QUASI OPTIMAL ADAPTIVE PSEUDOSTRESS APPROXIMATION
OF THE STOKES EQUATIONS
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Abstract. The pseudostress-velocity formulation of the stationary Stokes problem allows some
quasi-optimal Raviart-Thomas mixed finite element formulation for any polynomial degree. The
adaptive algorithm employs standard residual-based explicit a posteriori error estimation from Car-
stensen, Kim, Park [STAM J. Numer. Anal. 2011] for the lowest-order Raviart-Thomas finite element
functions in a simply connected Lipschitz domain. This paper proves optimal convergence rates in
terms of the number of unknowns of the adaptive mesh-refining algorithm based on the concept of
approximation classes. The proofs use some novel equivalence to first-order nonconforming Crouzeix-
Raviart discretisation plus a particular Helmholtz decomposition of deviatoric tensors.
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1. Introduction. The pseudostress-velocity formulation of the stationary Stokes
equations

—Au+Vp=f and divu=0 inQ (1.1)

with Dirichlet boundary conditions along the polygonal boundary 0f2 has attracted
recent investigation. The early paper [27]| introduces the pseudostress method for
symmetric stress tensors in H (div, Q; R?*2) while the version in this paper is more
recently introduced in [10] and [8, 9, 11, 14, 21, 22, 23].

The explicit residual-based a posteriori error estimates from [14] are utilised to
drive a novel adaptive mesh-refining algorithm as a sequence of successive loops with

SOLVE, ESTIMATE, MARK, REFINE.

In the context of elliptic PDEs, it has recently become clear how to prove optimal
convergence rates [20, 31, 18]. The analysis for the lowest-order adaptive pseudostress
method (APSFEM) follows ideas of the analysis of nonconforming and mixed adaptive
algorithms [2, 12, 13, 17, 19, 29] and enables the key properties quasi-orthogonality
and discrete reliability. In the context of the Stokes equations, recent progress is doc-
umented in [1, 25, 26| for the nonconforming Crouzeix-Raviart finite element method.
However, the recent work [1] is disputable (the estimate in line 23 on page 983 in the
last step of the proof of Lemma 5.2 is wrong for refinements over many levels) and the
series of work based on [25] utilises an inappropriate Strang-Fix like procedual error
and eventually proves equivalence to an approximation class [26].

The proof of the quasi-orthogonality in this paper employs a representation for-
mula in which the solution of the pseudostress method is obtained from some postpro-
cessing of the Crouzeix-Raviart nonconforming finite element method [15, 28]. The
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discrete reliability proof employs the discrete Helmholtz decomposition of piecewise
constant deviatoric matrices introduced in [16].

The adaptive algorithm APSFEM is introduced in Section 3 and is shown to be
quasi-optimally convergent with respect to the approximation class

A, = {(0, f,g) €H(div, ;R>?) /R x L*(2;R?)
x (H'(R?) N HY(E(09);R?)) | |(o, f,9)| 4. < oo}

with

s g 1/2
(:£:9)], = sup N Té%(fm(na — 072 + 05 (£, T) + osc? (52,£(00)) )

In the infimum, 7 runs through all admissible triangulations T(N) that are refined
from 7o by NVB (cf. Figure 3.1) with a number |7| of triangles bounded as |T| —
|70] < N and the solution o7 of (2.2) with respect to 7. (Further details and
notation, in particular on g, are given in Section 2-3.) Given the exact stress o :=
Du—p I5y 5 and some bulk parameter 6 sufficiently small, APSFEM generates sequences
of triangulations (7). and discrete solutions (ug, o¢)¢ of optimal convergence rate in
the sense that

1/2
(ITel = 1Tol)* (Il = oel32( + 05c* (£, Te) + 056%(9g /05, £(09) )

S C‘(vavg”_As .

This estimate states optimality for C' = 1 (then 7; is optimal amongst all possible
triangulations) while the main result shows that C' is bounded in terms of the initial
triangulation 7y and so 7; performs optimal in (1.2) up to a positive generic constant
C which does not depend on the mesh-size (denoted by C' &~ 1 in the sequel), and
is called a quasi-optimal triangulation. Therefore, the convergence rates are optimal
while the convergence is said to be quasi-optimal in terms of the approximation class

As.

(1.2)

The remaining parts of this paper are organised as follows. Section 2 introduces the
basic notation as well as the pseudostress method and some equivalence to a noncon-
forming Crouzeix-Raviart discretisation for one triangulation 7. It also recalls the a
posteriori error estimates of [14] for the pseudostress method. Section 3 introduces
the adaptive pseudostress method APSFEM, specifies more details on the approxima-
tion class A, and some equivalent characterisation A%, and states the aforementioned
optimality result. Section 4 shows convergence of APSFEM and contraction of a con-
vex combination of estimator, error, and data oscillations. Section 5 establishes the
discrete reliability and concludes the optimality proof. Computational experiments
conclude the paper in Section 6.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces and their
norms is employed with (-, ), the L? inner product, H(div, ) := {v € L?(Q) | div v €
L*(Q)} while (-, ) := () gr1/2 (90« sr-1/2(00) denotes the duality pairing of H'2(0Q)
with H~/2(9Q) on the boundary 0.

The formula A < B represents an inequality A < CB for some mesh-independent,
positive generic constant C; A ~ B abbreviates A < B < A. By convention, all
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generic constants C' =~ 1 do not depend on the mesh-size but may depend on the fixed
coarse triangulation 7y and its interior angles.

The measure || is context-sensitive and refers to the number of elements of some finite
set (e.g. the number |7 of triangles in a triangulation T) or the length |E| of an edge
E or the area |T| of some domain T" and not just the modulus of a real number or the
Euclidean length of a vector.

2. Preliminaries. Let (2 be a simply connected bounded Lipschitz domain with
polygonal boundary 02 and outer unit normal v and let 7 be some shape-regular
triangulation of € into closed triangles T' € 7. The set £ contains all edges of T,
£(Q) all interior edges and £(0N2) all edges on the boundary; £(T) is the set of edges
of a triangle T'. For interior edges, [|g := ‘[z, — ‘[ denotes the jump across the
edge E = T4 NT_ shared by the two elements Ty € T, and wg := int(Ty UT-)
denotes the edge-patch. For E € £(9f2), the jump includes the boundary conditions,
namely [dev ops7g|p := dev ops|r, Te — (0g/0s) for the one element T, with E' C T,
and wg := int(T}). In addition, for any edge F € &, mid(F) names its midpoint
and vg = vr, is the unit normal vector exterior to Ty along E and 7g is the unit
tangential vector along E|T+. For any triangle T' € T, mid(T) denotes the centre

of inertia, the piecewise constant function mid(7) € Py(7;R?) is defined through
mid(7)|r = mid(T).

Let Dne and divye denote the piecewise action of the gradient and the divergence
with respect to the triangulation 7. For a vector field § = (81, 82) the operators Curl
and curl read

—0f1/0z4 8ﬁ1/8x1> 0p2 0B

Curlﬁ = <_852/ax2 3ﬁ2/8x1 and Cuﬂﬁ = Txl — 871'2

For matrices o € R?*2 the divergence and curl are defined row-wise

dive := D011 /0wy + 0012 /0 and curlo := 0012/0w1 — Do11/0%>
"\ 0021 /0x1 + 0oaa/0xo " \0092/0x1 — 0091 /025 )

The 2 x 2 unit matrix is denoted by Isx2 and the Euclid product of matrices is
denoted by colon, e.g., A: B = Z?,k:l AjkBji, for A, B € R**2; tr(A) := A : Inyo
is the trace and dev(A) := A — 1/2tr(A)l>x> is the deviatoric part of A € R2*2,
The dot denotes the product of two one-dimensional lists of the same length while ®

denotes the rank-one matrix product, e.g., a-b=a'b€ R and a @b = ab' € R?>*?
for a,b € R%. The interior of a set w C R? is denoted by int(w).

Throughout the paper, the discrete spaces read

Py(T) := {v € L*(Q)| v|y is constant for all T € T},
P(T) := {v e L*(Q)] v|p is affine for all T € T} .
Analogous notation applies to vectors and matrices. For f € L?(Q;R?), Il f € Py(T)
denotes the L? best approximation in Py(7;R?). The lowest-order Raviart-Thomas
space is defined as
RTo(T) := {v € P(T;R?)|3a,b,c € R, v = (a,b) + c(x1,22)},
RTo(T) :={q € H(div,Q) VT € T, q|; € RTo(T)}.
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Define

H(div, ; R>*?)/R = {T € L2(Q;R?*?) ’Vj =1,2, (rj1,7,2) € H(div, Q)

and / tr(r) doe = 0},
Q
PS(T) = {r € Pi(T;R**2) N H(div, i R¥2)/R | Vj = 1,2, (731,752) € RTo(T) } .

The weak form of problem (1.1) is formally equivalent and reads: Given f € L?(Q;R?)
and g € H*(;R?) N H'(£(09); R?) with [, g-vds = 0 seek o € H(div, %, R?*?)/R
and u € L?(Q;R?) such that

(dev 0,7)q + (div 7,u)q (g, TV) (1 € H(div, Q;R2%2)/R),
(div o,v) = —(fiv)q (ve L*(Q;R?)).

(2.1)

The discrete formulation of (2.1) seeks opg € PS(T) and upg € Py(7¢; R?) such that

(dev ops, Tps)q + (div 7ps, ups)g = (9,7psv)  (7ps € PS(T)), (2.2)
(diV Ups,vps)Q = - (f7 UPS)Q (vPS S PO(T§ Rz))‘ '

For the inf-sup condition and the quasi-optimal convergence of the discrete pseu-
dostress problem see [8, 14]. The subsequent notation on nonconforming finite element
schemes plays a dominant role in the analysis of this paper,

CRYT) := {v e P (T) ‘

v is continuous in mid(E)
forall Ee€ & ’
CRY(T) := {v € CRY(T)| v(mid(E)) = 0 for all E € £(09)},
Zcr(T) := {v € CRY(T;R?)| divnc v = 0 ace. in Q},

Qer(T) = {qCR e T | /Q dondz = o}.

The Crouzeix-Raviart nonconforming finite element formulation of (1.1) [4, 6, 7,
24] employs some discretisation gcg € CRY(T;R?) such that [, gcrds = ngds for
all E € £(09). Given fr = Il f seek icr € gcr + CR(T;R?) and por € Qcr(T)
such that

(Dncticr, Dncvcr)g — (Per, divac ver)g = (f7.vcr)q  (vor € CRE(T;R?)),
(gcr,divnc Ucr)g =0 (qcr € Qcr(T)).
(2.3)

The following result of [15] utilises the notation & — mid(7) to abbreviate the
function  — mid(7T") for x € T € T with midpoint mid(T).

THEOREM 2.1 (pseudostress representation formula). Let (4cr,Pcr) € (9cr +
CRY(T;R?)) x Qcr(T) be the solution of (2.3) for the right-hand side f1 := Ilyf for
f € L32(Q;R?). Then ops € PS(T) and ups € Po(T;R?), defined by

ops := Dncolcr — f?T X (O — mld(T)) —pcr Ioxe  and (24)
ups = Ticn + {17 (dev(fr ® (o — mid(T))) (o — mid(T))),  (25)

solve (2.2).
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Proof. The proof is given here for completeness and to stress the consequences of
the inhomogeneous boundary conditions. The first claim

ops(j) == (ops(4,1),0p5(4,2)) € H(div,Q) forj=1,2

is equivalent to [ops(j) ve]r = 0 for all E € £(Q). Given an interior edge E, define the
edge-oriented nonconforming Crouzeix-Raviart basis function ¢ € CR{(7) through
Ye|lp =1 and Yg(mid(F)) =0 for all E # F € €. For e; = (1,0)",ea = (0,1)7, a
piecewise integration by parts shows, for j = 1,2, that

|E|[UPS(J')VE]E:/E[UPSVE}E'W/)EdS

= / ops§s DNC(wE ej)d:z: +/ (QZJEGJ‘) . diVNc ops dx.
wE

WE

The definitions (2.4)—(2.5) show that this equals

(DNCQCR — f?T ® (o —mid(7T)) — pcr Iox2, Dnc(VE ej)) — (fr,vEej)q -
Q

The discrete nonconforming problem (2.3) and the fact [.(z — mid(T))dz = 0 for
any triangle T eventually prove that this vanishes. Hence |E|[ops(j) vE]|r = 0 and so
ops € H(div, Q; R?*2).

Since divnc icr = 0, since [,.(e —mid(T))dz = 0 for all T € T, and since
Jo Pcr dz = 0, the definitions prove opg € PS(T).

In order to show that (opg, ups) solves (2.2), (2.4)-(2.5) imply

(devopg,devTpg)g
— (DNCﬁCRaTPS)Q — (dev ('];T ® (O — Hlld(T))) s Tps)

= — (ﬂJCR, diVTps)Q + <'&CR77'PS I/> - (dev (J;T & (0 — mld(T))) s TPS — HTTPS>

Q

Q
= — (ytcr, divps)q + (9, TPS V)

— (dev (fT [ (0 — mld(T))) s (diV Tps & (0 — mld(T))))Q /4
= — (Hrtcr + 7 (dev(fr ® (¢ —mid(7))) (¢ — mid(7)))/4,div 1es)q + (9, TPs V) -

This is the first equality in (2.2). Since the piecewise divergence equals the distri-
butional divergence for any H(div,{2) function, divops = —f7 proves the second
equality in (2.2). O

Throughout the paper, the oscillations of the data f € L?(Q;R?) with respect to
some subset w C () read,

osc (f,w) 1= |w|1/2Hf — follL2 () with f, := \w\_l/ fdx

w

and, for any F C T,

osc?(f, F) := Z osc?(f,T).

TeF
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For the data g € H'(Q;R?) with [, g-vds = 0 such that the piecewise derivative
0g/0s of g along any E € £(90) exists in L?(E), the oscillations of dg/ds with respect
to some edge E € £(0N) read

2 . 2
dg/0s, E) := m El||0g/0s — .
osc”(dg/0s, E) 'YEEPll(%;Rz)| log/ s ’YE”L?(E)

The total oscillations read

osc®(9g/0s,£(0N)) == > osc*(dg/0s, E).

Ee£(0%)

The residual-based error estimator from [14] reads, for T € T,

(1) = os¢?(f,T) + [T llewrl(dev ops)|Fa(ry + IT12 D |l[dev ops]s7eliz(m)
Ee&(T)

(with slightly different but equivalent weights) and

7= (T) =Y n*(T).

TeT

It is already shown in [14] that 7 is reliable and efficient up to data oscillations.
This work considers the following refined efficiency result for a modified definition of
the oscillations osc(dg/ds, £(0N)). For g € H'(Q;R?) such that g|p € H'(E;R?)
for all E € £(0Q) (written g € HY(£(0Q);R?)) let vg € Py (E;R?) be the L? best
approximation of (9g/8s)|r and osc(dg/ds, E) = |E|'/?|/(8g/0s) — velz2(p) and
osc?(0g/0s, £(0Q)) = D Ree(09) o0sc?(0g/0s, E).

The velocity variable and its approximation play merely the role of a Lagrange
multiplier and appear to be of minor relevance. The a posteriori error analysis is
indeed free of the velocity.

THEOREM 2.2 (efficiency and reliability of ). The reliability and efficiency of n
hold in the sense that

(1/Crer)||dev(o — UPS)||2L2(Q) <n?
< Ceﬂ‘(HdeV(O' — Ups)||2L2(Q) +osc?(f, T) + osc?(dg/0s, 5(89)))

Proof. The assertion is essentially contained in [14] with different oscillations of
the boundary data. To complete the proof of the presented version, it suffices to verify

|||E\1/2[dev(JpS)TE]E||L2(E) < |ldev(o — ops)||L2(wy) + 05c(0g/0s, E)

for E € £(09). Let bg be the quadratic edge bubble function of a boundary edge
E € £(09) defined as the product of the two affine nodal basis functions associated
to the two nodes of E. With the triangle inequality and an equivalence of norms
argument, the jump terms on the boundary are estimated as

|E| [|[dev(ops)|eTe T2 = |E| [(99/0s) — dev(ops) e 72 (x)
S |B| b ((99/0s) — dev(ops)Te)|[32 (1) + 05¢*(9g/0s, E)
= |B| [lby/* dev(o — ops) e 32 + 05¢*(Dg/Ds, E).
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An integration by parts on T' = Wg, the Cauchy inequality, and the stability properties
HbE”Loo(T) ~1=~ |E|HVbE||L°C(T) yield

|E| ||b1115/2 dev(oc — UPS)TEH%Q(E) = |E| / (dev(e — ops)TE) - (b dev(c — aps))T ds
oT

< lldev(o — ops)|[Z2 () + [EP curl(dev(o — ops))|Z2(r)

< lldev(o = ops)|[ 72y + |T] [leurl(dev(ops)) |72 r)-

The efficiency of |T|'/2||curl(dev(ops))|| z2(r) from [14] concludes the proof. O

3. Adaptive Algorithm and Main Result. This section is devoted to the
adaptive pseudostress finite element method and its optimality in terms of approxi-
mation classes.

3.1. ApPsrEM. This subsection presents an optimal adaptive algorithm APSFEM
with an error estimator based on triangles.

Input: Initial coarse triangulation 7o with refinement edges RE(Tp), 0 < 6 < 6y < 1.
Loop: For £=10,1,2,...
SOLVE problem (2.2) with respect to the regular triangulation 7, into trian-
gles with discrete velocity uy € Po(Ty; R?), discrete stress o, € PS(T).
ESTIMATE 7} := Yo7, 17(T) with

17 (T) := os¢®(f,T) + |T|||curl(dev o7)||7 27 (3.1)
HIT[2 > ([dev(on) el 25 (3.2)
E€E(T)
MARK a minimal subset M, C 7T, of triangles with
On; <ni (Me):= > mi(T). (3.3)
TeM,

REFINE M, in 7; with Newest-Vertex-Bisection (NVB) of Figure 3.1 and
generate a regular triangulation 7Tp4 1.
Output: Sequence of triangulations (7). and discrete solutions (ug, o¢)s.

REMARK 3.1. The refinement edge RE : To — &, with RE(T) € E(T) for any
T € Ty, is fized for the initial triangulation To. The configuration of the refinement
edges in triangles which are refined is depicted in Figure 3.1. The result of REFINE
Tes1 is the smallest shape-reqular refinement of Ty without hanging nodes using NVB,
where at least the refinement edges of the triangles in My are refined, cf. [3, 5, 31].
Up to rotations, all admissible refinements of a triangle T' € Ty are depicted in Figure
3.1 and depend on the set of its edges E¢(T) that have to be refined.

REMARK 3.2. Given an initial triangulation Ty, a triangulation Ty is called an

admissible triangulation if there exist regular triangulations To, T1, ..., Te such that,
forji=1,...,¢, each T is generated from T;_1 only using the refinements from Figure
3.1.

REMARK 3.3. There is no need of the inner node property. In fact, bisech can be
used but does not need to be used.

REMARK 3.4. Throughout the rest of this paper (Ty), denotes a sequence of regular
triangulations of Q0 and &, denotes the set of edges of Tg. To link the notation from
Section 2 to that of Section 3 the L? projection onto the piecewise constant functions
with respect to the triangulation Ty is denoted by Il, := Ily,, and fo := fr, == I, f.
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/] A

green(T') bluejes; (T) blueyight (T') bisec3(T) bisec5(T)

Fic. 3.1. Possible refinements of a triangle T in one level using NVB. The thick lines indicate
the refinement edges of the new triangles.

The piecewise derivative with respect to Ty is denoted by Dy. For any K € T, define
Toxm(K) :={T € To4m |T C K} and for any F C Ty

n(F) =Y i (T).

TeF

3.2. Approximation Class. The definition of quasi-optimal convergence is
based on the concept of approximation classes. For s > 0, let

AL = {(o, f,9) €H(div,;R>*?)/R x L*(Q;R?)
< (H'(Q:R?) 1 H(E(09): ) [0, £, )]y, < o0}

with |(o, f, 9)|A; =

s ag 1/2
SV Té%fzv)(”de"(a = o7) L2 + 0se*(f, T) + 0se” (5, 8(89))) ,

In the infimum, 7 runs through all admissible triangulations T(N) that are refined
from 7y by newest vertex bisection (NVB) (cf. Figure 3.1) of [3, 32] and that satisfy
IT1=1Tol < N.

3.3. Quasi-Optimality. The main theorem of this paper states optimal con-
vergence rates of the algorithm APSFEM and will be proven in Section 5. Let Ceg,
Carel, and Cy, denote the constants from Theorem 2.2, Theorem 5.1, and Theorem
4.2 below and let (7¢), be the sequence of triangulations generated by APSFEM with
discrete velocities (u¢), and stresses (o4)¢ from (2.2).

THEOREM 3.5 (quasi-optimal convergence). For any bulk parameter 0 < 6 <
0o := 1/(2Cer (Carel + Cqo + 2)) and (o, f,g) € A,, APSFEM generates sequences of
triangulations (T¢)e and discrete solutions (ug, 0¢)¢ of optimal rate of convergence in
the sense that

1/2
(172l = 1To])* (Jldev(e = o) 32 + 05¢2(f, Te) + 05c*(9g/ 95, £4(0)) )

< (o f.9) g -

Some remarks on the error terms and the approximation classes are in order before
the proof follows in Section 4-5.

3.4. Equivalence of Approximation Classes. The tr-dev-div lemma [7, Pro-
position 3.1 in Section IV.3] states for any function, like o — oy, in H(div, Q; R?*?)/R
that

ltx(o — 2)ll 220 < Ildev(o — o0) 22y + Idiv(e — o0) -1



Optimal Adaptive Pseudostress Method for Stokes 9
(The proof of this stronger version is an obvious modification of the proof of [7].)

Since div(c — 0¢) = fo — f is perpendicular to Py(7;R?), some piecewise Poincaré
inequality leads to

Idiv(e = o)l zr-1(0) < ose(f, T).

This and the orthogonal split of matrices into isochoric and deviatoric parts prove
that

HJ — J@HLz(Q) < ||dev(0 — O’e)HLz(Q) + OSC(f,'D).
Since the converse is obvious, ||dev(c — 0¢)||L2() < ||o — 0el[z2(q), it follows that

lo = oel32 0 + 0s¢>(f, Te) + os¢*(g, £(6))
~ [dev(e — 07) 32y + 05 (£, T5) + osc (g, £(D9).

In other words, the approximation class A’ from Subsection 3.2 and the approximation
class A, from the introduction are identical

A = AL (with equivalent norms).

Therefore, Theorem 3.5 implies the quasi-optimality result (1.2) of the introduction
(and is even equivalent).

4. Contraction Property. This section is devoted to the proof of the contrac-
tion property of some convex combination of estimator, error, and data oscillations.
The first step is the error estimator reduction property which follows as in [18].

THEOREM 4.1 (estimator reduction property). There exist constants 0 < p; < 1
and A > 0 such that for an admissible refinement Toy1 of Ty generated by APSFEM
with bulk parameter 0 < 0 < 1 and discrete solutions oy € PS(T;) and o¢41 € PS(To41)
it holds

77?+1 <p 77? + Alldev(opsr — 0€)||2L2(Q)- (4.1)

Proof. The main arguments of the proof will be an inverse estimate [6, p. 112]
leurldev(o¢ 11 — 00) || 2y S |TI7Y2 [ dev(oei1 — 00) [l 2
and a trace inequality [6, p.282] (for an edge E of a triangle T')

l[dev(oerr — o0)]B el 2@ S 1T17* [dev(ori — o0)| L2(r)
+ |T|1/4 ||D deV(Ug+1 — U@)”LQ(T)

ST || dev(oer — o¢) || L2 r)-
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The triangle inequality shows, for T € Ty41 N Ty and 0 < § < oo, that

N1 (T) = T f = ferrll2er)

+|T|[lewrldev ot |Faery + TV D |l[dev oea]p all72(s)
Be€ria (T)

<IT||If = fellLzcry + (1 + 6) |T| leurl dev o 72 ()

+ (@O TIM? Y ey od 5787k
EE:‘:E(T)

+ (1+1/8)|T|||curl dev(opsq — UZ)”%%T)

F AT Y [devlor — o0 il
Ee&(T)

The aforementioned inverse and trace inequalities lead to some generic constant C' ~ 1
with

M1 (T) < (L+6) 07 (T) + C(1 + (1/9)|ldev(oers — oo) | Z2 ().
For K € Ty \ Te+1 and with |T'| < (1/2) |K| for T C K the above arguments show

1 1
BT () < (+8) ¥ (FIKIT = el + 5 1K feurtdevarlr
TCK

1
KPS ey orls 7l )

Ee€&r11(T)

1
+(1+ 5) 7;( <|T| lcurldev (o1 — Ul)”%?(T)

RS ||[dev<ae+1m]mn%zw)).
E€&py1(T)

Since [dev oy]g = 0 for E € &1 (int(K)), K € To,

1
=0 (K) + C(L+1/8)[[dev(oers — o) |72 (k-

V2

The sum over all T' € T4 yields

N1 (Ter1 (K)) < (1+0)

7]?+1 = 77?+1(72+1 NTe) + 77§+1(7Z’+1 \ Te)
< (+0) (R (Ta 0 T) + S\ T )
(14 1/6) Cldev(@r41 — 00)|22(q-
The bulk criterion 657 < nZ(T; \ Te41) leads to
1

W (Tiaa OT5) + (T \ To) = 0 = (1 = =) (T3 \ Ti)
<(1-00- ).
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For ¢ sufficiently small, p; := (1 +6) (1 — 6 (1 —1/v/2)) and A = (1 + 1/6) C satisfy
(4.1). O
THEOREM 4.2 (quasi-orthogonality). There exists a positive constant Cqo = 1
which solely depends on Ty such that, for any refinement Tom of Ty, the exact solution
o and the discrete solutions opm and oy (with respect to Torm and Tg) satisfy
| (dev(o — 044m), dev(orrm — 00))g

1/2 (4.2)
< qu ||d6V(O' - Uerm)HLZ(Q) OSC(fv Te \ 72+m)

Proof. Let oy, be the solution of the intermediate problem on 7;;,, where the
right-hand side f in (2.2) is replaced by the piecewise constant projection fy := IIyf.
Since o7, — 00 € PS(T¢44m) and

div(oyy,, —0¢) =0 a.e. in Q,
the problems (2.1)—(2.2) yield
(dev(o — 0p4m), dev(oy , — ag))Q =0.
This orthogonality implies
(dev(o — 01m), dev(opim — 00))g = (dev(o — eym), dev(oesm — 074m)) g,
< ||[dev(o = oem)llr2(0) ldev(orrm = o7 )l L2(0)-

Let (4cR, ¢+m, DOR, t4+m) and (ﬂER,Hm,ﬁER’Hm) be the Crouzeix-Raviart solutions of
problem (2.3) with right-hand sides fyim, and f,. By Theorem 2.1, o4y, and o7,
can be represented as

Ottm = DigymUcor,e4m + 1/2 fogm @ (@ — mid(To4m)) — Dor,e+m L2x2,
U;—i-m = D€+m’aaR,Z+m + 1/2 fe® (. - mld(ﬁ-‘rm)) - ﬁ*CR,K—i-m Iyxo.

Therefore, the triangle inequality reveals

[dev(erm — 07y m)lz2) < I1Detm(Gcr e4m — GOR o1m) I L2(0)
+ 1/2||dev((fe4m — fe) ® (@ — mid(Te4m)))l| L2(0)-

Since @cRr ¢+m € ger + CRY(Togm; R?) and UGR 4m € 9CR + CR{ (To4m; R?) are the
Crouzeix-Raviart solutions and f K( fewm — fo)dz =0 for all K € T, one obtains

(4.3)

IDegm(Gor etm — GCr,e+m) T2y = (ferm = for GOR,e4m — GER 0m ) (4.4)

S osc(ferm = fo, Te \ Toewm) | Desm (Ucr e4m — UER o4m) |22 (0) -
Since | @ — mid(To4m)| S |T1M? and [y (form — fo) dz = 0 for all K € Ty, it holds

ldev((ferm — fe) @ (@ — mid(Teym)))ll22(0)
< | fexm = fell2 ) |l@ — mid(Tetm) | 22(0) (4.5)
S OSC(fZer - fbﬁ \ 72+m)

The combination of (4.3)—(4.5) shows

ldev(oerm =07 rm)llzz) S osc(fevm = fo, Te\ Towm) < osc(f, Te\Texm). O (4.6)
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THEOREM 4.3 (contraction property). There exist positive constants 3, v and
0 < p2 < 1 such that, for any £ € Ny, the solution oy and error estimator ny with
respect to the triangulation Ty of APSFEM,

& = nj + B lldev(o — o)|[Z2(q) +vosc*(f, Te)
satisfies
§i1 < 2kl (4.7)
Proof. The estimator reduction property (4.1) and the quasi-orthogonality (4.2) yield

Nie1 < ping + A(lldev(o = 00)[[ 720y — ldev(o — oe41) [ 720
+ QCééQHdeV(U — 0011) |2 () osc(f, 72\72“)).
For any 0 < A < 1 it holds
2C1 % || dev(o — oe41) | L2(0) 0se(f, T\ Tet1)

4Cqo
< Aldev(o = ae1) 1720y + Tq s (f, Te\ Teg1)-
The combination of the previous estimates for 5 := A(1 — A) leads to

Blldev(o — o) 20y + M

B 4NCy,
< ping + m”de‘/(ff - U@)H%%Q) + Tq 0s¢®(f, Te\Te41)-

Bisection implies 2 osc?(f, Try1) < osc?(f,Ty) and, hence,
OSC2(f7 7}\72+1) S 2OSC2(f7 72) - 20502(f7 724»1)-

This implies for v := 8ACy,/A and € = 2 with Cye from Theorem 2.2 that

Npgr + Blldev(o — oei1)l72 () +705¢*(f, Teta)

< puf + 72 dev(e — o) 3agay + 7 05¢* (1, T0)
2 /8 2 2
Spmpt T (L =e)lldev(o — o0)[|72(q) + €Cram
+ (v =€) osc®(f, Te) + en
Crdﬁ), 1—6,1_ E
1-A7"1-2AX y
(nf + Blldev(a — a0)l[72(q) + v 0s¢*(f, Te)).-

< max {pl +e(1+

For sufficiently small A this leads to

Crelﬂ 1—¢ €
= 1 — 01— - 1. a
P2 max{p1—|—6( —|—1_)\),1_)\7 5 <




Optimal Adaptive Pseudostress Method for Stokes 13

5. Proof of Optimality. The key argument in the proof of Theorem 3.5 is the
discrete reliability.

THEOREM 5.1 (discrete reliability). There exists a constant Carel = 1 which
solely depends on Tg such that any refinement Torm of Te with respective solutions
Oorm and oy satisfies

Idev (0t rm — o0)llZ2 () < Carern? (Te\Tesm)-

One key argument in the proof of Theorem 5.1 is some novel Helmholtz decomposition
of piecewise constant deviatoric matrices which is proven in [16]. Let R2X? := {A €
R?*2|A = dev A} denote the trace-free 2 x 2 matrices and

X(T) = {vc € C(Q;R*) N P (T;R?) ‘ / vedr =0 and / curlveds = O} .
Q Q

THEOREM 5.2 (discrete Helmholtz decomposition [16, Theorem 3.2|). The direct
decomposition

Po(T;R22) = Dy Zor(T) @ dev Curl X (T)

dev

is orthogonal in L?(Q; R2%?). 0

dev
Proof of Theorem 5.1. Let oy, denote the intermediate solution on the mesh

Tetm with right-hand side f, as in the proof of Theorem 4.2 and recall (4.6), namely
[dev(oeem = 07 m)ll72i) S 08¢ (f, Te\ Term)-
By the triangle inequality,
ldev(oesm — 00)llz2(e) < 14ev(0rm — 0Fpm) 2@ + [14e¥(07 1 — 00) 1201,

it remains the analysis of the term ||dev(oy,,, — o/)l[z2(q). Since the difference
0yym — O¢ is divergence-free and hence piecewise constant, Theorem 5.2 guarantees
the existence of zp1m € Zer (Tetm) and Borm € X (Te4m) such that

dev(0yym — 0¢) = DogmZogpm + dev Curl Bryp,.

The orthogonality of the decomposition (followed by a piecewise integration by parts)
reveals

\|D€+mzé+m||%2(9) = (deV(U;+m —0y), D€+m26+m)9
= — (diVNC(U;+m - O’g), Zg+m)Q =0.
This implies
dev(oyy,, —o¢) = dev Curl By yp,. (5.1)

Any B, € Pi(Ti;R?) N C(Q;R?) satisfies Curl 3, € RTo(7;; R?*2). Note that the
discrete equation (2.2) is satisfied for all test functions in RTo(7prm;R?*2). The
discrete equation (2.2) for the level £+ m and £ with respective solutions o7, and
oy results in

(Curl B¢, dev(oj,,, — 1)), = 0.
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The same argument on the level £ 4+ m for the test function Curl(Ssy.m — Be) leads to
(dev O m, Curl(Begm — B@))Q = (g, Curl(Bos-m — Be)v) .
The combination of the previous identities reads
[dev(07, — 007200y = (9 Curl(Begm — Be)v) — (dev o, Curl(Brrm — Be))g -

Define 3y as the Scott-Zhang quasi interpolant [30] of B¢, such that 8¢y, = B¢ on all
E € & pmNE. The piecewise integration by parts and the stability and approximation
property of the Scott-Zhang quasi interpolation operator imply that

ldev (07,1 — 0O)IZ2() = = (9, D(Besm — Be)7) — (dev o, Curl(Beym — Br))q

=- Y / [devor]p e - (Beym — Be) ds + (curldev oy, Beym — Be)g  (5.2)
EcENErym

S e(T\Texm) 1D Betmll L2 ()
The second Korn inequality [6, p. 316] plus some algebra leads to
||D,8@+m||L2(Q) 5 Hdev Curl 6é+m||L2(Q)-

The combination with (5.1)—(5.2) concludes the proof. |

The remaining part of this section adopts the strategy from [18, 31] to the present
situation of Section 3 with the output of the sequence of pseudostress approximations
(0¢), and triangulations (7¢),.

In the first step of the proof, set

& =} + Blldev(o — o) |30 + 7 05¢* (£, T2)

as in Theorem 4.3. Without loss of generality, the pathological case {; = 0 can be
excluded. Choose 0 < 7 < (o, f,g)|i‘, /€3, and set €%(¢) := 7¢7. Choose minimal
N(¢) € N with the property

(0, f,9)| 4y < e(O) N(£)°. (5:3)
CrLAamM A. Then it holds
N(€) <2 (o, f,9)[4 e(®)™/* for £ € Ny,
Proof of Claim A. For N(£) =1, (5.3) implies by the contraction property (4.7)
(0, £, 9)%, < e(0)* =767 < 783,

This implies equality |(o, f, g)|i\,. = g(¢)?. For N(£) > 2 the minimality of N(¢) in
(5.3) yields

eO)(N(0) =1)" < (0, f.9)|4, -

Therefore,

N(O) <2(N(0) 1) < 2o, f,9)[{ (@) O
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The definition of |(o, f,g)| 4, as a supremum over N shows for N = N(£) that

there exists some optimal triangulation T¢ € T(N) (which is possibly not related to
Te) of cardinality |7,| < |To| + N(£) with approximate stress o, € PS(7;) and

[dev(o — G2)l[72(q) + 056 (£, Te) + 0sc?(Dg /s, E(0R))

, ) , (5.4)
< N0 |(0, f.9)%, < (0

The overlay 7} =T ® 72 is defined as the smallest common refinement of 7, and 72.
It is known [18, 32] that

|Tel = Tel < |Tel = |To| < N(0).
The number of triangles in Ty \ 72 can be estimated as

IT\Te < > (ITeE)| = 1) =T\ Tel = ITe\ Tel = |Tel = |Tel.
KeT\Te

Thus
[Te\ Tl < N(£) < 20, £.9)I4 ()77 (5.5)

CLAM B. In the second step the following estimate will be established. There
exists C1 = 1 such that the stress approzimation &y € PS(Ty) with respect to Ty
satisfies

[|[dev(c — 65)”?;2(9) + 0sc¢?(f, Tp) + 0sc?(Dg /s, £,(99Q)) < Cre?(0). (5.6)
Proof of Claim B. The quasi orthogonality shows
Idev(o = G0)lI72(q) = Idev(o = Ge)lI72(q) — dev(Ge — 60) 1220y
+2 /Q dev(c — &) : dev(6y — 6¢)dx
< ||dev(o — Go)[[ 720 — ldev(Ge — 62)l|72(0)
42040 051, T\ T2) + lldev(o — 50320,
Hence
1 NTP PSNTD
g lldevio = G0)|[zz () Hldev(ae — G0) L2 (q)
< |dev(o — 6¢)l[72(q) + 2Ca0 05¢* (£, T2 \ To).

The equation (5.4) and the choice Cy := max{2,4 Cq, + 1} conclude the proof. O
Cramm C. It holds

ne S ne(Te \ To). (5.7)

Proof of Claim C. Theorem 2.2 shows

2
OWH < dev(o — o0)|[2agq + 08¢*(f, To) + osc?(9g /s, E(O9)). (5.8)

€
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The quasi orthogonality leads to
ldev(o — o0)lIZ2() = Idev(e — 60)ll72(q) + Idev(Ge — 00) 72
+2 /Q dev(c — 6¢) : dev(6y — o¢)dx
< 2||dev(o = &) 720 + ldev(de — a0)l[72(0)
+ Cao 05> (f, Te \ To)-
This and discrete reliability from Theorem 5.1 with constant Cgq,e lead to
Idev (o — 04)132 () < 2lldev(o — 60) 1720 + (Carel + Cao)ni7 (T \ o). (5.9)
The oscillations can be controlled by
os¢(f, Te) < mp (Te \ Te) + osc®(f, T 1 Te) < 07 (Te \ Te) + os¢(f, o).
Since osc(dg/0s, E) < |E|'/?||(0g/9s) — dev o¢||p2(g), it follows
0sc?(0g/ds, E,(0Q)) < ne(Te \ Te) + osc®(Dg/ds, £,(0Q)).
The combination of (5.6) and (5.8)—(5.9) leads to

2

(';’f < (Carel + Co + 2002 (Te \ Te) + 2C12(0)?
eff

< (Cdrel + qu + 2)77? (72 \ 72) + 27—010‘30177?

with equivalence constant Ceq from 77 < &7 < Ceqni. The choice of 0 < 7 <
1/(4CeqC1Ceq) leads to

N2 < 2Cei(Carel + Coo + 2) n2(Te\Te). O

CLam D. Let Cy = 1 be such that n} < Con?(Te \ T¢) for all £ € Ny. Then
0<6<0:=1/Cy implies

1/2
(172l = 1Tol)* (1ldev(e = o) 32 + 05¢2(f, Te) + 05*(9g/ D5, Ee(62))

5 |(O'7fvg)|./4fg .

Proof of Claim D. MARK selects M, C T, with minimal cardinality |M,| such that
On? < n?(M,). Since

On7 < 0on; = n7/Ca < nj(Te\ To),
Te \ T, also satisfies the bulk criterion and the minimality of M, proves
M| < T\ Tel < 21(0, £, 9)[4° ()" = 2](o, fg)| 45 7=/ 20, e

with 7 = 1 and for all £ € Ng. The Theorem [3, Theorem 2.4] (see also [32, Theorem
6.1]) leads to a constant Cgpy & 1 with

-1 —1
Tal = |Tol < Cony 3 |M] < 2oy (0, £.9) 4 7= /0 Y6,
k=0

k=0
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The contraction property (Theorem 4.3) reads &7 | < p2&7 for all k € No. Mathe-
matical induction proves
< py ke for0<k<t.

Since 0 < p2 < 1 it follows

-1/ s (—ky/2s) _ —1ys Py Y
- S — S — S — S 2
ng <& Z P2 <¢, e
k=0 k=0 — P2
Altogether,
1 sy
|72| - |T0| < 2CBpv \(07 fvg) A//S 7'1/(25)5[ /S%~ O
a 1—p!

6. Numerical Experiments. Four benchmark examples provide numerical ev-
idence for optimality even for large parameters 6.

6.1. Colliding flow. On the square domain = (—1,1) x (—1,1) the exact
velocity is given by u(wz,y) = (20zy* — 42°,202%y — 49°) with pressure p(z,y) =
1202%y? — 202* — 20y* — 32/6. For this smooth example, both uniform and adaptive
mesh-refinement yield optimal convergence rates (see Figure 6.1).

L1 1 e s | B 1 B
107 1 E
1 -
10 || —e— lo—opg|| uniform .
[ | —<— n uniform ]

| —8— HO‘—0'p5H (\9=0.5) B

| | —4—n (0=0.5) i

t| —#— llo—opg| (6=0.1) B

—k—n (0=0.1)
]_OOT\HHH\ Ll Ll Ll Ll s
101 102 103 10* 10°
ndof

Fic. 6.1. Convergence history for the colliding flow example.

6.2. L-shaped domain. On the L-shaped domain Q@ = (—1,1) x (—1,1) \
([0,1] x [-1,0]), the exact solution reads

(1 + a) sin(P)w(I) + cos(P)wg ()
u(r, ¥) = (7’0‘(—(1 + ) cos(d)w (i) + sin(ﬁﬁ&(ﬂ)))
in polar coordinates with o = 0.54448373 and
w(¥) =(sin((1 + @)?) cos(aw))/(1 + a) — cos((1 + a)¥)
— (sin((1 — @)¥) cos(aw))/(1 — ) + cos((1 — a)B),

and f = 0. Figure 6.2 shows the sub-optimal convergence rate for uniform mesh-
refinement and optimal convergence for adaptive mesh-refinement.
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10! P T
10° [ E
- —6— |o—opg|| uniform 1

[ | —¢— 7 uniform 7

|| —5— lb—ordll (9=0.5) ]

|| —~—mn(6=0.5) )

—— |o—opg|| (6=0.1)

107" || ——n (6=0.1) .
i Ll Ll Ll 1\ Ll Lo
10! 10? 10? 10* 10° 10°

ndof

Fic. 6.2. Convergence history for the L-shaped domain.

6.3. Slit domain. On the slit domain Q = (—1,1)2\ ([0,1) x {0}), the exact
velocity reads in polar coordinates

u(r,d) = %(cos(ﬂﬁ) — c0s(39/2),3sin(d/2) — sin(39/2))

with pressure p(r,9) = —6r—1/2 cos(9/2). The suboptimal convergence rate from uni-
form mesh-refinement is improved towards the optimal one by the adaptive algorithm
(see Figure 6.3).

F T T T 11170 T T T 11171 T T T 171117 T T T 11170 1

10t

—6— |lo—opg|| uniform
—»— 1 uniform

—5— lo—opsl| (9=0.5)
——n (0=0.5)

|| —¢— lo—opsll (=0.1)
| | ——n (6=0.1)

| Lol Lol Lol Lol L1
10" 102 10® 10* 10°
ndof

10°

0.5

Fic. 6.3. Convergence history for the slit domain.

6.4. Backward-facing step. This benchmark example considers the domain
Q=((-2,8) x (=1,1)) \ ([-2,0] x [-1,0]) from Figure 6.4. Let f =0 and g(x,y) =
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(0,0) for =2 < = < 8, g(z,y) = (—y(y — 1)/10,0) for x = =2, g(z,y) = (—(y +
1)(y — 1)/80,0) for z = 8. Figure 6.5 shows the convergence history with optimal
convergence rates.

Fic. 6.4. Adaptive mesh for the backward-facing step (6 = 0.1).

1071‘5 [

—o— 1 uniform
—x— 1 (6=0.5)
—a— 1 (6=0.1) 1

1] Ll Ll Ll
102 103 10* 10°
ndof

Fic. 6.5. Convergence history for the backward-facing step.
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