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A posteriori error analysis for eigenvalue problems

Carsten Carstensen1,∗, Joscha Gedicke1, and Ira Livshits2

1 Department of Mathematics, Humboldt-Universität zu Berlin, MATHEON, DFG Research Center, Berlin, Germany.
2 Department of Mathematical Sciences, Ball State University, Muncie, USA.

A new a posteriori error analysis for symmetric eigenvalue problems of the adaptive finite element method (AFEM) is pre-
sented. Based on an H1 stable L2 projection, we prove reliability of the edge contribution for P1 finite element methods.
Hence the AFEM proposed can ignore the volume contribution as well as oscillations.

1 Symmetric Eigenvalue Problem

The symmetric eigenvalue problem consist of the following problem. Seek eigenpair (u, λ) ∈ V × R
+ with ‖u‖L2(Ω) = 1

such that

−Δu = λu in Ω ⊂ R
d, u = 0 on ∂Ω.

The variational formulation of the symmetric eigenvalue problem reads as follows. Seek u ∈ V := H1
0 (Ω) with b(u, u) = 1

and λ ∈ R such that

a(u, v) = λb(u, v) for all v ∈ V.

Here,

a(u, v) =
∫

Ω

∇u · ∇v dx, and b(u, v) =
∫

Ω

uv dx.

The discrete problem seeks for the eigenpair (uh, λh) ∈ Vh × R
+ with b(uh, uh) = 1 such that a(uh, vh) = λhb(uh, vh) for

all vh ∈ Vh. The Min-max principle allows for ordering of the dim(Vh) discrete eigenvalues λi ≤ λi,h . The finite element
discretisation leads to the general matrix eigenvalue problem Ahxh = λhMhxh. with stiffness-matrix Ah and mass-matrix
Mh.

2 A Priori Error Estimates

Let Vh := P1(Th) be the first-order finite element space with respect to triangulation Th and maximal mesh-size h sufficiently
small. For simple eigenvalue λ with eigenvector u there exists discrete eigenpair (λh, uh) with error e := u − uh such that

0 ≤ h−2b(e, e) + a(e, e) + λh − λ � h2λ2.

The fact that λ occurs in the upper bound suggests poor approximation of large eigenvalues.

3 A Posteriori Error Estimates

Lemma 3.1 (Error Identity) a(e, e) = λb(e, e) + λh − λ. This implies 0 ≤ λh − λ ≤ a(e, e).
Lemma 3.2 (Error Residual Identity) Define Res := λhb(uh, ·) − a(uh, ·) ∈ V ∗ with Vh ⊂ ker Res.

a(e, e) =
λ + λh

2
b(e, e) + Res(e).

Raviart and Thomas show ||e||L2(Ω) � hr|e|H1(Ω), where r depends on the geometry of Ω.
Therefore, b(e, e) � h2ra(e, e) = h.o.t.
R.G. Duran, C. Padra and R. Rodriguez derived 1999 the estimate

0 ≤ λh − λ + a(e, e) � η2
DPR + h2ra(e, e), η2

DPR =
∑

T∈Th

h2
T λ2

h‖uh‖2
L2(T ) +

∑
E∈Eh

hE

∥∥ [
∂uh

∂νE

] ∥∥2

L2(E)
.
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Fig. 1 Adaptively refined mesh for the L shaped domain.
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Fig. 2 Convergence history for the first eigenfunc-
tion of the L shaped domain.
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Fig. 3 Adaptively refined mesh for the slitted domain.
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Fig. 4 Convergence history for the first eigenfunc-
tion of the slitted domain.

Considering the gradient recovery operator Gh : V → S1(Th)d, Mao, Shen and Zhou derived the estimate

0 ≤ λh−λ+a(e, e) � η2
MSZ+h2ra(e, e), η2

MSZ =
∑
T∈T

(
h2

T ||λhuh + div(Ghuh)||2L2(T ) + ||Ghuh −∇uh||2L2(T )

)
.

Theorem 3.3 (New Edge Residual Estimator) ‖Res ‖2
V ∗ � η2

E :=
∑

E∈Eh
hE

∥∥ [
∂uh

∂νE

] ∥∥2

L2(E)
.

P r o o f. Let vh be the L2 projection of v in Vh which is H1 stable for adaptive meshes.

Res(v − vh) = λhb(uh, v − vh) − a(uh, v − vh) = −a(uh, v − vh)

=
∑

E∈Eh

∫
E

[
∂uh

∂νE

]
(v − vh) ds � ηE |v|H1(Ω).

To sum up we now have the a posteriori estimate 0 ≤ λh − λ + a(e, e) � η2
E + h2ra(e, e).
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