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A POSTERIORI ERROR CONTROL FOR DPG METHODS*

CARSTEN CARSTENSEN', LESZEK DEMKOWICZ!, AND JAY GOPALAKRISHNANG®

Abstract. A combination of ideas in least-squares finite element methods with those of hy-
bridized methods recently led to discontinuous Petrov—Galerkin (DPG) finite element methods. They
minimize a residual inherited from a piecewise ultraweak formulation in a nonstandard, locally com-
putable, dual norm. This paper establishes a general a posteriori error analysis for the natural norms
of the DPG schemes under conditions equivalent to a priori stability estimates. It is proven that the
locally computable residual norm of any discrete function is a lower and an upper error bound up to
explicit data approximation errors. The presented abstract framework for a posteriori error analysis
applies to known DPG discretizations of Laplace and Lamé equations and to a novel DPG method
for the stress-velocity formulation of Stokes flow with symmetric stress approximations. Since the
error control does not rely on the discrete equations, it applies to inexactly computed or otherwise
perturbed solutions within the discrete spaces of the functional framework. Numerical illustrations
show that the error control is practically feasible.
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1. Introduction. The discontinuous Petrov—Galerkin (DPG) method of [15, 16]
can simultaneously be viewed either as a finite element method with nonstandard test
spaces or as a least-squares finite element method (LSFEM) minimizing the residual
from an ultraweak formulation in a nonstandard norm. This paper, adopting the
LSFEM point of view, introduces an a posteriori error analysis for the DPG method
and establishes the efficiency and reliability of an a posteriori error estimator for the
DPG method. This partly justifies the adaptive computations in [19] and identifies
a data approximation error. Under the same conditions which guarantee stability
and a priori error estimates, a novel abstract analysis is presented, which applies to
the known DPG method for Laplace and Lamé equations as well to a novel DPG
formulation for the Stokes equations. The a posteriori error estimator does not rely
on Galerkin orthogonality in the sense that, as in LSFEM, the reliability holds for all
approximations and, in particular, allows for inezact solve.

The functional framework for the method consists of a reflexive real Banach space
(X, - ||x) and a real Hilbert space (Y, (-, )y ) with associated norm || - ||y = (-, >§,/2
and dual Y* plus a continuous invertible linear operator B : X — Y*. Given any
F € Y*, there exists a unique solution z := B~ F of

(1.1) Bx =F.
Given any finite-dimensional subspace X; C X, the idealized DPG method computes
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an approximation

1.2 T = in |F— Bé|y-
(12) Tp = arg min | Enlly

to & by minimizing the residual ||F' — B& ||y~ in Xp,. Although the DPG method was
originally presented through the concept of optimal test functions, the least-squares
characterization (1.2) of the method has been noted in [16]. Many well-known least-
squares Galerkin methods [5] have Y set to L?. In such cases, the evaluation of the
Y*-norm of the residual in (1.2) is standard and reduces to computation of an integral.

An essential difference in the DPG methods considered in the applications below
is the use of a space Y different from L?. As shown in the earlier papers [7, 17, 16],
it is possible to use hybridization ideas to recast a boundary value problem into an
ultraweak variational formulation, employing a test space Y of functions with no
continuity constraints across mesh element interfaces. This localizes the evaluation of
the Y*-norm in (1.2) to decoupled calculations on mesh elements. Even if so localized,
the subspace of functions in Y supported on a single element is infinite dimensional.
This motivates the practical DPG method with finite-dimensional subspace Y}, C Y:
compute an approximation

(1.3) zp = arg min ||F — Beyly;

to = by minimizing the residual || — B&|ly,» in Xp.
The minimization problems (1.2)—(1.3) can be recast in terms of the bilinear form

(1.4) b(x,y) == (Bx)(y) foralze X andy €Y

with the duality between Y* and Y in the right-hand side. Then (1.1) reads b(z, y) =
F(y) for ally € Y. The ideal DPG method (1.2) characterizes Zj, in X}, as the solution
to

b(Zh,y) = F(y) for all y € }A/,fpt =T (Xp),

where T': X — Y is defined by (Tx,y)y = b(x,y) for all z € X and y € Y. Similarly,
the practical DPG method (1.3) solves

(1.5) b(xn,y) = F(y) for all y € Y, := T, (X3)

for xp, € X, where Tj, : X — Y}, defined by (Thz,y)y = b(x,y) for all x € X and
y € Y. The idea to reformulate (1.5) as a mixed formulation involving z; and the
corresponding residual is explored in [13]. The Petrov—Galerkin character of the ideal
and practical DPG schemes is clearly evident from these reformulations.

The practical computation of the DPG solution x, in (1.3) reduces to the solution
of a symmetric positive definite linear system. One interpretation of the difference
between the ideal and the practical DPG methods is that the test space is inexactly
computed in the practical version (using 7}, instead of the ideal T"). The calculation
of T'x requires an exact solve of a problem in Y, while the calculation of Tj,x solely
solves some problem in the finite-dimensional subspace Y;, C Y.

This paper establishes an a posteriori error analysis of the practical DPG method
(1.3). The a posteriori error analysis of conforming finite element schemes is well
developed [2, 3, 4, 20, 32] and even nonstandard finite element technologies are un-
derstood [9, 11]. The residual norm

(1.6) 1n=|[F = Bxn|y;
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equals the norm of the approzimate error representation function ep € Y of [19]
computed from

(1.7) (en,y)y = F(y) —b(zn,y)  forally € Yy,

The Riesz representation theorem implies

(1.8) n=llenlly.

Under certain conditions of [22] on Y}, and Y, this paper establishes reliable and
efficient a posteriori error control

(1.9) Con < ||l —apl|x < Cs5n+ Cy ose(F)

with mesh-independent constants Co, Cs, Cy and the data approximation term osc(F')
defined below in (1.12). In the applications, this data approximation term will be a
data oscillation and of higher order for piecewise smooth data. The estimates of (1.9)
follow from Theorem 2.1 below. In fact, the theorem provides such an estimate not
only for the minimizer xzp, but more generally for any ), € X}, and corresponding 7.
Similar properties are shared by LSFEM.

One of the conditions in the a priori convergence analysis of [22] is the existence
of a bounded linear operator IT : Y — Y}, with the property

(1.10) b(Xn, (I — M)Y) = 0.

In other words, for any &, € X}, and for any y € Y, b(&,,y — IIy) = 0. It is shown
in [22] that this Fortin-type operator IT guarantees discrete stability and quasi-optimal
convergence of the practical DPG method in the sense that

1.11 T —x < (C7; min |z —
(1.11) [ nllx < 1ghexh” Enllx

holds with a mesh-independent constant C';. This paper proves that (1.9) holds if the
data approximation term is defined using IT by

(112) osc(F) = |[Fo (1 — )y,

even when xj, is perturbed or inexactly computed.

The remaining parts of this paper are organized as follows. A set of abstract
sufficient conditions in section 2 led to the equivalence (1.9) between the error and
its estimator. The data approximation term is always efficient and results in an
alternative proof of the a priori error estimate (1.11). Section 3 elucidates the a pos-
teriori error analysis of the ultraweak formulation for the Laplace and Lamé equa-
tion and their DPG discretizations. The same section presents a new DPG method
for Stokes flow featuring symmetric true fluid stress approximations. Adaptivity for
these three model problems using discontinuous spaces has been heavily studied in
the literature [1, 6, 24, 25, 26, 27, 28, 31] (see the review [10] for a more exhaustive
bibliography). Section 4 provides numerical evidence for reliability and efficiency and
shows that the estimator is useful in practice. Finally, as a notational foreword, stan-
dard notations from functional analysis, and for Lebesgue and Sobolev spaces, applies
throughout this paper.
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2. The abstract error control. This self-contained section is devoted to the
abstract framework of DPG methods and its a posteriori error analysis based on three
ingredients (H1)—(H3).

(H1) Suppose b: X xY — R is a bounded real bilinear form in the reflexive real
Banach space (X, | - ||x) and the real Hilbert space (Y, {-,-)y) and set

Ib]] := sup sup y) < 0.

zeX\{0} yeY\{0} lllx llylly

(H2) Suppose b satisfies the inf-sup condition

0<B= if sup 2BV
2€X\{0} yeyv\qo} llzllx ylly

and the uniqueness condition {y € Y : b(z,y) = 0Vz € X} = {0}.
(H3) The closed subspaces X;, C X and Y;, C Y admit a bounded linear operator
II:Y — Y} with operator norm |[I7]| and the property

b(Xp, (1 — II)Y) = 0.

(This notation abbreviates b(&x, (1 — I)y) = 0 for all £, € X}, and for all y € Y.)

Let zj, and n denote the DPG solution and its error estimator 7, given by (1.3)
and (1.6), respectively. The main result below is stated for an inezact solution Ty,
which is any discrete ansatz function in Xj,. It shows that the corresponding error es-
timator 7 provides reliable (i.e., 77 provides an upper bound for the error) and efficient
(i.e., 77 provides a lower bound for the error) error control.

THEOREM 2.1 (reliability and efficiency). Assume (H1)-(H3). Let F € Y™,
x = B7F, and %), € X,. Then the residual 7j := ||F — Bih|yh* and the data-

approzimation error osc(F) := ||[F o (1 — II)||y~ satisfy

2
(2.1) Bl = aulk <7 + (117 + ose(F))
(2.2) < [|bll [l = Znllx,  and

F) <|b||||I1 —1I i - .
osc(F) < [lb]] |11~ | min [la— €ullx

Several comments are in order before the proof of the theorem concludes this
section.

Remark 2.2 (bijectivity of B). It is well known that the operator B : X — Y*
in (1.4) is bijective under the conditions (H1)—(H2) and ||B~!|| = 1/8.

Remark 2.3 (constants in error bounds). The a posteriori upper and lower error
bounds (1.9) follow from Theorem 2.1 with Cy = 1/|]|, C5 = (1 + ||IT||*)'/2/8, and
Cy=1/p.

Remark 2.4 (data approximation error). The data approximation term

[Fo (1 — 1)

Y *

will be of higher order in all the applications of this paper. However, it is always
strictly efficient in the sense of (2.3).

Remark 2.5 (alternative proof of quasi-optimal error estimates). Theorem 2.1
provides an alternative proof of the best approximation property (1.11). In fact, (1.3)
implies, for any &, € X, that

n=|F - Bl

vy < ||B(x — &)l

v <ol Iz = &nllx-
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The combination of this with (2.1) and (2.3) implies

Bllz —znlx < [|bl[ (C5 + Ca [[b]| |1 — II]) min ||z — &l[x.
En€Xn

This is (1.11) with C1 = C5 + Cy ||b]| |1 — I||. The direct a priori error analysis of
[22, Theorem 2.1] yields the sharper constant Cy = || II]| ||b]|/5.

Remark 2.6 (stability is equivalent to (H3)). The aforementioned proof of a priori
convergence indicates the role of (H3) as a sufficient condition for the convergence and
hence for the stability of the DPG scheme. It is easy to see that the converse also
holds: (H3) is necessary for stability of the DPG method.

Proof of Theorem 2.1. The proof of the reliability estimate (2.1) involves the error
e :=x — Ip, the error representation function € in Y defined by

(2.4) (Ey)y =F(y) —b(@n,y) foralyey,

and its approximation &, in Y}, defined by

(2.5) En,yn)y = Flyn) — b(Zp,yn) for all y € Yy

The reliability of & immediately follows from the inf-sup condition (H2),
(2.6) Bllellx < |1Bel

ye = [lElly.
To prove the reliability of &, observe that (2.4)—(2.5) imply
5 =& — éh 1 Yh,

where L denotes orthogonality with respect to the scalar product in Y. The Pythagor-
ean theorem gives

(2.7) €13 = lI2nll3 + 118115
Using IT from (H3), with the observation that I7¢6 € Y}, L 6,

1613 = (8,8 — II8)y = (£ — &n, 0 — I18)y
= <5a5 - H5>y + <5h,H5>y.

Since b(Zp, 6 — 116) = 0 by (H3),
(€,6 — 6y =blx — Zp,6 — I1§) = F(6 — I10).
Combining with the previous identity,

1813 = F (6 — 116) + (€n, 1)y
< (IFo (X =1IDly+ + llEnlly ) 1I16]]y-

In other words,

(2.8) 16y < [[F o (1= I)ly- + [|nlly [[]].

The inequalities (2.6) and (2.8), together with the identity (2.7), prove
Bllellk < lIEnlly + (1F o (1= Iy~ + [|Enlly 1H])*.

Since ||5th = HF - Bi‘h|

y;» = 1] this proves the reliability estimate (2.1).
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The efficiency estimate (2.2) immediately follows from (H1),

7= || Be]

v < [0l lell x-

It only remains to prove (2.3). Considering any y € Y with ||y[ly = 1 and employ-
ing (H3),

(Fo(1—1))(y) = F(y = Ily) = b(z,y — ITy)
=b(x — &n,y — y) < ||b] [[1 — H| |z — &l

for any &, in Xj. This proves (2.3). a

3. Application to Laplace, Lamé, and Stokes equations.

3.1. Laplace equation. The DPG method for the Laplace equation was first
analyzed in [17] and the effect of inexact test spaces in a priori error analysis was
clarified later in [22].

Given a Lipschitz polyhedron 2 in RY and some f € L?(Q2), let u solve the
Poisson problem

(3.1) —Au=fin 2 and wu =0 on 0f2.
Given a shape-regular triangulation (2, of {2 into simplices, set

X = L2(2;RN) x L2(2) x HY*(082,) x H/2(002),
Y := H(div, 2,) x H*(£2;), where
H(div, 2,) == {r € L*(Q;RY) : VK € O, 7|x € H(div, K)},

HY (2,) :={ve L*(Q): VK € 2, v|g € H'(K)},

Hé/2(6_(2h) = {77 € H HY?(0K) : Jw € HE(£) such that
Key,

VK € On, nlox = w|aK},

Hil/z(agh) = {77 € H H71/2(3K) : 3¢ € H(div, £2) such that
Key,

VK € O, nlox = q- n|aK}-

Throughout this paper, the L? scalar product (-, ) denotes the integral over §2 of the
appropriate product of its arguments (which can be scalar, vector, or matrix-valued
functions). In contrast, (-,-)q, abbreviates the sum of all scalar products (-, -)x over
all K € (2;,. The latter notation serves to clarify that any differential operators acting
on its arguments are applied piecewise, element by element. The norms of (v, ¢, @, 64,)
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in H'(2,) x H(div, 2,) x HY*(092;,) x H=1/2(812,,) read

[oll7 (2, = (v:0)e, + (gradv, gradv)g,,

||q||%-l(div,ﬂh) = (q7 Q)Qh + (le q, div q)Q}H

1@l 27200,y = weEigfd . w1 (2),
60l ir-1/2(00,) = quidr;lvf(&n) gl & (aiv,2),

ol17200) + llullF2() + ||ﬁ||§{1/2(anh) + Hﬁnﬂz—l/z(anh)v

(o, u, @, 60) %
H(ﬂ“)”%f = ”TH?{(dimQh) + ||”||?{1(Qh)a

where Egrad(ﬁ) = {w S H&(Q) : VK € Qh, ﬁ|8K = ’LU|3K} and Ediv(a'n) =
{q S H(diV, .Q) VK € Qh, 6n|8K =q- n|aK}.

Reformulating (3.1) into the first order system ¢ = —gradu, dive = f, an
ultraweak formulation can be derived, which reads as follows: Given some f in L?({2),
find x = (0,u,4,6,) € X satisfying

b(xz,y) = F(y) forally=(r,v) €Y
with the forms b(-,-) and F(-) defined by

b(x,y) = (0,7)0 — (u,divr)n, + (4,7 - n>{mh — (o,gradv)p, + <&n,v>agh ,
F(y) = (f,v)e.

Here and throughout this paper, (-, -)sq, denotes the sum of duality pairings which
extend the appropriate L? inner product of scalar- or vector-valued functions on 9K,
over all K € (2,. Further details such as the formal equivalence of the ultraweak
formulation with the strong and weak formulation of the Poisson model problem at
hand, and a gentle derivation, can be found in [17].

Let p > 0 denote an integer, P,(K) denote the space of (algebraic) polynomi-
als of degree at most p, with the convention that P_;(K) is trivial, P,(K;RY) de-
note the space of vector-valued functions with components in P,(K), and R,(K) :=
P,(K,RY) + 2P,(K) denotes the standard Raviart-Thomas function space on a sim-
plex K. Let P,(£2;,) = {v: v|x € Py(K),VK € 24}. Let An_1(K) denote the set
of all (N — 1)-dimensional subsimplices of an N-simplex K. Define

P,(0K) := {p € L*(0K) : p|lr € Py(F) VF € An_1(K)},
P,(0K) := P,(0K) N C°(OK).

Set the finite-dimensional trial space X} and the test space Y}, by

(3.2a)  Xp:= {(0,u,1,6,) € X: VK € 2y, 0|k € P,(K;RY), u|g € Py(K),
ilox € Bp1(0K), onlox € Pp(0K)},
(32b) Y, = {(T,U)EY ZVKEQ}L, T|K€Rp+1(K), UlKEPp+N(K)}.

This example meets all the assumptions of the abstract a posteriori analysis of the
previous section, as seen next. Let fx denote the integral mean of f over a simplex
K of diameter hg.

THEOREM 3.1. There exist mesh-size independent positive constants C1,Ca, and
Cs such that the exact solution x of the ultraweak formulation for the Laplace equation
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and any discrete function T, € Xp, with its error estimator 7 := ||F — B¥y||y, satisfy
Cille — @l — Caosc(F)? < 7* < Csla — Znl[%-
Furthermore, if p > 1, there is a mesh-independent constant Cy > 0 such that

(3.3) osc(F)? < Cy Z [ (f — fK)H%%K)'

Key,

The remaining parts of this section provide some details on (H1)-(H3) so that
Theorem 3.1 is identified as a particular case of Theorem 2.1. Let 0 < C' < co denote
a generic constant, whose values at different occurrences may differ, but will remain
independent of hy for all K € §2;,. The value of C' may depend on the shape (angles)
of the simplices and on p.

LEMMA 3.2 (see [22]). For any p > 0, there exists a C' and a bounded linear
operator Hﬁfz'f, : HY(K) — P,y n(K) such that for allv € H*(K),

(3.4a) (Hﬁff\i,v —v,qp—1)k =0, for all g,—1 € P,_1(K),
(3.4D) (18750 — v, pp)ox = 0, for all p, € P,(0K),
(3.4c) IHIEv ) < Cllvlla ),

(3.4d) o — I8Nl L2y < Chiclv] i (xc).-

Proof. Properties (3.4a)—(3.4c) can be found in [22, Lemma 3.2]. Although (3.4d)
is not explicitly stated in [22], it follows from the arguments therein: The design of
Hﬁfj‘\i, in [22] shows v — Hﬁfj‘\i,v = IIy(v — v ) for the integral mean vi of v over K
and some bounded linear operator I1p : H*(K) — L?(K). Then (3.4d) follows from
a Poincaré inequality. 0

LEMMA 3.3 (see [22, Lemma 3.3]). For anyp > 0, there exists a C and a bounded
linear operator 113V, : H(div, K) — Ppyo(K;RY) such that for all T € H(div, K),

p
(3.5a) (HSI’ZT —T.¢p)Kk =0, for all q, € P,(K;RY),
(3.5b) (LT —7) - n, pipr1)ox =0 for all piy41 € Pyy1 (0K),
(3.5¢) ||H§Ji:27—”H(div,K) < C”THH(div,K)~

Proof of Theorem 3.1. The boundedness of the bilinear form b in (H1) is shown
in [17, section 4.4]. Recall from [17, Theorem 4.2 and Lemma 4.1] that

{reX: blr,y)=0Vy Y} ={0}
and that

0<f = inf _bzy)
veY \{0} zex\{o} llzllx [¥lly

with some mesh-size independent constant $’. By duality of linear operators, this
implies (H2) with g = .
From Lemmas 3.2 and 3.3, it is easy to see that the tensor product 17,

II(r,v) := (HSI’ZT, Hﬁff\i,v) for all (1,v) €Y,

verifies (H3). Hence the reliability and efficiency in Theorem 3.1 follow from Theo-
rem 2.1.
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Moreover, the data approximation term osc(F') from (1.12) can be simplified: For
any y = (1,v) € Y and any fp,—1 € Py_1(£21),

(Fo(1—I)(y) = Fly — IIy) = (f,v — I¥7v)a,
= (f = fo1v = TR 0) 0

Thus (3.4d) implies (3.3). d
Similar arguments also prove the reliability and efficiency of the estimator for a
different DPG method for the Laplacian in [18], an example omitted for brevity.

3.2. Linearized elasticity. The DPG method of [7] for a linear elastic body {2
in N = 2 or 3 space dimensions concerns the boundary value problem which, given
some volume force f : 2 — RY, secks the displacement u : 2 — RYM and stress
o : {2 — S satisfying

Ao =¢e(u) on {2,
(3.6) dive = f on {2,

u=0 on 0f2.

Here and throughout this paper, S = sym(M) and K = skw(M), where sym(M) =
(M + M7)/2 and skw(M) = (M — M7T)/2 for any matrix M € M := RV*N. The
inner product between matrices o and 7 is the Frobenius inner product o : 7 = tr(o'7)
with the trace tr7 := 71 +---+7yny = 7 : Inxn. The divergence on matrix fields
is taken rowwise and e(u) = sym(gradu) is the linear Green strain. Let the trace-
free deviatoric part of any matrix 7 € M be denoted by devr = 7 — % tr(7)Inx -
The compliance tensor A = A(z) is a self-adjoint positive definite fourth-order tensor,
which (for simplicity) is isotropic in that the positive Lamé parameters P, Q € Py(2;,)
satisty

AT:PdeVT—F% tr(7)In <N for all 7 € M.

The weak formulation of linear elasticity is included in the abstract setting for
(3.7a) X = L2(2;M) x L2 (2 RY) x HY*(092,:RY) x H V2(092,; RY) x R,
(3.7b) Y = H(div, 2,;S) x H'(2s;RY) x L?(12;K) x R.

Here and throughout this paper, notation for spaces of scalar-valued functions is

extended to analogous spaces of vector-valued and matrix-valued functions without
much ado. For instance, L?(§2; M) denotes the set of matrix-valued functions whose

entries belong to L?(2); Hé / ?(892,; RN) consists of vector functions with components
in Hé /2 (042,); H(div, £2;S) denotes symmetric matrix-valued functions with rows in
H(div, £2;,), etc. The notation for polynomial spaces is extended similarly, e.g., sym-
metric, skew-symmetric, and general matrix-valued functions with entries in P, (K)
read P,(K;S), P,(K;K), and P,(K;M).
The weak formulation of (3.6) of [7] seeks = = (o, u, 4, 6, ) € X with

b(z,y) =F(y) forally=(r,v,qw)€Y,
where Qo is the essential infimum of Q(z) over x € {2 and
(37C) b(xa y) = (AU, T).Q + (U, div T)Qh - <ﬁ’7 T n>89h + Qal (aINXN7 AT)Q

+ (0, V), + (0,9)2 — (Gn,v)aa, + Q' (Ao, wlyxn) e,

F(y) = _(fvv)Q~
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The DPG solution zy, for linear elasticity is defined by (1.3) for p € Ny and

(3.7d) X :={(o,u,0,6,,a) € X : VK € ), 0|k € P,(K;M),ulk € Pp(K;RN),
o € Pyr1(OK;RY), 6,lox € Py(0K;RY), a € R},

(3.7¢) Y, :={(r,v,q,w) €Y : VK € ), 7|k € Ppy2(K;S),
vk € Poyn(K;RY), ¢l € P,(K;K), we R}

The second part of this section provides some details on (H1)-(H3) such that
Theorem 2.1 guarantees reliable and efficient error control. The verification of (H3)
utilizes the following operator constructed in [22, Lemma 4.1] using the degrees of
freedom for symmetric matrices with polynomial entries given in [21]. An operator
different from the tensor product (matrix version) of the operator IV, given in
Lemma 3.3 is required due to the symmetry of 7.

LEMMA 3.4 (see [22, Lemma 4.1]). For any p > 0, there exists a C > 0 and a
operator ngrvz,s s H(div, K;S) — P,12(K;S) such that every T € H(div, K;S) satisfies

(3.8a) (I ap) K = (T, 4p) K for all q, € P,(K;S),
(3.8b)  (ILY5°T - my ppi1)or = (tps1, T )1jooc for all ppia € Bpra (OKGRY),
(3.8¢) ||H§i/2’ST||H(div,K) < Cl7ll m(aiv,x)-

To verify (H3), apply the operator of Lemma (3.4) to 7, the operator of Lemma 3.2
to each component of v, and the L?-orthogonal projection P;Kq of ¢ into P,(K,K),
i.e., set
Iy = (HSI’Z’ST, Hﬁfj(\i,v, Pfq, w)
for all y = (1,v,¢,w) in Y.
LEMMA 3.5 (see [7, Lemma 5]). There exists a constant Cy > 0 independent of
025, and Q such that (H2) holds for the DPG method (3.7) with

B=Co/¢t and ¢ =Q|L=(2)/Qo. O

This is a locking-free inf-sup condition because § does not degenerate when a ho-
mogeneous material approaches the incompressibility limit (i.e., when @ is constant
on 2 and @ — 0). The aforementioned results allow immediate verification of as-
sumptions (H1)—(H3) so that Theorem 2.1 leads to the reliability and efficiency of
the error estimator for the linear elasticity formulation (3.7). The constants in these
estimates are independent of () when @ is constant on f2.

The remaining parts of this section concern the analysis of a symmetric variant
of the above DPG method, which strongly imposes symmetry of the stress tensor
and seeks o in L%(£2;S). This variant, although not presented in [7], can be easily
analyzed using the above results. Given X,Y, X}, Y}, b as above in (3.7), ignore the
variable ¢ from the previous analysis and set

(3.92) Xy :={(o,u,@t,6p,0) € X 10 =0} and Xpp = X5 N X,
(3.9b) Yy := H(div, 2,;S) x H (2,;RY) x R

(3.9¢) Yo :={(r,v,w) €Ya: (1,v,0,w) € Y3},

(3.9d) ba((o, u, 0,60, @), (T,v,w)) = b((0, u, 0, o, ), (T,v,0,w)).
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The new symmetric variant of the DPG method for linear elasticity seeks zo =
(o,u, 0, 6y, ) in Xo with

ba(z2,y2) = F(y2) for all yo = (1,v,w) € Ya.

THEOREM 3.6. The statements of Theorem 3.1 hold for the DPG formula-
tions (3.7) and (3.9) in linear elasticity.

Proof. The previous analysis of this section establishes (H1)—(H3) for the for-
mulation (3.7). Assumptions (H1) and (H3) for the formulation (3.9) follow just as
for (3.7). Assumption (H2) is verified for the symmetric formulation (3.9) in the
remaining part of this proof with 8 = Cy/¢* from Lemma 3.5.

Since (0, q)q, =0 for all 0 € X5 and all ¢ € L*(£2;KK), Lemma 3.5 implies, for all
r9 € Xo, that
ﬁ”x2”X S sup b(@;(ﬂ“;%“)) < sup bg(ng,(T,’U,OJ))'

(1yv,q,w)€Y\{0} ||(T,U,q,£d)||y (1,0,w)€Y2\{0} H(T,’U,LU)”Y2
To complete the verification of (H2), it remains to prove that any yo = (1,v,w) € Ya
satisfying bo(x2,y2) = 0 for all 5 € X9 must vanish. To prove this, observe

b((o +n,u, 1,60, @), (7,0, q,w)) = ba(22,y2) — (1, skw(gradv) + q) e
for all z3 = (0,u,4,6,,a) in Xy and all r,q € L?(£2;K). Given y2 = (1,0,w) €
Yo with ba(ze,y2) = 0 for all zo € Xs define ¢ := —skw(gradwv). The right-hand

side in the aforementioned identity vanishes. Consequently, y := (7,v, ¢,w) satisfies
b(x, (1,v,q,w)) =0 for all x € X. Since (H2) holds for (3.7), (7,v,q,w) = 0. O

3.3. A new DPG formulation for Stokes flow. The equations of Stokes de-
scribe the steady state velocity u : £2 — RY and pressure p : 2 — R of a homogeneous
fluid of constant viscosity v = 1/2 via

(3.10a) —vAu + gradp = — f in £2,
(3.10b) divu =0 in 2.

This is complemented by the simple homogeneous boundary condition u = 0 on 0?2
and the side restriction (p, 1), = 0. The pseudostress & := 1/2 gradu — pd is often
used to reformulate (3.10) into a first order system [8, 12, 30], but & is not symmetric
in general and is not the true fluid stress.

Within the DPG formalism however, it is easy to maintain symmetry. Hence a
first order formulation with the symmetric physical stress ¢ = e(u) — pInyxn serves
as the starting point:

c+plnxy —e(u)=0 in £,
dive=f in £,
dive=0 in 2.

Using the notation of the previous subsection for the trace-free deviatoric part, these
equations give an equivalent stress-velocity reformulation:

(3.11a) devo —e(u) =01in £2,

(3.11b) dive = fin (2,

(3.11¢) u=0ondf and / trodr = 0.
Q

Given any element domain K € (2, test the first two equations of (3.11) with smooth
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7:K—>Sandv: K — RN and integrate by parts. The sum over all K € (2}, reads

(deV a, T)-Q + (ua div T)Qh - <1:L, 7'7'L>B_Qh = 07
—(0,e(v)) 0, + <(A7na v)on, = (fiv)a,

where the traces of on and u on element interfaces are set as independent unknowns 6,
and 4. Using a Lagrange multiplier o to model the constraint (3.11c), the variational
problem is to find x = (o, u,4,6,,«) € Xs such that b(z,y) = F(y) for all y =
(1,v,w) € Yo with Xo, Xo p,,Ys,Y2 ), from (3.92)-(3.9¢) and

(3.12) b(z,y) := (devo,m)g + (u,divT) e, — (4, mn)an, + (a,tr 7)o
+ (U, E(U))Qh - <6n7v>89h + (tI‘ a, W).Qa
Fy) = —(f,v)n.

This novel DPG method admits the following a priori and a posteriori error
estimates for the xj from (1.3) and the n from (1.8). (Of course, unlike the a priori
estimate, the a posteriori estimate holds even if x}, is replaced by any &5, € Xs  for
the reasons amply clarified previously.)

THEOREM 3.7. For any p > 0, there exist mesh-independent constants Cy, ..., Cy
> 0 such that

3.13 — <(C i —
(3.13) o~ anllx < €y i - llx,
(3.14) Cyllx — th%( — Cy osc(F)2 <n?< Csl|lz — th%(

If p > 1 then osc(F) satisfies (3.3).
Proof. Since the verification of (H1) is immediate, this proof focuses on the proof
of (H2) and (H3). For all y = (7,v,w) in Y set

div,S d
IIy = (Hpi’z’ T, Hﬁfj\,v,w) €Yy,

where the operator I gfﬁ of Lemma 3.2 applies componentwise to the vector valued v

and the operator I SI’Z’S from Lemma 3.4 applies to the symmetric matrix function 7.
The properties of IT verify assumption (H3).

The proof of (H2) utilizes a perturbation argument that links the Stokes formu-
lation to the elasticity formulation (3.9). Let the bilinear form b(-,-) in (3.12) be
denoted by bg(+, ) for the remaining parts of this proof. Given 0 < k < 1, define the
compliance tensor A as in linear elasticity with constant P = 1 and @@ = k and denote

the resulting elasticity form b(-,-) of (3.9d) by b.(-,-). From the definitions,
be((o,u, 0, 04, ), (T,0,w)) = bo(0, u, @, 0, ), (T,0,w)) + %(tr o,tr7) 0.

The linear operators B,; : X — Y™ associated with b,(-,-) satisfy
(3.15) |Bo — Byl < ck

with some k-independent constant ¢ > 0.
By the previous choice of A, Lemma 3.5 implies that 5 = Cj, a constant inde-
pendent of x. Hence B, is invertible and || B;'|| < C;'. This and the formula

Bl;l - Bl;l = Bil(Bﬁz - BN1)B;21

K1

imply that the operator B = By is a bijection and ||[B~!|| < Cy'. This completes the
verification of (H2). Hence (3.14) follows from Theorem 2.1 and (3.13) follows from
Remark 2.5. d
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4. Numerical illustrations. Results using adaptive and uniform h-refinements
of triangular meshes (on two-dimensional domains) for the previously considered
boundary value problems are reported in this section. (No p-refinements are con-
sidered.) The Y-norm of the restriction of €5, on any mesh element K € (2, serves
as a refinement indicator that marks elements for refinement in an adaptive loop. In
each adaptive iteration, h-refinement is performed via a 50% maximum criterion, the
discrete solution xj, is computed on the current mesh, the corresponding error repre-
sentation ¢y, is locally computed, and further elements are marked for refinement as
necessary based on the elementwise norms of ¢,

All adaptive refinements in the reports below use 1l-irregular triangular meshes
(with at most one hanging node per edge). These meshes pose no difficulty in the
presented theory if one uses the so-called minimum rule: When a parent mesh edge is
split into two child edges by a hanging node, the minimum rule sets interface variables
to polynomials (not piecewise polynomials) on the parent edge, so definitions for trial
and test spaces like (3.2a)—(3.2b) and (3.7d)—(3.7e) remain unchanged. Since II was
constructed element by element in all the previous examples, verification of (H3) on
1-irregular meshes is immediate for all those examples. Note that verification of (H1)
and (H2) never used mesh conformity.

Denote the effectivity index for the discrete solution xj; and its perturbations Zj
by
- i
a

_ n
P = N~
| |z — Znllx

|2 — anllx’

where 1 and 7 are defined previously and locally computable—see (1.6) and Theo-
rem 2.1. Although the constants in the estimates of Theorem 2.1 have been shown to
be mesh independent for the previously considered examples, their values influence
the effectivity indices. In particular, the theory does not guarantee that the values
of p and p are less than one. However, the numerical reports below show that their
values are fairly close to one in the examples considered.

4.1. The Laplace example. Consider the method of section 3.1 that yields
an approximation to = (o,u,4,6y,), namely, x, = (on, up, Up,0p,,) in the space
X}, defined in (3.2a). Even in cases where the exact solution x is known, the com-

putation of ||z — zp||x is nontrivial because the components || — || ,1/2 and
HEY2(002)

|6 = 6nnllg-1/2(60,) in the norm are defined using an infimum over an infinite-
dimensional hyperspace. Here and in the remainder, such quotient norms are always
approximated by an infimum over an appropriate finite-dimensional subset, e.g.,

@ — UhHHéN(th) = weEgiﬁfafah) w2

is approximated by

inf )HwhHHl(n),

h N
thEgrad(uI—uh

a computable infimum over the finite-dimensional hyperspace El q(ir — in) =

{wy, € HY(D2) : VK € O, wlox = (ur —tn)|ox and wy|x € Ppy1(K)} where ug is an
H'-interpolant of u of degree p 4 1. Then the next higher order element bubble func-
tions are added and the minimum is recomputed. The process is repeated until the
result (to a few significant digits) of the minimization remains unchanged. Similarly,

6 = Onslla-sriom) = (g, BT, Ml
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is approximated by the infimum of ||gn||f(aiv,2) over all g5 in a Raviart-Thomas
subspace of H(div, §2) such that ¢ - nlox = (01 -1 — Gn.n)|ox for all K € §2),, where
o is an interpolant of ¢ into the Raviart—Thomas space. These approximations, or its
appropriate modifications for each boundary value problem, are used in each report
below. At times the simplifications afforded by the problem are exploited, e.g., if @
is the trace of a harmonic solution, the norm in the minimization is modified to an
equivalent graph norm to avoid interpolation of exact solution.

The first experiment solves the DPG method for the Laplace equation on the
unit square with load set so that the exact solution is u = sin(mwz1)sin(7wxs2). For
a series of successive uniform h-refinements, the error in computed solution and the
corresponding effectivity indices p are shown in Figures 1(a) and 1(c) for p = 0,1,
and 2. Noting that the number of degrees of freedom N in the uniform refinement
case is O(h™2), the observed rates of convergence are as expected from the theory.
The effectivity indices are fairly close to one, indicating that the error estimator and
error are close.

Next, consider the Dirichlet problem on the L-shaped domain 2 = (—1,1) x
(=1, 1)\[0, 1] x [-1, 0] with boundary conditions set to yield the singular exact solution
u(r,0) = r*/3sin (2(6 + Z)). Results from an h-adaptive algorithm using the DPG
method with p = 2 are reported in Figure 1(b). The error estimator is observed
to closely follow the actual error. Furthermore, near the end of adaptive iteration,
despite the singularity in the solution, the rate of convergence appears to stabilize to
the same rate as in the uniformly refined smooth solution case of Figure 1(a) (p = 2).

The remaining plots in the panel simulate the effects of inexact solvers, or partially
converged iterative solutions. This is done by randomly perturbing the values of the
degrees of freedom of the computed solutions by 5% using a pseudorandom number
generator. The effectivity indices p obtained when perturbing the solutions in uni-
formly and adaptively refined cases are shown in Figures 1(e) and 1(f), respectively.
The values remain close to one and show that the error estimator remains useful for
inexact solutions. This completes the numerical illustration of the estimates of The-
orem 3.1 for both the DPG solution z; and an arbitrary Zj, in the Laplace example.

4.2. The elasticity example. Experiments similar to section 4.1 were also
performed with the formulation (3.9), both on the unit square and the L-shaped
domain. On the unit square, setting unit Lamé parameters, and the load so that both
components of the exact displacement equal sin(wx1)sin(mzs), plots of quantities
analogous to those in Figure 1 are reported in Figure 2. On the L-shaped domain, the
planar elastic properties are set to that of steel and an h-adaptive algorithm is run
on the DPG method with p = 2. More details on the material properties of steel and
the corresponding singular solution with a stress singularity of strength r—9-3962: can
be found in [7, section 7.2.2]. Effectivity is reported both for the computed solution
and for the 5% random perturbations, as before. In all cases, the values of indices p
and p are comparable to the corresponding quantities in Figure 1. Further numerical
results for the other DPG formulation for linear elasticity (3.7), including results from
hp-adaptivity, have already been presented in [7].

4.3. The Stokes example. The Stokes problem is solved using the new DPG
method of section 3.3 on the unit square with data set so that the exact solution is
u = curl(sin(rzy) sin(wxs)). The h-convergence rates for this new method have not
been previously reported. The first plot in Figure 3 shows these rates for p = 0, 1, and
2, as the unit square is successively refined in a uniform fashion. Clearly, the number
of degrees of freedom N is O(h~?) in these uniform refinements, so these observed
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Laplace eq.: h-adaptivity on L-shape with p=2
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Fic. 1. Results from the Laplace example for a smooth solution (left) and a singular solution
(right). (a) Rates of error reduction for a smooth solution under uniform refinements of the unit
square. (b) Error and estimator in an h-adaptive algorithm for a singular solution with p = 2
on an L-shaped domain. (c) Effectivity indices for the solutions of (a). (d) Effectivity indices
for the solutions of (b). (e) Changes in effectivity when solutions of (a) are perturbed at each
uniform refinement. (f) Changes in effectivity when solutions of (b) are perturbed at each adaptive
refinement.

rates are as predicted by the a priori estimate (3.13). The a posteriori estimate (3.14)
is illustrated by the plot of p. The remaining plot of p shows that the estimator
remains effective even when the solution computed at each refinement is randomly
perturbed by 5% as described for the previous examples.

Results from an h-adaptive algorithm applied to the DPG method for Stokes
flow on an L-shaped domain are also portrayed in Figure 3. To describe this well-
known [14, 23, 29] singular Stokes solution of Osborn, let z = 0.544484 ... be the
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F1G. 2. Results from the elasticity example for a smooth solution (left) and a singular solution
(right). (a) Convergence rates for a smooth solution under uniform refinements of the unit square.
(b) Error and estimator in an h-adaptive algorithm with p = 2 on L-shaped steel. (c) Effectivity
indices for the solutions of (a). (d) Effectivity indices for the solutions of (b). (e) Changes in
effectivity when solutions of (a) are perturbed at each uniform refinement. (f) Changes in effectivity
when solutions of (b) are perturbed at each adaptive refinement.

nontrivial solution of z? = sin” (327/2) with the smallest positive real part, and
let s = r'™#sin((z £ 1)0), cx = ' cos((z £ 1)), and ax = —zcot(327/2)/
(z & 1). The singular Stokes solution with v = 0 on the two edges meeting the ori-
gin is u = curl (a4 s+ +a—s_ + ¢4 —c—). On all except those two edges, the no-slip
boundary condition of (3.11) was modified to traction boundary conditions and the
correspondingly revised DPG method was implemented. The results in Figure 3 show
the utility of the estimator in capturing the singularity correctly.
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Stokes example: h—convergence rates on unit square Stokes example: h-adaptivity on L-shaped domain
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F1G. 3. Results from the Stokes example for a smooth solution (left) and a singular solution
(right). (a) Convergence rates for a smooth solution under uniform refinements of the unit square.
(b) Error and estimator in an h-adaptive algorithm with p = 2 for the singular solution of Osborn.
(¢) Effectivity indices for the solutions of (a). (d) Effectivity indices for the solutions of (b). (e)
Changes in effectivity when solutions of (a) are perturbed at each uniform refinement. (f) Changes
in effectivity when solutions of (b) are perturbed at each adaptive refinement.
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