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Abstract. The proof of optimal convergence rates of adaptive finite element methods relies
on Stevenson’s concept of discrete reliability. This paper proves the general discrete reliability for
the nonconforming Crouzeix—Raviart finite element method on multiply connected domains in any
space dimension. A novel discrete quasi-interpolation operator of first-order approximation involves
an intermediate triangulation and acts as the identity on unrefined simplices, to circumvent any
Helmholtz decomposition. Besides the generalization of the known application to any dimension and
multiply connected domains, this paper outlines the optimality proof for uniformly convex minimiza-
tion problems. This discrete reliability implies reliability for the explicit residual-based a posteriori
error estimator in any space dimension and for multiply connected domains.
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1. Introduction. The key ingredient in the proof of optimal convergence rates
of adaptive finite element methods (AFEMs) based on a loop with the steps SOLVE,
ESTIMATE, MARK, REFINE is the concept of discrete reliability, which is the seminal
contribution of Stevenson [27] for conforming FEM. The discrete reliability states
that the difference of the discrete solutions on two arbitrary levels v, and wg4,, with
respect to triangulations 7, and Ty, is bounded by the contributions of the residual-
based error estimator on the refined simplices 7\ T¢+rm, only. After some natural split
of the error, the additional difficulty for the nonconforming FEMs is the proof of an
estimate of the distance in the form

' _ 2
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Here and throughout this paper, [-]r denotes the jump across a hyper-surface F €
F(T) of the simplex T with diameter hr (more details on the notation of triangula-
tions follow in section 2) and the sum runs over the set F(7¢\T¢+m) of hyper-surfaces
of simplices in T\ To4m-

The proofs of (1.1) in the literature [4, 12, 15, 17, 26] utilize the discrete Helmholtz
decomposition [1] and so focus on simply connected domains in dimension n = 2. The
remaining contributions leave doubts: [3] obtains a constant Cyqc(m) in (1.1) which
may depend on the number m of refinement steps as pointed out in [15, p. 292], while
the authors of this paper seriously question lines 15-16 of [24, p. 140].

This paper provides a rigorous proof of the discrete distance control (1.1) for mul-
tiply connected domains 2 C R™ in any space dimension n > 2. The main tool is the
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definition of a transfer operator which is based on an intermediate triangulation. This
enables the discrete reliability for a couple of model problems like the Poisson prob-
lem, eigenvalue problems, Stokes equations, and linear elasticity and thereby shows
optimal convergence of the AFEM for those problems in the general case. With (1.1)
the analysis of the aforementioned papers [3, 4, 12, 15, 17, 24, 26] shows convergence
of the respective AFEMs also for multiply connected domains in two, three, or even
higher dimensions. For m — oo the result (1.1) of this paper immediately leads to
the reliability in the sense that

(12) amin s (e~ )l[Eaqe) < Coe 3 bt Nl el
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This generalizes [22] in two dimensions and [2] in three dimensions to multiply con-
nected domains in any space dimension. The efficiency is the converse of (1.1) (resp.,
(1.2)) and is rather immediate [12, 31] via Verflirth’s discrete test function tech-
nique [31].

As a novel application of the discrete reliability, this paper outlines the optimality
proof for nonconforming FEM for uniformly convex minimization problems. The proof
of the contraction property relies on the observation that the error of the FEM is
equivalent to the difference of the exact and discrete energies up to some computable
data term. For nonconforming FEMs, this technique seems to be a new argument.

The remaining parts of this paper are organized as follows. Section 2 provides the
necessary preliminaries on regular triangulations into simplices and their refinement
in any space dimension from [28]. The main result is stated in section 3 and proved in
section 4 by means of a carefully designed transfer operator which is a discrete quasi
interpolation for nonconforming finite element functions. Section 5 discusses applica-
tions to various model problems like linear problems, eigenvalue problems, the Stokes
equations, and the Navier—Lamé equations of linear elasticity in the generalization of
[10, 14]. Section 6 concludes the paper with a sketch of the proof of the optimality
of a convex minimization problem. This illustrates how the discrete reliability (1.1)
enters the analysis and also provides a novel application of nonconforming FEMs for
a class of nonlinear problems.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces and
their norms is employed and Pj(w) denotes the space of polynomials of degree <
k. The piecewise action of the differential operators D and div is denoted by Dyc
and divye. The formula A < B represents an inequality A < C'B for some mesh-
size independent, positive generic constant C; A ~ B abbreviates A < B < A. By
convention, all generic constants C' = 1 depend neither on the mesh-size nor on the
level of a triangulation but may depend on the fixed coarse triangulation 7y and its
interior angles as well as on the space dimension n.

2. Triangulations and refinements. This section recalls the concepts of tri-
angulations and some suitable refinement strategies from [28] (which trace back to
[25, 30]) and proves some properties of the refinement strategies for self-contained
convenient reading.

2.1. Triangulations. This section recalls the concepts of local mesh-refinements
from [28] as a natural generalization of the newest-vertex-bisection in R”™.

A tagged simplex (zg, ..., 2n;7) is an (n + 2)-tuple with vertices zo, ..., 2z, € R",
which do not lie on an (n — 1)-dimensional hyperplane, and a type v € {0,...,n— 1}.
The mapping dom : R x --- x R” x {0,...,n — 1} — 28" extracts the correspond-
ing (closed) simplex dom(zg,...,2z,;7):= conv{zg,...,2,} from a tagged simplex
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(20, -, 2n;7). Given tagged simplices T, T", define for abbreviation 9T := 0 dom(T),
TNT' := dom(T) Ndom(7T"), TUT" := dom(T") U dom(T"), v|r := v|gom(r), and
int(T") := int(dom(T")).

Let 7 be a regular triangulation of the polyhedral bounded Lipschitz domain
Q0 C R" into simplices in the sense of Ciarlet. This means that the corresponding
simplices dom(7) := {dom(T) | T € T} cover the domain Q and two distinct simplices
dom(T) = conv{yo, . ..,yn} and dom(T") := conv{zo,...,z,} for T,T' € T are either
disjoint or share exactly one surface (e.g., an edge or a side) in the sense that there
exist 0 < j1 < - <jy<nand0<k <---<ky<nforsome N € {1,...,n} such
that

TNT =conv{y,, ..., Yjnx } = conv{zg,, ..., 2ky }-

The set of hyper-surfaces of a tagged simplex T = (2q,...,2,;7) € T with vertices
N(T) :={z0,...,2n} is

F(T) := {conv{zo, ..., 2k—1, k41, -, Zn} C R" ‘ k=0,...,n}.

Let F(T) denote the set of all hyper-surfaces F(7) := oy F(T) (e.g., the set
of edges for n = 2 and the set of faces for n = 3) and let N(T) := Uy N (T) denote
the set of all vertices. The set of simplices that share a vertex z € N(T) reads

T(z):={T €T | ze N(T)}.

Any F € F(T) is associated to a fixed orientation of the unit normal vz on F;
on the boundary, vp is the outer unit normal of 2. For an interior hyper-surface
F ¢ 00 the orientation is fixed through the choice of the simplices T € T and
T_ €T with F =T, NT_ and vp = vz, |r (ie., vp points outward of T, ). In this
situation, [v]p := v|r, —v|7_ denotes the jump across F'. For a hyper-surface F' C 02
on the boundary, the jump across this hyper-surface F' is [v], := v (in the case of
homogeneous Dirichlet data on 9 at hand).

2.2. Bisection. The bisection of a tagged simplex (2o, ..., z,;7y) generates the
two tagged simplices

(2.1) (ZO,ZO—;_Z”Z,Z]_,...,ZW,Z,Y+1,...,ZTL1;(7+1)m0dn> and

20+ 2
(zn, %,21,...,zv,zn,l,...,zwl;(’y—i— 1)m0dn> )

(By convention, the finite sequence (zy41,...,2n—1) and (21,...,2y) is void for v =
n — 1 and v = 0, respectively.) The two new tagged simplices are called the children
of the tagged simplex (zo,. .., zn;7y) and any child of some child of a tagged simplex
is called a grandchild; conversely, in this situation, (zo,...,2zn;7) is called a parent
(resp., grandparent) of each of its two children (resp., four grandchildren).

The following proposition ensures that grandchildren do not share hyper-surfaces
with their grandparents.

PROPOSITION 2.1. Any grandchild T' of a tagged simplex K satisfies F(T') N
F(K)=0.
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Proof. Let the tagged simplex K = (20, . .., 2,; ) be the grandparent of T'; that is,
T is a child of some K and K is a child of K. The bisection rule (2.1) implies that the
child K of K contains the new vertex (zo+2,)/2. Moreover, the child T of K contains
the vertex (204 2n)/2 and the new vertex (20+2n—1)/2 or (2n+24+1)/2 (depending on
whether K is the first or the second tagged simplex in (2.1)). Consequently, the tagged
simplex T' contains two vertices outside of N (K). Each hyper-surface F € F(T) is
the convex combination of n vertices from the n + 1 vertices from the simplex 7', and
therefore F' contains at least one new vertex. This proves F' ¢ F(K). O

2.3. Initial conditions. The initial condition (C) below from [28, p. 232] guar-
antees that successive refinements of a regular triangulation 7 lead to regular trian-
gulations. The notion of a reflected neighbor is required for the statement of (C).
Note that given a tagged simplex T = (zg, . .., zn;7), the simplex

Tg:= (Znazla sy Ry Bn—1,2n—2 - '7ZV+1720;A/)

with dom(Tr) = dom(T") has the same children as T. Two tagged simplices T, K
are called neighbors if they share a common (n — 1)-dimensional hyper-surface. Two
neighboring tagged simplices T' and K are called reflected neighbors [28] if the ordered
sequence of vertices of either T or Tz coincides with that of K on all but one position;
for graphical illustrations see [28].
The following initial condition from [28] is crucial for the regularity of refinements.
Condition (C). All simplices in T are of the same type 7. Any two neighboring
tagged simplices T' = (yo, - - -, Yn;7) and K = (2q, ..., 2n;7) satisfy the following:
(a) If conv{yo,yn} € TNK or conv{zg, z,} CTNK, then T and K are reflected
neighbors.
(b) If conv{yo,yn} € T N K # () and conv{zg,z,} € T N K, then any two
neighboring children of 7" and K are reflected neighbors.
Condition (C) guarantees that uniform refinements of a triangulation 7 are regular
[28, Theorem 4.3], which transfers to the refinement routine of the following subsec-
tion.

2.4. Admissible triangulations. Throughout the paper, the initial regular
triangulation 7y of 2 is assumed to satisfy Condition (C). A regular triangulation T
is called an admissible triangulation of 7q if it is a regular triangulation and it was
created by refining 7y with a successive application of the bisection rule (2.1).

The set of all admissible triangulations is denoted by T. This set is known to
be uniformly shape regular [28], i.e., the ratio of the diameter and the radius of the
largest inscribed ball is uniformly bounded only dependent on 7y. For any 7 € T,

T(7) := {7’ € T| T’ is an admissible refinement of 7 }.

Notice that 71 € T(72) and T2 € T(7;1) imply 71 = T2. For any T € T, the routine
refine(7,T) from [28, p. 235] computes a refinement 7 € T(7) such that T € T\T.
The following proposition ensures the minimality of this routine. In the case that
T & T set refine(7,T) :=T.

PROPOSITION 2.2. The output T := refine(T,T) is minimal in the sense that
any other refinement T € T(T) with T € T\T is a refinement T € T(T) of T .

Proof. The minimality of refine(7,T) with respect to the cardinality is stated
in [28, Theorem 5.1] and the proposition follows from the arguments of that paper.
The concept of binary trees [5] behind the notion of admissible refinements clarifies
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that the minimality with respect to the number of new elements is indeed equivalent
to the minimality in the sense of the proposition. O
For a set of simplices M C T, the routine refine(7, M) runs the following loop.
ALGORITHM 2.3 (refine(7T,M)).
Input: M and T:=T.
while MNT #0 do_
choose T e MNT,
compute 7 := refine(7,T) od
Output: refine(7, M) :=T.

This loop computes a refinement 7 € T(7) of T by applying refine(T,T) for
simplices in M and results in a triangulation in which all simplices of M C T\'? are
refined. The following proposition guarantees that the result is independent of the
order of '€ M NT in the loop of refine.

PROPOSITION 2.4. The output T := refine(7T, M) does not depend on the
selection of T € M N T in Algorithm 2.3.

Proof. Let T,, T, € T be tagged simplices and set T, := refine(7,T,), Tp :=
refine(7,Tp). The overlay 7, ® Ty is defined as the smallest common refinement
of T, and 7, in the sense that any triangulation T ¢ T(7.) N T(7y) satisfies T €
T(7o @ Tp). Since refine(7T,,Ty) € T(T) and T, € T\refine(7,,T;), the minimality
of Proposition 2.2 leads to refine(7,,T,) € T(7p). Since refine(7,,Ty) € T(7,), the
minimality of the overlay implies refine(7,,T3) € T(7T, ® Tp).

On the other hand, if T, ¢ T,, then refine(7,,T;) = T, and so T, ® T €
T(refine(7,,Ty)). If T, € T,, then T, ® Ty, is a refinement of T, with T, & T, ® Tp.
Proposition 2.2 guarantees 7, ® T € T(refine(7,,T3)).

Altogether, refine(7,,T3) € T(7, ® Ty) and T, @ T, € T(refine(T,,Tp)) imply

refine(7,,Ty) = Ta @ Tp.

The symmetry of a and b also proves refine(Ty,, T,) = To @ T and s0 T, @ To = To @ Ts,
implies

refine(7,,T,) = refine(Ty, Ty)-

It follows that the order of two consecutive selections in Algorithm 2.3 does not change
the output. This concludes the proof. a

The following proposition states that the minimality of refine for one simplex
implies the minimality of refine for any input set M C 7.

PROPOSITION 2.5. The output T := refine(T, M) is minimal in the sense that

~

any other refinement T' € T(T) with M C T\T" is a refinement T' € T(T).
Proof. The proof of Proposition 2.4 shows for M = {T,..., Tcaraom) }

refine(7, M) = refine(7,T1) ® - -- ® refine(T, Tearam))-

The minimality of refine for one simplex and the minimality of the overlay prove
the assertion. O

3. Main result. This section defines the Crouzeix—Raviart FEM space and
piecewise H'! spaces, and the main result of the paper is stated in subsection 3.2. In the
subsequent chapters 7y € T is an admissible refinement from 7y with hyper-surfaces
Fo := F(Tz). In the following three chapters the piecewise constant mesh-size function
he reads hy|p = diam(T') for all T € Ty.
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3.1. Crouzeix—Raviart finite element space. For k > 0 the space of the
piecewise polynomial functions of degree < k reads

P(Te) := {ve € L*(Q) | ve|r € Py(T) for all T € Ty }.

The nonconforming finite element space after Crouzeix and Raviart [19, 21] with
respect to Ty € T is defined as

CRy(To) := {ve €P\(T2) |YF € Fu, [ve]p(mid(F)) = 0}

for the barycenter mid(F) := n~! Z?Zl y; of a hyper-surface F' with vertices yi, ..., Yn.

For piecewise H' functions (with respect to 7T;) the piecewise differential operators
Dy and divye exist and act as (Dyctne)|r = D(vxe|7) and (divye vne) |7 = div(vse|r)
for all T € T;. Define the spaces Py (T; RF) := [Py (To)]*F, CRy(Te; R¥) := [CR}(To)]".

3.2. Discrete distance control. The following main result states the discrete
distance control (1.1) for the Crouzeix—Raviart FEM. The point is that Cqgc ~ 1
depends only on the initial triangulation 7y but not on either £ € Ny or on m € N.
The proof follows in section 4.

THEOREM 3.1 (discrete distance control). Let Toim € T(T¢) be a refinement of
Te created by the refinement rules of section 2 and recall

F(T\Tem) = {F € F¢ | 3T € T\To4m, F € F(T)}.

Any function ug € CRY(Ty) satisfies

. _ 2
(1) min D~ v S Case 3 bt ludr ey
ttm $(Tetm FeF(Te\To+m)

Figure 3.1 illustrates possible triangulations 7; € T and Ty € T(T¢) and em-
phasizes the hyper-surfaces which appear in the sum in the right-hand side in (3.1).
The point is that hyper-surfaces F' € Fy for which all adjacent simplices T' € T, with
F € F(T) are not refined can be neglected.

3.3. Main tool. The methodology behind the discrete distance control as the
main result of this paper is the design of a discrete quasi interpolation.

THEOREM 3.2 (discrete quasi interpolation). Given Ty € T and some refinement
Tovm € T(Ts), there exists an operator J : CRY(Te) — CRY(Totm) such that for any
up € CRY(Te), Juelr = welp for all T € Ty N Tom and

<
<[>
=

Fia. 3.1. Illustration of a triangulation Ty (solid) with its refinement Tpim, (dashed) and thick
edges which appear in the sum in (3.1).
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[Dxe(ue — jue)”i?(ﬂ) S Z hg‘l ||[UE]F||2Lz(F) :
FGJ‘_(Te\Tum)

4. Proofs. This section is devoted to the proof of Theorems 3.1 and 3.2 based
on an intermediate triangulation 7, with T, N Ty, = Te N T

4.1. Intermediate triangulation. Given 7; and 7y4,, of Theorem 3.1, the
following algorithm computes some intermediate triangulation ’YAZ € T(T).

ALGORITHM 4.1. ~

Input: S := F\Fo4m and T := Tp.

while S #0 do
T(S):={T €T |3F €S with F € F(T)},
T :=refine(T,T(S)),
S:=8NF(T) od

Output: 7A2 =T.

Algorithm 4.1 is the natural generalization of the refinement of Algorithm 2.3
to the case of marked hyper-surfaces. For any marked hyper-surface F' € F;, Al-
gorithm 2.3 is applied to the adjacent simplices T € T, with F' € F(T) until the
hyper-surface F' is refined and, hence, excluded from the current set F(7).

LEMMA 4.2. Algorithm 4.1 terminates after at most two runs of the while loop.
Furthermore, any two simplices K € Ty and T € Ty with T C K have comparable sizes
hik = hr, |[K| ~|T|, etc.

Proof. The termination after two loops follows from Proposition 2.1. The com-
parability of the mesh-sizes follows from the fact that each simplex T' € T(S) is split
into at least two and at most Cgesc > 2 descendants. The proof of Cyese < 1 is trivial
for n = 2 and nontrivial for n > 3. The latter follows indeed with the arguments from
Corollary 4.6 and Theorems 5.1 and 5.2 of [28] as pointed out by Stevenson [29]. 0

Figure 4.1Aillustrates the definition of the intermediate triangulation 7, with
T(Tesm) G T(T2) S T(T2).

4.2. Properties of /ﬁ. This subsection provides three lemmas on the inter-
mediate triangulation 7; computed by Algorithm 4.1 with vertices Ny := N (7;) and
hyper-surfaces ﬁg =F (7\}) Recall from Lemma 4.2 that in Algorithm 4.1 the number
of bisections for one simplex is bounded independently of the possibly large number
m € N.

LEMMA 4.3. Algorithm 4.1 is minimal in the sense that any T' € T(Ty) with
hyper-surfaces F' and (F\Feym) N F' =0 satisfies T' € T(T;). In other words Ty is
the unique smallest admissible refinement of Ty where at least the faces Fy\Fo+m are
refined.

Fic. 4.1. A triangulation Ty (thick) with refinement Ty4,, (dashed) and the intermediate tri-
angulation Ty (solid, right).
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Proof. Let T' € T(T;) be any refinement of 7; with hyper-surfaces 7 such that
(F\Fetm) NF' = 0. The first loop of Algorithm 4.1 computes the set

71 := refine(T;, {T € T; | 3F € F\Frym with F € F(T)})

with a set of hyper-surfaces F1. Since (F\Fo4m) N F' =0, any T € Ty with some
hyper-surface F' € F(T) N (Fe\Fotm) satisfies T ¢ T'. Proposition 2.5 therefore
shows 77 € T(T1). This establishes the lemma in case that Algorithm 4.1 terminates
after one loop with 7A2 = 7~‘1

Otherwise, the second loop computes My := {T € T; | IF € (F\Fepm) N
Fi1 with F € F(T)} # 0 and terminates with 7; := refine(77, M>). Since T’ € T(T7)
and any T € T satisfies F(T) N (F\Frrm) = 0, Proposition 2.5 shows T’ € T(7;).
This and Lemma 4.2 conclude the proof. d

LEMMA 4.4. Tt holds Fy N Fy = Fosm O Fo.

Proof. The minimality of 7A2 in Lemma 4.3 shows that 71, is an admissible
refinement of'i\}. It follows FyimNFe C ﬁg NJFy. Conversely, given any F' € F ﬂ]?g, F
cannot belong to the input set S = Fy\Fpqm of Algorithm 4.1. Therefore, F € Fyipm.
Since F' is arbitrary, this proves .7?@ N Fe C Form N Fe. d

LEMMA 4.5. It holds that To N\ T = To N Tosm.

Proof. The minimality of 7A} in Lemma 4.3 shows that 71, is an admissible
refinement of 7A2 Hence, To4rm NTe € Te N 7A2 Conversely, given any T € T, N 7A2, all
hyper-surfaces of T belong to F; N ﬁg and, by Lemma 4.4, to Fy N Fyym- Therefore
TeTeNTorm- 0

4.3. Transfer operator. Consider the vertex z € N(T) of a tagged simplex
T € 7A2 in the intermediate triangulation ’YAZ and define theAset of the hyper-surface-
connected refined simplices at z by Z(z;T) := {T'} for T € T,N7T; and otherwise (i.e.,
for T € 7\2\72) set

Z(T):={K € T\T¢ | 3J eN3T\,..., Ty € To(:)\Te with T = Ty and K =T}
such that T; N T}41 e Fo forj=1,...,J —1}.

If T € T,NT; is unrefined, Z(z; T) consists of T only. Any refined T' € T;(2)\7; belongs
to Z(z;T) as well as possibly some other neighboring K € T;(2)\ Tz, plus the chain
Ti1,...,T; which connects T and K and which consists of hyper-surface-connected
neighbors of this type. Figure 4.2 illustrates this definition of Z(z;T) and its depen-
dence on T € 7A2.

(a) (b) (c)
Fic. 4.2. A triangulation Ty (thick) and the refinement Te (solid) and Z(z,T) (gray) for three
different z and T.
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Recall 1 < card( (z;T)) < card(T¢(z)) < 1 and define the averaging operator

~

. CRY(T) — Pi(Te) for z € NynQ and T € T(2) by

J uplr(2) := Z ug| i (2)/ card(Z(2;T)),

KeZ(zT)

while J*uy(z) := 0 for z € /\Afe N onN.
Given u, € CRO(’U) define Juy € Pi(Ty) as a combination of the averaging

operator J* and the identity for simplices T € T, N 72, ie., forT € 72 and F € F(T),
set

Tualr(mid(F)) = {“i(mid(F?) HRERN

J UZ|T(H11d(F)) if Fe Fg\fe.
The first observation is that Ju, is well defined as a function in CR(lJ(’ﬁ) and (sur-
prisingly at first glance) in CR{(Tr4m) as well.

THEOREM 4.6. It holds that Ju, € CRé(ﬁ+m) N CR(l)(ﬁ) and Jug|r = ug|r for
al T € Te N Totm.

The remaining parts of this subsection are devoted to the proof of Theorem 4.6.
Figures 4.2(a) and 4.2(b) illustrate that J*u, is possibly not continuous on dom(7,\7¢),
where Z(z;T) is different for different T'.

LEMMA 4.7. The function J*u, is continuous on int(U(’fZ\’D)) and vanishes on
U(Te\Te) N O

Proof. Consider an interior hyper-surface F = COHV{yl, .oy Yn} € ]?g, F Z 09,
shared by two simplices Ty and T_ of 72 IftT, € T NTgorT_ € ’YAZ N 7¢, then
continuity is not asserted. Hence, suppose T, T_ € ’7AZ\72 and so the vertices of

F satisty Z(y;;T4) = Z(y;;T-) for all j = 1,...,n. The definition of J* defines
(J*ue)|7, (y5) = (J*ue)|7_ (y;) uniquely. Since J*w is affine on Ty and T, (J*ue)|7,
and (J*ug)|7_ coincide on F = T4 NT_. In the case that F C 99 is a boundary
hyper-surface, the definition of J* implies J*u;|p = 0. O

Proof of Jug € CR(I)(7A2). Lemma 4.7 guarantees that J*u, is continuous along any
interior hyper-surface F' € j':g\]:g, F ¢ 09, and equals zero along any boundary hyper-
surface F' € j':g\]:g, F C 09. This means that Juy is continuous at mid(F) (resp., zero
if F C 09). The point is that for all other F € FyNFy, (Jue)(mid(F)) = ue(mid(F))
is continuous at mid(F") (resp., zero if F' C 09Q). O

LEMMA 4.8. If S € 7}+m\’7\2 and dom(S) & dom(T') € dom(K) for simplices
T €Ty and K € Ty, then |T| < |K|/4 (i.e., T is at least a grandchild of K ).

Proof. The simplex S € Ty, is generated by a series of bisections from the

simplex K € T,. This means that there exist a sequence of simplices Ky, ..., K; with
K =Kyand S = K; and

dom(K ;) G dom(K; 1) G

S -+ & dom(Ko)

such that the simplex K is a child of K;j_; for j =1,...,J. If J =0, then S € T,
and the condition S € Ty, leads to S € 7A2, which is a contradiction to S € ’7}+m\?\2.
If J =1, then S is a child of K and F(K)\Fetm # 0. This implies S € 74, which
contradicts S € ’7}+m\7A2. It follows that J > 2. a
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Proof of Juy € CRé(ﬁer). The proof verifies the continuity of Juy at the
midpoints mid(Fyy.m,) of the hypersurfaces Fyym, of Trqm (and the stated boundary
conditions) and distinguishes four cases.

Case 1. Let F' € Fyip N .7?@. Then the function Ju, € CR%('T}) is continuous in
mid(F') (and vanishes in mid(F') in case of F' C 09).

Case 2. Let F' € fprm\]?g and let mid(F) € int(dom(7")) belong to the interior
of some simplex T € ’7\2 Since Jug is affine on 7', Juy is continuous in mid(F).

Case 3. Let F € ]:g+m\fg, Fg GQ be an interior hyper-surface and let there
exist an interior hyper-surface F e .7:@ shared by two simplices T, T € T with
F C F =0T, NOT-. Any simplex Sy € Tyym with F € F(S+) does not belong to
7;. Lemma 4.8 therefore implies that T and T_ are grandchildren or refinements of
grandchildren of simplices in 7;. Hence, Proposition 2.1 guarantees F(T+) N Fy = 0.
This and the definition of J imply Jue|r, (mid(F’)) = J*ue|r, (mid(F’)) for all
F' € F(Ty). Since Ju, and J*u, are affine on dom(74), this implies Jue|r, =
J*ug|r, on dom(7y). Lemma 4.7 and Ty € 7\2\7} show that J*Ug is continuous along
int(F) = int(dT4 N OT_) for the relative interior int(F) of F. Hence, Ju; equals
J*ug on Ty and is continuous along mt(F) as well. In particular, Ju, is continuous
at mid(F).

Case 4. Let F € ]-"g+m\]-'g belong to the boundary, F' C 012, and let there exist
F € F; with F G F. For T, € T; with F € F(T,) the arguments of Case 3 lead to
.7-'(T+) NFr=10 and furthermore to Jus|r, = J*ug|r, . Since Ty € 72\72, J*uy =0
along F and so (Jug)(mid(F)) = 0. O

Proof of Jue|lr = welr for all T € Te N Toim. This follows from the definition of
Juy and Lemma 4.4. d

4.4. Error estimates for the transfer operator. The following theorem es-
timates the distance between uy and the quasi interpolant Ju,. This theorem gener-
alizes [11, Theorem 5.1] to a local estimate and to space dimensions n > 2.

For any T € '7A} and z € N(T), the set of hyper-surfaces of ]?g that contain z and
belong to Z(z;T) is defined as

Fo(z,T):={FeF, | z€ Fand 3K € Z(»;T) with F € F(K)}.
THEOREM 4.9 (error estimate for J* and J). Any T € 7?\72 satisfies

[[Dxe (e — J*W)”i?(T) + [[Dre(ue = Tue) HL2(T) Z Z ;«“1 H[W]FHQLz(F)-
2€N(T) FeFy(2,T)

Proof. Given F € Fy, let ¢p € CRé(’ﬁ) denote the Crouzeix—Raviart basis
function defined by ¢ p(mid(F)) = 1 and ¢ p(mid(E)) = 0 for E € F,\{F}. Given
T € T/\Te, the affine function uy — J*uy reads

(we = Jug)lr =Y (welr(mid(F)) — J ug|r (mid(F))vr.

FeF(T)

The triangle inequality proves

IDsc(ue = Tue) oy < 3 Juelr(mid(F)) — T uglp(mid(F))| [Dr || 2.
FeF(T)
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Analogous arguments prove

[Dxc (we — Tue) ||L2 < Z }W|T (mid(F J*W|T(mid(F))| ||D¢F||L2(T)
FeF(T)

The shape regularity leads to the scaling ||D1/)F||L2(T) ~ h$72)/2 of the Crouzeix—
Raviart basis functions. Since .. 2y L = card(Z(y;; T)), the definition of J*
leads for (ug — J*u¢)|r € P1(F) on F = conv{yi,...,yn} € F(T) to

S | X kez, ) welr(y;) — uelx (y5))]
n card(Z(y;,T)) '

|we| 7 (mid(F)) — J* | (mid(F))| <
For a fixed K € Z(y;,T)let Ne Nand T,...,Ty € Z(y;,T) with T =T, K = Ty,
and T NTy41 € Fefor k=1,..., N — 1. This shows

N-1

(4.1) el (y;) = welre (y;) = D (uelm (v;) — uelm,, (15))-
k=1

Consider F =T;NTj41 € j':g. Let ¢, € P;(F') denote the barycentric coordinates
on F with ¢;(yx) = 05 for j,k =1,...,n. Any v € P;(F') with coefficient vector
= (v(y1),...,v(yn)) satisfies

n

loll2aie = 3 v(w;)o(u) /F prpnds =z Ma

Gik=1
for the mass matrix M € R™*™. Elementary calculations reveal
M= 1+ 6p)|Fl(n—1)/(n+1)! for j,k=1,2,...,n
Since the lowest eigenvalue of the symmetric matrix
Ioxn+ (L., )@ (1,...,1) = (L4 6jk)j k=1,...n
is one, it follows that
o(y;)? <z < FI~ nn+ Do) 2ae).
With v := [ug]p € Pi(F) for F = 0T, N 0Ty41 and k= 1,..., N — 1, this proves
luelny (y7) — welm, () * < [P n(n+ D[ued plZ2 (-

This reveals in (4.1) that

—n 2
uelr(y;) —wel k)PP S Y hE " ud el e
Feﬁl(yjaT)

The shape regularity implies card(7;(z)) < 1. The combination of the aforementioned
estimates leads to

T - 2
[Dxe (ue —J W)HL?(T) + [[Dre(ue — Tue) ||L2 Z Z hy' ||[W]F||L2(F) :
zeN(T) FeFy(z,T)

This concludes the proof of Theorem 4.9. d
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4.5. Proof of Theorem 3.2. Theorem 4.6 implies Juy € CR(lJ('Uer) and so

min Due(ug — voam < ||[Dxc(ue — Ju .
vl+mECR(1)(Tl+m)H no(uf o )”L2(Q)_” olue = J E)HH(Q)

Since uy = Jug on T¢ N 7A2, it follows that
[[Dye (e — JW)HB(Q) = [[Dxc(ue — jW)HLz(U(ﬁ\Tl)) .

Lemma 4.2 implies hp ~ hg for G € Fy, F € ]?g with F' C . Therefore, the finite
overlap of the nodal patches in 7, and Theorem 4.9 imply

Dac(ue = Tuollltay S > he'lluwdpliap - O
FeF(Te\Texm)

5. Applications. This section deduces the discrete reliability from the discrete
distance control. This is done in an abstract framework in subsection 5.1, while sub-
sections 5.2-5.5 discuss immediate applications of the abstract result to various model
problems.

5.1. Abstract residual-based error control. Let N € {1,n} and £, :=
Py(Te;R™) if N = 1 and Ly := {m € Po(T; R™") | [, tr(me)de = 0} if N = n.
Let Hy := CRy(T;;RY) and Xy := Ly x Hy. Let A € Po(To; ROXNIX(XN)) with
tr(Ary) = atr(ry) for some o € R and all 7y € Ly if N = n. Define the linear operator
Ag 2 Xp — X through

(Ae(1e,v0)) (&e, we) := (ATe,€0) £2(02) — (Te, Dacwe) £2(0) — (€, Dcte) L2

Given f, € L*(;RY) and some approximation (G¢,%¢) € Ly x Hy to the solution
(0¢,ue) of the equation

(5.1) (.Ag(O'g, UZ))(TZ,’UE) = _(f[,'Ug)L2(Q) for all (Tg, Ug) €Ly xHy
the residuals read
Resz, (00, W 7¢) == (AT, 7¢) 2 () — (¢, Dnclie) 2 () for all 7, € Ly,
Resyy, (03 v¢) = (fe,ve)r2(0) — (04, Dacve) 12(0) for all vy € Hy.

The operator norms of the residuals read

Resg, (G, s 70)

IResc, (00, ue; o)l . :=  sup
¢ necntoy el
~ Resyy, (045 vp
[Ress, (07; ®)llpy ==  sup Resn, (O ve)

veer\fo} IDxcvelln2 ()

Suppose that the discrete problem is well-posed in that Ay is bijective and bounded
with bounded inverse. As in the abstract theory of [10], this implies the following
equivalence:

(5:2) lloe=0ell2(@) +[Dxc(ue =)l L2 (o) ~ [Rese, (a¢, ue; o)l o, + [ Resa, (a2; @)l -

Define the error estimator

pue(fos e, T\ Term)? = Z 1A fell72er) + Z hipt | fud 122y
TET\Tetm FeF(Te\Te4m)
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The following discrete reliability combines the discrete distance control with a
control of ||Resyy, (T¢; °)||HE'

THEOREM 5.1 (discrete reliability). The discrete solutions (o, us) € Lo X He and
(Ottms Uetm) € Lotm X Hopm of (5.1) on the levels £ and £ + m for the right-hand-
sides f¢ and form satisfy Aoy = Dycue and Aoy = Dycterm and the following
discrete reliability holds:

loerm — oellr2) S pe(feos we, T\ Term) + | form — fellz2(0)-

Proof. The definition of A implies A1y € L for all 7y, € L. For N = n a piecewise
integration by parts reveals for vy € Hy

/tr(DNcUg) de = / divye Vo dx = Z /[w]p -vpds = 0.
Q Q F

FeFy

Hence, for N = n and (obviously) for N = 1, it holds that Dycve € Ly for all vy € Hy.
This implies Aoy = Dycur (and analogously Aoyt = Dactetm).

Set Gpm = o¢ and Ut = argmin,, ez, |[[Dxc(ue —vetm)| £2(0)- The equiv-
alence (5.2) shows that it suffices to bound the residuals

||Resﬂe+m (00, Upsm; o)| i, and HRGSHe+m (o¢; .)HHZ@m'

The nonconforming interpolation operator Iy : CR}(Trem; RY) — CRy(Te;RY) is
defined for vgq., € CR(lJ(ﬁer; R?Y) on each midpoint of an interior hyper-surface by
Iy(mid(F)) := f.vepmds for all F € F(T;). It satisfies the well-known projection
property

(5.3) Duxc(ZeVotm)|T = ][ DxcVotm dx for all T € Ty.
T

This and the discrete Friedrichs inequality (a direct generalization of [8] and [9,
Theorem 10.6.12] to higher dimensions) for the function vyi,, — Ipvetm prove, for
any simplex T € Ty and vy € CRY(Togm;RY), the approximation and stability
properties

(5:4) 17! (vesm — Leverm)ll L2y S [Dsc(Verm — Leverm) | 2y < [Dacvesm 2y

The integral mean property (5.3) and the discrete problem (5.1) prove

(06, DncVerm)2(Q) = (00, Dneleverm) o) = (fo, Leverm) L2(q)-

Since Ipvoqm = Vopm o0 Toim N T, the approximation property (5.4) and the discrete
Friedrichs inequality show

Resy,.,. (063 vegm)
= (ferm>Verm)2() — (fo, Leverm) L2(0)

= (ferm — fo,verm)r2) — (fo, Leverm — verm) L2 ()

5 < Z ||hTf||2L2(T) + ||ff+m - fE”L?(Q)) ||DNCU€+m||L2(Q) :

TET\Tetm
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The residual Resg,, . (07, Ugtm; ®) satisfies

Resz,,,, (06, Uoym; Term) = (Aoe — Dclioym, Term)12(Q)

= (Dnc(ue = Uppm), Te4m)L2(Q)-

Therefore, the definition of %4, and (5.2) imply

o -0 < min Dic(v —u + || Res oo @)y
Iovim — oo S | min [Daeloeim sz + | Rest,, (00 )

The combination of the previous estimates with Theorem 3.1 concludes the
proof. a

5.2. Linear model problem. Given f € L?(f), the Crouzeix—Raviart finite
element discretization of the problem div LDu+ f = 0 for a symmetric positive definite
tensor field L € Py(To; R™*"™) and homogeneous Dirichlet boundary conditions seeks
up € CRy(T7) with

(DNC’Ug, LDNCUZ)Lz(Q) = (f, ’Ug)Lz(Q) for all vy € CR(lJ (7})

For N =1, A:= L~! and f, := f, this problem is equivalent to (5.1). Theorem 5.1
implies || LDxc(tetm — we)llz2() S me(fe, we, Te\Tewm) and so generalizes [4, 26] to
multiply connected 2 C R" for n > 2.

5.3. Eigenvalue problems. The discretization of the eigenvalue problem cor-
responding to the linear problem of subsection 5.2 seeks the first eigenpair (Ag, us) €
R x CR}(7¢) with

(Dxcve, LDnctr) 12(0) = (Aetie, ve) L2 for all v, € CR}(T7)
with L as above. With N =1, A= L', and fe = Aeug, Theorem 5.1 leads to
[LDxe (ue = weqm)|| 120y S pe(Aete, e, T\ Tem) + | Aetie — AepmUetml2(0)-

The term ||[Aptte — AeymUeym| L2(q) is of higher order [6, 12] and can be absorbed in
the proof of optimality. This generalizes the discrete reliability of [12] to multiply
connected 2 C R™ for n > 2.

5.4. Stokes equations. For n = 2,3 the nonconforming FEM for the Stokes
equations —Au + Dp = f with homogeneous Dirichlet boundary conditions and f €
L2(;R™) seeks uy, € CRy(Ty;R™) and pe € Po(Ty) N L3(Q) (for L) = {q €
L*(Q)| [, qdx = 0}) such that

(Dnctte, DNCUZ)L2(Q) — (pe, divae W)LQ(Q) = (f, W)L2(Q) for all v, € CR(1J(7E§Rn)a
(qg, divae Ug)L2(Q) =0 for all gy € Po(ﬁ) n LS(Q)
The substitution oy := Dycty — peluxn € Le leads to an equivalent formulation with
N =n, A := dev (defined by dev M := M — (tvr(M)/n)l,xn for M € R™*™) and
fe:= f. Since Dyc(tpyrm — ug) = dev(os+m — 0¢), Theorem 5.1 implies

IDse (utsm — ue)l gy < I0tm — el 2y < pelFer e, T\ Tom)

and so generalizes [15] to multiply connected Q C R™ for n > 2.
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5.5. Linear elasticity. For Q C R" (n = 2,3) and f € L?(Q;R") the noncon-
forming discretization of the Navier-Lamé equations for linear elasticity (with full
gradient) seeks uy € CRy(Tr; R™) with

(DNC’Ug, @DNCUZ)L2(Q) = (f, UZ)L2(Q) for all Ve € CRé(’U;R").

The fourth-order elasticity tensor C acts as CA := pA + (1 + A) tr(A)1,«p for Lamé
parameters p, A > 0. This problem is equivalent to (5.1) for N = n, A := C~! and
fe:=f.

The arguments of [10, Lemma 4.1] and the projection property (5.3) easily prove
that the operator A, : X, — X is linear, bounded, and bijective and the operator
norms of Ay and Agl are A-independent. Hence, Theorem 5.1 implies ||0p4m — o] L2()

< pe(fe, we, Te\Ter-m) and so generalizes [17] to multiply connected @ C R”™ for n > 2.

6. Example for optimal convergence of AFEM. As an application of the
discrete reliability, this section discusses the proof of optimal convergence rates of an
AFEM for uniformly convex minimization problems. This section utilizes a modified
definition hg|r := hp := |T|1/” for a simplex T' € 7;. The shape regularity implies
|T|'/™ ~ diam(T) and therefore the results of sections 1-5 remain valid with this
definition.

6.1. AFEM for uniformly convex minimization. Let W € C!'(R") be a
uniformly convex energy density with Lipschitz continuous derivative, i.e., there exist
positive constants o, L > 0 such that

(6.1a) alo — 1> <W(o) = W(r) —=DW(r) - (0 — 1) and
(6.1b) [IDW (o) — DW(7)| < L|o — 7] for all o,7 € R™.

Explicit applications and precise examples can be found in the literature [32, 33].
Given f € L?(2), the minimizer u € V := H}(Q) of the energy functional

E(v) ::/W(Dv)dx—/fvdx forallveV
Q Q

satisfies [32, 33] the Euler-Lagrange equation f + div DW (Du) = 0 in H~!(Q2). For
a regular triangulation Ty, the discrete problem seeks the minimizer u, € CRy(7¢) of
the discrete energy

Exc(ve) ::/QW(DNCvg) da:—/;lfvgdx.

Given any triangulation 7; € T, the adaptive algorithm (AFEM) makes use of
the error estimator 7 := 12 (us, T¢) defined by

i (e, T) = o fl3ery + D b lludpliage for T €T
FeF(T)

and 7 (ug, K) := Z n7 (ug, T) for any subset K C Ty.
TeK
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ALGORITHM 6.1 (AFEM).

Input: 7o, bulk parameter 0 < 6 < 6y < 1.

Loop: For £ =0,1,2,...
SoLvE Compute discrete solution u, with respect to 7y.
EsTiMATE Compute 17 = 07 (ug, Tr).
MARK a minimal subset M, C 7, with 977? < n?(w, My).
REFINE Compute Tyy1 := refine(7;, My).

Output: Sequence of triangulations (7¢), and discrete solutions (ug),.

The concept of optimality relies on the nonlinear approximation class Ay which
involves the data resolution osc?(f, T) := ||h7(1 — II7) f| 12(n) and the best-approxi-
mation error ||(1 — HT)DuH%Q(Q) for I+ the L? projection onto piecewise constant
functions. For any subset I C T, the oscillations of f read

osc?(f, K) = lhr (f — Ty f)ll72(uk)-
Define the seminorm
(. £)la. = sup N* inf (|1 = Hy)Du)[Fa(q) + osc*(£, 7))
NEN  ard(T) Zcard(To)<N
and the approximation class
Ag:={(u, f) €V x L*(Q) | v minimizes E with respect to f and |(u, f)[a, < o0} .

THEOREM 6.2 (optimal convergence rates). For sufficiently small 0 < 6 < 6y,
and any s > 0 with |(u, f)|a, < co, AFEM computes sequences of triangulations (T¢)e

and discrete solutions (ug)e of optimal rate of convergence in the sense that for some
Copt (which depends on 6, s and Ty) and all £ € Ny it holds that

(card(77) — card(75))* (| Dxc(u — ue)[32gqy + 056 (f: T2)) ? < Coptl(us £). -

The following best-approximation result is an immediate consequence of the re-
sults of [16, 23] and implies convergence for a sequence of uniform refinements.

LEMMA 6.3 (best-approximation up to oscillations). For any T; € T the discrete
solution uy € CR(l)('U) satisfies

Dy (v = w) |72y S (1= Te)Dul[ 72y + 0sc(f, Te). O

The main tool in the proof of Theorem 6.2 is the discrete reliability.

THEOREM 6.4 (discrete reliability, reliability, and efficiency). For any Ty €
CR%('D) and any refinement Toym € T(Te) the discrete solutions uy € CR%('D) and
Upgm € CR(lJ(’DJFm) satisfy for constants Cqre] = Crel = Cegr = 1 that

D (e tm — UZ)H%?(Q) < Cdrcmg(ufa T\Te+m) and
Cr_c11||DNC(U - W)H%%Q) < 77%(“&7}) < Ceff(”DNC(“ - W)H%%Q) + osc2(f, 72))~

Proof. Let vgym = argming,,  ccri(7,,,.) [Pre(ue — weim)| r2(a). The discrete
Euler-Lagrange equation reads

(DW(DNC’IM), DNC/U[)L2(Q) = (f, ’Ug)L2(Q) for all vy € CR%(’D)
The monotonicity

Do (werm — ue)Z2() S (DW (Dxctitm) — DW (Dyotte), Dao (tsm — e)) L2(e)
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is a direct consequence of the uniform convexity (6.1a). This and the discrete problem
lead for ¢y := DW (Dxctogm) and op := DW (Dycur) to

[IDxe (tesm — U€)||%2(Q) < (004m — 00, Do (Wetm — Veem + Vopm — w))Lz(Q)
= (f, werm — verm — Te(wopm — Ue+m)L2(Q) + (04m — 06, Dxc(Veym — Uz))Lg(Q)-

The Cauchy inequality, the projection property (5.3), the approximation property
(5.4), the Lipschitz continuity of DW, and the Pythagoras theorem show that this
can be bounded from above by

(e f | 20T\ To ) + D (Vetm — o)l L2(0)) D (tesm — we) | L2(0)-

Theorem 3.1 proves the discrete reliability. Lemma 6.3 implies convergence on a se-
quence of uniformly refined triangulations. Hence, reliability follows from the discrete
reliability. The proof of efficiency follows the standard arguments of [31] and hence is
omitted. d

6.2. Contraction property. The contraction property considers an appropri-
ate linear combination of the energy difference and an error estimator term. Let k ~ 1
denote the constant (only dependent on the shape regularity; cf. (5.4) and [13])) that
satisfies for all ' € T; and all vy € H(Q) U CR(l)('Der) that

(6.2) [h7" (vne — Tevse) | 221y < K[| Do (Une — Levse) || z2(7).-
Choose v > £222/™ /(4a(2%/™ — 1)) and define
37 = 6(Te)? = E(u) — Exc(ue) +7llhefll72(0)-

THEOREM 6.5 (contraction property). There exist 0 < § < oo and 0 < p1 < 1
which only depend on Ty, v, and 0y such that for any ¢ € Ny for the refinement Tp41
of Ty generated by AFEM on two consecutive levels £ and £ + 1, the term

& =ni + B0} satisfies  Eep1 < prée.
The following lemma proves (together with Theorem 6.4) the equivalence of &7,
[IDxe (v — w)||2L2(Q), and n? up to oscillations.
LEMMA 6.6. There exist constants C1 = 1 =~ Cy such that any Ty € T satisfies

(6.3) C1 H[Dae(u = ue) 720y < 67 < Cong (ue, To).-

Proof. The uniform convexity, the projection property (5.3), and the discrete
Euler-Lagrange equations imply

a|[Dyc(u — ue) 720
< /QW(Du) dx — /QW(DNCw) dx — (DW(DNCw), Dye(u — ug))LQ(Q)
=E(u) — Exc(ue) + (f,u — Leu) r2(0)-
The approximation property (6.2) and the Young inequality prove

(fsu = Irw) 20y < AlhefI72(0) + &7/ (47)Dxc(u — Lew) [ 220 -
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This implies the first inequality of (6.3) with C; := (v — k2/(47))~! > 0.
The uniform convexity and (DW (Du),-)r2(0) = (f,*)12(0) in H () yield

S

E(u) = Enc(ur) + oDy (u — W)||2L2(Q)
(DW (Du), Dye(u — ue))r2() — (f,u —ue)L2(0)
D

I W(Du)vDNC')L2(Q) = (f, ')L2(Q)||20R(1)(7’l)*/2 + [|Dno(u — W)H%%Q)/Q-

IN N

For any v, € CR{(T¢) there exists [7, 20] some conforming quasi interpolation ve ¢ €
Py (7¢) NV such that

-1 .
Az (ve —veye)llL2 (@) + IDxc(ve — vee) |2 ) S veBtn) [Dxc(ve —v)|L2(0)-

Hence, for any v, € CR{(7¢) with ||[Dxcvel|r2(q) = 1, (6.1b) proves

(DW (Du), Dxcve)2(0) — (f;ve) 2 ()
= (DW(Du), Dxc(ve —veye))r2) — (frve —voe) ) S D (v — we)|| 2 (0)-

The reliablilty from Theorem 6.4 concludes the proof. O
Proof of Theorem 6.5. The error estimator reduction property [15, 26] leads to
constants 0 < pp < 1 and 0 < A < oo (which only depend on 7 and ) such that

77?+1 < poni + A Dxc(ues1 — W)||2L2(Q)-

The arguments from the proof of Lemma 6.6 and the observation that Ipugy1 = g1
on T; N Typ1 prove that Cs == (o — K222/™ /(47(22/™ — 1))~ > 0 satisfies

(6.4) [Dnc ey — W)||2L2(Q)
< Cs(Enc(urs1) = Exc(ue) + (1 =272y [ hef 7207,

The relation hy, ; < hy/2 on T¢\Tey1 proves

e flI 22Ty < (1— 2_2/")_1(||héf||%2(9) — hes1 fll72 ()

Hence,

Ere(ues1) = Exc(ue) + (1= 27"y he f || 20mn i)
=07 =071+ ( = lIhef 72y + lhera fll 20y + 1 =27 e f 12000 Tiary)
<6 — 041

The combination of the preceding estimates yields
o1 < potl + CaA(de — Se41).

Lemma 6.6 proves for any A > 0, p1 := max{po + AAC3Cs,1— A}, and 5 := ACj5 that
Miy1 + Boiy1 < pr(ng + B67).

The choice of a sufficiently small A leads to p; < 1. O
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6.3. Proof of optimality. The results of the foregoing subsections allow us to
adapt the strategy from [18, 27] to the present situation and to prove Theorem 6.2.

For a triangulation 7 € T with mesh-size h+ € Py(T) let ur € CRy(T) denote
the minimizer of Exc in CRY(T) with respect to f and define

5(T . f) == \/E(w) = Exclur) + b7 f 320,
The proof of Theorem 6.2 introduces the modified approximation class
AL = {(u, f) € V x L*(Q) | u minimises E with respect to f and |(u, f)[a, < oo}

with [(w, f)|as := sup N* inf (T, u, f).
: NeEN TeT
card(7T)—card(To)<N

Lemma 6.3, Theorem 6.4, and Lemma 6.6 show that A, = A/, with equivalent semi-
norms.

The proof of Theorem 6.2 excludes the pathological case £ = 0 for & from
Theorem 6.5. Choose 0 < 7 < |(u, f)|A, /€2, and set £(¢)? := 7¢7. Let N(£) € N be
minimal with the property

[(u, f)la, < e(Q) N(£)°.

The definition of |(u, f)|a; as a supremum over N shows for N = N (/) that there

exists some optimal triangulation T (which is possibly not related to 7;) of cardinality
card(T;) < card(Tp) + N(¢) with discrete solution @, € CRy(77) and

8(Te, e, £)* < N(O™2|(u, fF, < e(0).

The overlay 7A2 =T, ® Ty is known [18, 28] as the smallest common refinement of 7,
and T;. Let Gy € CR%(’?}) denote the discrete solution with respect to 7.

Key argument. There exists Cy ~ 1 with 17 < Cyn?(uy, 7}\73).

Proof. The efficiency reads

Cot 1 < | Dol — ug)||72(q) + 0sc® (£, To).

€

Young’s inequality, Lemma 6.6, the definition of £(¢), and the discrete reliability imply
[[De(u — W)H%%Q)

< 3(|IDae (w — ) [|7 20y + D (e — @e)l| 720y + D (e — ue)l|72(0))

< 3(C1e(0)* + Care (iie, T\Te) + Cavert; (ue, T\Te)).
The efficiency proves

07 (1o, TATE) < Conr(| Dy = @) 72 + 0563 (£, T2) < Cen(Cr + 1)e(0)*

The oscillations are controlled through

osc®(f, Te) = ose® (£, T\Te) + 05 (£, Te N Te) < 0 (e, TATe) +£(0)%.
Hence, the combination of the preceding formulas reveals

Cin? < (14 301 + 3CaaCe(Cr 4 1))e(0)? + (1 4 3Care)n (ue, Te\Te).

€
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The choice 7 < (1 + 301 + 3CqeCenr(C1 + 1))71(1 + BC2)~1C.4 proves the
assertion. O

Finish of the proof. The choice 0 < 6 < 1/C4, the bounded overhead [5, 28],
and a geometric series argument [27] eventually prove

(card(Tz) — card(To)) "¢ < C|(u, f)|ar -

Further details can be found in [4, 26]. 0

Acknowledgment. The authors are thankful to Rob Stevenson for the clarifi-
cation that one-level refinements produce a finite number of descendants in any space

dimension.
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