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ABSTRACT: We define Mellin amplitudes for the fermion-scalar four point function and the
fermion four point function in three dimensions. The Mellin amplitude thus defined has
multiple components each associated with a tensor structure. Each component factorizes
on dynamical poles onto components of the Mellin amplitudes for the corresponding three
point functions. The novelty here is that for a given exchanged primary, each component
of the Mellin amplitude may in general have more than one series of poles. We present a
few examples of Mellin amplitudes for tree-level Witten diagrams and tree-level conformal
Feynman integrals with fermionic legs, which illustrate the general properties.
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1 Introduction

From the pioneering work of Mack [1, 2], followed up on later by Penedones and several others
[3—7], we now understand that Mellin space provides us with a natural representation to study
conformal correlation functions. The Mellin representation of conformal correlation functions
is analogous to the momentum space representation of scattering amplitudes. Information on
operator dimensions and structure constants in a Conformal Field Theory (CFT) is encoded
in the poles and residues of Mellin amplitudes. The amplitude factorizes on these poles onto
lower point Mellin amplitudes. In the context of large IV theories, the Mellin amplitude gains
special prominence as it is now a meromorphic function with its poles encoding information
on only the exchanged single trace operators. Through the so-called “flat space limit”, Mellin
amplitudes of d dimensional CFT are concretely related to scattering amplitudes in d + 1
dimensional Quantum Field Theory (QFT).

Complementary to the conceptual advances, there has also been significant progress in the
application of the Mellin representation on various fronts. It has been shown that Witten di-
agrams, at least at tree level, are easy to calculate and take very simple forms in Mellin space
[8, 9]. There has also been some progress on Mellin amplitudes of loop level Witten diagrams
[10-12]. It may in fact be possible to bootstrap the full holographic correlator as shown in
[13, 14] for the four point function of one-half BPS single trace operators in the context of IIB
supergravity in AdSs x S°. In the context of higher-spin holography, there have been efforts
to understand the non-locality in the bulk interactions with Mellin amplitudes in the dual free
CFT [15-17]. Through the flat space limit, the conformal bootstrap has been related to to
the S-matrix bootstrap [18]. A new approach to the conformal bootstrap has been developed
in Mellin space [19, 20|. In this method, conformal correlation functions are expanded in a
manifestly crossing symmetric basis of functions provided by exchange Witten diagrams (in
three channels). Demanding consistency with the Operator Product Expansion (OPE) one
obtains constraints on operator dimensions and OPE coefficients.

So far, the literature on Mellin amplitudes focusses almost exclusively on correlation functions
of scalar operators. It is natural to ask if one can define Mellin amplitudes for correlation
functions of operators with spin and make similar progress conceptually and with applications
as for scalar correlation functions. Mellin amplitudes for correlation functions of scalars and
one integer spin operator were defined in [21] with the purpose of studying factorization of
scalar Mellin amplitudes onto lower point Mellin amplitudes. However the Mellin amplitudes
of the spinning correlators themselves have not been studied as such.



This deficiency is especially significant in the context of fermionic conformal correlation func-
tions. Fermionic operators do not appear in the OPE of scalar operators. Therefore, if one
desires to access the fermionic sector of a CF'T, it is necessary to consider correlation func-
tions with at least spin-half operators. Moreover, spinning correlation functions in general can
potentially provide us with more information on CFT data than scalar correlation functions.

In this paper, we make an attempt at studying Mellin amplitudes for correlation functions with
spin-half fermions. We define Mellin amplitudes for the four point function of two fermions
and two scalars and the four point function of four fermions. For simplicity, we restrict our
analysis largely to three dimensions. Defining the Mellin amplitude involves making choice
of a basis of tensor structures and the Mellin amplitude has one component corresponding to
each basis element. Generically, the separation of the tensorial part might introduce spurious
singularities in the conformal blocks, as noted in [22, 23|. Therefore not all bases are suit-
able for defining a Mellin amplitude with the desired analyticity properties. After defining
the Mellin amplitude suitably, we proceed to examine the pole structure by looking at the
behavior of the correlator in the OPE limit. This also makes the factorization of the four
point Mellin amplitude manifest.

The three point function of two fermions and a boson has multiple tensor structures. Gener-
ically, this results in each component of the Mellin amplitude having more than one distinct
series (two in our case) of poles corresponding to each primary operator exchanged in the
OPE in a given channel. We always choose tensor structures of definite parity for both the
three point and four point functions as this choice leads to simplifications in the pole structure
when the three point functions are of definite parity.

After this preliminary analysis of the properties of the Mellin amplitude, we compute some
Mellin amplitudes corresponding to tree level Witten diagrams and tree level conformal Feyn-
man integrals. These examples illustrate the generic predictions on the pole structure con-
sidering the parity of the three point functions in each case. It should be straightforward
to generalize our study to four dimensions. The definition also trivially extends to n-point
functions when supplemented by a concrete choice of tensor structures.

The article has three main chapters. Chapter 2 starts with a basic review of Mellin am-
plitudes for scalar correlators in Section 2.1. We present the basis of tensor structures we
would be using in each case in Section 2.2 and define the Mellin amplitude for fermionic corre-
lation functions in Section 2.3. We present the pole structure of the fermion scalar four point
correlator and the four fermion correlator in Sections 2.4 and 2.5 respectively. In Chapter 3,
we present results for Mellin amplitudes for a few tree level Witten diagrams and in Chapter
4, we present results for Mellin amplitudes for some conformal Feynman integrals. We end
with a discussion of our results and future directions in Section 5. Calculations, methods and



a short review of fermions in AdS are provided in the Appendices A,B,C.

2 Mellin Amplitudes for Fermionic Correlators

2.1 Review: Mellin representation of scalar correlators

In this section, we shall briefly review the basics of Mellin amplitudes for scalar correlators.
The Mellin amplitude for the connected part of a scalar correlator was defined by Mack [1] in
the following manner (Euclidean signature):

(O1(21)02(22) - - On(an)),. = /[d«%a’] 1T Gig) ™ M ({sis}) (2.1)

i<j

The integral in (2.1) is a Mellin-Barnes integral and the contours run parallel to the imaginary
axis. The Mellin variables s;; are not all independent but satisfy the following constraints,

Ai — Z Sz'j =0 Vi (2.2)

J#i
These conformality constraints (2.2) ensure that the right hand side of (2.1) transforms
properly under conformal transformations. The number of independent Mellin variables s;;
is w which is the same as the number of independent cross-ratios. For n > d + 2, the
dimension of the conformal moduli space is less than this (see [23]) and the associated Mellin

amplitude is non-unique (see [24]).

The conformality constraints can be interpreted in terms of Mellin momenta k; with k;-k; = s;;
and an on-shell condition k? = —A; as the overall conservation of Mellin momentum Y, k; = 0.
One can thus relate the Mellin variables to Mandelstam variables Sj,...;, as

Sivia = = (kiy + -+ ki,)? = =2 D s + ) Ay, (2:3)
I<k<a j=1

The location of the poles in a given Mandelstam variable S;,;, is at the twists of the operators
in the OPE of O;,0;, that contribute to the correlator. The Mellin amplitude factorizes at
these poles and the residue is proportional to the Mellin amplitudes of the corresponding lower
point correlators as dictated by the OPE.

As an example, let us look at the case of the four point function.

9 Al—AQ 9 AB_A4 A( )
Ty 2 Ty 2 u,v
(Or(a)Oaa)Oslan)Ona), = (1) (52 )
A N ) T )
u — 95%29534 v = 95%49553 (2.4)
N a2’ '
13T24 13724
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2 2 2 2
s = —(kl + kg)z = A1 + Ag — 2519, t= —(kl + k3)2 = A1+ Az — 2s713. (2.5)

For every conformal primary with twist 7 contributing to the conformal block expansion of
A(u,v) in the direct channel, M(s,t) has poles at s =7+ 2m, m =0,1,2,--- where m =0
corresponds to the primary and the leading twist descendants (and similarly for the other
channels).

The factors of gamma functions in (2.5) also contribute poles, for example at s = A1+Ag+2m.
These poles correspond to operators of the form 010" (82)m O, that contribute to the confor-
mal block expansion and have the said values of twist in a regime where anomalous dimensions
are suppressed. In large N gauge theories, these are the familiar double trace operators. The
Mellin amplitude then accounts for the contributions from only single trace operators and is
a meromorphic function.

2.2 Tensor structures

In order to discuss a Mellin representation for fermionic conformal correlators, first we have to
discuss the tensor structures that appear in these correlators and select a basis for each. We
shall restrict the discussion to the case of 3d Minkowski spacetime for simplicity. Generaliza-
tion to other signatures and spacetime is straightforward. We shall be using the embedding
formalism for spinors developed in [22, 25]. There does not seem to be any canonical basis of
tensor structures. It helps to choose basis elements of definite parity as we shall see later. ONe
should also note that not every choice of basis is suitable for defining the Mellin amplitude
such that the poles of the amplitude can be associated with operators contributing to the
conformal block expansion of the correlator. This is because for certain choices of bases, as
explained in Section 4.4 of 23], there maybe spurious singularities in the conformal blocks.
For example, in the context of the fermion four point function, the naive conformal blocks
associated with the basis in Section 2.4 of [22] have singularities at z = Z. A neat way to count
the number of independent tensor structures and to find relations between tensor structures
(when it is otherwise tedious to do so) is to shift to a conformal frame [23]. We have reviewed
the general principle and the relevant results in Appendix A.1. We stick to the choice of bases
made in [22, 26] making an independent choice of basis only for the fermion four point function.

Quick review of Embedding formalism
We are considering a theory, not of definite parity, in three spacetime dimensions with

Minkowski signature — + 4. The double cover of SO(2,1) is isomorphic to Sp(2,R) and
the smallest fundamental representation is that of a real two dimensional vector space which



describes Majorana fermions and the fundamental generators preserve a 2 x 2 symplectic
tensor. We shall be following the conventions of [22]. We shall review the gist of it here. Con-
formal transformations which act non-linearly in 3d (signature — + +) act linearly as Lorentz
transformations in 5d (signature — + 4+ + —). Therefore we embed the 3d spacetime z# in
5d spacetime X4 by identifying the 3d spacetime with the projective null cone in 5d in the
following manner,

X =X"(2",1,27). (2.6)

5d spacetime coordinates are written in lightcone coordinates as X = (X*, Xt X~) with
X+ = X*+ X3 Gamma matrices (v, in 3d and I'y in 5d) are chosen to be real.

For every spinor ¢® (transforming in the fundamental representation), an auxilliary anti-
fundamental spinor (primary of vanishing dimension) s, is introduced, so that we can conve-
niently work with the scalar,

U(x,s) = s (). (2.7)

The spinorial 5d conformal group is isomorphic to Sp(4,R) (double cover of SO(3,2)) and
the fundamental generators now preserve a 4 x 4 symplectic tensor. We embed ¢®(z) into
a 5d spinor on the lightcone W!(X) (fundamental of Sp(4,R)), and again take an auxilliary
anti-fundamental spinor Sy to define,

Sa

U(X,S) =S¥ (X)), Sp=vVX+ ( ) , 2% = 2" ()% - (2.8)

_waﬁ sB
Transformation properties of U/ (X)) under rotations and boosts dictate the precise manner in
which 3d spinors are embedded into 5d spinors in general and then the transversality condition
Si X% =0 (where XL, = X4 (FA)IJ) fixes how Sy can be expressed in terms of s,. Further,
the requirement that ¥(X,S) is a Lorentz scalar in 5d iff ¢(x, s) is a scalar primary in 3d
with dimension A fixes ¥(X,.S) and ¢(x, s) to be related in the following manner,

1
U(X,S) = z,s). 2.9
(X,9) = i) (29)
U(X,S) has the homogeneity property,
U(aX,bS) = a 220 U(X, S). (2.10)

The form of the correlators (alongwith the tensor structures) is then fixed by the requirements
of 5d Lorentz invariance, homogeneity (2.10) and transversality. For example the two point
function can be taken to be,
(5152
<\I/ (Xl, Sl) L (XQ, 52)> = Z< A 1> .
x5
12

(2.11)



Xij = —2X; - X;j and (S1XoX3-- Xp_1Sk) = (S1)1(X2)!; (X3)% - (Xp1)’S (Sp)™. In 3d,
the two point function looks like,

(712) %
=
(w%Q)AJrz

(W (@1)p(22)) = i (2.12)

In general, any real operator of spin [ can be represented as ¢™1“2"?2 where the «; are
fundamental indices of Spin(2,1). Here ¢*1®2 2 is symmetric’ in all indices. As before, to
work in an index free manner, we can introduce an auxilliary spinor s, to form,

O(2,5) = Sy ** Sag @™ (). (2.13)

An analogous construction gives the associated 5d operator ®(X,.S).
Three point functions.

First let us state the tensor structures for the relevant three point functions which are those
of two spin half fermions 1, ¥» and a bosonic operator Oz ; and of one spin half fermion
one scalar Oz and one fermionic operator of any spin 13 ;.

The structures for the three point function of two fermions and a scalar (¢11203) can be
taken to be,

o _(818) | - _ (51Xs5) | Fists (2.14)

rro= r;. = .
@ Xy |z @ X13X32  |z1s]|zas]

For the three point function of two fermions and a spin ! bosonic operator (¢11203;) (I > 0),

we have two parity even structures and two parity odd ones? which can taken to be,

L (515) (S3X1X2S5)! L+ (S153) (S2S5) (S3X1X285)" !

Tai1 = [ES Y R R Tdio = S , o (2.15)
X3 X5X55 X5 Xi5X55

_ S3X1X583) !

g = NI ¥y (8150) (S2X154) + Xus (S255) (51 Xa55)].

2 Vv 2 Y 2
X12X13 X23

_ S3X1X555)
Tgia = < A 3) [X23 (5152) (S2X153) — X13 (S253) (S1X253)] -

I+1  I+1

2 Vv 2 Y 2
X12X13 X23

The 3d expressions can be obtained from the rule (S1 X2 X3« -+ Xp_15k) = #19893 T kT ro1 k-
We shall denote products of the form (S; X, - - - XpSp,) (Sp Xy - - - XpS;) in 3d as [;éw e ;ébm} [¢ku e ¢vl]'

IThis is possible only in 3d
2For | = 0, rj{i 1 goes to rdt. and r, 5 goes to r,



For the three point function of one spin half fermion one scalar and one fermionic opera-
tor of any spin (1O213;) (I > %), we can take the following tensor structures,

L (5185) (S5%1X85)!E (2.16)

T 1 1,1 1.1
X "Xy T X5

1

 {S1X255) (S3X1X285) 2

1,1 1 I, 1
L4l t-g i+l
24 2 4 24
Xip "Xy " Xgy

cr

Note that we have chosen the same tensor structures for the three point functions as in [22, 26|
only with different normalization.

Four point function of two scalars and two fermions.
Let us now consider correlators with two fermions and two scalars®.

We choose the following tensor structures for the four point function of two spin half fermions
and two scalars (11920304), as in [26]*,

) iy = (1 XaXadh) (2.17)
! VX1’ 2V X13 X34 Xa2
_ (S1X3S52) = (S1X452)

3 \/X13X327 4 VX14X42'

Four point function of fermions

We present here the basis for the fermion four point function that we shall use. We shall
justify our choice with more details in 2.5. In this case, the tensor structures are of the form
(Si---8j) (Sk---Sp). In general such tensor structures may be related by complicated iden-
tities. The idea of expressing the embedding space tensor structures in a chosen conformal
frame is particularly useful for relating (or showing the mutual independence of) different
tensor structures in this context.

For four fermions there are sixteen independent tensor structures and we pick a basis with

3We have briefly discussed the generalization to include more scalars in Appendix A.1

4Two different choices of normalization for any tensor structure can result in a difference to the corresponding
Mellin amplitude only if they are different by factors of invariants. When such an invariant is a product of
cross-ratios, it would cause a simple shift in the poles of the Mellin amplitude.



elements of definite parity. The parity even structures are taken to be®,

+_ (5182) (S354)

L VXX

(S1X30485) (S3X1T 4S4)
VX13X32X31 X14

L (S1X3Sh) (S5X154)

> VX% X14X03 7

L (91X489) (S3X18y)
7

a VvV X13X3, Xo4

p

py =

b

p

L (5152) (S3X1X285y)

2 VX% X13X04

(S1TATB Sy ) (S3T AT 5S4)
VX12X34 ’

4+ (81X389) (S3X25y)

0 VX% X13X04 7

g_ <SlX4S2> <53XQS4>

a VX114 X023 X3, .

2 , (2.18)

=3
=+

3

p

The parity odd part of the basis can be taken to be composed of the following structures,

(5182) (S3X154) __ (5182) (S3X254)

Py = XXX Do = X X3 X
<51X352> <SgS4> <SlX452> <S3S4>

(2.19)

P = ; Dig = ;
1 VX13X23X34 2 X14X04 X34
b — (S11485) (S3T 4 X1S4) b — (S11485) (S3T 4 X2S4)
3 4 —

VX712 X023 X4 ’
(114 X4S5) (S50 4S4)

VX14X40X34 '

VX192 X13X14
(S1T4X355) (93T 4S4) -

SO <> e eTRE o

Four dimensions

Our discussion in three dimensions can be easily generalized. The nature of spinors changes
with dimension and signature. The problem of counting tensor structures in four dimensions
is again handled in the best manner by choosing a conformal frame [23]. 4d tensor struc-
tures in the embedding formalism and blocks have been discussed in [27, 28|. The relevant
setup is coherently presented in [29] and they also implement the setup in the freely available
Mathematica package "CFTs4d". One can easily use this Mathematica package to obtain
independent tensor structures (with expressions in both embedding space and the conformal
frame) for upto four point functions for any kind of correlator. In three dimensions, all op-
erators exchanged in the OPEs can be taken to be symmetric representations of the double
cover of the Lorentz group. However, in higher dimensions, one has to also consider mixed
symmetry representations (see [30]).

2.3 Definition

After our discussion on tensor structures, we are equipped to define Mellin amplitudes for
correlators of fermions and scalars. In general for a correlator of 2K fermions and M scalars
(2K + M = n), we can define the Mellin amplitude (in embedding space) with the following

5The choice is not unique.



set of Mellin-Barnes integrals,
(U (X1, 81) - Wor (Xok, Sok) o1 (Xok+1) -+ P (X))

n K
= —8ij =5, 1
= g Tk/[dsij] H Xijsj ik (Sij + G5k + Nk + 5 E 5i,2m—15j,2m>
k

1<i<j k=1

(2.20)

The set { My, (si;)} is the Mellin amplitude. We demand the Mellin variables to satify the
following constraints:

—) s =0, Vi (2.21)

I£i

In the equation above, the tensor structures T; do not have a denominator (not normalized)
unlike those in (2.18) for example. The set {T;} must form a basis of tensor structures for the
given correlator and apart from being a Lorentz invariant in d + 2 dimensions and satisfying
the transversality condition, each T; must satisfy the following homogeneity condition in S;,

Th (0151, bareSorc; X1, -+, X)) = (H@) Th(S1, Sk X1y, Xn) . (2:22)

a;; are numbers which determine the normalization of the tensor structure and they are such
that the dimension of the tensor structure (in physical space) is zero. Let us define,

n
T =T H X (2.23)

1<i<j

Concretely, the numbers a;; are fixed by the requirement that given \; = ,/o;, the following
must hold,

Te (MS1, -, AarSer; 01 X1, - ,onXp) = T (S1,--+, Sars X, -+, X)) - (2.24)

7; is the twist of the operator at X;. So 7; = A; — % for i € {1,---,2K} and 7; = A; for
je{2K+1,...,n}.

nij:k are integers that we keep undetermined for now. The gamma functions in (2.20) have
been extracted in analogy with the case of scalars to simplify the asymptotics of the Mellin
amplitude on the complex plane and the factorization formulae. In Chapter 3 we shall be
computing Mellin amplitudes in the large N limit of a strongly coupled CFT (through tree
level Witten diagrams) and in Chapter 4 we shall be computing Mellin amplitudes in a weakly
interacting CFT. We shall choose n;;.; such that in either case the Mellin amplitude for the

,10,



contact interaction are polynomials in the Mellin variables (constant for the contact Witten
diagrams). This way, the Mellin amplitudes in the large N limit of the strongly coupled CFT
(dual to a quantum field theory in AdS) encodes only the bulk dynamics. In the perturba-
tive regime, the singularities of the Mellin amplitude do not carry information on the trivial
composite operators.

It can be checked that the correlator in (2.20) is consistent with the homogeneity condi-
tion (2.10), given that (2.22) and (2.24) are satisfied. The conformality constraints imposed
by (2.21) in (2.20) can be interpreted in terms of fictitious Mellin momenta k; with k;-k; = s;;
and an on-shell condition kf = —7; as the overall conservation of Mellin momentum ), k; = 0.
This is a generalization of the corresponding scenario for scalar correlator as discussed in 2.1.
This time, one can relate the Mellin variables to Mandelstam variables as

a
Sil..lia = — (kiil + -+ kia)Q = -2 Z Siyig + ZTij. (2.25)
I<k<a Jj=1
Since we have chosen to work in Minkowski spacetime, we shall always understand that
Xij = —(z; — a;j)2 + i€;;. The relative values of all the €;; is assumed to be consistent
with the time ordering in the correlator.

In this paper, we shall mainly be focussing on the four point function. Therefore let us
mention concretely, the definition for the two kinds of four point functions. Here we make
a choice of n;j,;. The Mellin amplitude for the four point function of two fermions and two
scalars is defined by the following,

4
(1:[/1\1/2(1)3(1)4> = /[dsw] H(Xi')_Sij \/)1@ [Z tiMi ({Sab})] . (226)

1<j

The Mellin variables satisfy the conformality constraints as mentioned in (2.21).

The tensor structures ¢; for this correlator are chosen in (2.17). In (2.26), the superscript
from (2.17) indicating the parity of the tensor structures t; has been suppressed. Following
Mack [1], we shall call M = {M;} the reduced Mellin amplitude. In this case, we choose all
the integers n;j.; to be zero and the Mellin amplitude {M;} is related to {M;} in the following
way.

My = My [T (s12+1)T (513) T (514) T (523) T (524) T (534)] ",

My = My :r (m + ;) r <313 + ;) T (s14) T (s23)T <324 - ;) r <334 + ;)] B ,
Msz = M; :r (m + ;) r (313 + ;) I (s14)T (323 + ;) T (s94)T (334)] - ,
My = I, :r (m + ;) I (51) T <314 + ;) I (593) T <324 + ;) r (334)] Y

— 11 —



Similarly, define the four point function of fermions in the following way,

<\If1\112\113\1/4> = /[dsij] H (Xl'j)_sw [sz {Sab} ] (2'28)

1<J

The tensor structures p; are as in (2.18), (2.19). The choice of the integers n;;, dictates
the relation between the reduced Mellin amplitude {M;} and the Mellin amplitude M;. We
choose all the integers to be zero apart from the following,

N12;2 = N13;3 = N13;5 = N236 = N14;7 = Naas = — L. (2.29)
We have presented the relations explicitly in Appendix A.2.

2.4 Pole structure: Fermion-scalar four point function

In this section, we will look at the pole structure of the mixed fermion scalar four point
function in the direct and the crossed channels.

2.4.1 Direct channel

The mixed fermion scalar four point function can be expressed in the following manner.

AR A Alu, v)
(V1p2d3ds) = <X14> (X13> (Xu)Al;AQ (X34)A3-£A4 ; (2.30)

cs+i0o ct+ioco St —7
Alu, ) :/ a5 dt [ZtM s t)] - (2.31)

w—ico 2T Je,—ico 27i

—(k1+]{12)2 = T1 + T — 2819, :—(k?1+k3) =71 + 73 — 2813.

We wish to compare (2.31) with the contribution to A(u,v) from a single operator exchanged
in the direct channel. For this, one can do a “dimensional analysis” to check the power law
behavior of A(u,v) in w in the OPE limit (u,v) — (0,1) (with 1\f held fixed). We have
explicitly checked the leading behavior of the conformal blocks using the differential operators
presented in [22] that enable one to obtain these direct channel blocks from the corresponding
blocks for scalar four point function. The contribution from one operator exchanged via the
OPE has also been presented in general for any value of spin of the external operators in [31].
In this paper the Gelfand-Tsetlin basis for Spin(d) representations has been used. We are
using a basis defined by our choice of gamma matrices (as in [22]) and are also using three
point structures of definite parity (unlike in [31]). The operators contributing to the direct
channel block expansion are those that appear in both the OPE of two scalars and that of two
spin-half fermions, and hence are integer spin operators in symmetric traceless representations
of the Lorentz group.

Let A(u,v) = >, t;Ai(u,v). The three point function of two fermions and an integer spin
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operator has in general four independent tensor structures (2.15) and hence four structure
constants. Consequently each A;(u,v) will in general receive from four different conformal
partial waves. Let giA’al be the contribution of ga, to A;. Here “a” lables the four tensor
structures in the three 7point function (11120)).

Let us recall from (2.17) that t1,ty are parity even and t3,ty4 are parity odd. Also from

(2.15), r1, o are parity even and rs,r4 are parity odd. Considering this and the explicit form

of the three pomt structures, we see that the only non-zero gAl are gA b glAQZ, gZQI, gA D gA b

gAl and gAl. For [ = 0, the only non-zero ones are gAO = glAJB, ng = ng and gAgo = 9A0~

We summarise the limiting behavior of g Al in the OPE limit here. This is generically given
by some combination of Gegenbauer polynomials. For [ > 1,

1 1,1 2 1,2
A1 D )\wldeOl)\Ol(bSdMgs,A,l + )\¢11[12(91)‘Ol¢3¢4gs,A,l (232)
|52

-2k
ok (v —1
Z <)\¢1 201)\Oz¢3¢4’c + )\wl 201)\01¢3¢4K ) < Qﬂ) +oe

Az D )\wlibQOl )‘Ol¢3¢4gs:A,l (2.33)
=
2

I—1-2k
~ )2 A k(U — 1
R N hpr 0, A Oy papa ¥ 2 kzo Ks <2\/ﬂ) R

3 3,3 4 3.4
A3 D A0, A 01850195 A 1 T Ay a0, AO1s6195 A (2.34)
1) PN PR
= 3 s - A—1 4 , —
w2 Z A¢1¢201A01¢3¢4’C3 (M) +u 2 Z A¢1¢201A01¢3¢4’C3 (M) 4+
k=0 k=0
3 43 4 14
AL D N0, 201856195 AL T Mopa 0, AO1636495 A1 (2.35)
-1 1
AL2J v—1 -2k A L J v—1 I—-1-2k
w2 Z A¢1¢2Oz/\01¢3¢4lc m +u S Z /\%WOZAOZ%QIC m I

A
2

~ U

Q

22

)\%1 b, BTE the structure constants of the three point function (¢11¢20;) associated to the

tensor structure rg; as in (2.15). ICf’k are constants.

For a scalar exchange, matters simplify as )‘zlmwzoo =\ D110 A3 a0 = /\7;1 el /\i1 b0 =0
and )\fplwoo = 0. So we have,

A

A1 D >\1J/:1¢20>‘O¢3¢4K%Ou5 + (2.36)
_ A

A3 D A5 5 0N0ssea K3 U 4, (2.37)
_ A

At DA 100060, K3 U (2.38)
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Component of M.A. | Location of Poles Residues ~

My T+ 2k )\11Z)17,/1202 AOspsda )\’12[)11[)202 AOyp3pa
Mo T+ 1+ 2k )‘ilngo/\omgm

Ms T+ 2k )\3)11/1205 AOspsda )\3)11/}205 AOyp3pa
My T+ 2k A?ﬁld&@e AOspsda A:lbld}g(/)g AOy3pa

Table 1: Fermion-scalar four point function: Direct channel poles

Comparing (2.32) - (2.35) and (2.36) - (2.38) with (2.31), we can deduce the pole structure
for M;. The Mellin amplitude {M;} can be obtained from the reduced Mellin amplitude
{M;} as shown in (2.27) and thus we obtain the pole structure of the Mellin amplitude in
this channel as summarised in Table 1. When the exchanged operator is a scalar [ = 0, we
should take all structure constants apart from )‘111111&2(91’ )‘?ﬁWzOz’ A0, ¢36s TO be zero.

k = 0 corresponds to the exchange of the primary and the leading twist descendants while
k > 0 corresponds to the descendants with higher values of twist. Generically the singular
terms in each component of the Mellin amplitude are of the following form,

)\il P20 AOyp3a Ql,k’ (1)

2.39
s—1—2k ( )

Qi %(t) can be expected to be a polynomial in ¢ whose degree is determined by spin [ of the
exchanged operator. Comparing with the case of the scalar four point function, we can expect
the degree of ;1 to be [ for My, M3, My and [ — 1 for My. We leave a rigorous derivation of
this polynomial to future work.

The Mellin amplitude of the three point function (¢11¢20;) has four components, and each
one is a constant proportional to the corresponding structure constant )\iwzol. The Mellin
amplitude associated with (O;¢3¢4) is just a constant proportional to Ap,¢s¢,- Therefore from
(2.39), it is clear that each component of the Mellin amplitude associated with the four point
function (1119¢304) factorizes on the poles listed above onto components of Mellin amplitudes
of the corresponding three point functions.
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2.4.2 Crossed channel

Now we consider the exchange of operators in the crossed channel, in particular the OPE
channel 13 — 24. The four point function can be expressed as follows®,

X 21 X S ~ 13 4
34 14 v 2 <
<¢1¢2¢3¢4>c = <)(14> <)(12> INEYY Ayti, ZtlAl (’LL, U)? (240)
X332 Xy 2 i=l
- X3 X . X1aXo3
U= ——g— V=, Aij = A — Ay,
X12X34 X12X34 " ' J
- dt ds — t+1  stt+i-A;-A
A; (4,) = /,/S,Mi (s,)a =0 2 . (2.41)
21 T

The operators contributing to the block expansion in the crossed channel are fermionic oper-
ators. Once again, we shall compare (2.41) with the leading behavior of the corresponding
blocks in the OPE limit o1 — x3. These blocks are also a type of “seed-blocks" in three
dimensions, and have been computed in [26, 32]. We have chosen the same tensor structures
as they have for the relevant three point functions (2.16) and also the same tensor structures
for the four point function.

Three point functions of one spin-half fermion, one scalar and one generic fermion have one
parity odd and one parity even tensor structure (2.16). Hence each A; will receive contri-
butions from four different blocks ¢"**. Let gzjf be the contribution to A; from the block

associated with the fusion of tensor structures 77 and 7% (2.16) of the three point functions.
Therefore we can see that the following parity selection rule holds: the only non-zero g%’ f are

17++ 1’__ 27++ 27__ 3»+_ 37_+ 47+_ 47_+
Iang 2 9A0 2 9A0 > 9ag o 9Aan s 9Aag 0 9Ay and N}

We state the results on the pole structure here. Please refer to Appendix A.3 for the cal-
culation. Let )\i 50, be the structure constant associated with the term with tensor structure
r¥ (see (2.16)) in the three point function ()¢¥;). Comparing (A.14) and (A.15), we can

conclude that the reduced Mellin amplitude and consequently the Mellin amplitude has the
poles in ¢t as summarised in Table 2 for the exchange of fermionic operator ¥; with twist 7.

We see a novelty in the pole structure here. Each component of the Mellin amplitude has two
series of poles for each primary exchanged. For [ > %, the polynomials associated with the
residues can be expected to be of degree | — % when the corresponding pole is at 7 + 2k and
of degree | — % when the corresponding pole is at 7 4+ 2k + 1. When | = %, the polynomial
should be a constant in all cases. It is clear that each component of the Mellin amplitude M;
factorizes at the poles onto components of the Mellin amplitudes of the corresponding three
point functions as described above.

5 (2.40) is identical to equation 2.12 of [26] with the following relabelling from “theirs”—“ours” 1 — 1,2 —
3,3 — 4,4 — 2 and renaming g — A;.
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Component of M.A. | Location of Poles Residues ~

At A&
t=71+ 2k Y1930 W patho
My _ _
A A
t=74+1+ 2k Y193V "V Parho
AT \E
t=7+1+2k 11030 W patha
Mo _ _
A A
t=71+2k Y193V U pparha
+ —
t=7+1+2k A0 N it
M3 — n
A A
t=1+4 2k Y193V W yparha
+ —
t=r1+2k >\1/11¢3‘1/z )\‘sziﬁz
M AT o AE
t=74+1+ 2k P13V "V Parho

Table 2: Fermion-scalar four point function: Crossed channel poles.

There are also poles in the Mellin amplitude in the u-channel. The w-channel is related
to the s- and t-channel by the relation w = ), 7; — s —t. These correspond to operators
exchanged in the OPE limit x1 — x4 i.e. operators appearing in the OPEs of both ;¢4 and
that of ¢314. The location of these poles can be worked out from the preceeding discussion.
We have stated the results in Appendix A.4.

2.5 Pole structure: Four fermion correlator

The Mellin amplitude (2.5) associated with the correlator (¢j¢2¢3¢4) has s-channel poles
at s = 7 4+ 2k for each operator with twist 7 contributing to the s-channel conformal block
expansion of the correlator. The residue at the pole is Ay, 4,0, 20,0564 Q1,%(t), I being the spin
of the exchanged operator. ;j are polynomials in ¢ of degree [. This analyticity property
can be explained in terms of the expansion of the conformal block G'a ; around the OPE limit
[33],

o0
Ga) = u'T Z uFgp.(v) (2.42)
k=0
where gi(v) has a power series expansion in 1 — v.

For the correlator (¢119131)4), the nature of the conformal blocks depends on the basis of
tensor structures. As mentioned earlier in Section 2.2, a generic basis of tensor structures may
lead to the conformal blocks having spurious singularities. We will choose a basis such that
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each conformal block can be expanded around the OPE limit as follows,

1 a X@
ZuT Zukgk(v) (2.43)
i=1 k=0

Here I is some finite integer greater than zero, a; < 7 are integers and g has a power se-
ries expansion in 1 — v. These would ensure that each component of the Mellin amplitude
has finitely many series of poles corresponding to each exchanged primary and the residue at
each pole is a product of the relevant structure constants and a polynomial whose degree is
determined by the spin [. In particular, we do not want the conformal blocks to have spurious
singularities. (2.18), (2.19) is one possible choice of such a basis {p;}. We state the results
for the pole structure here.

Components associated to the parity even tensor structures p;, 1 <7 <8:
Corresponding to each integer spin [ primary O; of twist 7 contributing to the direct channel
conformal block expansion of the correlator, the Mellin amplitude has poles and residues as
summarised in Table 3. When the exchanged operator is a scalar [ = 0, we should take all
structure constants apart from )\11/)11#201, ’\?mwzow Aélwm and A%zwsw to be zero. The poles
in the crossed channels can also be worked out. We state the results in Appendix A.5.

Components associated to the parity odd tensor structures p;, 9 <i < 16:

to be filled in...
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Component of M.A. | Location of Poles Residues ~

1 1 1 2
)\11111&204 )\051/131#4 ) )‘wupzoe )\Oe¢3¢4
s =1+ 2k 2 1 2 2
)\1#11/12(92 )\Oz%w ’ )\1&1111202 )\(9411131!14
3 3 3 4
My )\1#11/12(9@ Aowm ) )\1111111205 )\(92%1/)4
s=17+1+2k 4 3 4 4
Ap120 N Ogstrs + Nor20, N Ophatia
1 2 2 1
)\1#17#2@@ /\Oew'sw ) )‘wlww /\0127/)31#4
Mo s=717+142k \2 \2
120, Opip3rha
2 1 2 2
Ms Ms Mg s=17—1+2k )\1/111#2(9@/\(921/1377!)4 ’ )‘w1¢20z)\02¢3¢4
3 3 3 4
Mz, Mg )\1#11#205 /\Oew3w4 ’ )\wlwzoe AOW:&M
s=T1+2k 4 3 4 4
Ap1s0, N Opstrs + Mo 20, Ot
2 1 2 2
s =71+ 2k No120, N Opspn + Nbr1620, NOptia
3 3 3 4
My )\1#11112(95 Aowm ) )\11111112(9@ Aowm
s=T1+1+2k 4 3 4 4
Ag1s0, N Ogstps + Mor20, N Ophatia

Table 3: Fermion four point function: Direct channel poles.

3 Witten diagrams

The AdS/CFT correspondence is a conjectured duality between String Theories in d + 1
dimensional AdS spacetime and CFTs living on its d dimensional boundary. When the bulk
spacetime is weakly curved and the bulk theory is well approximated by the supergravity
limit, we can use Witten diagrams to compute correlation functions in the dual strongly
interacting CF'T. These computations are quite cumbersome in position space. In the Mellin
representation, they are simplified greatly [3, 8, 9, 34| and the corresponding Mellin amplitudes
can be concretely related to scattering amplitudes in QFT in d + 1 dimensions through the
so-called “flat-space limit” [3, 7, 21]. Here we shall present a few results for tree-level Witten
diagrams with fermionic legs which serve to illustrate some of the general feature discussed in
the previous chapter 2. The calculations are simply reduced to calculations of scalar Witten
diagrams [35, 36|, the results for which are available [3, 8]. Hence we do not need to set up
these calculations in embedding space notation. We shall however present results in embedding
space notation in order to relate to the tensor structures in Section 2.2. We have provided a
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Figure 1: Four point contact Witten diagram with two fermions and two scalars.

short review of Fermions in the AdS/CFT correspondence in Appendix B.1. In the diagrams,
solid lines with arrows denote fermion propagators and solid lines without arrows denote scalar
propagators.

3.1 Contact Witten diagram

First we shall consider the contact Witten diagram involving two fermions and two scalars as
shown in figure 1. As described in Appendix B.1, bulk-to-boundary spinor propagators are
related to bulk-to-boundary scalar propagators in the following manner,

Iy, (2 — )

EA+% (2,%) = TKAJF% (2, )P,
_ . (2 —a*) .
EA_% (2,%) = P+”7KA+% (z,7). (3.1)

e

P+ = (1£1°)/2, T'* being gamma matrices of the bulk. Using (3.1) we see that the two bulk-

to-boundary propagators for fermions ¥ A,+1 and X5 41 can be reduced to a product of two
2 2

scalar bulk-to-boundary propagators K ,1 and K, ,1 with an additional tensor structure:
2 2

ZAH—%(’Z’ f1>2A2+%(2’,{f2) = (f’fQFu'P_) KAH—%('?:? fl)KA2+%(Z,f2). (3.2)

We can put Z,T,P~ to @y, = £, Where v, are gamma matrices in the boundary theory.”
Thus the position space expression for this diagram can be simplified to the evaluation of a
scalar Witten diagram as,

4

B 2
Bzﬁﬁj = <5152>/A SdZHKA#%(Z, Xz‘)HKAi(Z X5). (3.3)
d i=1 i=3

"Note that if the bulk has an even dimension, the projector P* projects the gamma matrices of the bulk
onto the gamma matrices of the boundary. In any case the projecter has always to be absorbed into the
boundary spinors.
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Figure 2: Scalar exchange Witten diagrams with two and four external fermions.

In the embedding space notation used in (3.3), Z is a bulk point and X; are points on the
boundary. The integral in (3.3) is the expression of a contact Witten diagram of four scalars®.
This can be expressed in Mellin space [3] to obtain’

c;1+ioco 1
B;f’;;f’j = (5152) H / (dsit) X;;°'T (si1) Ma 2 H(5 A+ = (51'1 + di2) — Z Sij
1<i<]  C—io0 i=1 G
(5152) - cirtioo _Szl 511521
= VX2 H (dsi) X [ (si + 01i621) Mz 2 H o 7i— Z sij (3,4
12 1<i<l €41 —100

J#i

The only non-zero component of the Mellin amplitude of the contact interaction is My = Mg 2.
In general, the corresponding result for 2n fermions and m scalars is given by,

2n+m C +l 2n+m CA
M:Mmm: A—i— —h 7‘ [ ], 3.5
1 ’ < Z > H [(A; + ) i:gﬂ ['(A) 39
_ I'(A) _d
CA_Qth(A—h—i—l)’ h=3

This is a constant independent of the Mellin variables as in the case of scalar contact interac-
tion. From (3.5), we also know that the three point function of two fermions and a scalar is
parity even.

3.2 Scalar Exchange Witten Diagram with two external fermions

Next we consider the four point scalar exchange Witten diagram with two external fermions
as shown in figure 2. This expression in position space is

4
/dd+1z1\/9(21)/dd+122\/9(22) SA1+%(Z1751)2A2+%(21,f2)GA(Z1722)HKAi(Z%fz‘)-
i=3

8For the scalar Green’s functions in AdS, we will stick to the conventions in [3, 8].

9The normalization for the delta function reads 8§ (z) = 2mi 6(z) and the measure is given by (ds;) = ';:Z‘ .
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Using (3.2) and switching to embedding space notation, we get,

4

2
A =8 [z [ an]]Ks (21 X062 22) [ Kol 2. X0
AdS AdS i1 2 i—3

The integral in the above expression was studied in [3]. Using this result'’, we obtain

P1ep (S152) = cirtieo 161 521 P19 -
Abuos = oo H/ ~ (dsg) X T (si + 01:02) NG (sa) [ [0 {7 = D sus | »
1<i<] ¥ Gl 00 i=1 j#i
(3.6)

where in terms of the Mandelstam variable s = 7 + 75 — 2512, we have

Ma o
N¢1¢2 _
My = $3¢4 Sll T (ZZA ) r (A1+A2+1 s) r (A3+A4*s)
2
o de  I(c)l(—c)
% / 27 (A — h)2 — 2’ (37)
T (h+26—s) T <A1+A22—h+c + %) r (A3+A24—h+c)

I(c) = Rt ,

where A is the conformal dimension of the exchanged operator.

The poles in  (3.7) occur when the contour of the integral is pinched between two collid-
ing poles of the integrand. These poles are at!! s = A + 2m which is exactly as predicted
for My in Section 2.4.1. As shown in [3, 8|, the Mellin amplitude can be in fact written as a
series over these poles and the residues follow from a simple shift in the corresponding residue
there.

3.3 Scalar Exchange Witten Diagram with four external fermions

The diagram in which four external fermions interact via an exchange of a scalar operator is
shown in figure 2. It can also be manipulated in a similar way as the previous examples. The
expression for this is then given by

4
A%zz (5192) SgS4/Ale/AdZZHKA+ 21, X0)Ga (21, Z2) | [ K a4 4(Z2, X:)(3.8)
=1 1=3

10Please note that in [3], Mellin variables are denoted by d;; and Mandelstam variables as Siy iy, -
"There are other such poles from the integral but these are cancelled by zeroes in the pre-factor.
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Figure 3: Spinor exchange Witten diagram

The Mellin amplitude can be calculated just like in the previous example and the only non-zero
component is Mj.

M, = Nwlwz _ _M4,0
ww F(Z’A 1 )F(A1+2A275+%)F(A3+2A4—s+%)
o de  (e)l(—c)
3.9
X/ 2mi A (A —h)2—¢2’ (39)
l T (h+2075) T (A1+A227h+c + %) r (A3+A247h+c + %)
(c) = 9T (c)

The poles of My are at s = A 4+ 2m. In Section 2.5 predict another series of poles at
s = A+ 14 2m. One can explain the absence of this second series simply by looking at the
relevant three point functions. From (3.5), we know that the three point function here is of
positive definite parity and hence the second series of poles is absent.

3.4 Spinor Exchange Witten Diagrams

Next, we present the Mellin amplitude for the spinor exchange diagram 3.2 [35] has shown
that the calculation of the spinor exchange diagram can effectively be reduced to the calcu-
lation of a scalar exchange diagram [3]. This calculation is presented in details in Appendix

12Note the non-standard labeling of the external legs.
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B.2. Here we quote the final result,

Bigs _ (S152) T feutie — 51— 161160
Aoy = VX1 11 /cl . (dsa) Xy " 27 7T (si+ 015621) (A1 + Ag + A+ 1 —d — 2s13)
1<i<l ¥ ™

z.»

N ) L6 7= Y

i=1 J#i
4 .
S1X3X4S €it 100 —sy—151,6 1
+2M / (dsi) Xy "2 sy + = (011012 + 851013 + 033014 + Gind1a)
VX13X34 X2 22 Jey—ioo 2
) 4
xNype (sa) [To (=D _sis | (3.10)
i—1 i

The Mellin amplitude has two non-zero components M and Ms. In terms of the Mandelstam
variable t = 1 4+ 13 — 2513, M is given by,

My = (t+7+2— d)NDP ()
(t+7+2—-d)Myy /ioo de 1e)l(—c)
r (Zizm + % _ h) T (7’1+;’3—t> r (7’2-0-274—15) Cioo 2mi (T+1—h)2 — %’

T (h+c—t—1) T <T1+733h+c+1> T <72+T4Eh+c+1>

(3.11)

2
le) = 2T (c)

Thus M has poles at t = 7 4 2m, 7 being the twist of the exchanged spinor. Considering
that the relevant three point function is parity even, these poles match with our predictions
in Section 2.4.2. Mj is given by,

My = 2N (s)

_ 2 Ma,2 /m de U= gy
T (ZZQAl + % . h) T (7'1—5-732—154-1) T (T2+T42—t+1) —ico 27 (T +1-— h)2 -2
o T (h+2c—t) T <T1+7'3—2h+c+1) T <T2+T4—2h+c+1>
“= 2T (c)

Mo has poles at t = 7 + 1 + 2m which is the series predicted in Section 2.4.2 for My when
the corresponding three point functions are parity even.

4 Conformal Feynman integrals

Like Witten diagrams, conformal Feynman integrals take very simple forms in Mellin space
[37-39]. In [39] Mellin space Feynman rules for tree level interactions in the weak coupling
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regime were derived for scalar operators. The diagrammatic rules in Mellin space showed that
assuming an interaction without derivatives, the Mellin amplitude associated with a tree level
diagram is given by a product of beta functions, each of which is associated with an internal
propagator. Each vertex yields the trivial contribution 1. The beta function propagator is
a function of the Mandelstam variables composed of the fictitious Mellin momenta and have
the right kind of poles as expected from the Mellin amplitude.

In this section we will extend these calculations to Mellin amplitudes associated with tree
level interactions with two or four external fermions. We shall assume a Yukawa-like interac-
tion without derivatives. These calculations can be simply done in physical space without the
need for embedding space notation. However, we shall present the final result in embedding
space notation in order the comparison with the tensor structures in Section 2.2 becomes more
transparent. We can also assume that our tree level calculations are done in FEuclidean signa-
ture so that we do not have to worry about the ie for the convergence of our integrals, and
the final result can be Wick rotated with the correct ie prescription (implicitly) to Minkowski
signature.

The Mellin amplitudes for the conformal Feynman integrals with one or more internal propa-
gators are computed using a recursive method!'? that we describe in details in Appendix C.1.
We shall stick to four point calculations in this section to keep the notation simple even though
these calculations can easily be extended to include diagrams with any number of scalar legs
with more than one scalar or fermion propagator.

In our Feynman diagrams, solid lines with arrows will denote fermion propagators and solid
lines without arrows will denote scalar propagators.

4.1 Fermion-scalar four point function: Contact diagram

To apply the recursive method for diagrams with fermionic legs, the results for the Mellin
amplitude associated to the corresponding contact interaction diagrams have to be known.
In this section, we shall consider the contact interaction with two fermions represented by
diagram 4. This calculation was presented by Symanzik [40] and we shall state the result here.

The conformal integral for the contact interaction of two fermions and two scalars is given
by14

cmz/puuf—% p(A1+1>MF<A2+1> F(A3) T (Ay)

1
b3b4 — y2A1+1 2 ) |u — xo|2B2F1 2 ) |y — u|?8s |z — 2P

13This method was developed by Arnab Rudra for scalar conformal integrals while working on [39]

du
3 s
Further the integration measure of the Mellin variables is given by (ds;) =

“The measure reads Du = and the delta functions are appropriately normalized 6 (z) = 2mi 6(z).

ds;;
27 "
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Figure 4: Contact diagrams with two and four fermions.

The sum of all the scaling dimensions should equal to the spacetime dimension d. In embedding
space notation, and in conformity with the definition (2.26), the Mellin representation of this
conformal integral is given by,

SlX SQ ci1+100 _Sil_léilélg 1
Z X1, X, H / (dsy) X;; " * I'(sq+ B (031 + 0i2) 651 + (5 1072 H5 _— Z ;

j=3 1<i<] ¥ Cit =100 JF£i
(4.1)

Result: The Mellin amplitude has two non-zero components, M3 = My = 1.

It is easy to generalize this result by adding more (or less) scalar legs. In particular, this
tells us that the three point function of two spin one-half fermions and one scalar is parity
odd in this case.

4.2 Fermion four point function: Contact interaction

The Mellin amplitude associated to the contact diagram 4 with four fermionic legs is necessary
for computing Mellin amplitudes associated with conformal integrals with four fermionic legs.
The corresponding conformal integral is

1 #1— 4 h—7 Fy— 4 h—7
wlwz 1 2 4 3
¢4w3 /DUHF <A + > |:’$1 — 2D |y — gg|2B2HL | | |zg — u2BaH] |y — pg[2Rs+1
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The Mellin representation of this integral, in

This calculation was also presented in [40].
conformity with the definition (2.28) is given in embedding space notation'® by the following,

cit+ioo i 88— 160 | 1 (S104S5) (SsT 4S4)
dSl Szl 2941012 13014 - F S'l+5'15l2+5'36l4 +
/czl ico (dsu) X 2 X12X34 (e + 5 o)

(51X 55) (S5XS4) ) . , 1
Fsat g @ 2705 T 9 ik T 50i 50i
VX1 X2 X3k X g (01 +0i2) 01y + 2 (J31 + 0a1) G, + 25 1012 + 25 3074

(4.2)

Result: In our chosen basis of tensor structures (2.18), the non-zero components of the

Mellin amplitude are the following,
1
Mz =1 M4:Z My =s513—1

M@ = S$923 M7 = S14 ./Vlg (4.3)

We expanded the first tensor structure in (4.2) in our basis (2.18) as follows

<SlFASQ> <53PAS4> 1 \/? 1 \/;
= — 24/ — —Dg — 24/ — 4.4
VX123 X0 2191 + upa + 2]94 up5 (4.4)

4.3 Fermion-scalar four point function: Scalar exchange.

Now we wish to calculate the Mellin amplitude corresponding to the scalar propagator in a
diagram 5 with two external fermions and two scalars. The conformal integral represented by
1 4

Figure 5: Fermion scalar four point diagrams with scalar and fermionic exchange

15

(S04 (S30aSs) ————s [#17" + 7] Py + ] = 2 [118a] (1] - 201 [#s8.]
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the diagram 5 is given by,

1 7/L -7 1
Pipa 2
I¢3¢4 /Du1 /DUQ 7 — u1|2A1+1 <A1 + ) —IU1 ~ gPAr <A2 + 2>

H [ L& ! (1.5)

_ U2‘2A ‘ul _ u2|2'y

Conformality of the integral requires Ay + Ay = Az + Ay = d — . The computation of the
associated Mellin amplitude using the recursive method follows exactly as described for the

scalar case in C.1. We state the result here,

4 4 "
(S1X;S2) cirtioo
Z 1 2) H / (dsq) X si—50i 1612F ( S+ = (512 + 02i) 05 + 511512>
=3

\/ Xj2 1<i<l C;1—100
1 y—s d
B — 4.
e (20 E >H6 PO 49)

J#i

Result: The non-zero components of the Mellin amplitude are,

V. y—sd
Ma—M4—2F<7)B< 7 5 ’Y) (4.7)

The poles are located at —(p; + p2)? = s = v + 2m which matches our predictions in Section
2.4.1. This result can be easily generalized to one where we have more scalars at either of the

two interaction vertices.

4.4 Fermion-scalar four point function: Fermion exchange.

We wish to calculate the Mellin amplitude associated to the diagram 5 with a propagating

spin-half fermion. The relevant conformal integral is,

1 hy — % thy — 1
Y1ds _ 1 2 2 2
Lings = /Dul /Du? ’2A1+1 <A1 + ) Fin — 1P [y — g P21 Aatg
I' (Ayg)
’.753 — U1|2A5 |l‘4 — U2|2A4

(4.8)

We state the result for the associated Mellin amplitude.

4 c;1+i00
v Sii—%681:0
1 AR T G o2t

1<i<] ¥ Gt =100 JFi

S1X3X4S 1 T—t d
\</)1(1;X731Xi>221“(7+1)3< > 11 F<Szz+ 152l+51513+535z4+525l4)>

1<i<i
<5152> 813 <7’ +1—-t d >
— = B o5 =7 ) TI T (st + 6ia62) (4.9)
X12 QF(T + 1) 2 2 1§i<l
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Result: The two non-zero components of the Mellin amplitude are,

1+ 713 —1 T+1—t d
- _ B . 4.1
M= e < 2 2 T) (4.10)
1 T—t d
My = 2F(7__1_1)B< 5 ,2—’7'> (4.11)

M has poles at — (p1 —|—pg)2 =t =17+ 1+ 2m while M5 has poles at t = 7 + 2m, where
T=7- % is the twist of the propagating operator. From Section 2.4.2, we see that these
are the “parity odd” series of poles for My and Ms respectively. And indeed this is what we
expect when the three point function of two spinors and a scalar is parity odd.

4.5 Fermion four point function: Scalar propagator

We wish to calculate the Mellin amplitude for a scalar exchange Feynman diagram (s-channel)
with four external fermions. The position space integral is,

— iy hy — #9 1
D D
/ “1/ u2 [|x1 _ ul|2A1+1 g — x2|2A2+1 |u1 |2
Fa—thy
x {’374 EPYNPIVER ‘uz _ x3|2A3+1 HF A; —|— (4.12)

The Mellin representation of this integral is given by,

_ 4 c;1+1i00 s s .5
AR | BONCCTE Tt | G LB 9P
C

1<i<]  Cit—i00 i

1 (51T485) (S3T4Ss) 1 v—s+1d
2 B 5 I (it + 014025 + 03i04;
2 VXi12X34 2T (7) < ’7>H (8i1 + 613025 + 03i045)

2 "2 .
i<l
2

4
+ZZ (S1X;S2) (S3 X1 Ss) 1 B (7 -sd 7)

S VXX XX 200) 2 2
1 1 1
e (sil T 5 (O 024) 051+ 500k (931 + 0u) + 5 (O1i02; + 53i54j))] (4.13)
1<l

As in Section 4.2, we have to expand the integral above in our chosen basis of tensor structures
(2.18) using (4.4).
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Result: The Mellin amplitude has the following non-zero components.

1 1-—
My = My B('” Sd_v)

ENG) 2 2
M= (5505 )
ve= ()
sy ()
M= gy (55 )
Mg = 2;2(47)3(7;8,‘;—fy> (4.14)

The poles of all the non-zero M; above are exactly as predicted in Section 2.5. Since the three
point functions here are of odd parity, we only see the “parity odd” series of poles.

5 Discussion

In this paper, we have introduced Mellin amplitudes associated with correlators of spin half
fermions and scalars. Such Mellin amplitudes have multiple components, each component
being associated with an element of a chosen basis of tensor structures. We have explained
that not all choices of bases are suitable for defining a Mellin amplitude with the desired
analyticity properties because in certain bases, the associated conformal blocks have spu-
rious singularities. We have examined the pole structure of the Mellin amplitudes defined
in suitable bases which also makes clear how the components of the Mellin amplitude factor-
ize onto components of three point Mellin amplitudes (which are just the structure constants).

Given a scalar Mellin amplitude, one can read of the twist of the primary exchanged from
the leading pole of a given series. One can then check the degree of the polynomial in the
residue at this pole which gives the spin of the operator. Thus one knows the dimension of
the primary. With knowledge about the explicit form of the residue polynomials one can also
read off the OPE coefficients from the residues. For the fermionic Mellin amplitude there is an
additional feature as generically there are two distinct poles for each primary. If the theory at
hand has three point functions of definite parity, then one of the series of poles will be absent.
If the three point functions are not of definite parity, then the leading and sub-leading poles
in a series give information on two different OPE coefficients.

After these general considerations, we have computed a few tree-level Witten diagrams with
fermionic legs in Mellin space. These computations are easily reduced to the computation
of tree-level Witten diagrams with all scalar legs. The corresponding Mellin amplitudes ob-
tained nicely illustrate the general principles described, in particular the one of the two series
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of poles. Finally we have considered position space conformal integrals corresponding to tree
level Feynman diagrams and computed the associated Mellin amplitudes. These Mellin am-
plitudes demonstrate the existence of the other of the two series of poles as compared to the
Witten diagrams.

Let us now discuss future directions. In this project, we have not, for example, undertaken a
detailed study of the residues at the poles, in particular the polynomials appearing there. It is
necessary to do a more comprehensive analysis of the factorization properties of these Mellin
amplitudes. Thereafter it would be natural to employ the Mellin bootstrap [20] on fermionic
CFTs for example the Gross-Neveu model in three dimensions or the Gross-Neveu-Yukawa
theory in 4 — € dimensions. We hope to report on this in the future. It will be interesting
to undertake an independent study of these Witten diagrams and write down the associated
Feynman rules [8] and also see if one can study the pole structure of the loop level Witten
diagrams. An interesting topic to be addressed is the “flat-space limit” |7, 21].

Last but not the least, we must emphasize that our definition of the Mellin amplitude as-
sociated with correlators of fermionic operators cannot be claimed to be a canonical choice.
We would be very interested to know if there exists such a canonical definition and if it can
be generalized in a natural way to incorporate operators of any spin in general dimension.
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A Appendix: Mellin Amplitudes for Fermionic correlators

A.1 Counting tensor structures

Correlators expressed in embedding space variables are manifestly covariant with conformal
transformations and are easy to work with. However the downside is that there is a great deal
of redundancy in all the possible tensor structures one can write. Sometimes it is easy to see
relations between different tensor structures through gamma matrix commutation relations or
simple Fierz identities, but in general this is a tedious matter. A neat way to count independent
tensor structures and figure out the web of relations relating the different tensor structures
in embedding space is to go to a suitable conformal frame by Lorentz transformations as
depicted elegantly in |? |. In this paper, they prove that independent tensor structures in a
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n-point function are in one-to-one correspondence with the singlets (scalars for parity even
tensor structures and pseudo-scalars for parity odd tensor structures) of the little group that
leaves the configuration of points (at which operators in the correlator are inserted) in this
conformal frame invariant. These singlets can be represented by

ResQ(ro ) Q) i m = Min{n, d + 2} (A1)
i=1

Resg denotes the restriction of a representation of G to a representation of H C G. p; is the
representation of the Lorentz group in which the operator at the ith position in the correlator
transforms. If parity is not a symmetry of the theory, then we should replace O(-) with SO(-).
To consider half integer spin representations one has to use the double cover of SO(:) which
is Spin(-) and for parity symmetric theory one has to make a choice of the Pin(-) group. If
n > d + 2, one can form a parity odd invariant and consequently restrict to using only parity
even tensor structures. The following is a parity odd tensor structure suggested in [? |,

n
6#1"'Nd+2X{“ e Xd—(li—;2 (A 2)

VX12X03 - Xay1,d+2Xdr2,1

If there are identical operators in the correlator, permutation symmetries result in further

w

reductions in the number of independent tensor structures as explained concretely in [? |, but
we shall stick to assuming non-identical operators.

A conformal frame for n points is any fixed configuration of points to which one can al-
ways map any n points using conformal transformations. The most familiar example of this
is probably the conformal frame where four points are mapped to 0, 1 (along any axis z), oo
and (z, z) (on a chosen plane containing the axis x). In general, relations between embedding
space tensor structures can be obtained by choosing a conformal frame and expressing them
in terms of the conformal frame tensor structures which are free of redundancies, and then
simple linear algebra gives relations between the different embedding space tensor structures.

The counting of tensor structures for 3d fermions has already been done in Section 4.2 of
[]. We quote the relevant results here. The number of independent tensor structures (of defi-
nite parity, indicated by the signs in the superscript) for the 3-pt function of operators with
spins I; is given by,

Nag (l1,12,13) £k

N3 = 5 (A.3)

N3g = (2 +1)(2l2+1) —p(p+ 1) p=Max(lh +1lp—13,0) 11 <l <l3

The number of independent n-point tensor structures for n >4 [? | is given by,

n

Nsq (Iy,Ia, 13, 1a) = [ [ (2L + 1) (A.4)
=1
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If there is at least one half-integer spin operator, we can take an equal number of parity odd
structures and parity even structures. Thus one can choose two parity even and two parity
odd tensor structures for (¢11920304).

For n > 5 too, the number of independent tensor structures is just 4 and as mentioned
before, it suffices to work with only parity even tensor structures. For example for n = 5
(with the fermions inserted at z; and x3), we can take these to be,

(5152) (S1X:X;S59)

VvV Xi2 VX1 X X2

Parity odd tensor structures can be expressed in terms of parity even ones using the invariant w

i<je{3,4,5} (A.5)

in (A.2). For example, let’s take the parity odd tensor structure (57X S2). We can multiply
this with odd invariant w and then use T4t ~ eA14sT Ay - T'ag. Then we can apply the
following identity.

A1 B AxB ApB
17 1DP1 77 201 .. 77 kD1
AlBQ A2B2 AkBQ
’,7 /”] e /’7
e (A6)
A1 B, AxB ArB
77 1Dk 7] 2Dk ... 77 EPEk

. Also note that for a correlator of two fermions and n — 2 scalars, we do not need tensor
structures of the form (S1Xj, --- X;, S2) with k& > L%J We would also need to relate the
parity odd invariant w to cross-ratios as the standard way to define Mellin amplitudes involves
cross-ratios. We can easily express w? in terms of cross-ratios using (A.6).

A.2 Reduced Mellin amplitude and Mellin amplitude for the four fermion cor-
relator

In (2.29), we made a choice of n;j;, as in (2.20) for the four point function of fermions. This
choice decides how the reduced Mellin amplitude is related to the Mellin amplitude in (2.28).
We present the relations explicitly here.

My = M [T (s12+ 1) T (s13) T (s14) T (s23) T (594) T (s34 + 1)] 7 (A7)

M, — i, [r (m n ;) r <313 + ;) T (s14)T (s93) T <324 + ;) r <834 + ;)] -1
Ms = I [F (.912 + ;) I'(s13)T (.914 + ;) r <823 + ;) [ (s94) T <534 + ;)] -1

My = My[L (s12+1) T (s13) T (514) T (523) T (524) T (s34 + 1)]
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1 1 1
Ms = Ms |T° <812 + 2) I'(s13)T <814 + 2> r <823 + > (s24)T <834 + 2) (A.8)
T 1 1 1\17¢
Mg = Mg |I' | s12 + B T s13+ 3 I (s14) T (s23) ' s24 —l— s3a+ 5
_ T 1 1 N
Mz = M7 |T' | s12 + 5 T s13+ 3 I (s14) T (s23) T | s24 —l— s3a+ 5
_ T 1 1 N
Mg = Mg |I' | 512 + B [ (s13) T | s14 + 3 I so3 + (s24) T ( s34 + 2)

- 1 1 1\
Mg = My |:F (812 + 1) T <513 + 2> r <814 + 2) T (523) r (824) T (534 + 2>:| (Ag)
_ [ 1 1 1 71—1
Mio = Mio | (s12+ 1) T (s13) ' (s14) I' | 523 + 3 I s24 + 3 | s34+ 3
_ [ 1 1 1 |
M1 = M1 |T <812 + 2> T (813 + 2> T (814) I (823 + 2> T (824) I (834 + 1)

_ [ 1 1 1 |
My = Mo |T <812 + 2> I (813) I <814 + 2> I (823) I <524 + 2) I (834 + 1)

T 1 1 Y
Mz = Mq3 |T (812 + 1) r <813 + 2) I <814 + 2) T (823) I (824) r <834 + 2) (Al())
_ T 1 1 1\ ]
Miy = My [T (s12 + 1) T (s13) T (514) T (823 + 2) I (324 + 2> r <334 + 2)

_ [ 1 1 1 |
Mis = M5 T (812 + 2) r (813 + 2> I'(s14)T <823 + 2> I'(s24)T (s34 + 1)

_ [ 1 1 1 |
Mg = Mg |T (812 + 2) I'(s13)T (314 + 2) I (s23)T (824 + 2) I'(s3a+1)

A.3 Mixed fermion scalar conformal blocks

The leading behavior of the mixed fermion scalar conformal blocks can be found in |? |. These
blocks are expressed in invariants r, 6 introduced in |? |.
1672 (4?4 2rm)?

“= (1472 —2rn)? v (1472 —2rn)?

(A.11)

The OPE limit in these coordinates is now given by » — 0 with n held constant. One can
1-v

~ .2 ~
check that for small r, 4 ~ r* and n =~ NG

g A l is the contribution to A; from the block associated with the fusion of tensor structures

ry and r¥ (2.16) of the three point functions. Only non-zero ones are gA’]f are glAJlr+, glAl ,
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gifr? gij_, giJlr—, gifr, gf{_ and gifr. The leading behavior of these blocks as r — 0 is

given by (from [? |),

1’0)(77)) +0 (r2tY (A.12)

aiy D) = (PO + B () ) +0 (r21)
o ) =2 (B )+ PEY ) ) + 0 (141

Péa’ﬁ )(z) are Jacobi polynomials. We note the symmetry property of Jacobi polynomials,
PP (—z) = (—1)" PP (A.13)

(A.13) implies that P,ga’ﬁ)(z) + P,gﬁ’a)(z) has only even powers of z for even n and only odd
powers of z for odd n; and R(la’ﬁ) (z) — Pr({B’a)(z) has only odd powers of z for even n and even
powers of z for odd n. Considering this, and the series expansion of the Jacobi polynomials,
we can express the leading behavior of the blocks (for | > 1 and with £ = [—3) in the following
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manner |,

<\ (—2k
L4+ (= & ~4 +01) (1=0
g U, V) R —1 2 H < ~> + e A.14
S ~ -ty i (o (A14)
) N HE N NG
g (@, 9) ~ —a2 H, OV ( > +
| part 2V

P 2/
4 N HE o) (1 5) 2!
y T ""‘ ~ ‘”? Hi ) +
om0 ot 3 (577

A+=) 1~ ~ -4 +01) (11—
g U, V) ~ U2 H < = + .-
Al ( ) kZ:O Lk 2\/1;
) N HE oy (1 -5\
| & e
H:éa’ﬁ) are coeflicients in the series expansions of P,(la’ﬁ)(z) + P,(lﬁ’a)(z). Forl = %, we have,
A I SN _A+1
92’I+)(~’~) ~ 20 4 g(Al’; )(u,v)%—QU > N (A.15)
2 1)
A+1 — A
g(AZirH(@,@) ~ 20 .. g(AQ,l )(fb,@) ~ 207 1+ -
2 '
g @, 0) ~ 207 4 G (@,5) ~ 207+
’2 D)
)/~ ~ A . _A41
g @, 0) ~ 2% + g (@, 0) m 20 4
2 1)

A.4 wu-channel poles in the fermion-scalar four point Mellin amplitude

The u-channel poles in this correlator are summarised in Table 4.

A.5 Crossed channel poles in the four fermion Mellin amplitude

Corresponding to each integer spin ! primary O; of twist 7 contributing to the 1113 and Y914
OPE, the Mellin amplitude has poles and residues as summarised in 5. The u-channel poles
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Component of M.A. Location of Poles Residues ~

AT pua
s+t=>,1—1-2k Y104V "W pp3th2

My _ _
s+t= Zz m—T7+1-2k )\1Z)1¢>4‘1’e)\‘1’e¢3¢2

AT \E
s+t= ZZ 7 — T — 2k Y194V W g p3eh2

Ms Ao Ag
s+t= Zl m—T17+1—-2k h1paV e W p3tha

_ , AT Ay
s+t= EZ T — T — 2k P14 WU 312

Ms Ao A
s+t= ZZ m—7—1-2k Y104V W p3th2

_ A AT Ay
s+t=>,mn—1—1-2k Y104V "W pp3tp2

M Ao NS
s+t= ZZ -7 —2k Y104V W P32

Table 4: Fermion-scalar four point function: u-channel poles.

are summarised in Table 6.

When the exchanged operator is a scalar [ = 0, we should take all structure constants

apart from A, A3 to be zero.
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Component of M.A.

Location of Poles

Residues ~

t=17—1+2k

1 1 1 2
>\¢11/13 Oy )‘me ’ )\1#11#3 Oy )\OM&W

2 1 2 2

)‘wlwsoz )\051021/14 ’ )\wliﬁsoe ’\me
3 3 3 4

My, Mz, My, Ms )‘¢1¢30/\0w2¢4 ) )‘¢1¢3Oe>\0w2¢4
t=1+2k 4 3 4 4

Abrs0 MOt + M1 300 N Opats
2 1 2 2

t=1+2k N3O Opatpa + MinthsOp N Ogpar
3 3 3 4

Mz, Mg, My )\%1113(9/\0211121114 ’ /\wlwsoﬂowm
t=7+1+2k A , ) )

Ads O NOpatps + MinhsOp N Oghais
2 1 2 2

t=1+1+2k Nbrs 0 Oatps + MinthsOp N Opthas
3 3 3 4

Ms A¢1w3oz Aowm ’ )\1111111305 )\OMJQM
t=17+242k 4 3 4 4

Abs O Omatps + MinpsOp N Oghars

Table 5: Fermion four point function: ¢-channel poles.
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Component of M.A. ‘

Location of Poles

Residues ~

1 1 1 2
/\%1/)4(9@ Aoewzsl/)z ’ /\1#11114(9@ )\021/131/12
s+t=>,.1m—17+1-2k 9 1 9 9
’ o110 A Ogatbn + Minpa0 O
3 3 3 4
M )‘wlwoe )\051/131112 ’ )\1#11,03@2 )\Oeiﬁ:&wz
s+t=>.1—1—2k 4 3 " 4
' )\¢1¢4(’)e )\(91771)31/12 ’ )\%1114(92)\(941!131#2
2 1 2 2
S+Ht=3,Ti—T+1—-2k | N0 0wsvs 0 Nna0, A0t
3 3 3 4
Mz, My )\1/111&4(92 )\Oelbswz ’ )\w1w30z)\oe¢3¢2
s+t=>.1—1—2k 4 3 4 4
' A1 Ostrs + M0 A Oy
1 1 1 2
/\wlw(’)f /\Oﬂ/ﬂaw ’ /\7#11#404 )\Oewaw
s+t=>,.1—1—2k 9 1 9 5
' )\¢1¢40z )\(92111311)2 ’ )\1#11040@ )\Oewsd)z
3 3 3 4
Mz, Ms )\1#11#40@ )\Oﬂ/):swz ’ )\1/111#3@1% )\Oz%wz
S+t:ZTZ—T—1—2k 4 3 4 4
' )\11)11/14(92 )\Ozwsw ’ )\11)11114(9@)\041/131#2
2 1 2 2
s+it= Zz Ti—T—1-2k )\w1¢402)\04¢3w2 )\¢1¢402)\Oe¢3w2
3 3 3 4
Mg, Mz /\wlwoz )\Oe¢3¢2 ’ )‘1&11113(9@)\02%1112
s+t=>,mn—17—2-2k 4 3 4 4
' )\¢1¢4(’)e )\@zwsw ’ )\¢1¢402)\Oe¢3w2
2 1 2 2
s+t=3,7mi—7—2k Ao19a0 Oppsn + Mbrpa0, AOpsy
3 3 3 4
Ms )\1/111&4(92 )\Oelbswz ) )\w1¢3@z)\oe¢3¢2
s+t=>, m—17—1-2k 4 3 4 4
' Ap1a0 N Ostr + M0 A O

Table 6: Fermion four point function: u-channel poles.
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B Appendix: Witten diagrams

B.1 Fermions in AdS

In the AdS/CFT correspondence, an operator O of the CFT is sourced by an appropriately
defined boundary value ¢g of the dual field ¢ in the QFT in AdS. In the planar limit of
the strongly interacting CF'T, the AdS partition function can be approximated by the saddle
point method, as the action evaluated at the classical bulk field ¢ that obeys the equation
of motion (e.o.m.), and the CFT correlation functions are just given by tree level Witten
diagrams. To evaluate S[¢.], the bulk field ¢ can be written as a perturbative expansion in
terms of the boundary fields. The n-point planar level correlation function can be obtained
by taking n-times functional derivatives of the boundary field [36]

~ Sloal 0 0 —S[dal]
(O(z1)...0(zp)) ~ € S0l 5¢0<$n)e ¢0:0. (B.1)

In the following discussion, we work in the Poincaré patch, which is given by

ds* = % (dzg + dZ*) = !

g U0
. = szz dz,.
0 0

However, as noted in [41-43] to analyze the AdS/CFT correspondence around the classical
solutions for spinor fields requires a careful analysis of the boundary terms of the Dirac action
Sp. To obtain consistent classical solutions for the spinor fields v or ¢ 6 from the Dirac action
a surface term Sp has to be added, which obeys the symmetries of AdS geometry amongst
other things. The requirement of adding a boundary term is necessary such that the action
is stationary on the classical path. This procedure is common for theories defined on spaces
with boundaries.

To be concrete, let us assume that the mass m > 0 of the spinor is non-negative. Study-
ing the classical solutions of 1 (z) = ¥ (z) + ¥~ (2) close at the boundary gives solutions
of the form ¢~ (z) = zogimwo_(,?) + O(zogim) and ¥(2)" = z§+m¢a“(z_’) + O(ZO%JFm), where
YT (2) and 1~ (z) are eigenfunctions of I'%: TOy*(2) = 4% (2). This shows that for positive
mass, 1), is the leading contribution if one approaches the boundary. Furthermore, demand-
ing regularity of the solutions in the bulk upto 29 — oo we obtain relations between 1),
and 1/)70+ and similarly between QZSF and 1/_16 . This establishes that the boundary data is given
only in terms of v, and war . This means that when the boundary is odd dimensional, the
boundary value of a bulk spinor is exactly a Dirac spinor of the boundary CFT, and when
the boundary is even dimensional, the boundary value is a Weyl spinor of the boundary theory.

1Now we have dropped the subscript cl for the classical fields.
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For concreteness, let us consider Yukawa theory in AdS described by the action
Sl 9, ¢] = Sp + Sak + Sint + Sk (B.2)
= [ Va5 (0= m) v+ 5 (V0 4 M262) + a0
+ /8 Pz /hep,

Me

he;ij is the induced metric on the surface 9M.. OM, is the regularized boundary of the AdS
space M, which approches the boundary for zyp = ¢ — 0 [35, 41-43]. Solving the bulk fields
in terms of the boundary fields now leads to a recursion relation for the fields

6(:) = o0 = A [ a7 /glw) Gz, w) i w)b(w)

0(2) = 90() - A [ a2 /glu)S. (e wpélw)v(e)

9(2) = 00) = X [ A uy/gwyb(w)olw)S.(z v). (B.3)
Here 6*, % and %”) denote the regularized solutions to the e.o.m in free theory. Further,

Ge(z,w) and Se(z,w) are the regularized scalar and spinorial bulk-to-bulk operators [42, 44].
Eventually one takes the limit ¢ — 0 and now the regularized free theory solutions can be

expressed in terms of the boundary values:'”

o0 = limo(2) = [ '8 K. (2, 7)o (@) (B.4)
PO = g%wg(z) = —/ddf Sas (2.8) ¥ (7) with ¥, 1 (2,7) = W\/%MKM; (2, )P~
¢®)_££%¢8@)——/1ﬁf¢§(f)iA+é(aaﬁ with 2A+;(zaﬁ—-P+Iﬁ(i;;aw)KA+;(af)

Here Ka(z,7) and X, 1 (2,7) are the scalar and fermionic bulk-to-boundary propagator,
2
respectively (see [35]). I'* are gamma matrices of the bulk.

Using the recursion relation (B.3) (and taking € — 0 at the end), the action can be writ-
ten in a perturbation series in terms of the boundary fields ¢g, 1, and @J . Now, taking
the functional derivative with respect to the corresponding boundary fields according to (B.1)
shall give the corresponding correlator (in the planar limit) in the boundary CFT.

B.2 Spinor exchange in AdS

In this section we calculate the spinor exchange diagram. Note that in this calculation the
two scalars are switched, i.e. we calculate Aﬁﬁ:

'"The conformal dimension of the scalar field satisfies A; (As — D) = M? [45] and for the spinor fields
A=m+ 2 [41, 42].
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Plugging the perturbative solution (B.3) into a generalized action (B.2) where all fields might
have a different mass we obtain

4 (e,
Spove = —QAQGH/ dZ; Vg (Z1) do (T4) A (Z1, Ta, T3, Ba) ¥y (T2) o (Ts) -
i=1Y ">

The actual diagram A (Z1, 9, T3, T4) = AV o have to calculate is given by
& Y23

ADO = / A2 /g(2)d M w9 (W) Ka, (2, 20) 4, 41 (2, 81) S (2,0) Sy 4 1 (w0, T2) Ky (w, ).

Following the discussion [35] we can effectively reduce the calculation of this diagram to
the evaluation of a four scalar diagram with scalar exchange. The first step is to use the
conformal symmetry on the boundary to translate all coordinates by Z such that the new
coordinates on the boundary are given by i; = &; — &5 for ¢ # 2. Afterwards these coordinates
|2

are inverted ¢, = ¢;/|¢i|°. Since the bulk measure is invariant under inversion and due to the

definite transformation behaviour of the propagators, the amplitude can be rewritten as

_ ﬁ* , 1
Ai;ii N \51\2A1+1\??31’2A3’§4\2A4 “Hudi+ (At g PAat Ay —d ) (71, 3. 4)B-5)

with Ay = d/2+m + 1/2 and m is the mass of the exchanged fermion. In [35] the explicit
expression for [ is given by

I (y_ilv g‘g’n gz’i) = dd+1z V g(z) dd+1w V g(w)KA4 (Zv gjl)KA1+% (Za gill)GA-;- (Z’ w)KAQ (w,7 O) KA3 (w7 g‘é)

Now we note that the AdS measure is invariant under inversion and that scalar bulk-to-
boundary propagator transform covariantly under inversion: Ka(2,#) = |Z]*2Ka (2, ).
Furthermore, the scalar bulk-to-bulk propagator only depends on the chordial distance u =
(;532 and is therefore invariant under inversion Ga(z',w') = Ga(z,w). These properties

0 0 . . .
allow us to rewrite I as a scalar exchange diagram with four external scalars:

I = |G P2 i 228 gig |22 / AT 2/g(2)d™ /g (W) Ka, (2, 1) K 5,4 1(2,51)
XGA+ (Z) w)KAQJr% (U], 0) KAs (U], 373)

= [P HRPSIT [ d GG o ) K F)K 2 80)

XGa, (2, w) KA, 1 (w,T2) Kay(w, 73).
2+35

In the last step we have translated the bulk coordinates 2 — Z'— Zs and @ — @ — F2. For this
expression the Mellin amplitude is known [3]. Further, we see that I depends explicitly only
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on the unprimed coordinates. Thus we define a new quantity I (4,7, 71) = I (y‘i' s Yo, y4)

such that we obtain

i1+100 1
_ 2A1+1| = |2A3 204
= Y3 Ya / dSl Sil ./\/l Sil) S = = -
4l 1517 5 1£I<z Ci1—ico ) T (5i) M( Z)|y13|2813\y14!2514|y34|2834
1 4 4
H5 A + = (511+521) Z Sik | - (B6)
k=1,k#i

x — 19 - 195 28924
|51 12512 | g3 223

To evaluate (B.5) we note that tensor structure is generated by the derivative and §,,. After

inverting these

i 7y
=z 7= and
s 7 (gul?
0 y4 0 4, 0 L9 L, 0
_— = o — 2 - —_—

Voo =" 57 7B o ~ Mrag
Uiy " A y4 Ya
we obtain the following three types of terms

ﬁl < ﬁl g;l > (’g4‘27# - 2ﬁ4ﬁ) ’y4|2 ﬁlél

with coefficient 2A4 — 2594,

lial? |yl
] ] . —414 . .
7, <‘g,1|2 !@'44\2 (]y4\2'y“ - 2@’4@%) Wéﬂ; = ¢, with coefficient — 2s14,
_ Yi3 . .
i (,5,1‘2 |§14|2) (|y4|27“ — 2@’4372‘) |3734T2 = ﬁﬁ}i‘?}* with coefficient — 2s34.
This gives
4 ¢51+i00 T (s 4 4
l A~
Azﬁ;ii = H / ' (d zl) |—» |2ZSZ zl oA+ 511 + 521) Z Sik
1<i<] ¥ Gl 00 i=1 k=1,k#i

1
<f12 (Al + 9 + A4+ Ay — d> + 2f14 (S04 — Ay) + 2% 42514 + 2f1|4?43|f42 34>
4

4 ci1+io0o 4
dsiy) L) 5 (61546 S

- H ) ( ) |.T |251 zl A+ 13+ 21 - Sik
1<i< / Cit—i00 ! i=1 =1 ki

) safiifutn,,) B

e

1
X (flz <A1+2+A4+A+—d—2314
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after using s14 + So4 + s34 = A4. Rearranging the delta constraints in canonical form and
using A + Ay — 2814+ Ay —d+ % =t+ 7 —d+2'8 yields finally

— 4 ci1+1ico

bos _ | Fi ' I (sig + 04102)
= —— (t+7—d+2 || / ds;)) ———e———

Y23 |71 ( ) (2iny Jeaioo (dsir) | 5| 20+0i102

4 o
T14F 1313 /C”J”OO 1 1 (

S S S dsil) 59
|Z14||Za3]| 732 (dsa) |Z 12| |Zi |5t

M(si1 + 0i1691)

2
* 2

1<i<l ¥ cit—i00

4 4
1 .
x M <3il + 5 (0i1021 + 041041 + 6203, + 51‘3541))) 1:11 o m— k%ﬁ Sik

For the definition of M(s;;) see 3.11 and 3.12.

C Appendix: Feynman diagrams

C.1 A Recursive method

The calculation of Mellin amplitudes associated to conformal integrals presented in [39] in-
volved the following steps: Each propagator (internal and external) in a given diagram was
expressed in a Schwinger parametrized manner, and then the position space integrals over
the interaction vertices were evaluated successively. Following this, we would be left with a
Schwinger parameter integral that could be simplified drastically using the conformality of
the overall integral, and the resulting integral could be evaluated exactly to give the Mellin
amplitude as a product of beta functions.

In the present case, when the position space conformal integral has fermionic legs, the simpli-
cations in the Schwinger parameter integral using the conformality condition are not as good,
consequently the final Schwinger parameter integrals are complicated. Hence we shall apply
a recursive method which allows us to reduce the calculation of any Feyman diagram to the

calculation of a series of contact interaction diagrams 9.

To illustrate the procedure, we apply the recursive method to a simple example: a four
point diagram of scalars with a scalar propagator as in Figure (6). The conformal integral
corresponding to this diagram is given by,

2 4
(A (A 1

0102 _ /'D /D ¢ ¢ C.1

¢34 " “2}_[1 27 — |25 11_13 27 — un |25 Jug — ug|?Y (C.1)

The conformality condition is Ay + Ay = Az + Ay = d — . Now we shall treat the second
interaction vertex wueo like it exsited indepedently as a contact interaction diagram with the

% Note that here the t-channel’ is given by (14)-(23).
19This technique was developed by Arnab Rudra for scalar conformal integrals while working on [39]
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/ 4
o u\
3

Figure 6: Four external scalars: Scalar exchange
“external” legs at x1, x9 and u;. This is depicted pictorially in Figure 7.

1 4

/
/, Ul Yy Uug
Az

2 3

Figure 7: Recursive method: First step

We know the Mellin Barnes representation of the contact interaction conformal integral with
scalar legs [37, 39, 40].

4 _ .
r (Al) /’Czu+100 1 /C34+zoo ~ T (Sm)
Du dS —— dg R e S
/ 2 z:HS ’-fz _ u1’2Ai ‘u1 - U2|2V (H Ciyy—100 W r (7) C34—100 ( 34) ’1'@ - Ul’zsm
S A
|;p34|gj54 H 5 — 834 — Siu) 4 ('7 — S3u — 34u) (CQ)

We shall always assume that the contours of the Mellin-Barnes integrals are chosen such
that the poles of the gamma functions are not separated and that the integrals converge
(see [39]). Now we can plug the result (C.2) back in (C.1) to obtain the second contact
interaction conformal integral that we need to evaluate. The legs are now given by (x1,uq)
with dimension Ay, (x2,u1) with dimension Ay, (23, u1) with “dimension” s3,, and (x4, u4) with
“dimension” s4,. This is represented pictorially in Figure 8. Using the 27i 0(y — $34 — S44) =

O (v — 83y — Sau) iIn (C.2), we also get the required conformality condition for this integral
A1+A2+S3u+s4u:d-
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Figure 8: Recursive method: Second step

Once again, we use the known result for the contact interaction of scalars, and plug it back
into (C.2), to obtain,

I¢1¢2 /C”+loo (Szl) /034+ioo (d, ) r (534) 1
= | I S34) —m— ——
P34 é |ﬂle|25” Caai | 2342584 T (7)

1<i<] ¥ Gl 00 347100

Ciy+100 R R
H/ (dsiu) | 0 (s3u — 813 — 523 — 534) 0 (Sau — 514 — 524 — 534)
Ciu

4
X8 (A — 812 — 513 — 514) 0 (Ag — 519 — B3 — 524) H 0 (i — 534 — 5i) 0 (7 — S3u — Sau)
i—3

The Mellin variables introduced in the second step are indicated with the tilde. Next, we
integrate out the s;, using the delta functions, rename §;; = s;; for (4,j) # (3,4) and take
S34 = 834 — S34, such that we obtain,

$169 100 T (sa) 17 ¢ :
=T o BT (8 Y
1<i<] ¥ €il—100 il 5 k=1 ki
G4-tico I (834) ' (s34 — 834) &
X d334 19 Y — K12734 — 2534 C.3
L'(v) /ag,“oo (d834) I (s34) ( ) (©3)

We have introduced the notation Kjjx = six + sy + sji + s;. Now we can integrate over s34
and simplify the result to obtain,

1o ci1t+ioco (Sil) 4 . 4
wfn/ ) ot TL0 A= Y
1<i<] / Cit—100 v i=1 k=1k#i
K d—2
B 7Y — R 347 Y (C.4)
2T (’y) 2 2
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We simplified the second argument of the beta function using the conformality condition and
the constraints imposed by the delta functions:

d:'y+A3+A4 and A; = Z Sik-

(C.4) is the familiar result obtained for the scalar propagator in Mellin space as obtained in
[37, 39].

In general for more complicated Feynman diagrams, one can carry on this procedure and
use the result for the contact interaction at each step. This would typically give a nested
Mellin-Barnes integral over beta functions. All of the technicalities in the method presented
in [39], for example making a suitable choice for the order of integration over the vertices,
still continue to hold. To summarize the differences between the two methods: we are trading
some nested Schwinger parameter integrals for some nested Mellin-Barnes integrals. Thus,
in the case of scalars, this technique does not offer any simplifications over the method pre-
sented in [39]. However for conformal integrals with legs with spin, the Schwinger parameter
integrals are particularly difficult and therefore this method is very helpful. One has to do a
set of Schwinger parameter integrals while calculating the Mellin amplitude associated with
the contact interaction diagram, but for all other Feynman diagrams there are no further
Schwinger parameter integrals to be evaluated.
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