ESTIMATOR COMPETITION FOR POISSON PROBLEMS*

CARSTEN CARSTENSEN AND CHRISTIAN MERDON

ABSTRACT. We compare 13 different a posteriori error estimators for the Poisson
problem with lowest-order finite element discretization. Residual-based error es-
timators compete with a wide range of averaging estimators and estimators based
on local problems. Among our five benchmark problems we also look on two ex-
amples with discontinuous isotropic diffusion and their impact on the performance
of the estimators.
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1. INTRODUCTION

A posteriori error control has become an important issue for reliable and efficient
computation of PDEs [AO00, BR96, BS01, EEHJ95, Ver96, Rep08]. This paper
updates the empirical study of [CBK01] to modern a posteriori error control via the
five classes of 13 estimators of Table 1.1 applied to the five benchmark examples of
Table 1.2 such as the Poisson model problem on the L-shaped domain illustrated in
Figure 1.1. Up to modified boundary conditions, marked by BC, all the benchmark
problems are of the following type with or without discontinuous coefficients s for
some given right-hand side f € L*(€) and finite element approximation uy, to the
unknown exact solution u € H}(Q) of

(1.1) div(»>Vu) + f =0 in .

TABLE 1.1. Classes of a posteriori error estimators studied in this paper.

| No | Class error estimators | Examples (Reference below) |
1 | explicit residual-based nr (Section 2)
2 | averaging MA1, MA2, TMP1, TRT, IMRT (Section 3)
3 | equilibration N8, MFEM, ow, TEQL: TEQB (Section 4)
4 | least-square nLs (Section 4.2)
5 | localisation ner (Section 5)
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2 C. CARSTENSEN AND C. MERDON

TABLE 1.2. Benchmark examples studied in this paper.

| No | Short name | Problem description in (1.1) | Feature

L-shaped domain | » = f=1 corner singularity

Square domain » =1, f with oscillations oscillations

Slit domain »=f=1&BC slit singularity

Interface problem | jumping s, f =0 & BC interface singularity

Y | W DN —

Octagon example | jumping s, f =0 & BC continuous fluxes
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FiGure 1.1. Error and error estimators for uniform mesh refinement
of L-shaped domain with right-hand side 1 from Example 7.1 in Sec-
tion 7 to illustrate different accuracy of different error estimators.

Here and throughout the paper, 2 C R™ is a bounded Lipschitz domain with
Lebesgue and Sobolev spaces L*(2) and H'(Q2), and the piecewise constant dif-
fusion coefficient s is bounded by

(1.2) 0 < 2min < 2(7) < 26000 < 00 for all z € Q.

By definition, an error estimator n is a computable quantity that aims to estimate
the error e := u — uy, e.g., in its energy norm,

llelll == [1 5"/ ¥ (u = un) | 2.
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Desirable properties of n are its reliability in the sense of an upper bound
llefll < Crain +heo.t.

and its efficiency in the sense of a lower bound
1 < Cegt [llefl] 4+ h.o.t.

Any complete error control requires estimates of the constants C,¢ and C.g and the
higher-order terms h.o.t. which are oscillations of the right-hand side f that are of
magnitudes smaller than the energy error in all the examples of this paper. In many
cases only the constant C,q = 1 is known while C.g depends on generic constants
[AO00, Ver96, BSO1].

We assume that 7 is a regular triangulation of 2 in the sense of Ciarlet [BS94, Cia78]
with nodes NV, free nodes KK = N'\0N and edges & such that s € Py(7). The discrete
space Pr(7) denotes the 7 -piecewise polynomials of degree < k. The nodal basis
function associated to z € N is denoted by . and its support by @.. Given the
discrete solution uy, € §(7) := HY(Q)NP(T), its flux o, = 3¢ Vuy, € Py(7T) and the
exact counterpart o = » Vu, we define the residual functional Res : H}(Q2) — R,
for v € H(2), by

(1.3) Res(v) := /Q(a—ah) -V dr = /va dm—/ﬂah~Vv dz.

The identity |||le]|] = ||| Res ||« leads to the estimation of the dual norm of Res. The
most popular way to do this is via the standard residual-based a posteriori error
estimator ng [AO00, BM87, BS01, Bra07, Rod94, Rod, EEHJ95] which is relatively
cheap but usually overestimates the error about a factor of ten or larger [CBKO1].
Therefore, more elaborate estimators are of interest, even if their calculation is more

expensive.
For an arbitrary function ¢ € H(div; () an integration by parts shows
(1.4) Res(v) = /(f + div q)v dz— /(ah —q) - Vv dz,

Q Q

a representation also suggested in [Rep03]. The quantity ¢ has the interpretation
as an averaging or post-processing of o, and enables various designs of an error
estimator, e.g., by piecewise affine H (div; 2)-functions which form the discrete space
of first-order averagings

Q1(7T) := H(div; Q)N Py(T)"
which includes §;(7)" as well as the Raviart-Thomas finite element space
RTy(T) = {q€ L*(uR™) : Ja € Py(T)",3b € Po(T) s.t.
q(z) = a+ bx for a.e. x € Q and [¢- vg] = 0 on all inner edges E}.
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Given ¢ € Q1(7) the quantity
(q) = | % (0n =)l 2(0)

can be shown to be reliable and so, for any interpolation operator

A H(div; @) — Q,(T),
the value ng = n(A(0)) is a reliable estimator: All averaging is reliable [Car04].
Minimizing 7(q) over ¢ € &1(7)" gives the estimator nyp; with

— m ~1/2(g, _
Mhapy = D |57 (on —q) | 20

; —1/2(5 _
< [llelll + o |2 (0 =)l 120

In case »» = 1 and smooth exact solution the latter term is of higher order. In
the numeric experiments, the estimator nyp; shows surprisingly accurate results.
However, when it comes to discontinuities in ¢, an ansatz with globally continuous
functions appears less accurate. In that case, the exact flux ¢ could have tangential
jumps over interfaces of neighbouring domains with constant diffusion. A more
promising ansatz is the use of Raviart-Thomas elements ¢ € RT; (7)) for which the
normal jumps [q - vg] vanishes while the tangential jumps are a priori unrestricted.
A minimisation of n(q) for ¢ € RT; (7) yields the estimator

o —120
TMRT qef%{n”% (on =)l L2 (-

Efficiency of nyrr follows from that of the estimator nrr := 1(grr) > Nvrr Where
the normal flux of ggr € RTy(7) on an edge E € & is chosen as the arithmetic
average < oy, -vg > of the normal fluxes of o), on both sides of the edge.

To obtain estimators with a secure reliable constant C.,; = 1 we can design ¢ such
that it fullfills an equilibration condition of the form

(1.5) divg=—Pf

where Pf is a suitable interpolation of f, such that the first term in (1.4) becomes
negligible or raises oscillations. This depends on the chosen approximation space
for g. In case of ¢ € RTy (7) the 7T-piecewise mean value fr € Py(7) of f defines
the oscillation term

(1.6) osc(f, T) = |[hr(f — f1)|l 2

which is expected to be of higher order for f € H*(2). In fact, all examples of this
paper are not dominated by the osciallations and undisplayed numerical experiments
show that they stay much smaller than the other estimator contributions.

We will mention five design ways for ¢, among them are a least-square approach
similar to [Rep08, RSS03], solving the dual mixed problem [RT77, CB05] and three
methods based on local problems on node patches for determination of equilibrated
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fluxes. The one suggested by Luce and Wohlmuth [LWO04] utilizes the dual mesh,
while the algorithm by Braess [BS06, Bra07] computes a correction for o, composed
of overlapping broken Raviart-Thomas elements. The output of the last method by
Ladeveze and Leguillon matches the equilibration condition only in a weak sense
which is still enough to set up and solve local Neumann problems and obtain the
estimator npq from [AO00].

The remaining part of the paper is organized as follows. Section 2 introduces the
explicit residual-based-estimator and its modification for the case of discontinuous
diffusion [BV00]. Section 3 discusses estimators using first-order averagings. Section
4 introduces the estimators based on the equilibration condition (1.5) to obtain
estimators with C,q = 1. For comparison, we added the local problem estimator ncp
from [CF99] in Section 5. Section 6 introduces the adaptive mesh refinement strategy
used for the five examples in Section 7. Some observations from the experimental
results in Section 8 conclude this paper.

2. RESIDUAL-BASED A POSTERIORI ERROR ESTIMATES

This section is devoted to the definition of the explicit residual-based error estimator
on a regular triangulation 7  of the Lipschitz domain Q C R? into triangles. Recall
that AV and & denotes the nodes and edges of the triangulation. Furthermore, 7
denotes the value of sc on T' € 7 and »p := maxyper pcor 2 for E € E.

Definition 2.1. For T € T define

M = T||f“L2(T + ) EII o vell|L2m)

Ecor

and globally

2 1/2 ) 1/2
B
MR = (Z %—j;HfH%Q(T)) + <Z %—EH[Uh 'VE]”%?(E)) :

TeT Eecg

The estimator ng is known to be reliable and efficient.

Theorem 2.1 ([CF99]). If n =2, 5 =1 and 7 consists of right isosceles triangles,
it holds

llelll < -

In case of 32 # 1 the constant C,q depends on the global bound sy / #min. This
dependency is eliminated if s is distributed quasimonotone, i.e., > assumes at most
one local maximum around each node. At boundary nodes, every element with a
local maximum must touch the boundary, cf. [Pet01] for details. The point is that
this property allows to travel from one element of the node patch to (the) one with
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the largest number on a monotonous path. The reliability proof is based on an
interpolation operator Z,, with the properties

o = T2y < erhr g P lolloyy  forall T e T,

[0 = ()| 2y < cahi)? 55 ol (o) for all E € £\ON.

Here, Ur and Ug denote sufficently large neighbourhoods of 7" and E respec-
tively. Then C, of ng depends on the constants ¢; and ¢, which (in case of quasi-
mononotony) do neighter depend on the local mesh-size nor on the global bounds
of s¢. The efficiency constant Ceg of nr does not depend on the global bounds of s
also in the non-quasimonotone case [BV00].

3. AVERAGING ESTIMATORS
Recall that
Q1(T) := H(div; Q) NP (T)"

denotes the space of first-order averagings, i.e., piecewise affine H (div; Q)-functions.
We prove that ¢ € Q1(7) generates a reliable estimator. For this we need an
interpolation operator

T:HY Q) — Si(T)

with stability, first-order approximation, and orthogonality properties

(3.1) I 5020 — Ty < esllvll,

(3.2) lo—Z@W)l < elloll,

(3.3) / flo—T)de < esoself, Tl
Q

Such operators exist [Car99] with constants cs, ¢4, ¢cs which depend on the global
eigenvalue bounds s, and . of 2. For the quasimonotone case it is possible
to design operators with constants c3, ¢4, ¢5 that are independent of s,,;, and sy
The aforementioned operator Z,, of Bernardi and Verfuerth from [BVO00] certainly
has the first property but possibly lacks the others. A suitable modification of the
operator from [Car99] is designed in [Fun02] where the third property is replaced by
another but similar one. The point is that the third property has to raise oscillations
or so.

Theorem 3.1. Let Z be an interpolation operator with the properties (3.1), (3.2)
and (3.3). Then for ¢ € Q1(7) it holds

I Res ||| < (s + csce)n(q) + csose(f, T).
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Proof. Equation 1.4 and Galerkin orthogonality show

Res(v) = /Q(f +divg)(v —Z(v)) de— /Q(ah —q) - V(v —2Z(v)) dz.

A Cauchy inequality in the latter term is combined with property (3.2) to obtain

/Q(Uh —q) - V(v =Z(v)) dz < can(q)[|vl

For the first term we use properties (3.1) and (3.3) which results in
[ div )0 = Z0) do < ol csosel.T) + eallr 52 v o)
Q

An elementwise inverse estimate for polynomials (notice that divyzo = 0) of the
form

b 3 dive (g — o) |2y < coll 3 (q = on) |l 2
yields
|\hr x 12 div q”LZ(Q) <cn(q). O

The following five choices for ¢ and their numerical performance is discussed in
chapter 7:

o a1 = 1(q1) with ¢ := > . f, ondz,
® 7A2 = 77(Q2) with ¢z := ZZEN ¥z lim, o+ JCB(Z,T’)ﬂQ op di,

o nrr = 1(qrr) With grr € RT (7)) and qrr - VE =< O Vg >,

MP1 = ﬂ(qu) = minqesl(’f)” 77((1),

® ")MRT — U(QMRT) = minqeRTO(T) 77(61)-

Remark 3.1.

(a) The local refinement indicators for 7' € 7 for the adaptive mesh generation
are generated by restricting the norm in n(g) on 7'

(b) A discrete norm equivalence for (broken) Raviart-Thomas function r € RT_(T)

yields

B /2, 1/2
5 2oy = Y Wil 4l - vl
EcoT
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Replacing r by o, —¢ this shows equivalence of nrr and the edge contribution
of nro and therefore efficiency for nyrr and ngr.

(c) Efficiency for nyp; is known for smooth exact solution and globally constant
2 [Car04], but cannot be guaranteed in the discontinous case as we will also
see in the numerical examples.

(d) Averaging techniques were proposed by engineers [ZZ87]; their general relia-
bility was first indicated by [Rod94, Rod] by dominating edge contributions
[Car99, CV99, Car02], cf. also [DN02, Noc93].

(e) The observation that all averaging estimators are reliable is due to [CB02a)]
and studied in [CB02b] for higher order finite element schemes, in [CFO01b,
CFO0la] for elasticity and the Stokes equation, and eventually in [CAO03,
CBO04] for variational inequalities.

4. EQUILIBRATION ESTIMATORS

To obtain a secure upper bound of the error we introduce several constructions that
fullfill an equilibration condition of the form

divg = —Pf.

4.1. Equilibration after Braess. The idea of Braess [BS06, Bra07] is to construct
a Raviart-Thomas element ¢ € RTy (7) with Pf = — f7, where f7 is the 7-piecewise
constant integral mean of f. Utilizing the Py(7 )-orthogonality of f — fr and the
Poincaré inequality this yields for every v € H(Q)

/Q(f—i-divq)vdx:/ﬂ(f—fT)vdg;
=> [ (f=fr)v—vr)du

TeT?T

< he/wllf = frlea Vol
TeT

< hp/wl VP (f = fr)llae 32 Vol
TeT

(4.1) < 1/m osc(f/ 52, Tl
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Finally the Cauchy inequality in the last term of (1.4) gives

o0 Vodo= [ 520, —g) - (e 00) s

(4.2) < n(g)|lv]l

and leads to
| Res [l < n(q) + 1/7 osc(f/ '/, T).

The construction by Braess works by calculating a correction r € RT_1(7) that
eliminates the jumps of ¢ such that ¢g := o}, +r has the desired properties. The
correction r is decomposed into the sum of broken Raviart-Thomas elements over
node patches r, € RT_,(7,,) with

divr, = (p.f)1, r,-vg =0 on 0w, \0f and [r, vg|=—1/nlo, Vgl

for all edges £ € £\0N2 with z € E. Each r, can be calculated independently by
determination of the remaining nonzero normal fluxes of 7, on the elements of the
patch. The associated estimator will be labeled with np == 1(gs) = || 3~ /% 7| 12(0).-
The minimum

mareM = N(gumrEM) qeé%m"(Q)

divg=—fr

is known to be attained in the gradient part of the solution of the dual mixed
formulation of (1.1) with Raviart-Thomas elements of lowest order [RT77, CBO05,
Bra07].

4.2. Least-Square-Estimator. Following ideas in [RSS03] we use the Friedrichs
inequality after separating the oscillations (4.1) to obtain

/(f+divq)vdx:/(f—fT)-vdx+/(f7+divq)ydx
Q Q Q
< (osc(f/ %2, T) /7 + Cr/ st || fr + div gl| 1) 0]l

and determine

2 2 . 2 . 2
e = nf ( 1 min d > .
s = n(qLs) ot n(q)* + 1/ swin || fr + div gl[72(q)
It certainly holds nyrr < nus < Mvrem < 7. The second term fr+div ¢ doesn’t de-
pend on the mesh size, hence it must converge against zero since otherwise it cannot
be efficient. That’s why we expect nps to coincide with nyrem asymptotically. How-
ever, it may deliver better results in the pre-asymptotic range. Reliability depends
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on knowledge of the constant Cr < diam({2)/7. This led Repin to the guaranteed
upper bound (he called majorant)

llelll < inf (n(q) + Crllf + div gl 2()
q€Qp

which follows from the Friedrichs inequality in (1.4) and ignores the possible re-
finement by oscillations. The elementwise contributions of 7(g) to the minimizer
q € @, serve as refinement indicators. Here, ) is any finite-dimensional subspace
of H(div;Q), e.g. RTy(7T) as in the other estimators. The accuracy is increased by
means of using higher-order elements for ¢ locally where f is oscillating or relatively
large. However, our suggestion is to separate oscillations (or any other other f— P f
that raises oscillations and fullfills Pf € div @),) already in the variational state of
the derivation. This leads to the recommendation of other estimators in Subsection
8.8.

4.3. Equilibration after Luce and Wohlmuth. The technique by Luce and
Wohlmuth [LWO04] generates a Raviart-Thomas element grw on a refined triangu-
lation achieved by connecting the nodes and edge midpoints (and face midpoints)
of each element with its center. In that way every element is devided into (n 4 1)!
elements with same area. All child-elements sharing the same node z form a poly-
gonial K, which is a member of the dual mesh. By setting ¢ - v, = o}, -, for
inter-polygonial boundaries e (where the normal flux of o is continuous) only the
fluxes inside the polygonials remain unknown and can be determined independently
on each polygonial K., z € N such that the equilibration condition

diVQLW = _1/‘Kz‘/ f@oz dz

holds. This choice of P f also yields terms of higher order or oscillations for the first
term in (1.4). The associated estimator reads nrw = n(quw) = || 2 2(c —quw) || r2(0)-

4.4. Equilibration after Ladeveze and Leguillon. This subsection is devoted
to the equilibration estimator due to Ladeveze and Leguillon [LL83, AO93b, AO93a,
AO00, AO93¢] in the implementation of [AO00].

Decomposing (1.4) over a sum of triangles and elementwise integration by parts
yields (v is the outer normal on 07)

Res(v) = Z /(f + div q)v dz— /T(ah —q) - Vv dz

TeT /T
:Z/fvdx—/ah-Vvdx—l—/ q-vvds
TerdT T oT

= Z Resr(v, q)

TeT
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Resr(v, q) ::/fv dx—/ah-Vv dx+/ q-vvds.
T T

oT

We define the local function spaces H}(T') as H(T)\R if [TN0Q| = 0 and otherwise
as {v € H'(T) : v=0 on 9T NoN}.

Theorem 4.1. Suppose Resr(1,¢) =0 for any 7' € T with |T°'N 02| > 0. Then for
all T € T, there exist a unique ¢y € H}(T) with

(4.4)

/ %« Vér-Vudr = Resp(v,q) for all v e Hh(T).
T

Moreover (¢ denotes the solution of (4.4)),

(4.5)

1/2
lell] < neq = (Z | 572 V<Z>T||2Lzm> :

TeT

Proof. The solvability of the local problems 4.4 is well known. The calculation in
the beginning of this subsection shows

Res(v) = Z Resr(v, q)

TeT
=Y | %Vér-Vode
TeT /T
< 12Vl |l 27 Voll 2y
TeT

< meelllvfl- O

Remark 4.1.

(a)

(b)

For this ansatz it is actually enough to know the edge functionals pug := q-vg.
An underlying ¢ is not needed but helpful to draw similarities with the other
equilibration methods above.

The equilibration estimator in [AO00] (which is labeled by 7gqr) uses lin-
ear edge functionals due to Ladeveze and Leguillon which consists of con-
tributions associated to the nodes spanning the edge. By demanding the
stronger condition Resr(y,,q) = 0 it is possible to solve local systems on
node patches to calculate the contributions of z to its adjacent edges. It is
possible to generate a global function ¢, from these linear edge functionals
(e.g. a Raviart-Thomas element of first order).
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(¢) The condition Resr(1,q) = 0 can be understood as a global consequence of
the equilibration condition divg = —f. Gauss theorem shows

ResT(l,q):/dez:+/8Tq-Vds:/T(f—i-divq)dxzo.

(d) The condition Resr(1,q) = 0 is clearly fullfilled by ¢ = ¢gg constructed in
Subsection 4.1. Therefore the edge fluxes of gg can be used for the estimator
described above and we label this by 7rqp in the numerical experiments.
Since we have via (4.4) for v = ¢7 and arguments from Subsection 4.1 that

Resr(ér, q)
| 22V o L2(1)

the estimator neqp will be (locally) better than ng.

H %1/2 V(bTHLQ(T) = S || %_1/2(O'h _QB)HL2(T) + 1/7TOSC(f/ %1/2,T)

(e) The problems in all mentioned methods to construct equilibrated fluxes lo-
cally look very similar and need the condition Res(p,) = 0 for all z € K for
their solvability.

(f) Efficiency highly depends on the closeness of the equilibrated fluxes to the
fluxes of the exact solution. An optimal choice (e.g. up = o -vg) could even
yield |||e]|| = nrq. Similarly ¢ = o gives n(q) = ||le|l|-

5. ERROR ESTIMATION BY LOCAL TRANSMISSION PROBLEMS

This subsection is devoted to the description of ncp which is called 7y, in [CF99.
We use the partition of unity property of the nodal basis function to split up the
residual

Res(v) = Z Res(p,v).

zeN

Since Res(p,) = 0 for z ¢ 0N there exist a unique solution w, € W, for the problem
(5.1) / ., Vw, - Vv ds = Res(p,v) forallveW,

with

W e {veHL.(w.): |(3c0:)"*V| 12(0,) < 00, v=00n 92N, } if z € 09,
T {v e HL (w.) ¢ [|(3e0:) Y2V 120 < 00} \R otherwise.
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Theorem 5.1 ([CF99]). It holds

1/2
lell] < ner = (Z ||(%soz)1/2szHL2<wz>> :

zeN
Proof. Since ).\ ¢. = 1 it follows

Res(v) = Z Res(p,v)

zeN

= Z » ., Vw, - Vv dz

2EN YWz
< H(%‘PZ)l/szanQ(wz)

(502) 2Vl 2o

1/2
< ncr <Z ©s| /2 VUP)

2EN V¥
= nerl[lvf]. O
Remark 5.1.

(a) The local problems 5.1 are solved approximately with a p-version of the finite
element method on the node patch w, = {T' € 7 : z € 9T'}. The numbers
in our numerical experiments are obtained with fourth order polynomials.

= 1 and 7 consists of right isosceles triangles, we have

(c) Our ncp-steered adaptive algorithm is based on the refinement indicator
ner(T),

1

T n+1

Z ||(%¢Z)1/2sz||%2(w2) foreach T € 7T.

zeNNT

ner(T')

6. ADAPTIVE MESH REFINEMENT

Automatic mesh refinement generates a sequence of meshes 7, 77, 75... by marking
and refining elements according to a bulk criterion with parameter 0 < © < 1.

Algorithm (Ag).

(a) Start with a coarse mesh 7, and initialize ¢ = 0.
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(b)

(c)

C. CARSTENSEN AND C. MERDON

Compute the discrete solution u; on the actual mesh 7, with N degrees of
freedom. In case of inhomogenous Dirichlet boundary conditions up use its
nodal interpolation up j = ZzeN\IC up(z)p, for the discretisation.

For xyz € {R, Al, A2, MP1, RT, MRT, B, MFEM, LS, LW, EQL, EQB,
CF} compute 1)y, and the local refinement indicators nyy,(7) for all T € 7,.
In case of inhomogenous Dirichlet boundary conditions compute

np(E) = %}E/z h?];/2||8§uD||L2(E) forall Fe€ &, E C 09,

with the edgewise second derivative d2up of up along 9. Substitute each
Nayz(T) DY Nays(T) + D pee. pe(ornan) Mp(E). In case of nonzero oscillations
we further substitute 7,,,(1") by 74y (T") + osc(f,T') to control this quantity,
too.

The design of a minimal set M, of elements to refine employs a greedy algo-
rithm: Enumerate elements such that 1y, (71) > Ny, (12) > ... > (i)
where |7 is the total number of triangles in 7,. Find the smallest index
k €N, s.t.

|71

k
@anyz(irj) S ZanZ(T‘j)‘
j=1 J=1
Set My :={T; : j=1,..k}.

Generate a new triangulation 7,,1 by red-refinement of elements in M, and
red-green-blue-refinement of further elements to avoid hanging nodes: Given
T € 7T and 0T = E1UFE,U E3 where F is the longest edge, a red-refinement
of T is performed by dividing T into four congruent sub-triangles obtained
by connecting the midpoints of the edges F;, F> and F3. A blue-refinement
of T"is performed by dividing T into three sub-triangles which are obtained
by connecting the midpoint of F; with the opposite node and the midpoint of
Es or E3. A green-refinement of T' € 7 is performed by dividing T into two
sub-triangles which are obtained by connecting the midpoint of the longest
edge E; with the opposite node, cf. Figure 6.1. Update ¢ and go to (b).

Remark 6.1.

(a)

The parameter © allows adaptive refinement for © = 1/2 and uniform mesh
refinement for © = 1.
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FIGURE 6.1. Red-, blue-, and green-refinement of a triangle.

(b) There is remarkably little literature on a priori properties of adaptive algo-
rithms [Doe96, DN02, Mor00, MNSO03]; but their practical performance is
actually very good. The convergence rates are usually reasonably improved.

(¢) The finite element scheme and the adaptive algorithms were implemented in
Matlab based on openffw [BGG™| with direct solution of all linear systems
of equations.

(d) In case of inhomogenous boundary conditions an estimator for the approxi-
mation error of the Dirichlet data up on the boundary was incorporated to
control this quantity in the adaptive process, cf. [CDB04] for details.

7. NUMERICAL EXAMPLES
Example 7.1 ([CF99]). Let f =1 and s = 1 on the L-shaped domain
Q= (—1,1)*\[-1,0)°,

u = 0 on 0. The coarsest triangulation consists of 12 triangles obtained by dividing
each of the three quares into 4 congruent triangles. The exact solution is unknown,
it’s energy norm |||ul|* ~ 0.2140758036140825 was obtained by Aitken extrapolation
of solutions on uniform grids. The solution has a typical corner singularity at the
origin.

For a uniform sequence of meshes 7y, 71, 75,... generated by Algorithm Ag with
© = 0 we computed all error estimators and, using the approximated value for
l|lu]]] and Galerkin orthogonality, [|e]|| = |||ul]] — |[|usll|- Figure 1.1 displays these
quantities divided by |||u||| and plotted against the number of degrees of freedom N
corresponding to the particular triangulation. The logarithmic scaling of both axes
results in a nearly constant slope of —1/3 for all graphs, which, in two dimensions,
corresponds to an experimental convergence rate of a = 2/3 as h® oc N~%/2. This
matches theoretical predictions for a domain with a reentrant corner and an interior
angle of 37 /2. Suppose a goal is a termination of the calculation with relative energy
norm error < 10%. Clearly, the error is below 10% for 7, but since, in general, |[||e]|



16 C. CARSTENSEN AND C. MERDON

‘ ‘A‘f‘kulem(uni"ofm)
—7—lllelll (ng)
—t— llelll (nypy)
——lllelll (n,)
* el H
> el
—D—llelll (e []
Fo el Oyyeg)
—se—llell (g [
o lllelll (ng)
—<—llell (1) ]
o llelll (nep)
—o—1llelll (g ]
o lllelll ()

H
°
I

[1lelll 7 {itull

107

F1GURE 7.1. Errors on adaptively generated meshes in Example 7.1.

is unknown, termination is to look on which level they cross the 10%-line. For
example, nyp1 suggests stop at 7y with 1473, npqr at 75 with 6017, and g at 77
with 97793 degrees of freedom. The other estimators are somewhere between nyp;
and neo.

The experimental convergence rate of 2/3 can be improved by adaptive refinement.
This is shown in Figure 7.1. Via algorithm (A;/3) all estimators induce meshes
with the optimal experimental convergence rate 1. The goal of 10% for the relative
error is reached with 400 degrees of freedom instead of 800 for uniform refinement.
However, there are slight differences: the meshes generated by the estimators based
on Raviart-Thomas elements on the original triangulation and the standard-residual-
based estimator nr are the best, while ncr, nrqr and 7w produce the worst meshes.

Example 7.2 ([LW04]). We choose f according to the exact solution
u=x(r —1)y(y — 1) exp(—=100(x — 1/2)* — (y — 117)*/10000)

of (1.1) on Q = (0,1)%. The oscillations are of higher order for small mesh-sizes.

Figure 7.2 shows the relative energy error and estimators on a sequence of uniformly
refined meshes generated with algorithm (Ag) for © = 0. Since v € H?(f2), the op-
timal convergence rate is 1. Although this cannot be further improved by adaptive
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FIGURE 7.2. Error and error estimators for uniform mesh refinement
in Example 7.2.

refinement, Figure 7.3 shows that it leads nonetheless to a significant error reduc-
tion. The error goal of 10% is reached with around 500 degrees of freedom while the
uniform refinement needs about 4000 degrees of freedom. Again the meshes gener-
ated by RTj (7 )-based estimators generates the best meshes, while ngqr produces
the worst. The loss of reliability of ng, nw, TvreMm and nps in Figure 7.2 is due to
the oscillations. The estimators ngqp, MeqL and ncp are far less affected by this.

Example 7.3 ([MNS03]). The exact solution of (1.1) for f = 1 and s = 1 on the
domain

Q= {(z,y) €R* : |z + [yl <1} ([0,1] x {0})

is given (in polar coordinates) by u(r, ¢) = r'/2sin(¢/2) — 1/2r?sin® ¢. The coars-
est triangulation consists of 16 triangles obtained by red-refining each of the four

triangles in €2 minus the x- and y-axis. The solution has a typical corner or crack
singularity [MNS03].

Figure 7.4 shows the relative energy error and estimators on a sequence of uniformly
refined meshes generated with an expected convergence rate of 1/2. This time the
performance of npqp and 7pqr is very similar, which coincides with the observation
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F1GURE 7.3. Errors on adaptively generated meshes in Example 7.2.

that np is not as efficient as in the examples before. It’s also remarkable that nygrr is
very accurate this time while in the examples before there was a little overestimation.
The adaptively generated meshes improve the experimental convergence rate to the
optimal value 1 as can be seen in Figure 7.5. This time the error goal of 10% is
reached with around 100.000 degrees of freedom with uniform refinement and around
1000 degrees of freedom with adaptive refinement! The assessment of the meshes is
the same as in the examples before, the meshes generated by 7 or ngqp win by a
narrow margin.

Example 7.4 ([LW04]). We look on Q = (—1,1)? with f = 0 and diffusion coeffi-
cients of 1 or 5 in each of the 4 sectors distributed as seen in Figure 7.6. The exact
solution has the form (in polar coordinates) u(r, ¢) = r® (G sin(ad) + v cos(af)) with
a = 0.53544094560. The other coefficients 3 and ~ are chosen (differently on each
sector of ) to solve (1.1) with the given data. The coarsest triangulation consists
of 16 triangles achieved by red-refining each of the 4 sectors of the square. The
solution has a singularity at the point (0, 0).

Figure 7.7 shows the results for uniform refinement with an experimental conver-
gence rate of 1/2. The node based averaging estimators 1, na2 and also nyp; fail
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FIGURE 7.4. Error and error estimators for uniform mesh refinement
in Example 7.3.

in this example and doesn’t recover the correct convergence rate. Again, nyrr and
nrr give a good guess for the exact arror but are not a secured upper bound like the
more laborous estimators ncr, Nrs, Nmrem and nrw. The results for the adaptive re-
finements in Figure 7.8 show that the convergence rate again can be improved to the
optimal value of 1 and underline the loss of efficiency for the node based averaging
estimators. The meshes induced by nr or nyrr doesn’t count to the best anymore
and are defeated by most of the other estimators, predominantly the ones by ng
or Npqp. For comparison we also included the estimator ng/ which is the explicit
residual-based error estimator for x = 1 to show what happens if the local diffusion
coefficients are ignored. Since » < 1 in this example it holds nr < nr/, but we also
see that the adaptive meshes induced by nr/ are not as good as the ones induced by

MR-

Example 7.5 ([HW96]). The diffusion coeflicient s assumes the values 1 and 1000
on the octagon

2j+1 27+ 1
Q:conv{(cos(jg )W,Sin(]—g )W),jzo,l,..ﬁ}
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FIGURE 7.6. Distribution of £ on the initial triangulation in Example 7.4.

as depicted in Figure 7.9. The remaining data of problem (1.1) are chosen to match
the exact solution u(z,y) = (az? — y*)(ay?* — x?)/ ¢ with a = tan(37/8)%. The
first derivatives of the solution are discontinuous at the interfaces while the flux
o is continuous. The coarsest triangulation consists of 32 triangles achieved by
red-refining each of the 8 sectors of the octagon.
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in Example 7.4.

Since the solution is very smooth we have the optimal convergence rate of 1 already
for uniform refinement as seen in Figure 7.10. Surprisingly the estimator nw beats
most other estimators and the node-based averaging estimators work again because
the fluxes of the exact solution have no tangential jumps. Also remarkable is the
apparent convergence of nyrr < s < Nurem < 7B against each other. In this
example 7gpqr, beats npqp for the first time, but still loses against ncp as in all other
given examples. As before ng/ denotes the explicit residual-based error estimator
for 2z = 1 and the results for the adaptive meshes in Figure 7.11 show that ng/ is
not worth anything. All other estimators produce proper meshes.

8. COMPARISON AND CONCLUDING REMARKS

The theoretical and practical results of this paper support the following observations.

8.1. Explicit error estimators appropriate for effective mesh design. Adap-
tive mesh refinement may be steered by simple ngr-based refinement rules, but the
best meshes were generated by np or its improvement ngqg. However, it does not
appear to be favourable to spend more computational time for more laborious re-
finement rules if the data are (relatively) smooth.



22 C. CARSTENSEN AND C. MERDON

10° ———

‘ L!‘Z‘f\uem(un‘llorm):
—7—llell ) H
v lllelll ()
—t—1llelll (Mypy) N
——lllelll (0,)
*- llelll (1)
> llelll ()
—fe—lllelll (0,9
1 —>—lllelll ()
T—— oz S llelll Oyyeeny)
o el g [
——1llelll () ]
o el ||
—o— llelll (neg)
o llelll (ngge) ||

107 =

Tl /il

107~

101

FIGURE 7.9. Octagon and distribution of k£ on the initial triangula-
tion in Example 7.5.

8.2. Experimental observations npw < g and ngqs < 7Eqr- In most examples
neqs dominates ngqr, but the last examples shows that this holds not in general.
In all our examples the equilibration estimator nrw was at least as accurate as 7g.

8.3. Asymptotic equivalence of nrs = nmrem. The least-square-estimator 7g
coincides with nyrepm asymptotically as expected in Section 4.2.
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in Example 7.5.

8.4. Approximation of local problems. We found that fourth-order polynomials
are sufficient enough to provide accurate approximations of the guaranteed upper
bounds. However, for full reliability, this approximation error has to be controlled
further. The numerical experiments in this paper leave this out and therefore are
not fully reliable.

8.5. Robust averaging estimators. Node-based averaging estimators like nyp;
and na may fail in examples with discontinuous diffusion. Therefore they are not
recommended for guaranteed error control. The special choices 1a; and nas per-
formed similar. The estimators nrr and nygrr remain efficient also for discontinuous
diffusion.

8.6. Robust error control via 7ncr, 7Ls, "mrEM OF Npw. The estimators 7o,
NLs or NureMm and nrw seem to be the most robust estimators and are recommended
as a termination criterion for guaranteed error control. The residual-based estimator
7R is too coarse and not appropriate as termination criterion for guaranteed error
control.

8.7. Accurate error control pays off. Averaging estimators might be a very
good exact error guess but they do not guarantee to be an upper bound for the
exact error to justify termination. On the other hand, relying only on cheap error
estimators like ng causes overkill refinements and might be more expensive than
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the computation of more laborious but sharper error estimators like the ones from
Section 8.6. That’s why it is is favourable to have a variety of estimators [CBKO1].

8.8. Recommendation in practise. If the reliability is highly important for ab-
solute control of the error in the energy norm, it is recommended to employ nvreMm
or nw. The estimator npg, although asymptotically equivalent to nyrewm, is not a
guaranteed upper bound without proper constants and minimisation as in Repins
majorant. However, the seperation of oscillations done for the derivation of s,
nvreM, 7B and mrw in Section 4 should be also applicable to his approach. The
implicit estimators ncr, 7eqe and Neqr require the exact solution of a local interface
problem with PDEs which involve some extra error control (see 8.4).

For adaptive algorithms, the residual-based error estimates are sufficient (see 8.1).

In case of smooth data the approximation estimators na1, a2 and nyp; show an
accurate energy error approximation. This is recommended to give an idea of the
error, however without explicit computation of the reliability constants, there is no
guaranteed error control. We do not recommend this for rigourous error estimation
but we do enjoy the high accurary in many nice examples.
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