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Summary. Computable a posteriori error bounds for a large class of non-
conforming finite element methods are provided for a model Poisson-prob-
lem in two and three space dimensions. Besides a refined residual-based
a posteriori error estimate, an averaging estimator is established and an
L2-estimate is included. The a posteriori error estimates are reliable and
efficient; the proof of reliability relies on a Helmholtz decomposition.
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1 Introduction

Nonconforming finite element methods play an important practical role in
partial differential equations when conformingmethods seem too expensive
or unstable within low order mixed methods. In this paper, we establish
tools for error control and adaptive mesh-refinement for a simple model
problem for nonconforming elements, i.e., we prove sharp a posteriori error
bounds for a class of nonconforming finite element methods for the Poisson
problem with mixed boundary conditions: Givenf ∈ L2(Ω), g ∈ L2(ΓN ),
uD ∈ H1/2(ΓD), findu ∈ H1(Ω) which satisfies

div (A∇u) + f = 0 in Ω,(1.1)

(A∇u) · n = g onΓN ,(1.2)

u = uD onΓD.(1.3)
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Here,Ω is a bounded Lipschitz domain inRd, d = 2, 3, with boundary
Γ which is split into a closed Dirichlet boundaryΓD ⊆ Γ with positive
surface measure and the remaining Neumann boundaryΓN := Γ \ΓD. The
coefficients form a pointwise symmetric uniformly positive definite(d×d)-
matrixA ∈ L∞(Ω; Rd×d

sym) so there exist0 < µ < M < ∞ such that for all
y ∈ R

d and almost allx ∈ Ω there holds

(1.4) µ|y|2 ≤ y ·A(x)y ≤ M |y|2.
In this paper we focus on a posteriori error estimates which allow error
control for a computed approximationU to the unknownu in terms of
U . We generalise the residual based estimates of [C1,DDPV] to the case of
three spacedimensions inSect. 3 andprove that edge contributions dominate
provided the given data functions are smooth, namely

‖∇T (u− U)‖2
L2(Ω) ≤ c1


 ∑

E∈EΩ∪EN

hE‖[(A∇T U) · nE ]‖2
L2(E)

+
∑

E∈EΩ∪ED

hE‖[γtE (∇T U)]‖2
L2(E)


+ h.o.t.,

where higher order terms h.o.t. depend on given data. The sums are over
edges in a triangulation ofΩ and h

1/2
E [(A∇T U) · nE ] (respectively

h
1/2
E [γtE (∇T U)]) are weighted jumps of the normal (respectively tangen-

tial) components of the elementwise gradient ofU . We suppose that the
T -piecewise divergencediv T A∇T U exists as anL2-function and that the
jumps[A∇T U ] ·nE are well defined. The reliable error estimate is efficient
in the sense that its converse estimate holds up to different higher order
terms and a different multiplicative constant.
In Sect. 4 we investigate error estimates based on averaging techniques as
in [BC,CB] and prove their reliability, i.e., estimates of the form

‖∇T (u− U)‖2
L2(Ω) ≤ c2 min

qh∈S(T ,g,uD)
‖∇T U − qh‖2

L2(Ω) + h.o.t.

The minimisation is over a space of smoother functions (than∇T U ). Note
that any choice ofq∗

h ∈ S(T , g, uD), possibly calculated from∇T U in a
post-processing step, yields reliable error control. Our proofs of the reliabil-
ity estimates also show the connection to the residual based error estimates.
The efficiency of averaging estimates will be proved up to higher order
terms depending on the smoothness of the exact solution. In Sect. 5 we
briefly establish anL2-a posteriori estimate for‖u− U‖L2(Ω).
Our reliability arguments employ a Helmholtz decomposition as in [A,C1,
DDPV]. Related adaptive mesh-refining algorithms can be found in [EEHJ,
V2,HW,W].
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2 Notation and preliminaries

The nonconforming finite elements are described by a regular triangulation
T ofΩ in the sense of Ciarlet [Ci] which is a finite partition ofΩ into closed
polyhedral domains, namely into triangles or parallelograms ifd = 2, and
in tetrahedra or parallelepipeds ifd = 3, respectively, such that two distinct
T andT ′ in T are either disjoint, orT ∩ T ′ is a complete face, a complete
edge, or a common node of bothT andT ′. ByN we denote the set of nodes
in T and byK := N \ΓD the subset of free nodes. WithT let E denote the
set of all faces (or edges), and we assume thatE ∈ E either belongs toΓD

orE∩ΓD has vanishing surfacemeasure, so there is no change of boundary
conditions within one faceE ⊆ Γ . We define a partition ofE into EΩ, ED,
andEN consisting of inner faces, those onΓD andΓN , respectively. ByhT
andhE we denote the diameter of an elementT ∈ T and an edgeE ∈ E
and introduce functionshT andhE onΩ and∪E , respectively, which satisfy
hT |T = hT andhE |E = hE ;

ωE := ∪{T ∈ T : E ⊆ ∂T}
denotes the neighbourhood ofE.
We assume that the conforming lowest order method described by

(2.1) P1(T ) :=

{
P1(T ) if T is a triangle or thetrahedron,

Q1(T ) if T is a parallelogram or parallelepiped,

is included in our scheme;P1(T )andQ1(T )denote the set of thosealgebraic
polynomials of total and partial degree≤ 1, respectively. The Lebesgue
and Sobolev spacesL2(Ω), H1(Ω), H(div , Ω) etc. are defined as usual
(e.g., as in [H,LM,GR]), with corresponding norms‖ · ‖L2(Ω), ‖ · ‖H1(Ω),
‖ · ‖H(div ,Ω) etc., we setH1

D(Ω) = {v ∈ H1(Ω) : v|ΓD
= 0}. The class

of nonconforming finite elements under consideration is defined by a finite
dimensional spaceS ⊆ H1(T ),H�(T ) = H�(∪T∈T intT ), which satisfies

(2.2) SD ⊆ S ⊆ H2(T ),

where

SD := {vh ∈ C(Ω) : vh = 0 onΓD and∀T ∈ T , vh|T ∈ P1(T )}.
Then, the discrete solutionU ∈ H2(T ) satisfies, for allV ∈ S,

(2.3)
∫
Ω
∇T V ·A∇T U dx =

∫
Ω
fV dx +

∫
ΓN

gV ds.

Here∇T U(x) denotes∇U |T for x ∈ T in T , which may be different from
the distributional gradient∇U ∈ D′(Ω). Similarly, div T denotes theT -
elementwise action of the divergence operator. The conditions imposed on
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U are Dirichlet conditions
∫
E(U − uD) ds = 0 for all E ∈ ED and weak

continuity conditions
∫
E [U ] ds = 0 for all E ∈ EΩ; [U ] denotes the jump

of U acrossE.

Remark 2.1Via integration by parts we infer from (1.1)–(1.3) and (2.3) for
vh ∈ SD, that

(2.4)
∫
Ω
∇vh ·A∇T U dx =

∫
Ω
∇vh ·A∇u dx.

This leads to the Galerkin orthogonality, i.e., for allvh ∈ SD we have

(2.5)
∫
Ω
∇vh ·A(∇u−∇T U) dx = 0.

Example 2.1TheCrouzeix-Raviart elements are described byS as follows.
S consists of all elementwise affine functionsV which are continuous in all
midpointszE of facesE ∈ EΩ andV (zE) = 0 if E ∈ ED. Moreover, the
approximate solutionU of (2.3) is defined analogously except thatU(zE) =∫
E uD ds/|E| of a faceE ∈ ED with length or area|E|.
Example 2.2For parallelograms we refer to the rotated bilinear element by
Rannacher and Turek [RT] which isnot included in our analysis as then, in
general,SD �⊆ S.
Example 2.3It is stressed thatSD is a conforming test function spacewhich
is included in the nonconforming finite element spaces for triangles or tetra-
hedra. For parallelograms or parallelepipeds, (2.2) means that the polyno-
mial degrees are at least of second order to include the conformingQ1-finite
elements as suggested in [KS].

We considerd = 2, 3 simultaneously and letk := 1 if d = 2 andk := 3 if
d = 3. TheCurl of a functionψ ∈ H1(Ω)k is defined by

Curlψ := Q∇ψ if d = 2 and Curlψ := ∇× ψ if d = 3,

whereQ is such thatQ(a1, a2) = (−a2, a1) for any (a1, a2) ∈ R
2 and

v × w denotes the usual vector product of two vectorsv, w ∈ R
3. Given a

unit normalnE we define the tangential component of a vectorv ∈ R
d with

respect tonE by

(2.6) γtE (v) :=
{
v ·QnE if d = 2,
v × nE if d = 3.

Note that we have, ford = 2, 3,φ ∈ H1(T ),ψ ∈ H1(T )k, by an integration
by parts∑
E⊂∂T

∫
E
φ Curlψ · nds=

∫
T
∇φ · Curlψ dx=

∑
E⊂∂T

∫
E
ψ · γtE (∇φ) ds.
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Let Γ0, ..., Γp denote the connectivity components ofΓ . The subsequent
characterisation of divergence free vector fields is a refined version of The-
orem 3.5 in [GR] for Lipschitz boundaries.

Theorem 2.1 A functionv ∈ L2(Ω)d satisfies

div v = 0 and
∫
Γj

v · nds = 0 for all j = 0, ..., p

if and only if there exists a stream functionφ ∈ H1(Ω)k such thatv =
Curlφ. Moreover, in this caseφ can be chosen such that

‖∇φ‖L2(Ω) ≤ c3‖v‖L2(Ω)

with a constantc3 > 0 that only depends onΩ.

Proof. In this proof and at similar occasions,� abbreviates an inequality
≤ up to a constant(hT , hE)-independent factor. Also,‖ · ‖p,K abbreviates
‖ · ‖Lp(K) and‖ · ‖2 := ‖ · ‖2,Ω.
We refer to [GR] for the proof of the if-and-only-if part of the theorem and
focus on the estimate‖∇φ‖2 � ‖v‖2 for d = 3 (the estimate is obvious for
d = 2 since then‖v‖2 = ‖Curlφ‖2 = ‖Q∇φ‖2 = ‖∇φ‖2). The function
φ is constructed as follows. LetB be a large ball containingΩ and letθ be
the solution to

∆θ = 0 in B \Ω, ∂θ/∂n = v · n onΓj , j = 0, ..., p,
∂θ/∂n = 0 on∂B.

The compatibility condition
∫
Γj

v · nds = 0, j = 0, ..., p, ensures the
existence of a solution which is unique up to an additive constant on each
connectivity component ofB\Ω.We choose this constant inθ ∈ H1(B\Ω)
such thatθ has vanishing integral mean on each component. Thenwe extend
v toR

3 by

ṽ = v in Ω, ṽ = ∇θ in B \Ω, ṽ = 0 in R
3 \B.

The functioñv ∈ H(div ; R3) satisfiesdiv ṽ = 0 and has compact support.
To estimate‖ṽ‖2

H(div ;R3) = ‖ṽ‖2
2,R3 = ‖v‖2

2 + ‖∇θ‖2
2,B\Ω, we perform an

integration by parts and use∆θ = 0 in B \Ω and∇θ · n = 0 on∂B. This
leads to

‖∇θ‖2
2,B\Ω =

∫
∂(B\Ω)

(∇θ · n)θ ds

=
∫
∂(R3\Ω)

(∇θ · n)θ ds ≤ ‖∇θ · n‖H−1/2(∂(R3\Ω))‖θ‖H1/2(∂(R3\Ω)).
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The existence of a bounded extension operatorH1(B \Ω) → H1(R3 \Ω)
and a Poincaré inequality show

‖θ‖H1/2(∂(R3\Ω))

= inf
w∈H1(R3\Ω)

w|Γ =θ

‖w‖H1(R3\Ω) � ‖θ‖H1(B\Ω) � ‖∇θ‖2,B\Ω.

Since the norms of∇θ ·n andv ·n inH−1/2(Γ ) are equivalent (though de-
fined fromdifferent sidesofΓ ), thecontinuity of themappingH(div ;Ω) →
H−1/2(Γ ), v �→ v · n, yields

‖∇θ · n‖H−1/2(∂(R3\Ω)) � ‖v · n‖H−1/2(Γ ) � ‖v‖H(div ;Ω) = ‖v‖2.

The last three estimates show‖∇θ‖2,B\Ω � ‖v‖2 which implies‖ṽ‖2,R3 �
‖v‖2. The functioñv satisfies the conditions of Theorem 3.4 in [GR] on the
smooth domainB, namely

div ṽ = 0 in B and
∫
∂B

ṽ · nds = 0.

Hence, there existsφ ∈ H1(Ω)3 with Curlφ = ṽ anddiv φ = 0 in B. By
Theorem 3.5 in [GR],φ can be chosen such that

φ · n = 0 on∂B

and solves−∆φ = Curl ṽ in B and∂φ/∂s = ṽ · n = 0 on ∂B. We then
have

‖∇φ‖2
2,B ≤ ‖ṽ‖2,B‖Curlφ‖2,B � ‖v‖2‖∇φ‖2,B. ��

Lemma 2.1 Assume thatΓD ⊆ Γ0. Then, there existα ∈ H1(Ω) and
β ∈ H1(Ω)k such that

(2.7) A∇T U = A∇α− Curlβ.

The functionsα andβ can be chosen such that

(2.8) α|ΓD
= uD onΓD and Curlβ · n = 0 onΓN .

Proof. Chooseα ∈ H1(Ω) such thatα|ΓD
= uD and, for allv ∈ H1

D(Ω),
we have

(2.9)
∫
Ω
A(∇α−∇T U) · ∇v dx = 0.
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Then,A(∇α − ∇T U) is divergence-free, and by (2.9) we have, for all
v ∈ H1

D(Ω), ∫
ΓN

A(∇α−∇T U) · n v ds = 0,

which impliesA(∇α−∇T U) ·n = 0 onΓ1∪ ...∪Γp. Moreover, we deduce
from integration by parts∫

Γ0

A(∇α−∇T U) · nds =
∫
∂Ω

A(∇α−∇T U) · nds = 0.

According to Theorem 2.1 we can findβ ∈ H1(Ω)k such thatA(∇α −
∇T U) = Curlβ. ��
The followingapproximationoperator isonekey ingredient for the reliability
proofs. For eachz ∈ K the setΩz is a (possibly enlarged) patch (i.e., union
of neighbouring elements) of diameterhz which satisfieshz ≤ c4hT if
T ⊆ Ωz with an (hT , hE)-independent constantc4 > 0. We refer to [C2,
CB] for definitions and proofs.

Theorem 2.2 ([C2,CB])There exists a linearmappingJ : H1
D(Ω) → SD

which satisfies

‖∇Jϕ‖L2(Ω) + ‖h−1
T (ϕ− Jϕ)‖L2(Ω)

+ ‖h−1/2
E (ϕ− Jϕ)‖L2(∪E) ≤ c5 ‖∇ϕ‖L2(Ω)(2.10)

for all ϕ ∈ H1
D(Ω). Moreover, for allf ∈ L2(Ω), we have

(2.11)∫
Ω
f(ϕ− Jϕ) dx ≤ c6 ‖∇ϕ‖L2(Ω)

(∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
L2(Ωz)

)1/2
.

The(hT , hE)-independent constantsc5, c6 > 0 depend on the shape of the
elements only. ��
Definition 2.1 For E ∈ EΩ andT1, T2 ∈ T such thatE = T1 ∩ T2 let nE

be the unit vector perpendicular toE pointing fromT1 to T2 and define

[A∇T U · nE ] := (A∇U |T2 −A∇U |T1) · nE .

For E ∈ EN and T ∈ T with E ⊂ ∂T and the outer unit normaln to
E ∩ ΓN let

[A∇T U · nE ] := g −A∇U |T · n.
Weassume thatuD ∈ H1(ΓD)∩C(ΓD)anduD|E ∈ H2(E) for allE ∈ ED
and denote byuh,D the nodalED-piecewise bilinear interpolant ofuD on
ΓD which satisfiesuh,D(z) = uD(z) for all z ∈ N ∩ ΓD.
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Definition 2.2 For E ∈ EΩ withE = T1 ∩ T2, T1, T2 ∈ T , define

[γtE (∇T U)] := γtE (∇U |T2) − γtE (∇U |T1) and

[U ] := (U |T2 − U |T1)|E onE,

whereγtE is defined in(2.6) throughnE which points fromT1 to T2. For
E ∈ ED andT ∈ T withE ⊂ ∂T we set

[γtE (∇T U)] := ∂uD/∂s− γtE (∇U |T ) and

[U ] := uD − U |E ,

Here,∂uD/∂sdenotes the surfacegradient ofuD alongE andγtE is defined
in (2.6)via the outer unit normalnE = n onE ∩ ΓD.

3 A residual-based reliable a posteriori error estimate

Theerroru−U ∈ H1(T )of the approximate solutionU will bemeasured in
the discreteH1-semi-norm‖∇T (u− U)‖L2(Ω) by employing a Helmholtz
decomposition ofA∇T U ∈ L2(Ω)d. The proof of reliability in Theorem
3.1 will follow the proof of efficiency in Theorem 3.2.

Theorem 3.1 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively. SupposeΓD ⊆ Γ0 and that

∫
E [U ] ds = 0 for all E ∈

EΩ ∪ ED. Then, there exists an(hT , hE)-independent constantc1 > 0 such
that

‖∇T (u− U)‖2
L2(Ω) ≤ c1

(∑
z∈K

h2
z min
fz∈R

‖f + div TA∇T U − fz‖2
L2(Ωz)

+
∑

E∈EΩ∪EN

hE‖[(A∇T U) · nE ]‖2
L2(E)

+
∑

E∈EΩ∪ED

hE‖[γtE (∇T U)]‖2
L2(E) + ‖h3/2

E ∂2
EuD/∂s2‖2

L2(ΓD)

)
.

Remark 3.1The term that includesuD is of higher order for the lowest order
schemes.

Remark 3.2If div T A∇T U ≡ 0 andf ∈ H1(Ω) we can choosefz as
the integral mean off overΩz to verify minfz∈R ‖f + div T A∇T U −
fz‖L2(Ωz) ≤ c7hz‖∇f‖L2(Ωz) which leads to a higher order term.

The reliability estimate of Theorem 3.1 is sharp according to the converse,
efficiency, inequality.
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Theorem 3.2 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively. Then, thereexists an(hT , hE)-independent constantc8 >
0 such that, for allT ∈ T andTT := {T ′ ∈ T : T ′ ∩ T ∈ EΩ} ∪ {T},

h2
T ‖f + div A∇U‖2

L2(T ) +
∑

E∈EΩ∪EN ,
E⊂∂T

hE‖[A∇T U · nE ]‖2
L2(E)

+
∑

E∈EΩ∪ED,
E⊂∂T

hE‖[γtE (∇T U)]‖2
L2(E)

≤ c8

( ∑
T ′∈TT

(‖∇u−∇T U‖2
L2(T ′) + h2

T ′ inf
fT ′∈P1(T ′)

‖f − fT ′‖2
L2(T ′)

)

+‖h3/2
E ∂2

EuD/∂s2‖2
L2(∂T∩ΓD) + ‖h3/2

E ∂Eg/∂s‖2
L2(∂T∩ΓN )

)
.

Proof. Estimates regarding the volume terms and the jumps of the normal
components of∇T U can be proved as in the conforming situation [V1,V2].
Concerning the jumps of the tangential derivatives ofU alongE ∈ EΩ,
we letbE be the bubble function onωE vanishing on∂ωE and normed by
maxωE bE = 1. Using the extension operatorP : C(E) → C(ωE) of [V1]
we find

(3.1) 0 =
∫
ωE

Curl(bEP ([γtE (∇T U)])) · ∇u dx.

Integrating by parts, we obtain (using equivalence of‖·‖2,E and‖b1/2E ·‖2,E
on [γtE (S)]|E and applyingP to each component of[γtE (∇T U)])

‖[γtE (∇T U)]‖2
2,E � ‖b1/2E [γtE (∇T U)]‖2

2,E

=
∫
ωE

Curl(bEP ([γtE (∇T U)])) · ∇T U dx

=
∫
ωE

Curl(bEP ([γtE (∇T U)])) · ∇T (U − u) dx

≤ ‖Curl(bEP ([γtE (∇T U)]))‖2,ωE‖∇T (u− U)‖2,ωE .(3.2)

An inverse estimate,|bE | ≤ 1, and the properties ofP show

‖Curl(bEP ([γtE (∇T U)]))‖2,ωE � h−1
E ‖bEP ([γtE (∇T U)])‖2,ωE

� h
−1/2
E ‖[γtE (∇T U)]‖2,E

so that

(3.3) h
1/2
E ‖[γtE (∇T U)]‖2,E � ‖∇T (u− U)‖2,ωE .

ForE ∈ ED andωE = T we insert∂uh,D/∂s, perform an integration by
parts onT , utilise an interpolation estimate [BS], and argue as above to
verify the equivalent of (3.3). ��
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The remaining part of this section is devoted to the proof of Theorem 3.1
which is split with Lemma 2.1 into several terms and corresponding esti-
mates.Asan immediate consequence (whichuses the fact thatA1/2∇(u−α)
isL2-orthogonal toCurlβ) of Lemma 2.1 we have

‖A1/2∇T (u− U)‖2
L2(Ω) = ‖A1/2∇(u− α)‖2

L2(Ω)

+‖A−1/2 Curlβ‖2
L2(Ω)

=
∫
Ω
∇T (u− U) ·A∇(u− α) dx

+
∫
Ω
∇T (u− U) · Curlβ dx.(3.4)

Lemma 3.1 There exists an(hT , hE)-independent constantc9 > 0 such
that ∫

Ω
∇T (u− U) ·A∇(u− α) dx

≤ c9

(∑
z∈K

h2
z min
fz∈R

‖f + div TA∇T U − fz‖2
L2(Ωz)

+
∑

E∈EΩ∪EN

hE‖[(A∇T U) · nE ]‖2
L2(E)

)1/2‖∇(u− α)‖L2(Ω).

Proof. Let w := u − α ∈ H1
D(Ω). Galerkin’s orthogonality (2.5) and an

elementwise integration by parts yield∫
Ω
∇T (u− U) ·A∇w dx =

∫
Ω
∇T (u− U) ·A∇(w − Jw) dx

=
∑
T∈T

∫
T
(f + div A∇U)(w − Jw) dx

+
∑

E∈EΩ∪EN

∫
E
[A∇T U · nE ](w − Jw) dx

�
(∑
z∈K

h2
z min
fz∈R

‖f + div TA∇T U − fz‖2
2,Ωz

)1/2‖∇w‖2

+
( ∑
E∈EΩ∪EN

hE‖[A∇T U · nE ]‖2
2,E

)1/2‖∇w‖2.

A (discrete) Cauchy inequality proves the assertion. ��
Lemma 3.2 There existsB ∈ C(Ω)k such thatB|T ∈ P1(T )k for all
T ∈ T and, for eachE ∈ E ,

‖β −B‖L2(E) ≤ c10h
1/2
E ‖∇β‖L2(ωE) and

‖∇B‖L2(Ω) ≤ c11‖∇β‖L2(Ω)(3.5)
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with (hT , hE)-independent constantsc10, c11 > 0.

Proof. Apply the operatorJ of Theorem 2.2 (withΓD = ∅) to each com-
ponent ofβ. ��
The non-conformity error in (3.4) will be estimated twice. A first result for
the estimation of the second term in (3.4) involves an auxiliary functionv.
This is the straightforward generalisation of the two-dimensional result [C1,
DDPV].

Lemma 3.3 Suppose
∫
E [U ] ds = 0 for allE ∈ EΩ∪ED and thatT consists

of triangles or tetrahedra only. Then, there exists an(hT , hE)-independent
constantc12 > 0 such that, for allv ∈ H1(Ω) which satisfyv = uD onΓD

and
∫
E(v − U) ds = 0 for all E ∈ EN ,∫

Ω
∇T (u− U) · Curlβ dx ≤ c12

( ∑
E∈EΩ

hE‖[γtE (∇T (v − U))]‖2
L2(E)

+
∑
E∈ED

hE‖[γtE (∇T U)]‖2
L2(E)

+
∑
E∈EN

hE‖γtE (∇T (v − U))‖2
L2(E)

)1/2‖A1/2∇T (u− U)‖L2(Ω).

Proof. With B from Lemma 3.2, we have, sinceCurlB ∈ H(div ;Ω) and
CurlB|T is constant, that[CurlB ·nE ] = 0 across all interior edges. Using∫
E [v−U ] CurlB ·nE ds = 0 forE ∈ EΩ and

∫
E(v−U) CurlB ·nE ds = 0

forE ∈ EN∪ED,we infer
∫
Ω ∇T (v−U)·CurlB dx = 0.UsingCurlβ·n =

0 onΓN , we also have
∫
Ω ∇(v − u) ·Curlβ dx = 0. Employing these two

observations and Lemma 3.2 we find∫
Ω
∇T (u− U) · Curlβ dx =

∫
Ω
∇T (v − U) · Curlβ dx

=
∫
Ω
∇T (v − U) · Curl(β −B) dx

=
∑
E∈EΩ

∫
E
[γtE (∇T (v − U))](β −B) ds

+
∑

E∈EN∪ED

∫
E
γtE (∇T (v − U))(β −B) ds

�
( ∑
E∈EΩ

hE‖[γtE (∇T (v − U))]‖2
2,E +

∑
E∈ED

hE‖[γtE (∇T U)]‖2
2,E

+
∑
E∈EN

hE‖γtE (∇T (v − U))‖2
2,E

)1/2‖∇β‖2.
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The estimate‖∇β‖2 � ‖A∇T (U −α)‖2 � ‖A1/2∇T (u−U)‖2 concludes
the proof. ��
Remark 3.3In two space dimensions,β is constant on each component
of ΓN (since0 = Curlβ · n = ∂β/∂t is the tangential derivative ofβ).
Then,‖[γtE (∇T (v − U))]‖L2(E) can be replaced by‖[γtE (∇T U)]‖L2(E)
forE ∈ EΩ and‖γtE (∇T (v−U))‖L2(E) can be neglected forE ∈ EN [C1,
DDPV].

We do not discuss the construction of a good functionv in Lemma 3.3.
Instead, we focus on a second estimation which avoidsv but whose proof
is rather more complicated.

Lemma 3.4 Assume that
∫
E [U ] ds = 0 for all E ∈ EΩ ∪ ED. Then, there

exists an(hT , hE)-independent positive constantc13 such that∫
Ω
∇T (u− U) · Curlβ dx

≤ c13

( ∑
E∈EΩ∪ED

hE‖[γtE (∇T U)]‖2
L2(E) + ‖h3/2

E ∂2
EuD/∂s2‖2

L2(ΓD)

)1/2

×‖Curlβ‖L2(Ω).

Proof. Recalling that
∫
Ω Curlβ · ∇v dx = 0 for v ∈ H1

D(Ω), we have for
vh ∈ H1(Ω),∫

Ω
∇T (u− U) · Curlβ dx =

∫
Ω
∇(u− vh − v) · Curlβ dx

+
∫
Ω
∇T (vh − U) · Curlβ dx

≤ ‖∇(u− vh − v)‖2‖Curlβ‖2 + ‖∇T (vh − U)‖2‖Curlβ‖2.(3.6)

Let (ϕz : z ∈ N ) be the nodal basis of the lowest order finite element
space associated toT , i.e.,ϕz ∈ C(Ω), ϕz|T ∈ P1(T ) for all T ∈ T ,
ϕz(x) = 0 for x ∈ N \ {z}, andϕz(z) = 1. Setωz := int(suppϕz) and,
for z ∈ N ∩ ΓD, lethz := diam(ωz). For eachz ∈ N define

S(z, uD) := {vz ∈ C(ωz) : vz|ωz ∈ S|ωz andvz = uh,D onΓD ∩ ∂ωz}.
We then have, forvh ∈ S̃,

S̃ := {
∑
z∈N

ϕzvz : ∀z ∈ N , vz ∈ S(z, uD)} ⊂ H1(Ω),

that

inf
v∈H1

D(Ω)
‖∇(u− vh − v)‖2

2 = inf
w∈H1(Ω)

w|ΓD
=uD−uh,D

‖∇w‖2
2 � ‖h3/2

E ∂2
EuD/∂s2‖2

2,ΓD
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(cf. [BC] for details in three dimensions) and, by an elementwise inverse
estimate,

(3.7) min
vh∈S̃

‖∇T (vh − U)‖2 � min
vh∈S̃

‖h−1
T (vh − U)‖2.

(The constant in (3.7) depends on the polynomial degrees of functions in
S̃.) The minimiserwh =

∑
z∈N wzϕz ∈ S̃ of the right-hand side in (3.7)

obeys the orthogonal relation

(3.8)
∫
Ω
h−2

T (wh − U)ϕzvz dx = 0

for all z ∈ N andvz ∈ S(z, uD). Using (3.8) and noting that
∑

z∈N ϕz = 1
we have, forvz ∈ S(z, uD),

‖h−1
T (wh − U)‖2

2 =
∑
z∈N

∫
Ω
h−2

T (wh − U)ϕz(wz − U) dx

=
∑
z∈N

∫
Ω
h−2

T (wh − U)ϕz(vz − U) dx

� ‖h−1
T (wh − U)‖2

(∑
z∈N

h−2
z ‖ϕ1/2

z (vz − U)‖2
2,ωz

)1/2
.(3.9)

Similar toS(z, uD) we set, forE ∈ EΩ ∪ ED, TE := {T ∈ T : E ⊆ ∂T}
and

S(E, uD) := {vE ∈ C(ωE) : ∀T ∈ TE , vE |T ∈ S|T and

vE = uh,D onΓD ∩ E}.
For a fixedz ∈ N we consider the semi-norms on a finite dimensional
subspace ofL2(ω̂z), ω̂z := ∪E⊆ωzωE ,

‖|V |‖1,z := min
vz∈S(z,uD)

h−1
z ‖ϕ1/2

z (V − vz)‖2,ωz ,

‖|V |‖2
2,z :=

∑
E∈EΩ∪ED,E⊆ωz

h−2
E min

vE∈S(E,uD)
‖V − vE‖2

2,ωE
.

We claim‖|V |‖1,z � ‖|V |‖2,z. Indeed, if‖|V |‖2,z = 0 we have for each
E ∈ EΩ ∪ ED with E ⊆ ωz thatV = vE on the open setωE for some
vE ∈ S(E, uD). The set of all suchωE is a cover ofωz and there is a
sequenceE1, ..., Em of inner edges such thatωEj ∩ ωEj+1 �= ∅, so we
deduceV ∈ S(z, uD) and thus‖|V |‖1,z = 0. A compactness and a scaling
argument (in the sense of equivalence of semi-norms) show

(3.10) ‖| · |‖1,z � ‖| · |‖2,z onS|ω̂z .
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Combining (3.7)-(3.10) we find

min
vh∈S̃

‖∇T (vh − U)‖2
2 �

∑
z∈K

‖|U |‖2
1,z �

∑
z∈K

‖|U |‖2
2,z

�
∑

E∈EΩ∪ED

h−2
E min

vE∈S(E,uD)
‖U − vE‖2

2,ωE
.(3.11)

Since‖[U ]‖2,E = 0 means thatU is continuous acrossE if E ∈ EΩ it
implies U |ωE ∈ S(E, uD). If U |E = uh,D for E ∈ ED we also have
U |ωE ∈ S(E, uD). A scaling and a compactness argument thus show, for
all E ∈ EΩ ∪ ED,

(3.12) min
vE∈S(E,uD)

‖U − vE‖2,ωE �
{

h
1/2
E ‖[U ]‖2,E if E ∈ EΩ,

h
1/2
E ‖U − uh,D‖2,E if E ∈ ED.

An interpolation estimate [BS] onE ∈ ED shows‖U − uh,D‖2,E �
‖[U ]‖2,E + h2

E‖∂2uD/∂s2‖2,E . Since
∫
E [U ] ds = 0 an edgewise Poincaré

inequality yields‖[U ]‖2,E � hE‖[γtE (∇T U)]‖2,E . Hence,

min
vE∈S(E,uD)

h−1
E ‖U − vE‖2,ωE � h

1/2
E ‖[γtE (∇T U)]‖2,E

+h
3/2
E ‖∂2uD/∂s2‖2,E∩ΓD

.

Using this in (3.11) and the resulting estimate in (3.6) we eventually verify
the assertion of the lemma. ��
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Proof of Theorem 3.1.The combination of Lemma 3.1 and 3.4, (3.4), and
the definitions

η2
1 :=

∑
z∈K

h2
z min
fz∈R

‖f + div T A∇T U − fz‖2
2,Ωz

+
∑

E∈EΩ∪EN

hE‖[(A∇T U) · nE ]‖2
2,E ,

η2
2 :=

∑
E∈EΩ∪ED

hE‖[γtE (∇T U)]‖2
2,E

+‖h3/2
E ∂2

EuD/∂s2‖2
2,ΓD

, yields

‖∇T (u− U)‖2
2 � ‖A1/2∇T (u− U)‖2

2

=
∫
Ω
∇T (u− U) ·A∇(u− α) dx

+
∫
Ω
∇T (u− U) · Curlβ dx

� η1‖∇(u− α)‖2 + η2‖Curlβ‖2

≤ (η2
1 + η2

2)
1/2(‖∇(u− α)‖2

2 + ‖Curlβ‖2
2)

1/2

� (η2
1 + η2

2)
1/2(‖A1/2∇(u− α)‖2

2

+‖A−1/2 Curlβ‖2
2)

1/2

= (η2
1 + η2

2)
1/2‖A1/2∇T (u− U)‖2

� (η2
1 + η2

2)
1/2‖∇T (u− U)‖2. ��

Remark 3.4An alternative proof of Theorem 3.1 under more restrictive
conditions ifd = 3 follows with Lemma 3.3.

4 Reliable averaging a posteriori error estimates

In this section we provemodifications of Lemma 3.1 and 3.4 and then derive
a posteriori error estimates based on averaging techniques for lowest order
nonconforming finite elements, i.e., for the Crouzeix-Raviart element. For
higher order methods we refer to the ideas of [BC].
We suppose that to each nodez ∈ N ∩ ΓN at mostd distinct outer unit
normals can be associated. Moreover, ifg|E ∈ H1(E) for all E ∈ EN and
if for each nodez ∈ N ∩ ΓN where the outer unit normaln is continuous
g is continuous then

S(T , g) := {qh ∈ C(Ω)d : ∀T ∈ T , qh|T ∈ P1(T )d and

∀z ∈ N ∩ ΓN ,∀E ∈ EN , z ∈ E,Aqh · n|E(z) = g|E(z)}
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is non-void and well-defined. By the assumptions onuD we may define

S(T , uD) := {vh ∈ C(Ω) : ∀T ∈ T , vh|T ∈ P1(T ) and
∀z ∈ N ∩ ΓD, vh(z) = uD(z)}.

Theorem 4.1 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively, and supposeΓD ⊆ Γ0 anddiv TA∇T U ≡ 0. Then, there
exists an(hT , hE)-independent positive constantc14 such that

‖∇T (u− U)‖2
L2(Ω) ≤ c14

(
min

vh∈S(T ,uD)
‖h−1

T (U − vh)‖2
L2(Ω)

+ min
qh∈S(T ,g)

‖∇T U − qh‖2
L2(Ω)

+‖h3/2
E ∂2

EuD/∂s2‖2
L2(ΓD) + ‖h3/2

E ∂Eg/∂s‖2
L2(ΓN )

+
∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
L2(Ωz)

)
.

Remark 4.1The terms includinguD andg are of higher order for the lowest
order schemes.

Remark 4.2If f ∈ H1(Ω) we can choosefz as the integral mean off over
Ωz to verifyminfz∈R ‖f − fz‖L2(Ωz) ≤ c7hz‖∇f‖L2(Ωz) which leads to a
higher order term.

Remark 4.3The above assumptions onΓN and g appear restrictive but
can be weakened: IfS ′(T , g) := {qh ∈ C(Ω)d : ∀T ∈ T , qh|T ∈
P1(T )d and∀E ∈ EN ,

∫
E(Aqh · n − g) ds = 0} andg|E ∈ H1(E) for

all E ∈ EN then the estimate of Theorem 4.1 reads

‖∇T (u− U)‖2
L2(Ω) ≤ c15

(
min

vh∈S(T ,uD)
‖h−1

T (U − vh)‖2
L2(Ω)

+‖h3/2
E ∂2

EuD/∂s2‖2
L2(ΓD)

+ min
qh∈S′(T ,g)

(‖∇T U − qh‖2
L2(Ω)

+‖h3/2
E ∂E(g −Aqh · n)/∂s‖2

L2(ΓN )

)
+

∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
L2(Ωz)

)
.

Two efficiency estimates are presented in the next theorem. In the first, the
multiplicative constant is1 while higher order terms depend on regularity
of the exact solution. In the second, higher order terms are given with the
smoothness of the data while the multiplicative constantc16 is unknown.
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Theorem 4.2 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively. Then, there holds

min
vh∈S(T ,uD)

‖h−1
T (U − vh)‖L2(Ω)

+ min
qh∈S(T ,g)

‖∇T U − qh‖L2(Ω) ≤ ‖h−1
T (u− U)‖L2(Ω)

+‖∇T (u− U)‖L2(Ω) + min
vh∈S(T ,uD)

‖h−1
T (u− vh)‖L2(Ω)

+ min
qh∈S(T ,g)

‖∇u− qh‖L2(Ω).

Moreover, there exists a constantc16 > 0 such that

min
vh∈S(T ,uD)

‖h−1
T (U − vh)‖L2(Ω)

+ min
qh∈S(T ,g)

‖∇T U − qh‖L2(Ω) ≤ c16

(
‖∇u−∇T U‖L2(Ω)

+
( ∑
T∈TT

h2
T inf

fT ∈P1(T )
‖f − fT ‖2

L2(T )

)1/2

+‖h3/2
E ∂2

EuD/∂s2‖L2(ΓD) + ‖h3/2
E ∂Eg/∂s‖L2(ΓN )

)
.

Proof. The first estimate follows from two applications of the triangle in-
equality. Using that global averaging is equivalent to local averaging [CB]
and that local averaging is equivalent to weighted jumps of∇T U the second
estimate follows with Theorem 3.2. ��

The proof of Theorem 4.1 is based on the following two lemmas.

Lemma 4.1 Assume thatdiv TA∇T U ≡ 0. Then, there exists an(hT , hE)-
independent positive constantc17 such that

∫
Ω
∇T (u− U) ·A∇(u− α) dx

≤ c17

(
min

qh∈S(T ,g)
‖∇T U − qh‖2

L2(Ω) + ‖h3/2
E ∂Eg/∂s‖2

L2(ΓN )

+
∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
L2(Ωz)

)1/2‖∇(u− α)‖L2(Ω).

Proof. Letw := u− α ∈ H1
D(Ω). We obtain with Galerkin orthogonality

(2.5), Cauchy’s inequality, the properties ofJ , and an elementwise inverse
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estimate after insertingdiv TA∇T U , for arbitraryqh ∈ S(T , g),∫
Ω
∇T (u− U) ·A∇w dx

=
∫
Ω

(∇u− qh) ·A∇(w − Jw)dx +
∫
Ω

(qh −∇T U) ·A∇(w − Jw)dx

�
((∑

z∈K
h2
z min
fz∈R

‖f + div Aqh − fz‖2
2,Ωz

)1/2 + ‖∇T U − qh‖2

+‖h1/2
E (g −Aqh · n)‖2,ΓN

)
‖∇w‖2

�
(∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
2,Ωz

+ ‖∇T U − qh‖2
2

+‖h1/2
E (g −Aqh · n)‖2

2,ΓN

)
‖∇w‖2.

It follows from an edgewise interpolation estimate (see, e.g., [BS]) that

‖h1/2
E (g −Aqh · n)‖2,ΓN

�
( ∑
E∈EN

h3
E‖∂g/∂s‖2

2,E
)1/2

=: ‖h3/2
E ∂Eg/∂s‖2,ΓN

. ��

Lemma 4.2 There exists an(hT , hE)-independent positive constantc18
such that ∫

Ω
∇T (u− U) · Curlβ dx

≤ c18

(
min

vh∈S(T ,uD)
‖h−1

T (vh − U)‖2
L2(Ω)

+‖h3/2
E ∂2

EuD/∂s2‖2
L2(ΓD)

)1/2‖Curlβ‖L2(Ω).

Proof. As in (3.6) we have forvh ∈ H1(Ω)∫
Ω
∇T (u− U) · Curlβ dx

� inf
v∈H1

D(Ω)
‖∇(u− vh − v)‖2‖Curlβ‖2

+‖∇T (vh − U)‖2‖Curlβ‖2.

Eachvh ∈ S(T , uD) interpolatesuD in nodesonΓD (so thatwecanestimate
the infimumas in the proof of Lemma3.4). An elementwise inverse estimate
proves the lemma. ��
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Proof of Theorem 4.1.Using Lemma 4.1 and 4.2 and (3.4) for

η2
1 := min

qh∈S(T ,g)
‖∇T U − qh‖2

2 + ‖h3/2
E ∂Eg/∂s‖2

2,ΓN

+
∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
2,Ωz

,

η2
2 := min

vh∈S(T ,uD)
‖h−1

T (U − vh)‖2
2 + ‖h3/2

E ∂2
EuD/∂s2‖2

2,ΓD
,

we proceed as in the proof of Theorem 3.1. ��
We now show that the second term in the right-hand side of the inequality
in Theorem 4.1 dominates the first one ifS(T , g) is modified appropriately,∫
E [U ] ds = 0 is satisfied for allE ∈ EΩ ∪ ED, and some conditions onΓ ,

uD, andg are satisfied.
Assume thatg|E ∈ H1(E) for all E ∈ EN and that, for each nodez ∈
N ∩ ΓN where the outer unit normaln is continuousg is continuous. We
also suppose thatuD ∈ H1(ΓD) ∩ C(ΓD), ∂uD|E/∂s ∈ H1(E) for all
E ∈ ED and that for each nodez ∈ N ∩ ΓD where the outer unit normal
n is continuous∂uD/∂s is continuous. Moreover, we assume that for each
z ∈ N ∩ Γ the system of linear equations

(4.1)

{∀E ∈ EN with z ∈ E there holdsAx · n = g|E(z),
∀E ∈ ED with z ∈ E there holdsγtE (x) = ∂uD|E/∂s(z),

admits at least one solutionx. Then, the space

S(T , g, uD) := {qh ∈ C(Ω)d : ∀T ∈ T , qh|T ∈ P1(T )d

and∀z ∈ N ∩ ΓN ,∀E ∈ EN , z ∈ E,Aqh · n|E(z) = g|E(z),
and∀z ∈ N ∩ ΓD,∀E ∈ ED, z ∈ E, γtE (qh)|E(z) = ∂uD|E/∂s(z)}

is well-defined and non-void.

Remark 4.4The above assumption is fulfilled if for eachz ∈ N ∩Γ atmost
d distinct conditions are imposed in (4.1). Note thatg anduD might have
to satisfy certain compatibility conditions in nodesz ∈ ΓD ∩ ΓN to ensure
that (4.1) is well posed [CB]. This is necessary when, e.g., for allx ∈ R

d

we haveAx · nE1 = γtE2
(x) for two edgesE1 ∈ EN andE2 ∈ ED that

share a node.

Theorem 4.3 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively, and supposeΓD ⊆ Γ0,

∫
E [U ] ds = 0 for E ∈ EΩ ∪ ED,

anddiv TA∇T U ≡ 0. Then, there exists an(hT , hE)-independent positive
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constantc2 such that

‖∇T (u− U)‖2
L2(Ω)

≤ c2

(
min

qh∈S(T ,g,uD)
‖∇T U − qh‖2

L2(Ω) +
∑
z∈K

h2
z min
fz∈R

‖f − fz‖2
L2(Ωz)

+ ‖h3/2
E ∂2

EuD/∂s2‖2
L2(ΓD) + ‖h3/2

E ∂Eg/∂s‖2
L2(ΓN )

)
.

Remark 4.5Note that any choice ofq∗
h ∈ S(T , g, uD) yields a reliable error

estimate. An operatorA : ∇T S → S(T , g, uD) specified ford = 2 in [CB]
yielded an error estimate‖∇T U −A∇T U‖L2(Ω) which performed well in
numerical experiments reported therein.

Remark 4.6As in the previous estimates, the term includingf ∈ H1(Ω) is
of higher order.

Two efficiency estimates with complementary properties are presented in
the next theorem on the analogy of Theorem 4.2.

Theorem 4.4 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively. Then, there holds

min
qh∈S(T ,g,uD)

‖∇T U − qh‖L2(Ω) ≤ ‖∇T (u− U)‖L2(Ω)

+ min
qh∈S(T ,g,uD)

‖∇u− qh‖L2(Ω).

Moreover, there exists a constantc19 > 0 such that

min
qh∈S(T ,g,uD)

‖∇T U − qh‖L2(Ω) ≤ c19

(
‖∇u−∇T U‖L2(Ω)

+
( ∑
T∈TT

h2
T inf

fT ∈P1(T )
‖f − fT ‖2

L2(T )

)1/2 + ‖h3/2
E ∂2

EuD/∂s2‖L2(ΓD)

+‖h3/2
E ∂Eg/∂s‖L2(ΓN )

)
. ��

Proof of Theorem4.3.For eachE ∈ E letSE := S(T , g, uD)|ωE and define

[∇T U ]|E :=




(∇U |T1 −∇U |T2)|E if E = T1 ∩ T2 ∈ EΩ,
[γtE (∇T U)] if E ∈ ED,
[A∇T U · nE ] if E ∈ EN .

Note that[∇T U ] = 0 if ∇T U |ωE ∈ SE so that a compactness and a scaling
argument show, for eachE ∈ EΩ,

h
1/2
E ‖[∇T U ]‖2,E � min

qE∈SE

‖∇T U − qE‖2,ωE .
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ForE ∈ EN andE ⊆ ∂T ∩ΓN we insert the nodal interpolantgh of g, note
that for eachqE ∈ SE we haveqE ·n = gh onE, and obtain by equivalence
of semi-norms on a finite dimensional space, a scaling argument, and an
interpolation estimate

h
1/2
E ‖[∇T U ]‖2,E ≤ h

1/2
E

(‖A∇U |T · n− gh‖2,E + ‖gh − g‖2,E
)

� min
qE∈SE

‖∇T U − qE‖2,ωE + h
3/2
E ‖∂g/∂s‖2,E .

ForE ∈ ED andE ⊆ ∂T ∩ ΓD we denote byu′
h,D the nodal interpolant

of ∂uD|E/∂s. For eachqE ∈ SE , we haveγtE (qE) = u′
h,D on E. By

equivalenceof semi-normsonafinitedimensional space,ascalingargument,
and an interpolation estimate we obtain

h
1/2
E ‖[∇T U ]‖2,E ≤h

1/2
E

(‖γtE (∇U |T ) − u′
h,D‖2,E+‖u′

h,D−∂uD/∂s‖2,E
)

� min
qE∈SE

‖∇T U − qE‖2,ωE + h
3/2
E ‖∂2uD/∂s2‖2,E .

Local averaging is bounded by global averaging, i.e.,

∑
E∈E

min
qE∈SE

‖∇T U − qE‖2
2,ωE

� min
qh∈S(T ,g,uD)

‖∇T U − qh‖2
2,

and for eachE ∈ EΩ we have by orthogonality of the decomposition into
tangential and normal components

‖[γtE (∇T U)]‖2
2,E + ‖[A∇T U · nE ]‖2

2,E � ‖[γtE (∇T U)]‖2
2,E

+ ‖[∇T U · nE ]‖2
2,E = ‖[∇T U ]|‖2

2,E .

A combination of the above estimates yields

∑
E∈EΩ∪EN

hE‖[A∇T U · nE ]‖2
2,E +

∑
E∈EΩ∪ED

hE‖[γtE (∇T U)]‖2
2,E

� min
qh∈S(T ,g,uD)

‖∇T U − qh‖2
2 +

∑
E∈EN

h
3/2
E ‖∂g/∂s‖2

2,E

+
∑
E∈ED

h
3/2
E ‖∂2uD/∂s2‖2

2,E .

Using this to bound the right-hand side of the inequality in Theorem 3.1
proves the assertion. ��
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5 A reliable L2-a posteriori error estimate

For theL2-estimates we assumeH2-regularity of problem (1.1)–(1.3) with
uD = 0 andg = 0, i.e., we assume the existence of a constantc20 > 0 such
that, for allf ∈ L2(Ω) and corresponding solutionu ∈ H1

D(Ω), we have
u ∈ H2(Ω) and

(5.1) ‖u‖H2(Ω) ≤ c20‖f‖L2(Ω).

Sufficient for this is, e.g.,ΓN = ∅,A is Lipschitz, andΩ is convex [G].

Theorem 5.1 Let u ∈ H1(Ω) and U ∈ H2(T ) satisfy (1.1)–(1.3) and
(2.3), respectively. Suppose(1.1)–(1.3) with uD = 0 and g = 0 is H2-
regular,

∫
E [U ] ds = 0 for all E ∈ EΩ ∪ ED, andA ∈ W 1,∞(Ω; Rd×d

sym).
Then, there exists an(hT , hE)-independent positive constantc21 such that

‖u− U‖L2(Ω) ≤ c21

(∑
T∈T

h4
T ‖f + div TA∇T U‖2

L2(T )

+
∑

E∈EΩ∪EN

h3
E‖[A∇T U · nE ]‖2

L2(E)

+
∑

E∈EΩ∪ED

h3
E‖[γtE (∇T U)]‖2

L2(E)

)1/2
.

Proof. Let η ∈ H2(Ω) ∩H1
D(Ω) satisfydiv A∇η = −(u− U) in Ω and

(A∇η)·n = 0 onΓN . Letηh ∈ SD be the nodal interpolant ofη.We deduce
from integration by parts, Galerkin orthogonality (2.5), and the assumption
on [U ], for cE ∈ R

d andE ∈ EΩ ∪ ED,∫
Ω

(u− U)2 dx = −
∫
Ω

(u− U)div A∇η dx

=
∫
Ω
∇T (u− U) ·A∇η dx−

∑
E∈EΩ∪ED

∫
E
[U ]A∇η · nE ds

=
∫
Ω
∇T (u− U) ·A∇(η − ηh) dx−

∑
E∈EΩ∪ED

∫
E
[U ]A∇η · nE ds

=
∑
T∈T

∫
T
(f + div TA∇T U)(η − ηh) dx

+
∑

E∈EΩ∪EN

∫
E
[A∇T U · nE ](η − ηh) dx

−
∑

E∈EΩ∪ED

∫
E
[U ](A∇η − cE) · nE ds.
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For eachE ∈ EΩ ∪ ED takeTE ∈ T with E ⊂ ∂T and verify with a trace
inequality [BS,CF]

‖(A∇η − cE) · nE‖2
2,E = ‖A∇η − cE‖2

2,E

� h−1
E ‖A∇η − cE‖2

2,TE
+ hE‖D(A∇η)‖2

2,TE
.

ChoosingcE as the integral mean ofA∇η over TE we have‖A∇η −
cE‖2,TE

� hE‖D(A∇η)‖2,TE
and thus∫

E
[U ](A∇η − cE) · nE ds � h

1/2
E ‖[U ]‖2,E‖D(A∇η)‖2,TE

� h
1/2
E ‖[U ]‖2,E

(
‖∇η‖2,TE

+ ‖D2η‖2,TE

)
.

With Cauchy’s and trace inequalities as well as interpolation and the above
estimates,

‖u− U‖2
2 � c20 ||u− U ||2

(∑
T∈T

h4
T ‖f + div TA∇T U‖2

2,T

+
∑

E∈EΩ∪EN

h3
E‖[A∇T U · nE ]‖2

2,E +
∑

E∈EΩ∪ED

hE‖[U ]‖2
2,E

)1/2
.(5.2)

An edgewise Poincaré inequality shows, for eachE ∈ EΩ ∪ ED,
(5.3) ‖[U ]‖2,E � hE‖[γtE (∇T U)]‖2,E . ��
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