths,
which really are smooth functions [0, 1] — C* must have a derivative equal to —% e T1(Cx),
where 77 denotes the tangent space at 1. This is also the reason for the semicircle (i? ().

The virtue of deforming the path of integration is that eq. (3.16) can now be computed

13



Jm(w)

CZﬂ'
w=1 0" (€)

oy

B

1
08

Figure 4: Deformation of the unit circle C27(1) to the path composition P *C2™ () P,C2(e).

rather explicitly. First, in view of the reversal operation contained in the definition of P, the
composition of paths o and [ translates into a concatenation of the non-commutative series

75exp</ww)—ﬁexp(/ﬂw)ﬁexp(/aw> (3.17)

regardless of the differential form w. Hence, the equality of homotopy classes of paths (relative
to the tangent vector —% at 1) [C37(1)] = [P 1C3 (e)PLCY(e)] allows to rewrite (3.16) as

with reversed order,

: twist _ it ~ 2T4Yn ~ -1
Tlglnoo A(An+Anr)\Aé (1) = €™ D(Yn, t)e D (G, t) (3.18)

where ®(g,,t) denotes the Drinfeld associator [38]. In deducing (3.18), we have used the iden-
tities

O(§,t) = Pexp < / {g—n + L} dw> , (3.19)

w w—1
Py

e*™n = P exp ( / {g—n + L} dw) , (3.20)

w w—1
g™ (e)

e'™ = Pexp ( / {@ + L} dw) . (3.21)

w w—1
C9(e)

Since the coefficients of ® are Q-linear combinations of MZVs [39], an implementation of
eq. (3.18) using a standard computer algebra system can be used to explicitly write the constant
terms of teMZVs for generic twists as Q[(27i) ~!]-linear combinations of MZVs. Equation (3.18)
is a generalization of a similar formalism for eMZVs, which has been established in refs. [7,10].
Examples for constant terms of teMZVs computed via eq. (3.18) are gathered in appendix G.1.

3.3 Constant terms for all twists

So far, we have only considered the constant terms of teMZVs with generic twists. The presence
of proper rational twists b € A requires a separate discussion due to the additional features of

14



the corresponding weighting function f(1)(z — b):

e its simple pole in the interior of the domain of integration requires the regularization
procedure of subsection 2.1

e its 7 — ioo limit introduces singularities u‘)i—i”c with ¢ denoting a root of unity

In order to facilitate the computation of the constant terms of teMZVs including proper rational
twists, we again introduce a generating series for bookkeeping purposes

e I (RS
AREL ) =30 w () adi (v) - adi2 (y)adg (y)
>0 ni,ne,...,ne >0
bi,ba, ..., by c A, +AnT

= 111%75 exp ( — / dz Z Z F® (2 —b,7) ad’;;b(y)) , (3.22)
E— [071]5

k=0 beAp+AnT

which generalizes eq. (3.7) to the case of arbitrary twists.

3.3.1 Degeneration of weighting functions

As in the above situation we need to determine the degeneration limit of the weighting functions
f®)(z —b,7) as T — ico. The only case, where this degeneration limit differs from the results
of the previous subsection (cf. egs. (3.11) and (3.12)) is k =1 and r = 0:
1d d
lim fO(z—s,7)de = o 4 — (3.23)

T—100 2 w w — e2mis

2mis

Note the occurrence of the root of unity e?™*. Denoting the set of n'" roots of unity by
= {e*™5 | s € Ay}, (3.24)

the generalization of eq. (3.13) to twists b € A, + A,,7 reads

lim dzz S M —b)adk (y) = + >0t (7 (3.25)

Trioo k=0b € Ap + ApT CEpn

whereb
B adxbe—%riradzb
== gmadzb Ty, — W)t —2rady, 1 W
bEAR be (An+AnT)\ A
tC = [ya "L‘s] P for C = 627”8 € Un - (326)

Equation (3.26) is the generalization of eq. (3.14) to arbitrary twists in the lattice A, + A,7,
and can be proved along the lines of the previous subsection. In particular, the expression for
Un follows by repeating the steps which have been detailed around eq. (3.15).

SNote that the definition of 7, for all twists is different from eq. (3.14) in the previous subsection which is
valid for generic twists only.
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3.3.2 Deforming the integration contour

Now the image of the integration contour [0,1]. under the transformation z + w = €%

is the unit circle around 0, which is dented at the roots of unity e?™** € pu, as pictured in
figure 5 below. However, the point w = 1 is special and will be taken care of by the regular-
ization of subsection 3.2. Similar to the situation above, the dented unit circle is homotopic to
[P 1C3 (€)PLCY(e)] as depicted in figure 5 for twists in A3. Hence, eq. (3.22) can be generalized
to

Jm(w) Jm (w)

e2mi/3 o

w=1 Cgﬂ(g)/\ Pfl w

/?.EV
£
B!

<
E,II
£

i ® Y )
edmi/3 edmi/3

Figure 5: Deformation of the dented unit circle to the path composition P C27(¢)P,C2(¢). Proper

rational twists s = 0,1,..., 2= are mapped to unit roots ¢ = €™ € pu,,.
Tl_ignoo A?X‘Yj-si—tAm—(T) = 6mt1q’n(?§nv (tC)Ceun)€2mgn Py, (Tn, (tC)CEun)il ) (3.27)

where ®,(eq, (e¢)¢ep, ) is the cyclotomic version of the Drinfeld associator [40], defined by

@, (e, (e¢)cep,) = P exp (/01 {eo + Z we_CJ dw) . (3.28)

w
C-E,Ufn,

Since ®,, is the generating series of n-cyclotomic MZVs [3,12-14], the constant terms of teMZVs
for arbitrary twists in the lattice A, + A,7 are Q[(2mi)!]-linear combinations of cyclotomic
MZVs. Definitions and properties of cyclotomic MZVs are collected in appendix D, and examples
for constant terms of teMZVs with proper rational twists can be found in appendix G.2.

As exemplified by wq ( 1}2> = —im, it is the regularization of divergences occurring for proper
rational twists, which spoils the validity of the reflection property eq. (2.14) for letters B = 11)
with b € A)X. It would be interesting to identify an alternative regularization scheme where
eq. (2.14) is preserved.

4 One-loop open-string amplitude

This section is devoted to the discussion of the appearance of teMZVs in a physics context — in
the low-energy expansion of scattering amplitudes in string theory. In general, g-loop string am-
plitudes can be represented by integrals over the moduli space of punctured Riemann surfaces of

16



Im (z) Im (z)

Zjt1 Zj42 ... zy

[
U
//
il
[
77
//
il

ZTT ? S S . _ Re (2) 2_11 R vy _ Re (z)

z9 z3 e Zn z9 z3 e Zj

Figure 6: Worldsheets of cylinder topology are mapped to the shaded region, see the left and the right
panel for the planar and the non-planar case, respectively. The punctures on the boundaries are taken to
have coordinates with Re (z;) € [0,1] and either Im (z;) = 0 or Im (z;) = £. The identification of edges
is marked by =~ and //, respectively, and inherited from a torus with modular parameter 7 = it. The
Mceebius topology is not drawn here, because all its contributions to the amplitude can be inferred from
the planar cylinder topology. This can be seen by the change of variables described in ref. [41].

genus g. For one-loop scattering of open strings, the Riemann surfaces or worldsheets of interest
are the cylinder and the Mcebius strip. The punctures — the insertion points of vertex opera-
tors for external states — are then integrated over the boundary components of the worldsheets.
These boundary integrals are weighted by traces over Lie-algebra generators t* associated with
the gauge degrees of freedom of the open-string states: Each boundary component contributes
a separate trace factor, in each of which the order of multiplication matches the ordering of the
associated punctures.

A convenient parametrization of the one-loop open-string topologies — the cylinder and the
Meebius strip — can be obtained starting from the torus by restricting the modular parameter
to 7o =it and to Ty = it + %, respectively, where ¢t € Ry.

In both cases, the boundary is parametrized via z € C/(Z + Z7) with Re(z) € [0,1] and
Im(2) =0 or Im (2) = % which is sometimes referred to as the closed-string channel.

In this setup, elliptic iterated integrals eq. (2.1) appear naturally when integrating over
moduli spaces of cylinder- and Moebius-strip punctures. This is yet another example, where the
iterated integrals on the boundary of open-string worldsheets yield special values of polyloga-
rithms tailored to the corresponding Riemann surfaces, generalizing the ubiquity of MZVs at
genus zero.

Cylindrical worldsheets with all insertions on the same boundary are referred to as planar
cylinders. For these contributions to the amplitude, all integrals over the punctures were shown
to boil down to eMZVs in [28]. Moreover, the only difference between integrals over punctures
on the Meebius strip and those on the planar cylinder is the value of the modular parameter
7 [41]: therefore one can straightforwardly convert the contributions from the planar cylinder
to those of the Mceebius strip by

2mite — ¢=27t i the Fourier expansion of the eMZVs in the planar-cylinder

2miTN — 6727rt+i7r —

e replacing go = e
contribution by g = e —qc; this results in alternating relative signs
between the coefficients in the gg-expansion of the Moebius-strip contributions and the

cylinder contributions.
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e inserting a factor of :I:% for the Moebius strip to account for its single boundary of doubled
length compared to individual boundary components of the cylinder [41]. The “+” sign is
for gauge groups USp(N) and “—” for SO(N).

Hence, for a gauge group SO(32), the constant term in the g-expansion w.r.t. ¢c which would
give rise to a UV divergence upon integration over ¢ € R cancels between the cylinder and the
Moebius strip [41].

The double-trace contributions, on the other hand, stem entirely from the cylinder topology
with punctures on two different boundaries — non-planar cylinder diagrams. We will see that
the integrals over the punctures boil down to teMZVs with purely imaginary modular parameter
and twists b € {0,7¢} = {0, %

In the planar case mentloned above the link between eMZVs and the worldsheet integral
over the cylinder boundary was established as follows: Punctures on the same boundary enter
through the genus-one Green function at real arguments which can be written as an integral over
the weighting function f()(z) with real argument = € (0,1) [28]. Consequently, we will show
that the new ingredient in the case of the non-planar cylinder, i.e. the genus-one Green function
for two insertions on different boundaries, is related to integrals over f()(z — 7/2). Hence, the
non-planar contributions may be expressed as iterated integrals on EX \ {7/2} described above.

4.1 The four-point integrals

We will illustrate the emergence of teMZVs through the non-planar contribution to the four-
point one-loop amplitude of the open superstring. Its dependence on the external polarizations
enters through a prefactor K universal to all worldsheet topologies [42] and is irrelevant to the
subsequent discussion. Then, setting qc = ¢ and q)y = —q as discussed above, the complete
expression for the one-loop open-string four-point amplitude reads [41]

1 ~loop _ K/ TI‘ t t t3t4) [N 11234((]) — 32 11234(—(])]

+ Te (%) Tr(£%) Iy4(q) + eye(2,3,4) } (4.1)

where t% are traceless SO(N) generators and the traces are taken in the fundamental represen-
tation of the gauge group. The accompanying integrals are given by’

1 T4 T3 T2 4 1
11234((]) = /0 d$4/0 dl‘g/o d$2/0 d.%'l (5(.%1) H exXp {QSijG<1‘ija 7')] s (4.2)
1<J

I1934(q) /d$4/ dfﬂ:s/ d$2/ dzy 0(z1) (4.3)

X €Xp [2812G(3612, T) + 58340 T34,7) + 5 Z 53 G (24 —T/Q,T)] )

where the insertion points z; 2 = x1 2 and 23 4 = 23 4+7/2 of the vertex operators are parametrized
by real integration variables x; with x;; = x; —x;, see figure 6. Translation invariance on a genus-
one surface has been used to fix 1 = 0 through the above delta function. The genus-one Green

"Note that I1234(q) was denoted by Iupt(1,2,3,4) in ref. [28] and that I;2j34(q) is defined with a factor of two
in comparison to the integral h(s, ) in ref. [29] because we do not impose z3 < x4 as done in the latter reference.
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functions [30]
01(z,7) | .27
01(0,7) Im(7)

depend on the differences of punctures z; and their second argument 7 will often be suppressed.

G(z,7) =log Im(z)? (4.4)

Considering the parametrization of the cylinder visualized in figure 6, vertex insertions on
different boundaries give rise to arguments x;; — 7/2 as for instance seen in the contribution
G(z13 — 7/2,T) to the exponent of eq. (4.3).

Given the definition of and relations between the dimensionless Mandelstam invariants,

/ 2
sij = o (ki + kj)* 534 = 812 , 514 = 823 , 513 = S24 = —S12 — 823, (4.5)

the integrands of egs. (4.2) and (4.3) are unchanged if the Green function eq. (4.4) is shifted by
a z-independent function. This feature will be made use of in the following subsections.

Configurations with three punctures on the same boundary lead to color factors such as
Tr(t1#2¢3)Tr(¢*) which vanish for traceless SO(N) generators considered in eq. (4.1). Neverthe-
less, the accompanying integral

T19314(q) /d$4/ dxs/ de/ dzy 0(z1) (4.6)

X exp [2 Z 8i;G(2ij, T) + = ZSJ4G (zj4 —7/2,7)]

1<i<j

plays an important role for one-loop monodromy relations [43,29]. It will be demonstrated in
appendix H that eq. (4.6) may be expanded in terms of teMZVs using the same techniques as will
be applied to the integral I1934(¢) in eq. (4.3) along with two punctures on each boundary. For
both non-planar integrals I19j34(q) and I2314(q), our results up to and including the order of s%
can be simplified to ultimately yield combinations of eMZVs, i.e. all of their twisted counterparts
are found to drop out at the orders considered.

4.1.1 Analytic versus non-analytic momentum dependence

The one-loop four-point amplitude is a non-analytic function of the Mandelstam invariants
2t 5 () leads
to branch cuts well-known from the Feynman integrals in the field-theory limit [42]. Moreover,

eq. (4.5): From the integration over ¢ in eq. (4.1), the region with ¢t — 0o or ¢ = e~

the non-planar contribution I1934(¢) additionally exhibits kinematic poles in s12 reflecting the
exchange of massless closed-string states between the cylinder boundaries [44]. Since both the
poles and the branch cuts stem from the integration over ¢, the integrals eqgs. (4.2) and (4.3) over
the punctures by themselves do not reflect the singularity structure of the one-loop amplitude.

At fixed values of ¢ it is possible to separate the overall amplitude into analytic and non-
analytic parts. For the four-point closed-string one-loop amplitude, a careful procedure to
isolate the logarithmic dependence on s;; has been developed in ref. [45]: this method allows for
a focused study of the analytic sector where modular graph functions take the role of eMZVs
[46,47].

While the integrals in the expansion of eq. (4.2) have been performed at fixed value of
q, integrating for instance eq. (4.7) below and its counterpart from the Mcebius strip over ¢
introduces divergences, also for the gauge group SO(32). The choice of regularization scheme
for these divergences (see [29] for an example at the first subleading order in ') reflects a
particular way of splitting the analytic and non-analytic parts of the final expression for the
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amplitude after integrating over gq.

4.1.2 The low-energy expansion in the single-trace sector

In the following, we will study the analytic part of the non-planar one-loop four-point amplitude
by Taylor-expansion of eq. (4.3) in s;; and thereby in o/, probing the low-energy behaviour. The
analogous low-energy expansion for the single-trace integral eq. (4.2) has been performed in [28],

T234(q) = w(0,0,0) — 2w(0,1,0,0) (s12 + s23) + 2w(0,1,1,0,0) (535 + 533) (4.7)
— 2w(0,1,0,1,0) 512523 + B (859 + 2579503 + 2512553 + 553) + P2.3 512523(512 + 823) + O(a'h)

with the following combinations of eMZVs at order o'3:

4
65 = g [W(Oa 07 17 07 07 2) + W(O, 17 1a Oa 17 0) - W(2, 07 17 07 07 0) - §2 UJ(O, 17 07 0)} (48)
G | 8Q 5
29 1 - = 4.
ﬁ2,3 12 + 3 (07 7070) 18 w(0737070) ( 9)

It was explained in the reference that the dependence of the single-trace integral eq. (4.7) on ¢
is captured by eMZVs at any order in /. Note that the contributions of the planar cylinder and

the Moebius strip to eq. (4.1) are obtained by integrating eq. (4.7) over arguments g — e~ 2™

and ¢ — —e 2"

, respectively, with t € R .

In analogy with eq. (4.7), we will determine the o’-expansion of the non-planar integral
eq. (4.3) in the framework of teMZVs. Since the main emphasis of this article is to exemplify
the use of teMZVs in the calculation of non-planar one-loop amplitudes, a detailed analysis of

the singularity structure after integration over ¢ is left for the future.

4.2 The genus-one Green function as elliptic iterated integral

The link between open-string amplitudes and the framework of elliptic iterated integrals is the
(holomorphic) derivative

9.G(z,7) = fW(z,7), 2e€C\(Z+Zr), (4.10)

of the genus-one Green function eq. (4.4) in the integrals eqs. (4.2) and (4.3). It allows to rewrite
the exponent in the non-planar integral eq. (4.3) into the form

1 1
5812G($1277) + 5834G T34,T) + Y 31] (zij —7/2,7)
i=1,2

7j=3,4

= s19P(212) + s3aP(ws4) + Y 5;5Q(wij) (4.11)

i=1,2
7j=3,4

where the entire dependence on the real parts® z; € R of the punctures 212 = 212 and 234 =
x34 + 7/2 is captured via elliptic iterated integrals eq. (2.1):

o) = [ ay 0w =T (i) (112)

8Restricting the first argument G (z,7) to be real (as appropriate for our parametrization of the cylinder) leads
to a relative factor of two between 9,G(z,7) = 2f(1)(x,7'), x € R and eq. (4.10). This factor of two has been
neglected in early versions of [28], and it is not altered by a complex shift 8, G(x—7/2,7) = 2f P (x—7/2,7), € R.
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Q) =cla) + [ dy SO (y=7/2) = (@) +T (Jaia) (4.13)

(4.14)

is special to the non-planar cylinder and caused by the different properties of the Green functions
G(xi;) and G(x;; —7/2) connecting punctures on the same or different boundaries of the cylinder.
In passing to the right hand side of eq. (4.11) we have used momentum conservation Zf< j Sij =

0 to discard

1 i 1

§G(x) — P(z) = 5 log(2m) = iG(x —7/2) — Q(x) . (4.15)
A detailed explanation of the relations above and the underlying regularization will be given in
the following two subsections.

4.2.1 G(=x) versus P(x)

In the case of punctures on the same boundary of the cylinder, the Green functions with ar-
01(x,T)
67(0,7)
this expression can be recovered by the following integration with a regulator € > 0 in the lower

guments z € [0,1] and 7 € iRy reduces to 3G (z,7) = log . Up to an additive constant,
limit:

/j dy P (y) = log(61(x)) —log(61(e))

= log(61(x)) — log(61(0)) —log(e) + O(e) (4.16)
= %G(ay) —log(—2mie) + log(—27i) + O(e) .

The regularization scheme for the limit ¢ — 0 has to be chosen consistently with the treatment
of divergent eMZVs: Following the conventions of [28], the regularized value of an eMZV is

9

defined to be the constant term in an expansion” w.r.t. log(—2mic), and we choose the principal

branch of the logarithm, such that log(—i) = —4. Hence, log(—2ie) is formally set to zero in
eq. (4.16), and we obtain

z 1 1 ]
P(z) = lim Reg / dyfD(y) = ~G(z) + log(—2mi) = ~G(z) — = + log(27) , (4.17)
e—0 c 2 2 2
reproducing the first equality in eq. (4.15).

4.2.2 G(x — 7/2) versus Q(x)

Pairs of punctures on different boundaries of the cylinder lead to arguments x — 7/2 of the Green
function eq. (4.4), where x € [0,1]. In these cases, the Green function may be related to the
integral

/ox dy [ (y — 7/2) = log (61 (x — 7/2)) — imx — log (61( — 7/2))

9The expansion in log(—2mie) will ensure that the constant terms of eMZVs are Q[(274) ~']-linear combinations
of MZVs, as opposed to Q[(274) ™", log(27)]-linear combinations of MZVs (as in [8], Proposition 2.8).
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= log |61 (x — /)| — T~ log (— 62(7) (4.18)

= S Gla—/2) + lo(0) — < loa(a) — 3 —log (— iq~04(0))
= %G(w —7/2) + log (241128;) = %G(:p —7/2) — %G(T/2) ,

without any need for regularization. In passing to the second line, we have chosen the principal
branch of the logarithm to relate log(6; (z —7/2)) — irz = log |61 (z — 7/2)| — I, see appendix A
for our conventions and several identities for the theta functions. In the next step, we have
introduced the Green function via log |01 (z — 7/2)| = 3G(z — 7/2) + log 81(0) — & log(q) and
used the theta-function identity 61(7/2) = iq~/804(0), cf. eq. (A.3).

Using the infinite-product representations eq. (A.1) of the theta functions, the result of
eq. (4.18) can be rewritten as [48]

[ )= Yot — ) = Loe [2100)
O/dyf (v =/2) = 56l = 7/2) = log (G

= log(27q/*) + 2 [log(1 — ¢") — log(1 — ¢"~*)]
n=1

m/2 m

o0
1
— log(2mq"/%) +2 3 E[ q a (4.19)
m=1

1—qm_1—qm}

= —%r +log(2m) — ¢(q) -

In passing to the third line, we have rearranged the infinite sums'" to identify the quantity c(q)
in eq. (4.14). In this way, one arrives at

Q) = cla)+ [y Oy —7/2) = 5Gla —7/2) = T+ log(2) (4:20)

and the second equality in eq. (4.15) is confirmed.

4.3 Non-planar contribution to the four-point amplitude

Using the identities discussed in the previous subsections, the integral eq. (4.3) relevant to the
non-planar cylinder can be written as

34
Iigj3a(q) = /12 exp [512]3(1'12) + s34P(234) + Z SijQ(fUij):| : (4.21)

i=1,2
j=3,4

where P(z) and Q(z) are given by the elliptic iterated integrals eqs. (4.12) and (4.13) and we
have introduced the following shorthand for the integration measure:

34 1 1 1 1
/ :/ d.%'4/ d$3/ d.TUQ/ dxl (5(.1’1) . (4.22)
12 0 0 0 0

ONote the following useful intermediate expressions whose sum is denoted by —%Q;,» in ref. [29]

o0 oo

D log(1—q") ==Y qm =—Z%13qm, =Y gt —g" ) = Y 4 m :Zilq_qm‘

n=1 m,n=1 m=1 n=1 m,n=1 m=1
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We will now investigate the Taylor expansion of eq. (4.21) in the dimensionless Mandelstam
invariants eq. (4.5) and thus in o/ by expanding the exponentials %5 (#ii) and e%i9®ij) in the

()™

TLU'

integrand:

—2s12¢(q / Z (s12T°( 0,3312))”12(534F(0,5634))"34
12

n12! n34!

—

I12j34(q)
n;;=0

H i
L
Y

(4.23)
The punctures z; only enter via elliptic iterated integrals, and Fay relations among the weighting
functions f(™ guarantee that individual integration over z; can always be performed in terms
of further elliptic iterated integrals, see appendix I. Hence, each order in o/ can be expressed
in terms of teMZVs and the quantity ¢(q) in eq. (4.14), where the latter will also be related to
teMZVs in eq. (4.49). Moreover, the explicit results up to the third order can in fact be expressed
in terms of eMZVs only, without the need to involve their twisted counterparts. Whether this
behaviour persists at any order in o/ will be discussed in subsection 4.3.5.

4.3.1 Structure of the leading orders o/<3

As a first step towards an expansion in terms of teMZVs, we classify the inequivalent integrals
w.r.t. the cycle structure of Tr(t'¢?) Tr(¢3t*) which occur at the orders o/<? of eq. (4.23): We
will use the shorthand Pj; = P(x;;) and Q;; = Q(z;) for the two integrals at order o’!,

) 34 . 34
dy=| Pa, dy=/[ Gus, (4.24)
12 12
the six integrals at order o',
L1 ) 34 , 34
di = 5 P, d3 = P1aQ13 ds = Q13Q14 (4.25)
2 J12 12 12
L 13, , 34 , 34
d; = B Q13 , dy = PoPsy dg = Q13Q24 ,
12 12 12
and the twelve integrals at order o/>:
s 13 s 1 3 ; 34
di = 6 )i Py, ds = 2 )i Piy Py dy = . P12Q13Q24
3 1 34 3 3 1 34 9 34
dy = 6 |1 Q13 dg = 2 )i Q13Q14 , 3y = . P1oQ13Q14 (4.26)
3 1 34 9 3 1 34 9 34
d3 = 2 1o PrQus d; = 2 /s Q13Q24 , 3, = . P34Q13Q14
, 1 3 ) \ 34 34
dy = 2 /s P12Q15 dg = . PioP34Q13 diy = N Q13Q14Q23 -

In fact, some of the above dg can be related via cyclicity and reflection properties of five-point

45 1 1 1 T3 T2
/ :/ daz5/ dx4/ dl‘g/ dxg/ dxzq 6(x1) (4.27)
123 0 0 0 0 0

generalization
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of the integration measure eq. (4.22): Using 0;Q;; = —0;Q;; and the vanishing of fol dz; 0;Qi;
by double periodicity of the Green function, we find one relation

15 15
0= Q25 0Q14 = Q25 (Q21 — Q1) = d2=d3 (4.28)
123 123

among the integrals eq. (4.25) at order o/?. The same methods yield the two relations

123 53 Q350Q14 & = d
- 4.29
0 = f123 Pr3Q250Q14 } { 43 = d3, (4.29)

among the integrals eq. (4.26) at order o/3.

4.3.2 teMZVs at orders o/<3

As a next step, we exploit the representations eqgs. (4.12) and (4.13) of Pj; and Q;; to express
the above d; in terms of teMZVs: The two instances at order o’ yield

d%:/ doy [“dy SO = (39) (4.30)

db = o +/dx5/ dy fO(y —7/2)
( )+w(7'/2 0) ) (431)

and we can similarly convert the five independent integrals at order a/? to
di=w(500) (432)
1

2 _ 2 . 1,0

d2 - §C(q) + C(q) w (7’/2 0) + w (7‘/2 7'/2 0) (433)
1, 0
& =didy = (59) (@) +w (s,0)) (4:34)
2
di= (@)’ = (5) (435)
1, 0\)?

d = (dh)? = (cla) +w (2 0)) (4.36)

and the ten independent integrals at order o’ to

dt=w (5000 (4.37)
&= zela)* + elaw (3, 5) +e@w (i 2. 8) 0 (o o 2 0) (4.39)
di = didy = (500 (@) +« (3.0)) (4:39)
df = did3 = w () (;c(qp +e(@w (5 0) +@ (o 8)) (4.40)
dd=didi =w (§60)w (60) (4.41)
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d3 = dyd3 = (e(g) +w (3 0) (C(q>2 +e@w (o) +w (o 8)) (4.42)

a3 = did3 = (di)’dy = w (44

dy = dyd3 = di(d3)* = w (§70) (cla) +w (s, 3))2 (4.44)

)
)" (et + (4.5)) (1.43
)
)

di =w(50) (cl@+w (0 )2 + %w(o, 3,0,0) (4.45)

dly = djd? = (d3)* = (e(g) +w (s, 8))3 . (4.46)

Note that d2, d} and d3, are determined by eqs. (4.28) and (4.29), and the derivation of the more
involved integral d3; is detailed in appendix I.

4.3.3 Assembling the orders /<3

Once we apply momentum conservation eq. (4.5) to the integral eq. (4.23), its leading orders in
the o/-expansion simplify to

Ligaa(q) =1 + 2s12(dp — dy) + 7o (2d7 +2d5 — 4d3 + dj + d2) + s13s23 (2d2 — 4d3)
+ 283, (d3 — ds — 2d3 + 2d3 + dE — d2 — d3 + d3) (4.47)
— 2812513823 (d?Q - 3d§ + 4di - d‘; — 2d?1) + 0(0/4) .

The g-dependence of the relevant teMZVs can be determined by solving the initial-value problem
set up in section 3, yielding for instance

n—1/2)

w(0:0) __*” Z o w( o) =2 Z (4.48)

n,m=1 n,m=1

and further examples can be found in appendix G.4. By comparing the g-expansion with the
expression eq. (4.14) for ¢(g), we infer that

c@=w(§6)~w(hb) - glor@ (4.49)

which identifies the prefactor e=2512¢(9) in eq. (4.23) as ¢*'2/* multiplied by a series in teMZVs
w (é 8) and w (T};7 8). Moreover, eq. (4.49) simplifies the order o’! of eq. (4.47) to

Topua(a) |, =208} —ab) = 2{w (1) ~w (1 5) ~el@)} = Jloala) . (450)

S$12

in agreement with [29]. Also at higher orders of eq. (4.47), we convert any appearance of c(q)
into —1 log(g) via eq. (4.49) and obtain

Ii2j34(q) 1552_(1()&%3(2(1)2)"‘2“((1):(1):8)_“((1):8) +2w<T/; 7}2 8) w(f}é,g)Q

_ (log()®) | T¢
~ 32 6

=2w (.} 8)2 —4w (s, o 0) = —2w(0,0,2) - % (4.52)

+2w(0,0,2) (4.51)

Tiop34(q) |

$13823
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via teMZV relations egs. (G.11) and (G.12) as well as

1 /log(g)\*> 1 7C
Nopsa(a) |5, = ,< : )) + 7 1og(q) (2+2w (0,0, 2)
1
0

31\ 4 4 6
+§w(});8)3—2w(5’8)w( 0.60) + 2w (000
_g (7}2 8) —|—2w(7/2 8) (T}; 7/2 o) w(r/g T/2 r/2 0)

3, <log( ))3 + ilog(q) (@ +2w (0,0,2)) —4¢w(0,1,0,0)

)y Ly

550) (4.53)

l\D

4
I _ 1 —20(0,0,2) — 22 0,3,0,0
12(34(9) |812523513 =1 0g(q) w( ) — 3 3 w( )
1, 0 0 1, 1, 0 1, 1, 0
+2w(f/2,0) 60‘)(7/2 0>w(T/2 T/2,0)+6w<f/2 7/2, T/2 0) (4‘54)
2C2

= ilog(q) < 2w(0,0,2) — ) 3 w(0,3,0,0) +4¢(w(0,1,0,0) — 7C3

3
via teMZV relations eqgs. (G.13) and (G.14). As will be detailed shortly, the cancellation of
teMZVs with nonzero twist manifests the absence of unphysical poles in the string amplitude
after integration over q.

4.3.4 Summary of the orders o/<3

As is clear by comparing eq. (4.23) with eq. (4.49), any appearance of log(q) can be traced back

1<3

to the expansion of ¢*12/4. Hence, the above orders o/<% can be summarized as

T1934(q) = q512/4{1 + 512(Q +2w(0,0, 2)) - 2813823(% +w(0,0, 2)) (4.55)

5
—442&)(0,1,0 0)812+512813823( (0 3,0, O)+4C2w(0 1,0, 0)—*C3) +O( )}
and the integral 1123|4(q) in eq. (4.6) admits a similar low-energy expansion in terms of eMZVs

only, see eq. (H.26). While the g-expansions of the above eMZVs are listed in appendix G.4,
their constant terms yield

1 1
I1934(q) = q812/4{1 + 5(28%2 - §C38?2 + O(q, 0/4)} ) (4.56)

in agreement with the all-order o/ expression given in [29]

2s12 ,812/4 1, 5123\ 2
Ii934(q) = 2 g (r((ii 2 ))> + O(q) . (4.57)

With the above strategy and the techniques exemplified in appendix I, there is no limitation
in obtaining higher orders of the o’-expansion eq. (4.55). Similarly, non-planar open-string
amplitudes with five and more external legs can be expanded along the same lines'! because
their integrands depend on the punctures and 7 through products of f( and Eisenstein series
49,50, 28].

"See section 5.1 of [28] for the analogous expansion of the planar five-point one-loop amplitude in terms of
eMZVs.
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4.3.5 Higher orders in o/ and eMZVs

The exclusive appearance of eMZVs at the leading orders of the o/-expansion eq. (4.55) illustrates
a general property of the non-planar integral I12‘34(q): apart from the prefactor ¢512/4, its ¢-
expansion comprises integer powers only. This property is shared by eMZVs but not by typical
teMZVs involving twists 7/2.

The absence of half-odd integer powers ¢"T"/2 with n € Ny can be explained from physical
constraints on the pole structure of the open-string amplitude: Performing the g-integration in
the amplitude prescription eq. (4.1) over expansions of the schematic form

[o@)
Liojaa(q) = ¢2* > (ang™ + cng" ) (4.58)
n=0
yields kinematic poles at s;3 = —4n in case of integer powers of ¢ and at sjo = —4n — 2 in case

of half-odd integer powers, respectively, with n € Ny:

1

/ Y e = i { don Ao } (4.59)
q 12]34 o lsiz+4n  sip+4n+2 ' '
5 —

The expansion coefficients a, and ¢, are understood to be polynomials in s;; accompanied by
Q[(27i)~!]-linear combinations of MZVs.
The singular values of Mandelstam variables s;o = o/(k1 + k2)? in scattering amplitudes

correspond to internal masses —a’m?. In particular, the poles in eq. (4.59) with residues pro-

portional to a, and ¢, signal the exchange of closed-string states with masses m? = 4077} and

2 = 47;—*,'2, respectively, with n € Ng. However, the closed-superstring spectrum only comprises
2 4an

masses m~ = =7, whereas states with m? = 4’&—’,@ cannot be found in GSO projected string

theories [51,44,52]. Hence, the pole structure of 81244—6747;14&

would signal the propagation of unphysical states and violate unitarity if some of the ¢, were

m
due to half-odd integer powers of ¢

nonzero.

However, it is not immediately clear if an integer-power g-expansion eq. (4.58) with ¢, = 0
is necessarily expressible in terms of eMZVs. Given that ¢—*12/ 4I12‘34(q) was argued to comprise
teMZVs with twists € {0,7/2}, this leads to the following, purely mathematical question: If a
linear combination of teMZVs with twists € {0,7/2} is such that its g-expansion has integer ex-
ponents only, can it be written as a linear combination of eMZVs (i.e. teMZVs with twists € {0})
only? We expect that an answer to this question will necessitate a closer study of the decompo-
sition of teMZVs into iterated 7-integrals of the functions h(™(b) in eq. (3.5), with b € {0,7/2},
which generalizes the decomposition of eMZVs into linear combinations of iterated Eisenstein
integrals [10,34]. In particular, a natural first step would be to prove linear independence of
iterated 7-integrals comprised of the integrands h(™ (b) with b € {0,7/2}, which generalizes the
main result of [53], and can presumably be proved along similar lines.

In any case, based on the arguments presented in this subsection, we conjecture that all
orders in the o/-expansion eq. (4.55) are furnished by eMZVs.

5 Conclusions

In this article, teMZVs have been introduced as iterated integrals on an elliptic curve with
multiple punctures on a lattice Q + Q7. Our main result is the identification of an initial-value
problem satisfied by teMZVs, which expresses them in terms of linear combinations of iterated
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T-integrals of the weighting functions f(™ with coefficients given by cyclotomic MZVs.

As an application of teMZVs in physics we have studied one-loop scattering amplitudes of
open-string states. In the non-planar sector of the four-point amplitude, the low-energy ex-
pansion can be computed by integrals over the two boundaries of a cylinder. A systematic
procedure is established, which allows to evaluate these integrals in terms of teMZVs. There
is no conceptual bottleneck in extending the procedure to one-loop amplitudes with an arbi-
trary number of external states. Having calculated the non-planar amplitude up to the third
subleading low-energy order, we find that the results can ultimately be simplified to eMZVs.

The results of this article trigger a variety of questions: From a mathematical perspective,
the differential equation of teMZVs could serve as a starting point to classify their relations
and to understand the underlying algebraic principles. In the untwisted case, a crucial role
was played by a certain derivation algebra. We expect that a suitable twisted analogue of the
derivation algebra [9] will likewise control the algebraic structure of teMZVs.

In a physics context, the methods of this article allow to compute higher orders in the low-
energy expansion of non-planar one-loop open-string amplitudes and to investigate its structure.
More interestingly, higher-loop open-string amplitudes should require an extension of elliptic
iterated integrals to Riemann surfaces of higher genus and a suitable generalization of teMZVs
to accommodate multiple boundaries.
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Appendix

A Jacobi theta functions

For later use we note as well the expansion of Jacobi theta functions (and derivatives thereof)
as an expansion in the parameter ¢ (48|

o0
01(z,7) = 2¢"/® sin(rz H (1 —q")(1 - 2¢" cos(2mz) + ¢*")
n=1

01(0,7) = 27q'/® H (1-¢")? (A1)
n=1
H (1—¢") (1 —2¢""Y2 cos(2mz) + > 1),
n=1
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which all turn out to be positive given z € [0,1] and ¢ € [0,1]. Furthermore, a periodicity
property useful for calculating eq. (4.18) as well as a relation between ¢; and 64 read

O1(z+m+nt,7) = (—1)”+mq_”2/26_2m”2 01(z,7) (A.2)
04(z,7) = —ie™¢ /2 01(z + 7/2,7) . (A.3)
B Weighting functions

The weighting functions f((z,7) arise as expansion coefficients of the doubly-periodic comple-
tion Q(z, «, 7) of the Eisenstein—Kronecker series F(z, a, 7),

I
Qz,a,7) = exp <27ria m (2)

Im (1)

)F(z,a,T) = Z f(”)(z,T)oz"_1 , (B.1)
n=0

which, in turn is given by [54, 6]

B 01(0,7)01(z + «, 7)

F(z,a,7) = 0, (2. 100 (0 7) (B.2)

The odd Jacobi theta function #; is defined in appendix A, and the derivative with respect to
the first argument is denoted by a tick. For real z, expressions egs. (B.1) and (B.2) agree, and
the lowest-order examples of f(" are spelt out in eq. (2.2). In fact, f(1) is the only weighting
function with a simple pole on the lattice Z + Zr, while all f with n # 1 are non-singular on
the entire elliptic curve.

Both the Eisenstein—Kronecker series F'(z, a, 7) and its doubly periodic completion Q(z, o, 7)
satisfy the Fay identity

Q(Zla aq, 7)9(22704277—) - Q(Zla a1 + ()5277—)9('22 — 21, (9, T)

(B.3)
+ Q22,1 + a9, 7)Q(21 — 22,1, 7).
Furthermore, the Eisenstein—Kronecker series satisfies the mixed heat equation
2110 F(z,a,7) = 00,0, F (2,0, 7) . (B.4)

Both the Fay identity eq. (B.3) and the mixed heat equation (B.4) are relevant in the calculations
of section 3. Starting from the quasi-periodicity of the Eisenstein—Kronecker series,

F(z+1l,a,7) = F(z,a,,7) , F(z+T,a,7) = exp(—2mia)F(z,a,7T) , (B.5)

and its reflection property
F(—z,—a,7)=—-F(z2,a,7) , (B.6)

it is straightforward to derive properties eq. (2.3) of the weighting functions f(.

C A teMZV with proper real twist b = 1/2

We illustrate the definition of teMZVs in the case of proper rational twists b € A = L. ”T_l},

n’ )
, 1

via an explicit computation of w (8 12 ) Our starting point is the definition eq. (2.7) of teMZVs
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with twists b; € {0,1/2} through the integral

(;};; b ;,;Z;):nm / FO(z = b)dzr fO2) (2 = bo)dea ... f) (2 = by)dz, . (C.1)

e—0
a1

We choose the parametrization of the individual path segments depicted in figure 3/ as
0s(t) = = — eexp(—int) (C.2)

Then we may compute the iterated integral using the composition of paths formula, valid for
smooth one-forms w; = f)(z — b;)dz (cf. [55], Proposition 2.9)

/w1w2 SWe = Z/w1w2 wk/wk+1 we s (C.3)

of k=0 ¢4 B

where the paths «a, 8 are such that (1) = §(0) and the empty integral is defined to be one.

As the forms w; = f() (2—b;)dz admit an expansion in ¢ we may treat the ¢° term separately
from the rest, assuming the g-expansion can be exchanged with the integration. Then, as the
coefficients of the j* power ¢/ for j # 0 are well defined on the real line, we may exchange
the limit ¢ — 0 with the integration and compute this part of the integral over the much more
mundane path (t) = t. Specifically, the ¢ dependent part is given by

I, = —2i(2mi) / dt1dts Z ¢"™" sin (27rm ( 2 — )) =2 Z A (C.4)

0<t;<ta<l n,m=1 n,m=1

We note that this can be reproduced from the differential equation (3.4) for real twists

a1 1
o(ih) =en(in) + [ 58 [ (2) -7 ()
0

. (C.5)
dlog((ﬂ) 2 - m, mn
= (Gh) + [ HE 87 30 Ut
0 m,n—=

where the integration constant wg (8’ 1}2) remains to be determined.

Application of eq. (C.3) for the constant term fén)(z — b) of the ¢ expansion of f(™(z — b)
yields, bearing in mind that f(©)(z) =1,

1
/ le fél) <22 — 2) dZQ
1000

—/dz1f0 (zz—>d22+/dz1f0 <z2—>d22+/d21f0 <z2—>d22 (©.6)
/dw/fo <z—)dz+/dw/f0 <z—>dz+/dw/f0 (z—)dz.
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The individual integrals are given by

ld?ﬂ fél) (2’2 — ;) dzy = / dit;dts (; — E)Qﬂ'(jot <7r [(; — 5) to — ﬂ)

0<t1<t2<1
log(2 1
= °g2( i Og(;g) +0(e) (C.7)
/dzl fél) (22 — ;) dzg = / dt1dity (iw)2e2e_”(t1+t2)7r cot(—mse_”tz)
de 0<t1<ta<1
2
/le fél) (22 - ;) dZQ = / dtldtg (; — E) T cot <7T [(; — 6) to + €:|>
g 0<t1<ta<1
log(2
- Og2() + elog(me) + O(e) (C.9)
/dw/fél) (z — 1> dz =1im (e — 1> (C.10)
2 2
[e%] Oe
(1) 1Y g, = ;
dw [ fo ' |z — 3 dz = | e — = | log(sin(me)) (C.11)
a1 oo
(1) 1 :
dw [ fo ' |z — 3 dz = —2¢log(sin(me)) . (C.12)

O a2
Note that due to lim._,g £ log(sin(7e)) = 0 the only singular contributions stem from the integrals
in egs. (C.7) and (C.11), which cancel in their sum. Then, we arrive at

m Iy —
;1_13(1) Iy = 5+ log(2), (C.13)

as predicted by the constant-term procedure eq. (3.27), see eq. (G.7). Finally, upon combination
with the g-series in eq. (C.4), the desired teMZV is given by

. x
0, 1 ) i (_1)mqmn
W@yJZQ%@HJQZ—2+bﬂm—2§%m- (C.14)
n,m=

D MZVs and cyclotomic MZVs

Cyclotomic MZVs (also called “multiple polylogarithms at roots of unity”) are generalizations
of MZVs. While MZVs are represented by nested sums of the form

= 1

Gy = 020} = 30 s M T 210 22,
O<ki<ka<..<kp ‘1 ™2 ---07T
(D.1)
cyclotomic MZVs are represented by nested sums with additional “coloring” given by n-th roots
of unity o1,...,0, € ln:
kl kg k
) PRETEPRN £ o W O'l 0'2 ..o ' -
Cposmmiy = Y g meeom2lm22ite, =1, (D2)

0<ki<ko<...<kp
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Likewise, the integral representation of MZVs

dt; dto dt dty,+1 dt
C(nyy...,ny) = / =2t 2 w=ni4...+n,., (D3)
1ttty Lty tw
0<t;<t;4+1<1

generalizes to an integral representation for cyclotomic MZVs

Clor o5 lor) = déy %...dt’“M...dﬂ, (D.4)
e m —t1 to tny M2 — tnit1 tw
0<t;<t;11<1

where 7, = (0041 - ~ar)_1. The positive integer n, implicit in the definition of cyclotomic
MZVs, is sometimes considered an additional datum, and one speaks of n-cyclotomic MZVs to
emphasize the choice of n.

Cyclotomic MZVs have first been considered by Goncharov [3]. Suitable references for cyclo-
tomic MZVs include [12-14]. For a detailed study of n-cyclotomic MZVs where n = 2, 3,4, 6, 8,
see [56]. More recently, the case n = 6 has generated further interest [57, 58].

E Details on the differential equation of teMZVs

In this appendix, we give a detailed derivation of the differential equation (3.4) in the case
b1,bp # 0. The case by = 0 or by = 0 is technically more complicated, since the iterated integrals
involved need to be regularized according to ref. [8]. However, using Proposition 3.1 of [§], the
arguments of this section go through for by = 0 or by = 0 as well.

Using the mixed heat equation (3.2) for Q(z — b, &), we may rewrite the 7-derivative of the
generating function eq. (3.1) of length-¢ teMZVs as

¢
Qm'(% T [‘zi abz O‘Z / dz1dzg ... dz ;%Z@ZQ( — bi, o) HQ(ZJ — bj, )
o<z,,<zp+1<1 g JF
¢
- / dzy ... Az 80y Qzz — by, o) H — bj,0)) — 8, = br,an) T [ 5270
0<2zp<zp41<1 J=2
-1
+ 0, U= by ) T 51 7 5] - / dz1 ... dzge1 0a Qzem1 — bey o) [[ 2z — bj, )
0<zp<zp11<1 J=1
-1 Zi=zip1
+ Z / dzy ...dz—1dzip1 ... dzp 80[1.9(2’1' — b, Oéi) H Q(Zj - bj, Otj)
=205, <5 11 <1 BTEL oty
= Doy U= bes ) T4 70 571 = ey Q=br, ) T [ 5277 51 (E.1)

¢ e
+ / dzadzs ... dze > [ Uz — by ) (Bay_y — 0a)QUzi — bim1, 1)z — by, i)
0<2p<zp11<1 1=2 j#i,1

ALy ooy Qg1

- &MQ(— be, ) T [ bi be;} = Oy U—=b1,00) T [‘gj o O‘bﬂ
* Z ( [ a@ o 117:% P abﬁ] 8%719(51' — bi—1,04-1)

- bi—2, bit1, ooy

Q1 ey QG—2, Q10 OGy1, -.ey O ) o
=T { b1, ..oy bi—2,  bi—1,  biy1, ..y bz} ao‘iQ( bi-1— b”al)) ’
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where we mapped the integrals over 0;,(...) to boundary terms in the second equality and used

the Fay identity (B.3) in the last equality to simplify
(Oas—y — Oa )2 — bi1, 0-1)225 — by, 04) (E.2)
= (Oa;_;, — Oa;) [Q(Zi* bi, ot 14a;) QA bi— bi—1, 1) + Q2i— bi—1, i—14;)0a, Q2 bi—1— by, ai)}

=z — bi, i1+ )00, b — bi—1,i-1) — Q2 — bi—1, i1 + )00, Q(biz1 — by, i) .

From the above differential equation for the generating function one may deduce a differential

equation for the teMZV

om0, T[] =2 3 a0 ()

2, .
NN, Ng= 0
g, ..., Ctg:|

= Do, 2= be, @) T 570 570 | = 0, QA= br, ) T 5277

J4
Q1,5 ey QG—2, Q104 OGy1, ey O ) ) )
+ Z (T [ bi, ...y bi—2, bi, bit1, . be} Ooviy Ui = bi—1, i1)
1=2
QL ey Q=2 OG—1F0G, Qi1 oy Qi . o
=T [ b1, .oy bic2,  bi—1,  biyi, e be] o (b1 — b“a’)) )

(E.3)

Eventually we want to equate coefficients to extract the 7-derivative of a particular teMZV. For
this purpose let us consider the terms in eq. (E.3) separately. Recalling the definition eq. (3.5)

of (™) we may rewrite the first term on the right hand side of eq. (E.3) as

N1,y ey M1

o oo
R - _2 - 1
a1 ay 1} _ Z h(”e)(_bé)a?g Z O/ll1 L, ZLZ 11 (b17 o be—1)

0oy U= by, ap) T [ bi. o by_y
n1,n2,...,ng_1=0

ny=0
n1— 1 13 1—1 ne 17 (ne+1 N1, ey Ne—1
-y “ BOwED () (e
n1,n2,...,ng=0
(0 ) ny— 1 ng 1— 1 N1y ey Mp_1
+h Z o Qy_q biy oy by )

ni,nz,...,ng—1=0

(E.4)

and similarly for the second term. The sum ~ a[Q is canceled by contributions from the last

two lines of eq. (E.3), which we will now turn to

Q1 eeey QG—2, Qj—1F0G, 0G4l ..oy O ) ) )
T [ bi, vy bic2, by, bty .., be} Oy, U bi = bi1, i)

o
o ni—1 n;_2—1 n;y1—1 ng—1
= Z oy coopyt oty
N1, sNi—2,Mi 4 1,-00,Mp=0
0 o0
) -1 ni, ., N2, m+17 . Jj—2
X [(a1*1 +ai)” (bh s bica, by, biga, )Z bi-1)a5-
=B,
—p+J 2 p n1, ..y Ni—2, k+1, njy1, ..., nyg G(pn _ p.
+ Z Z( ) &G U‘)(bh ey biza, biy big1, . by h (bz bi-1) (E5)
7,k=0p=0

= Cit
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with an analogous definition for B; — and Cj _ relevant to the last term of eq. (E.3)

Bi_ = (ai1+ )~ 1 (?)i: e M2y .0, m+1, s ) Zh(J . bi)ag’*2 (E.6)

vy bi—2, bi—1, biga, .

_ k —p+j—2 p N1y ooy Ni—2, k+1, Nit1, ..., N ]

o= 353 (b ety (3B B B i) A ) ()
4,k=0p=0

In the following the manipulations only affect pairs (a;_1, «;), hence we will suppress the sum-

mation over the other o’s. Since h(®)(b) = —1 does not depend on b, we can set it to zero for
the iterated integral

N1y ey Ni—2, 0, Niy1, ..., M o N1y ooy Ni—2, 0, Nj41, .oy M
w () = e (e ) (E-8)
Hence, for the terms not expressible by the binomial law B; 4, we can use RO = —1, (M) =
R (b) = hP(—b) as well as
, o izt , .
(o] ) = (=1)ad) = (@1 + i) Y (1)) 0o 7T, >0 (E.9)
a=0
to obtain
B+ — B; -
0 - j—2 j j—2
= (01 +oi) e (G b e o )Z( B (bi = bima)o 7§ — b9 (b = bi)al )
0 a;’ —ai (j+3) .
_ ni, ..y Ng—2, Y, Nyj41, ...y N 1 g—i— _ j—a_ a j—a
(b17 ey bi—2, 0, big1, ..., bg) ( i1 +az +]Zoh b bz l)ago( 1) az—laz ) .
(E.10)
-2 ‘_2
The singular term acii,lilo;l = a¢711a¢ (a%_ail,l) will eventually cancel among different B;  —B; _.

The remaining contribution may be rewritten into a form where we can easily read off the
coefficient of a given monomial in the «;,

oo J
N1y ooy Ni—2, 0, N1, ..., N i+3
(bi, bz,i, 0, bzﬁ bi) Z Kl )(bi — bi—1) Z( 1)] aa?qaf ¢
=0 =0 (E.11)
ni, ooy Ni—2, 0, Nig1, ..oy N .- (m+n+3) n,_m
= (bi, - b;z, 0, bit1, - bz) Z h (bi = bi—1)(=1)"ai% 0
m,n=0

which gives rise to the last line of eq. (3.4).
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For the contributions C; + we have

k+] —-p—2_p N1y ey Mi—2, k1, Nig1, e\ 2 (9) 1. 7.
Ciy = Z Z( ) QG W\ by, oy bia, by big1, e be h7(bi = bi-1)

J,k=0p=0

oo k—1 .

k+] p—1 _p N1y ey Mi—2, kL nig1, s e \ (G (. .

Z Z ( ) o; W b1, ..., bi—2, bi, biy1, ..., by h (bl bl—l)

J3,k=0p=0 (E.12)
41 p , .
of N1, ey Ni—2, k+2, Nig1, -y Mg 0) /1. .
+ Z Z ( 1 W ( b, ooy, bia, bi, bis1, .., by R (b — bi-1)
k=0 p=0

N—

ey bi—2, bit1, -y be

-2 (0) /3. ) ni, ..., Ni—2, a+l, nip1, ..., ng
+a2 Z RO (b; = biv)afw (5 ;!

The sums proportional to 04;21 cancels among the corresponding contributions from C; 4 and

Ci—1,—. For the cases i« = 2 and ¢ = r it is canceled by the corresponding sums in the last line
of eq. (E.4). We then find for the remaining part of C; ;-

oo k-1
k+] -p—1_p N1, ooy N2, k+1, njp1, ...y g G+ o
>3yt ) i (B e KD ) 0 (g

7,k=0 p=0
3 ZO <k+ 1) ool (G B e Y B0 by — by)
k=0 p=
_ i m—1_n ™ m +n—7 N1, ooy Nieg, MAN+1—j, nig1, ..., ng G41)/ 7. |
= Z Q; 1 Z n w ( b1, ..., bi_a, bi,s bitis oo be) h (bi_1 — b;)
m,n=0 j=0
-+ i amlgn m+n+1 w (M 2 MAN+2, Nig1, vy Mg h(o)(b» Y
e i-1 n (bl, ey bica, b, bty e be) i—1 i)

) bl—?v bi-’rlv (A

2 : a?i—llaln < ) (Tgi: ey 7L7,._27 n-‘y—bi7 y Midly ooy Zﬁ) h(m_k+1)(bi_1 bz) 7
(E.13)

which, in combination with an analogous contribution from C; _, gives rise to the second and
third line of eq. (3.4).

F Differential equation for proper rational twists

The derivation of the differential equation given in appendix E was a priori only valid for generic
twists. In this appendix, we provide an argument why it also holds for proper rational twists.
The only difference is that in eq. (E.1) we now need to carefully keep track of the effect of
deforming the domain of integration [0, 1] infinitesimally to obtain [0, 1], (cf. figure 3). The key
point is that the integral along [0, 1] “is the same as along [0, 1] up to terms which vanish in
the limit”, and the differential equation (E.1) goes through without change.

As in the case of generic twists, it will be convenient to define a generating function

TR G b = T[] (F.1)
TE[S ] = (@R - buan D) (RO b o Tz (F2)
0<t;<t;+1<1

35



where yg = [0,1]. and 7} denotes its pullback. Here and throughout this appendix, we will
denote by t; the pullback of the coordinate z; along vr. We note that in the case where all b;
are generic twists, we may pass to the limit ¢ — 0 immediately and integrate along the line
vr(t) = t, which leads to eq. (3.1). Pulling back Q(z, «, 7)dz along g, we obtain

VU2 — by o, Tz = YR e 2T F (2 — by, o, T)d 2 +O(e) (F.3)

= Q(zifbi ai,7)dz;

since Im(z;) is of order ¢ on [0, 1]..
The resulting form Q(z, a, 7)dz is now meromorphic; therefore the integral over Q(z, a,T)dz
along any path depends exclusively on its homotopy class. In particular, since the paths [0, 1].

are all homotopic for sufficiently small €, for every such ¢ we get'?

ey

R | Q1 ..y Qg | _ 1. TR | @1, .oy Q¢ | _ AR |1, . O
T [bl, o b } =lm T [bl, b ] =T [bl, bg} )

Tf |:(le: 7 %f:| = /(V*RQ(Zl - bla ar, T)dZ]_) s (VEQ(ZE - bf) Qy, T)ng) . (F4)

b
0<t;<t;+1<1

Furthermore, we define the intermediate object

Tf {%11 N Zi+1] = / (VRQ(z1 — by, ag, 7)d21) . (VRQU(z — by, i, 7)dz) (F.5)
0<t1<...<t; <t
tit1
= / 'y}k% (Q(Zz — bi, (073 7') T? [%11: z (l))t N ZZ} le> (FG)
0

with 0 < t;41 < 1. It satisfies

TR | A1, vy Q5 | e TR | @1y ey ai—l.
8Zi+1 TE |:b17 .., by 7Zi+1:| - Q(ZZ+1 - biv CYi,T) Ta |:b1, vy b1 7Zi+1:| . (F7)

)

Using the above setup, we now show that all essential aspects of the computation (E.1) in
appendix E remain unchanged. Firstly, we compute the 7-derivative of 7}%@ and obtain

27TZ'87—’)/E (Q(ZZ — bi, (073 T)dzz)
= 27i0; (67%”%1’(’71%(15@‘) —b;, i, T)d’YR(ti))
— e—27TiTiC!i [(_27T7;Ti8fyR(ti) + a,yR(ti)aai)F(’yR(ti) — bi, (70 7’)} d’yR(ti)
=g (Oziaaifl(zi — b, g, T)dzl-> , (F.8)
using the mixed heat equation (B.4) for F'(z,«,7) in the second step. In particular, ﬁ%fl itself

satisfies a mixed-heat type equation. Secondly, we may exchange the 7-derivative with the
integration

4 ¢
2mi. TH G0 5] =3 / [1(RQ(z = bj, a5, 7)dz)) (F.9)
=gy asy<t I

12Recall that the same argument has already been used in subsection 2.1 to show that our version of teMZVs
for proper rational twists is well-defined (more precisely that the limit in eq. (2.7) exists).
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ALy eeey Q1

tz+1
X / TR ((8Zi8aiﬁ(zi - bz‘aaz‘ﬂ'))Tf [bl, b Mz} dzi) )
0

since the 7-derivative of the integrand is bounded on the domain of integration. Rewriting the
i-th integration using integration by parts yields

YR ((azi@ai@(z@- — b, a, 7)) Tf’ [(211: o (ZZ: ; zi} dzi)

Ok“xf
=

= ’V;k% (aoéiﬁ(zi-‘rl — b, ai7T)) Tf [?j: : ?7[:71 7Zz+1})
tit1
[ 2k (000 = b )Rz — b @i, R[5 7555 d) L (R0)
0

as in the case of generic twists. Therefore, we may proceed further as in the computation (E.1)
and arrive at the same result simply by virtue of the replacements T — Tf and Q — Q.

G Properties of teMZVs

The purpose of this appendix is to gather constant terms and g-expansions of teMZVs as well
as selected relations relevant to the one-loop open-string amplitude in section 4.

G.1 Constant terms for generic twists

We start by listing a few simple examples for constant terms of teMZVs with generic twists.
These constant terms are obtain from eq. (3.18) by comparing the coefficients of words in the
non-commutative variables ady, (y) on both sides, see eq. (3.14) for the change of alphabet
between the two sides. At length one, specializing egs. (3.11) and (3.12) to r = % yields

2n71
()= T G s even (G.1)
0 : nodd,
see eq. (2.24) for the wy(...) notation. This immediately implies that
, 2k—1,
wo (Wb ) =0, keN, (G.2)
regardless on the position of the combined letter Qf/al . Similarly, higher-length examples include
2n71 2n71
o (:}é 8) _ Sl Cn : n even ’ o (1 :/12) (—im)——— Sl (n : n even
7 0 : nodd 0 : nodd
2,0,0 G2 0,1,0,0 3C3 0,3,0,0
WO(o,o,o):_gv wO(O,O,O,O):rﬂ_Q’ W(oooo)_o (G.3)
3 4
1,0, 2 im 0,2, 2 ™ 0,1,0, 2 (3
wo(mo,f/g):—ﬁa W0(07o,f/2):—ma W0(0,0707T/2>:§7
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and we obtain the following examples with more general twists b € (A, + A7) \ A%

1 i 2, 1, 0,1 & 5
wo (1/2+T/3) = 37 wo (7/27 /4, 0, O) = _@@ + §C4= (G-4)
1, 1 3 3, 1,0, 1 9
wo <T/3, 7/5) = _5C27 wo <2T/5, 0, 0, 7/4) = _T%CQC?,- (G.5)

Given a twist b = s + r7 with r # 0, the constant term does not depend on s (cf. egs. (3.11)
and (3.12)).

Up to weight five and three at length three and four, respectively, we have checked the
constant-term procedure for consistency with Fay relations among teMZVs which can be de-
rived along the lines of [10]. As already noted above, the constant-term procedure discussed
in subsection 3.2 covers all eMZVs occurring in the one-loop open-string amplitude at the or-
ders considered in section 4. The examples presented here address all teMZVs relevant to the
calculations in section 4.3.

G.2 Constant terms for proper rational twists

For the proper rational twist b = % we arrive at the following examples of constant terms

wo (1) = —im, w(B0h) =T o, (@

0, % 1, 0,0 im log(2
wo (0r1)a) = — +log(2) , wo (13 0.0) - 2( ) (G.7)

while twists b € A3 give rise to

()= cin () =im(€(aho) =€ () 30 5

wo ((1) (1) 133) = g@h (1}3 (1) 8) _%C( 2m/3) + C( 2m/3> - ¢ (64#15/37 627r1i/3> , (G.9)

1, 1,0, 1
(1/, 0,0,0 ) <2+C2<( 27r1/d>+ <( 27”/3)_'_ C( 2#1/3)
s 1, 1 1 1, 2 1 2, 1
—_ ?C (64771'/3’ e27ri/3) - 5( (64771'/3’ e27ri/3) - 5( (64771'/3’ e27ri/3) )
see eq. (D.2) for the definition of cyclotomic MZVs ¢ (o1 52) 2 on ).
Again, consistency of the constant-term procedure with Fay relations among teMZVs has

(G.10)

been checked up to weight five and three at length three and four, respectively.

G.3 teMZV relations for the string amplitude

The simplification of the string amplitude in section 4.3 requires several relations among teMZVs
and eMZVs. The subsequent identities involving teMZVs can be proven by comparing both the
constant terms encoded in eq. (3.18) and the 7-derivatives eq. (3.4) of both sides. The relations
among eMZVs follow from a combination of Fay and shuffle identities [10] and are listed at
https://tools.aei.mpg.de/emzv/. At the second order in o, we make use of

2“(53338)_“(518)2:w(3i818)+57§2 (G.11)

Q“J(T}ém}é,g)_W(T}é,g)2:w(3j8§8)+% (G.12)
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while the simplifications at the order o/ are based on the relations

3
1,0 1,0 1,1,0 L 1,1,0
w(o,o) _3W(0,0>W<000>+3w(,0,0,0)

=50 (8388) -3 -4ew(3ih0) (G13)
(7}2 8) 73w<7/2 8)("}(7}; 7/2 0) +3w 7}2 T/z 7/2 O)
:é (8388) i(3+2(2w(: > O, ) (G.14)

G.4 g-expansions for the string amplitude

The eMZVs seen in the final results eqs. (4.55) and (H.26) for the integrals in the string amplitude
have the following g-expansions

w(0,0,2) = +2 Z
n,m= 1
3
1 1
w(0,1,0,0) = WQ n%:ﬂ?) (G.15)
. m?
w(0,3,0,0) = Z —5d"

These expressions follow from repeatedly integrating the Eisenstein series eq. (3.6) in the 7-
derivatives eq. (3.4) of the eMZVs in question. Analogous g-expansions for teMZVs with twists
b; € {0,7/2} can be determined based on

2k—1 (2m) = N ey
8 (o) -Gy Zl<" ) e G

0 : kodd

H The non-planar integral along with Tr(#'¢?¢3)Tr (&%)

In this appendix, we investigate the low-energy expansion of the integral eq. (4.6) associated
with the color factor Tr(¢'t2t3)Tr(t*) in the one-loop four-point open-string amplitude. The
representations eqs. (4.12) and (4.13) of the Green functions allow to cast the integral into the
form

I P s Gl o,xu S (‘Sﬂ“F(7/2’:”94>)nj4L H.1
1234(q) = /Hz anzo (H.1)

analogous to eq. (4.23), where ¢(g) cancels by momentum conservation eq. (4.5), and the inte-
gration measure is defined by

4 1 1 T3 1
/ :/ d.%'4/ dafg/ d.iCQ/ dxl (5(1’1) <H2)
123 0 0 0 0
1 1 x3 T2
:/ dzy d(z4) </ dxg/ d:1:2/ dzy +Cyc(m1,x2,x3)) .
0 0 0 0

One can check through the change of variables x; — 1 — x; and symmetry properties of the
Green function that the measure f1432 with z9 and z3 interchanged yields the same result for
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the integral eq. (H.1). Hence, one can equivalently employ the simpler measure eq. (4.22) with
z; € [0,1] tailored to the color structure Tr(t'¢?)Tr(t3t*) and rewrite

ﬁ i (Sijr(i;??z‘j))"”lj i (Sj‘lr(*}?;'xj‘l))nﬂ ,

2 1<i<jng=0 1nj4=0 j4:

34

(H.3)

1
T12314(q) = 5/1

In the remainder of this appendix, we will follow the steps of subsection 4.3 to expand the

J

integral I1234(q) to the order o’3, where the representation eq. (H.3) is most convenient for
practical purposes. While the elliptic iterated integrals in this expansion lead to teMZVs for
each monomial in s;;, the final results for the orders o/ <3 turn out to comprise eMZVs only.

H.1 Structure of the leading orders o/<3

We start by classifying the inequivalent integrals w.r.t. the cycle structure of Tr(t'#2t3) Tr(t%)
which occur at the orders /=3 of eq. (H.1): With the shorthands P;; = P(z;;) and

A 1
Qij = Qwij) —clq) =T (7/2 ; xij) ; (H.4)
we have two inequivalent cases at the first order,
1 4 1 4
€1 = / P12 ) €y = / Q147 (H5)
123 123
six cases at the second order,
21t 2 4 2 4 A
e1=35/ D, e3 :/ PiaPy3 e5 = / P15Q34 (H.6)
123 123 123

1 4 1 4 R 4 R

3 _ 3 3 _ 2 3 _
=5 Py, €% =3 Q14Q24 , e = P1oP13Q14
123 123 123
g 1t g 3 L5 3 4 A
ey = — Q14 , e =~ PQ14 ely = P1oPi3Q24
6 J123 2 J123 123
R N 3 L[t 5 3 4 A A
e5 = */ P Ps eg = = PQ34 el3 = P12Q14Q24 (H.7)
2 J123 2 J123 123
3 4 5 1t A2 3 4 A A
ey = / PioPi3Ps3 €y = = Pi2Q1y €14 = P12Q14Q34
123 2 J123 123
3 4 N ~ 3 1 r4 A9
€5 = / Q14Q24Q34 , €0 =13 P12Q3y .
123 2 J123

H.2 teMZVs at orders o/<?

As a next step, we evaluate the above 617'» in terms of teMZVs, using the equivalence of the
measures f1423 and % 1324 noted in eqs. (H.1) and (H.3). By largely recycling the results of
section 4.3, we obtain the following expressions at the first order,

1 1 1 1 1, 0
ei=ghi=59(00) @ =3Blgae =3 (0) - (H3)
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the following ones at the second order,

2 _ 1 1 1, 1,0 5 1, 1 1,0\2

¢1 = 341 |0 = 5 (6:0:6) - €3 = 5% lgm0 = 3 (5:6) (H.9)

o _1p 1 1, 1, 0 5 1, 1 /1 0\2

62 = 5 2 |C(q)~}0 == 5 w (T/Q, 7/2, 0) 9 64 = §d5 |C(q)~)0 = 5&) (7,/27 0) (H‘lo)
1 1 1, 0

eg_ §di2’)’c(q)—>0:§w<é:8)w(7—/g’o> :6% 5 (Hll)

and the following ones at the third order:

&t =t = 5w (b a50) (1.12)
¢ = %d% letar0 = %w (o s 0) (H.13)
= 5= 5o (hi8)e (i0) )
ei:%w(330)3—<2w(0,1,0,0)+éw(o,&o,o) (H.15)
h= gt g0 = 5390 (425) 110
= 58 0= 39 (a2 0) @ (a.0) (H.17)
= 58 |gmo =5 (£6:8)w (2 ) =<t (1.15)
e = %di let@10 %w (o 0)w(60) =elo (H.19)
= 58 Lo =5 (50) 0 (5 5) = et (H.20)
el = %d:ﬂ le(@)0 = %W (T}é, 8>2w ((1): 8) + éw(0,3,0,0) (H.21)
= 380 =3 (o 0) w (53) (11.22)

Expressions for d3; (cf. eq. (4.45)) and e} are derived in appendix L.

H.3 Assembling the orders o/<?

Similar to eq. (4.47), momentum conservation'? leaves the following contributions to the integral
eq. (H.1) at the orders o/<3,

1
Li234(q) = 5 + (sTy + s12503 + s53)(2€F + 2¢5 — €3 — €3) (H.23)

+ s12593(512 + 593) (—3€3 — 3e3 + 3eh — eF — €3 + 3¢ — 3ed; + 3edy) + 0,

13We have already exploited the equalities e2 = €2, e =€}, e} = el and e3; = €}, in simplifying I12314(q)
to the expression in eq. (H.23).
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in agreement with the o/<! results of ref. [29]. The combinations of e§- can be expressed in terms

of eMZVs

I12314(q) |5%2+512523+s§3 =w ((IJ: (1)2 8) - %w ((l)i 8)2 +w (T};, T}é, 8) - %W (r}é, 8)2
_ 16

12
14 (0) aonnrony = 3@ (56) @ (35:8) — 2 (44
R P ERE )

2
+ CQ W(O, 17 Oa 0) - g W(Oa 37 07 0)

+w(0,0,2) (H.24)

darfa i) = 39 (2. 0)’

[eNe)

5
=2 w(0,1,0,0) — 6 w(0,3,0,0) + =, (H.25)
where we have used the teMZV relations of appendix G.3.

H.4 Summary of the orders o/<3

Once we insert the simplified expressions eqs. (H.24) and (H.25) for the combinations of eé-, the
leading low-energy orders of the integral eq. (H.23) boil down to the following eMZVs:

1 G
hasp(q) = 5 + (sTo + s125023 + S33) (712 + w(0,0, 2))
5 C?) 14
+ s12823(s12 + 523) (2 C2(0,1,0,0) - @(0.3,0,0) + Z) + 0" . (H.26)

From the constant terms of the eMZVs gathered in eq. (G.3), our result eq. (H.26) is consistent
with the tree-level expression

1 { F(SIQ)F(323)
r

I -
123|4(Q) 2 (1 1 819 +823)

1

1 1
=3 + ZCQ(S%Q + 512593 + 833) + §C3812823(812 + s23) + O(g, '),

+ cye(1, 2, 3)} + O(q) (H.27)

which is known to arise at the ¢° order of the integral I12314(q) [30].

I Sample integrals in non-planar string amplitudes

In this appendix, we will derive the results eqgs. (4.45) and (H.15) for d3; and e}, respectively.
These integrals are the most difficult cases at the orders o/<? because the Green functions form
closed subcycles such as Pj; Py, Pj, and P;;Q;xQ k- Identities between elliptic iterated integrals
will be seen to yield answers in terms of teMZVs, and the extensions of these manipulations to all
weights and lengths [28] guarantee that each term in the low-energy expansion of the integrals
egs. (4.23) and (H.1) can be expressed in terms of teMZVs.
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I.1 The dj, integral from P;;Q;xQ;x

The contributions to d3; with at least one factor of ¢(q) are equivalent to those in d3, so it is
sufficient to study

34 1 T4 T4
, P34Q13Q14{C(q)_)0 22/0 d:c4/0 dxs F(T}2;x3)F(T}2;JJ4) <—/ﬂc5 du f(l)(u—m))
1 x4 u
= —2/0 dl‘4r<7}2;3}4>/0 du f(l)(u_ib‘4)/0 dx3F<T}2;x3> (I.1)
1
:_2/0 dza T ()y52a) T (4 0 i) -

In the first step, we have exploited that the integration regions with 0 < z3 < x4 < 1 and
0 < x4 < z3 <1 yield the same contributions by the symmetry of the integrand PssQ13Q14
under exchange of x3 and x4. Moreover, we have used the integral representation P3y =
- ff; du fM(u — z4) of the Green function, reparametrized the integration domain with 0 <
23 < u < x4 and applied the deﬁnition eq (2.1) of elliptic iterated integrals.

The elliptic iterated integral T’ ( 22 07 /2 ; x4) in the last line of eq. (I.1) is not yet suitable for
integration over x4 in its present form due to the twofold appearance of the integration variable.
As explained in [28], Fay relations among the weighting functions allow to derive a differential
equation in x4 whose integration yields the alternative representation

F(;487}2;334)ZF(88%,$4)—|—F( 07/2a1'4)+r( 7/2871'4)
~T(§ s rfai@a) =T (8 s 03 2a) - (1.2)

After shuffle multiplication with I’ (T /2,x4) the integral over x4 in eq. (I.1) can be readily
performed, e.g.

[ (L) e (8 bie)

_ dx4[r(7/20ﬁ20,x4)+2r( e 634) T (80 6 T}Q;M)]

=T (828 b:1) +20 (58 b51) + 7 (856 1)

=@ ()@ (o5 000) = (6 5.0.0. ) (L3)

for the rightmost term in eq. (I.2). The shuffle operation in the last step of eq. (1.3) together
with w (T}2) = 0 reduces the number of terms by four and leads to the following end result

34
2,0,0,0, 1 2, 0,0,0, 1 2, 0,0, 1
) P34Q13Q14 |C(q)_>0 =2w (07 0, 0, 0, ‘r/g) +2w (T/ ,0,0,0, 2) +2w ( 0, 7/2, 0, 0, T/2>
1, 1, 0,0, 1,
_2‘*’(0, /2,0, 0, 7/2 ) 2w T/2 7/a, 0 0, T/2) : (1.4)
Finally, the expression for d3; in eq. (4.45) results from the eMZV relation

2,0,0,0, 1 2, 0,0,0, 1 0, 2, 0,0, 1
2w (0, 0. 0,0, T/2) +2w (T/z, 00,0, 72) T2W{ 0 30 0 /2 (L5)

~20 (Gl s 2w (b s ) = e (58)w (5 0) 45 w(0,3,0,0).
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1.2 The €] integral from P;; Py, Pjx

A similar strategy applies to €3 in eq. (H.7),

4 T3
P12P13P23 / d.%'g/ diL'Q F(O,xg)l“(}) 1'3) <—/ du f(l)(u - 1‘3))

123

/ desT (3s23)T (8 dsas) (L6)

where the relevant identity among elliptic iterated integrals reads

T (s00523) =20 (008:23) +T(§30:23) =20 (8§ d523) + QT (J523) - (1.7)

3
Note the extra term ¢, T' (§; x3) in comparison to the analogous identity eq. (I.2). Upon insertion

into eq. (1.6), we obtain

P12P13P23 = 2w(2 0 0 0 1) —i—w(O 2 0 0 1) —2w(1,1,0 0 1) - *ng(l 0) (18)
123

which translates into the expression eq. (H.15) for e} by the eMZV relation

8) = 56w (0)

1,0\3 1
@ (60)" — ©w(0,1,0,0) + £w(0,3,0,0). (1.9)

J Some all-order contributions

For certain contributions to the integral eq. (4.3) in the non-planar open-string amplitude,
closed-form expressions in terms of teMZVs can be given to all orders in the o/-expansion. In
the context and notation of subsection 4.3, we find

1 34
dp1 = il P(z19)" = —/ da:QH/ dy; fO (i) _w((l): - (1)8) (J.1)
——
n times
1 34 1 34 n n r
dn;2:m/12 Q(-’Iflf&)nzﬁ 12 (z:,) (7,) ( )n TP(T/27x3) )
r—=
I L (s o) (J.2)
= (n—r)! NGRS
r times
1 34 " m
dn,m;l = m 1o P(-TlZ) P($34) = dn;ldm;l
1, ..., 1,0 1, ..., 1,0
= w } ) w 3 )y Ly J.3
(O, ...,0,0) (O, s 0,0) ( )
n times m times
1 34 " "
dn,m;? = m 1o P($12) Q(xl?)) = dn;ldm;Q
:(,U(l’ 7170)i 1 C(q)mi?ﬂw( 1, .1 0) (J4)
0,..,0,0 ~ (m _ T)! 7/2, ..., T/2, 0
n times - r times
1 34
dn,m;3 il ) Q(713)"Q(r14)" = dn;2dm;2 (J.5)
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1 34

— n m 2 —
dn,m,p;l — n|m'p| 1 P(l‘12) P($34) Q(:UIB) — dn;ldm,p;2 - dn;ldm;ldp;Z (Jﬁ)
1 34 n m »
dnmp2 = nimip! Jia P(z12)"Q(213)" Q(714)? = dn;1dm,p;3 = dn;1dm;2dp2 (J.7)
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