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CONVERGENCE AND OPTIMALITY OF ADAPTIVE
LEAST SQUARES FINITE ELEMENT METHODS*

CARSTEN CARSTENSEN? AND EUN-JAE PARK?

Abstract. The first-order div least squares finite element methods (LSFEMs) allow for an
immediate a posteriori error control by the computable residual of the least squares functional. This
paper establishes an adaptive refinement strategy based on some equivalent refinement indicators.
Since the first-order div LSFEM measures the flux errors in H(div), the data resolution error measures
the L2 norm of the right-hand side f minus the piecewise polynomial approximation ITf without a
mesh-size factor. Hence the data resolution term is neither an oscillation nor of higher order and
consequently requires a particular treatment, e.g., by the thresholding second algorithm due to Binev
and DeVore. The resulting novel adaptive LSFEM with separate marking converges with optimal
rates relative to the notion of a nonlinear approximation class.
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1. Introduction. The adaptive finite element method (AFEM) has been un-
derstood to converge with optimal convergence rates with respect to the concept of a
nonlinear approximation class [4, 22, 15, 16]. Although optimal convergence rates are
often observed in many numerical experiments [1, 3, 21], even the plain convergence
is not known for the natural adaptive least squares finite element method (ALSFEM)
and small bulk parameter.

One striking advantage of the least squares finite element method (LSFEM) [6]
is the immediate reliable and efficient error control via the least squares functional
LS(f; pe,ue) evaluated at the discrete approximations (pg, u¢) in standard Raviart—
Thomas and Courant finite element subspaces of the Sobolev spaces H (div; ) x H} ()
with respect to a triangulation 7. It is expected that the elementwise evaluation of
the least squares functional leads to an effective ALSFEM [1, 3, 21]. One difficulty in
the convergence analysis of those schemes is the question of whether the least squares
residual is indeed strictly reduced provided the mesh is refined [1].

This paper introduces novel a posteriori error estimators and so motivates a new
adaptive mesh-refining strategy ALSFEM with a modification of the standard adap-
tive loop SOLVE, ESTIMATE, MARK, REFINE by separate marking; details follow in sec-
tion 4. For the purpose of this introduction, it suffices to understand separate marking
in that there are two cases on each level ¢ with a triangulation 7, and the discrete
solution (pr,ur). In Case A for || f — fo||* < rn? with the piecewise constant integral
means f; := I, f of the right-hand side f € L?(Q2), the step MARK consists of the
Dorfler marking with the elementwise contribution
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(1.1) (1) = (1= M)pellZairy +T1V2 Y N0ue/0velelzamy
BEE(T)NE(Q)

+ [T D pde - Tllizm + > lpe- el
EEE(T)NE(Q) BEE(T)NE()

This refinement indicator involves the normal components of the jumps of the piece-
wise gradients Vuy of the displacement variable as in standard finite element methods
[7, 23] and the tangential components of the jumps of the flux approximation p, over
the interior edges &¢(Q2) with appropriate modifications along the boundary edges
Ee(00).

In the remaining Case B, the adaptive algorithm employs some optimal algorithm
to reduce the data resolution term such that the triangulation of the new level £ 4 1
leads to a data resolution || f — IIp41 f|| on the finer triangulation smaller than or
equal to a reduction factor ¢ times the data resolution || f — II;f| of the current
one. One possible realization is the thresholding second algorithm due to Binev and
DeVore [5].

The first main result of this paper is the a posteriori error control through those
error estimators in the sense of the equivalence

(1.2) ng +1f = e f||> = LS(f; pe, ur).

Here and throughout this paper, a < b denotes a < C' b with some generic constant
C which may depend on the domain and the initial coarse mesh 7y but which is
independent of the level £. Moreover, a &~ b abbreviates a < b < a.

The second main result is the R-linear convergence of three variants of the afore-
mentioned adaptive LSFEM, where some of the contributions in (1.1) are neglected.
In particular, there exists some 0 < g;oq < 1 for the error estimator reduction property

(1.3) N S Ofea(mo +||f —Tof]]) forall £=0,1,2,....

The third main result is the optimality of the novel ALSFEM with the refinement
indicator (1.1) with respect to the concept of nonlinear approximations classes follow-
ing ideas from the finite element community [19] based on nonlinear approximation
classes [4]. The proof is based on arguments from [14] to control the overall overhead
in the closure algorithm of [4] even for separate marking with Cases A and B.

The remaining parts of this paper are organized as follows. Section 2 introduces
the Poisson model problem (PMP) and its least squares discretization with Raviart—
Thomas-type flux approximations. Section 3 introduces three alternative a posteriori
error estimators 7y and their reliability and efficiency a posteriori error analysis as
indicated in (1.2). Section 4 presents the associated three new ALSFEMs with three
parameter choices (21,Z3) = (1,0), (0,1), and (1,1) and establishes the error esti-
mator reduction property (1.3) even for small bulk parameters and arbitrarily coarse
initial meshes.

Some modified discrete reliability in section 5 holds for =1 = 1 = =5, which corre-
sponds to (1.1). This allows the proof of the quasi-optimal convergence in section 6.

Standard notation on Lebesgue and Sobolev spaces and norms is employed through-
out this paper: || - || denotes the L? norm and ||| - ||| denotes the H* seminorm over
the entire domain €, while ||| - ||||nvc := ||[VNe - || is some piecewise version thereof.
The piecewise mesh-size hy € L>(R) is defined by he|r := hy = |T|*/? for the area
|T| of a triangle T' € 7; in the triangulation 7.



CONVERGENCE OF ADAPTIVE LEAST SQUARES FEM 45

The measure || is context sensitive and refers to the number of elements of some
finite set (e.g., the number |7 of triangles in a triangulation 7) or the length |E|
of an edge F or the area |T'| of some domain 7" and not just the modulus of a real
number or the Euclidean length of a vector.

The analysis is exploited for polygonal domains in two space dimensions with
newest-vertex bisections (NVBs), while the generalization to three dimensions appears
incremental.

2. PMP and its least squares discretisation. Given f € L?(2) on a simply
connected bounded polygonal Lipschitz domain Q C R?, the PMP seeks some function
u € Co() N HE .(Q) with

(2.1) —Au=finQ and u=0 on Jf.

The least squares methods consider the equivalent first-order system

(2.2) —divp=f and p—Vu=0 in{.
The weak form involves the L? inner product (-,-)z2(q) and its L? norm || - || over Q.
Standard notation is employed for the Sobolev space H'(Q) with seminorm ||| - ||| and

V := H} (). The Hilbert space
H(div; Q) = {q € L*(;R?) : divq € L*(Q)}

consists of all L? vector functions q = (g1, g2) with weak divergence divq := 0,q1 +
dyqe in L?(£2) and associated norm || - || gr(aivy [7, 9, 10, 17]. The least squares method
solves system (2.2) by minimizing the residual functional defined, for any (q,v) €
H(div; Q) x V, by

(2.3) LS(f;q,0) := [|f +dival® + [lq — Vo[ *.

The associated Euler-Lagrange equations lead to the weak problem: Seek (p,u) €
H(div; Q) x V such that, for all (q,v) € H(div; Q) x V,

(2.4) /Q(f +divp)divadz + /Q(p —Vu) - (q — Vv)dz = 0.

The well-established equivalence of the norm in H(div; ) x V with the least squares
functional

(2.5) LS(0;a,v) = llall i) + lll0ll* - for all (q,v) € H(div;Q) x V

leads to the unique existence of a minimizer of LS(f;-) and weak solution (p,u) €
H(div; Q) x V [6]. Moreover, the conforming discretization leads to a quasi-optimal
convergence.

The prototype example for a discretization is the lowest-order Raviart—Thomas
function space RTy(7T) based on a regular triangulation 7 of Q in closed triangles
in the sense of Ciarlet [9, 7], i.e., UT = Q and any two distinct triangles in 7 are
either disjoint or share exactly one vertex or one common edge. Given any regular
triangulation 7 of  into triangles, let

V(T) = P(T)NV,
RTy(T) :={a € P (T;R*) N H(div;Q) : VT € T,3ar,by,cr €R
Vzel, q(z) = (ar,br) + crz}.
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There exists a unique minimizer (prs,urs) of LS(f;-) in RTo(T) x V(T) and this
is characterized as the weak solution of the discrete analogue (2.6) of (2.4). In other
words, the LSFEM solution (prg,urs) € RTo(T) x V(T ) C H(div; Q) x V satisfies,
for all (qrr,ve) € RTo(T) x V(T) C H(div; Q) x V, that

(2.6) /(f +divprs)divgrrdr + / (prs — Vurs) - (qrr — Vue)dx = 0.
Q Q

The Céa lemma leads to the best approximation property

B ' B - . B ' . B '
P — Prsllaiv) + |l]u wsIIINqRnggO(T)Hp QRT||H(d1v)+UCI€n‘1/I(17,)|||u vell|

Provided the exact solution u belongs to H?(f2) (e.g., for a convex domain (2), stan-
dard approximation results lead to linear convergence in the maximal mesh-size. How-
ever, in case of reduced elliptic regularity (e.g., for a nonconvex domain), appropriate
mesh-refining strategies are required to avoid suboptimal convergence rates for less
regular problems.

This section concludes with some representation result frequently employed
throughout the paper. Let II denote the L? orthogonal projection onto the piece-
wise constants Py(T;R™) for m = 1,2 with respect to the present triangulation 7.
Let CRY(T) denote the functions in P (7) which are continuous at the midpoints of
all interior edges £(2) and vanish at the midpoints of all boundary edges £(9€2). Let
V ne denote the piecewise action of the gradient.

PROPOSITION 2.1. Any Raviart-Thomas function qrr € RTy(T) reads

(2.7) arr = Uqrr + divqrr/2(e — mid(7)) a.e. in Q

(where  — mid(T) abbreviates * — mid(T') at any x € T € T with center of inertia
mid(T)) and satisfies, for unique vor € CRY(T) and we € (P (T) N C(Q))/R, that

(2.8) Ilqrr = VNcver + Curl we.

Therein, ver € CRY(T) is the Crouzeiz—Raviart solution of the PMP with right-hand
side —divqrr € L*(Q), i.e., vor solves the nonconforming finite element problem

(2.9) / VNcver - VNcweordr = —/ werdivqrrde  for all wer € CRY(T).
Q Q

Moreover, for any discrete solution qrr of a mized finite element problem or any
LSFEM solution qrr := prs of (2.6), we = 0 holds in (2.8). In other words, those
particular Raviart-Thomas fluzes are L* orthogonal onto Curl(P(T) N C(Q)).

Proof. The identities (2.7)-(2.9) are proved in [18] but have been essentially
known since [2]. The formula (2.7) follows from the very definition of the Raviart—
Thomas functions. The formula (2.8) is a discrete Helmholtz decomposition for simply
connected domains of any piecewise constant vector field.

The proof of the L? orthogonality follows from the observation that any function
in Curl(P(7) N C(Q)) is a divergence-free Raviart-Thomas function; the converse
holds as well for the simply connected domain. This plus the discrete equation with
such a test function leads to the asserted L? orthogonality. a
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3. Alternative a posteriori error control. The equivalence (2.5) plus (2.2)
imply the error-residual equivalence

(3.1) LS(fiprs,urs) = ||p — pLS”%I(div) + [lJu— ULS|||2'

Hence the least squares functional LS(f; prs,urs) is an explicit residual-based a pos-
teriori error estimator (even for inexact solve). To design an optimal adaptive LSFEM,
this section introduces alternative a posteriori error estimators and presents their re-
liability and efficiency analysis.

Throughout this section, 7 denotes a fixed shape-regular triangulation of the
domain Q with LSFEM solutions (prs,urs) with mesh-size hr € Py(T) defined
by hrlr = |T|"/? for all T € T v, and let II denote the associated L? orthogonal
projection onto Py(7;R™).

For each interior edge F = 0T} N JT_ shared by the two triangles T} and T_
with unit normal vector vg (and unit tangent vector 7z), let [-]g denote the jump
across F; for instance,

Vursle(z) .= lim Vups(zs)— lim  Vups(z—) forall x € E.
Ty3x—x T 3x_—x
Given such interior edge E € £(Q) of length |E| = diam(FE) with edge-patch wg :=
int (T4 UT-), set

(3.2) W (B) = |E| |[VuLs]e - veli:(g)-

The normal component of the Raviart—Thomas functions is continuous across the edge
E € £(9), while its tangential component is some generally discontinuous piecewise
affine function which allows for the jump

[Prs]e(r) == T+9hacr?am pPrs(z4) — .

lim prg(z_) forallze E e &(N).
Sr_—x

The tangential unit vector 7g along the edge E determines the error estimator con-
tribution

W2(E) = |E||[prsle - el3am for all E € (Q).

There is no jump residual of Vuyg along the boundary edges and those contributions
do not arise owing to test functions which vanish along the boundary 0€2; hence,

" (E):=0 forall E€&(0Q):={Ec&:FECiN}.
The boundary condition u = 0 along 012 is reflected in p - 75 = 0 for all boundary
edges E € £(0€). This gives rise to the residual
p?(E) := |E||pLs - TE||2L2(E) for all E € £(09).

The novel estimators are reliabile and efficient in the form

1/2 1/2
n(€) = (Z nZ(E)> and (€)= <Z uQ(E)> :

Ecé& Eecé&

THEOREM 3.1. Let (p,u) € H x V solve (2.2), let (prs,urs) € RTo(T) x V(T)
solve (2.4), and adopt the aforementioned notation on T, hr, n(€), and u(E). Then
it holds that

1P — Prsllm@iv) + ||Ju —urs||| = LS(f;prs,urs)*/?

(3.3) ~ [lhr divprs| + [If — ILf| +0(€)
(3.4) ~ ||y divprs|| + [[f = ILf|| + p(€).
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Three comments are in order before the proof of Theorem 3.1 concludes this
section.

Remark 3.2 (interpretation of p(€) and n(€)). One striking observation is that
either contribution (&) or n(£) may be left out in (3.3) or (3.4). The term ||prs —
Vurs|| has the interpretation of either a consistency error of prs (that is, its distance
to gradients of Sobolev functions in V') and then leads to () or an interpretation as
an equilibrium error of Vurg (that is, its distance to the functions in H(div, Q) with
divergence div prg) and then leads to n(€).

Remark 3.3 (methodology). The reliability proof in Theorem 3.1, that is, the
assertion < in (3.3) and in (3.4), follows with standard arguments like integration by
parts and stability and approximation properties of quasi interpolation. The proof
works without any Helmholtz decomposition but employs Proposition 2.1. The effi-
ciency, that is, the assertion 2 in (3.3) and in (3.4), follows from Verfiirth’s inverse
estimate technology [23].

Remark 3.4 (exact solve required). One essential difference between the reliable
and efficient a posteriori error control of (3.1) and that of Theorem 3.1 is that the
latter equivalence holds for the exact least squares solutions only. The proof below
relies on the fact that (2.6) holds exactly (i.e., the linear system is solved exactly or
at least in sufficiently high accuracy). In contrast to that, (3.1) holds for any discrete
approximation (prs,urs) and so allows for inezact solve.

Proof of Theorem 3.1. The first step of the proof concerns the bilinear form
b: L2(Q) x H(div,Q) — R, defined by

b(v,q) :== /Qv divq dz for all (v,q) € L*(Q) x H(div, Q).

The inf-sup condition of b is well understood in the context of mixed FEMs (7, 9, 10].
In particular, the LBB condition for Py(7") x RTo(T) is well established and shows for
any piecewise constant function, like ITf + div prg, that there exists qrr € RTo(T)
with

b(ILf +divprs,arr) = [ILf + divprsl|® and  |larr|maiv) < [TLf + divprs].
For the chosen qrr and ve := 0, the solution of LSFEM satisfies
b(ILf + divprs, drr)
= /Q(f +divprs)divgpr dz
=— /Q(pLS —Vurs) - arr dz.
The combination of the previous arguments plus a Cauchy inequality show
ITLf + divprs|® < lprs — Vurs|[TLf + divprs||.

The resulting estimate plus a triangle inequality prove that

(3-5) If +divprs| S IIf —ILf[| + lpLs — Vuwrs|l.

One interpretation of the estimate (3.5) in the equivalence (3.1) is some split
of the residuals in the data resolution error ||f — IIf|| and the residual ||prs —
VuLsH. 0
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The second step of the proof employs Proposition 2.1 with

e — mid(7))

. divprs
PrLs = VncUucr + %(

and the Crouzeix—Raviart solution g of the PMP with right-hand side —divpyps.
This implies the decomposition

(3.6) IpLs — Vurs|® = |l[icr — ursllyve + 11 — Mprs|?. O

Step three of the proof studies vor := Ucr — urs and its conforming quasi—
interpolation v; from [8]. Given ver € CR}(T) and any interior node z € N (),
define the averages v1(z) of the (possibly) discontinuous values of vopr. Linear in-
terpolation of those values defines v; € P (7T) N Cy() with the approximation and
stability estimate [8]

(3.7) [(ver —v1)/hrll + [llorlllve S llverllive < llpLs — Vurs]-
The aforementioned split and the Galerkin orthogonality of prs — Vurs onto Vuy
show
ek - ussllfe = [ (prs — Vuss) Vxcvends
Q

= / (prs — Vurs) - Vne(ver — v1)de.
0

A piecewise integration by parts with a careful rearrangement of the edge contributions
shows that this last term equals

/ (’Ul — 'UCR) div pLSdCE + Z (’Ul — UCR)[auLs/aVE]EdS.
Q Ece) U F
The trace theorem along each edge plus (3.7) show that the edge contributions are
1/2

S| Yo 1ENOuLs/oveleliae, [ior —ursllIne.
EcE(Q)

This and some weighted Cauchy inequality with (3.7) lead to
icr —urslllve Sn(€) + |hrdivprs|. O

Step four of the proof is the equivalence ||(1 — I)prs|| ~ ||hrdivprs|. This
follows from the representation of Raviart—Thomas functions in Proposition 2.1. The
combination of the aforementioned estimates concludes the proof of < in (3.3). O

Step five of the proof starts with the decomposition (3.6) from step three and
focuses on the interpretation of the remaining term

l[licr —ursll|ne = min_ ||[ucr —vellIne
ve eV (T)

as the best-approximation error when ucpg is approximated by a piecewise affine
conforming function. This consistency error is well understood in the a posteriori
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error analysis of Crouzeix—Raviart nonconforming finite elements. An explicit proof
and related references of

. ~ 2 e 2 NZ ~ 2
min UCR — U ~minl||ucg —v ~ E|||[ow Os
ity lon vl = mip e — vl = 3 1B1110icn/oslel s

can be found in [12, Theorem 5.1]. The relation of Vycucr to prs from step two
implies

Y |E0dcr/08] sl 72y S #2(E) + AT divpLs|®.
Ec&

This follows for each edge F € £ with edge-patch wg from the estimate

/ [divprs(z —mid(T))|e - 7 dsa| S |E[[|divprsllrzs)-
E

The combination of the aforementioned estimates concludes the proof of < in (3.4).
Efficiency will be proved for each of the local contributions to the estimator. O
Step siz concerns the affine function (prs — Vurs)|r on some fixed T' € T. The

inverse estimate

| divprs|eer) = || div(prs — Vurs)|rzery S hy'llprs — Vurs|nzer
proves a local form of the efficiency (in terms of the residual (2.4))
[hrdivprs| < [lprs — Vursl]. O

Step seven is the simple observation || f — IIf|| < ||f +divprs||. O

Step eight establishes the efficiency of n(E) for an interior edge F = 07 N oT-
shared by the two triangles T and T_. Define the edge-bubble function bp €
Wy ™ (wg) as four times the product of the two barycentric coordinates of Ty as-
sociated to the two vertices at the tips of E. Then, the maximum of bg equals one
and is attained at the midpoint of E. In fact, since [Vurg]g is constant, up to a
proper sign o = +1,

on(E) = /E[VULS]E ‘vpds ~ [EbE[VuLS]E -vg ds.
An integration by parts on Ty and 7T shows
/EbE[VuLS]E ‘vpds = /EbE[VULS —PLslE - Ve ds
= / ((Vurs — prs) - Vbg — bpdivprs)de.
wp

The combination of the previous estimates followed by Cauchy inequalities with
[bg]| = |E| and ||Vbg| = 1 leads eventually to

N(E) S lpes — Vurs| 2wy + |h7 divpLs|| L2y -

The efficiency of the edge contribution therefore follows from that of |hydiv
prsll. O
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Step mine of the proof deduces the efficiency of pu(F) for an edge E € & from
the literature. The discrete local efficiency proof of the Raviart—Thomas mixed finite
element method of [11, section 4] establishes an estimate for the PMP. The arguments
apply here as well when the right-hand side is replaced by — divprs and pp — pg in
[11, Theorem 4.1] is replaced by Vurs — prs. In fact, the proof in [11, Lemma 4.2]
solely requires py, = Vurs to be orthogonal to some local rotation. In conclusion, the
arguments of [11, section 4] prove in the present situation and notation that

W(E) S Ipes — VurslL2(wg) + 1h7r divPLs || L2 (ws)-

The analysis is provided in [11, section 4] for an interior edge only, but the arguments

apply to some boundary edge as well. Further details are omitted. O
Step ten of the proof finishes it. In fact, the local efficiency results combine to the
claimed remaining inequalities. Further details are omitted for brevity. O

4. A LSFEM and the contraction property. This section is devoted to three
ALSFEMSs with separate marking for the error estimator and the data resolution. The
versions add or neglect the contribution 1,(€) or 1,(€) as seen from Theorem 3.1 via
some global parameter =1, 25 € {0,1} with =Z; + 25 > 1.

Adaptive algorithm (ALSFEM). Input: Initial regular triangulation 7, of the
polygonal domain €2 into triangles and parameters 0 < © <1, 0< p< 1,0 < k < 00,
and =1,29 € {0, 1} with 1 < = + =s.

For any level £ =0,1,2,3,...
SOLVE LSFEM based on regular triangulation 7, with solution (pg, us).
ESTIMATE 7] := Y per, 0 (T) where, for any T € Ty,

m(T) = |(1 = T)pellFary + E [TV Y ([[0ue/Ovelslis s
EE€E(T)NEL(Q)

22 [ Y llpde el + S b Tellam
E€E(T)NE(Q) EEE(T)NE (D)

(IT, denotes L? orthogonal projection onto Py(7¢; R™); fo:= I, f.)
MARK in Case A for || f — fo||?> < kn?: Compute subset M, of T; of (almost) minimal
cardinality | M| with

(4.1) on <mp(Me) =Y ni(T).

TeM,

REFINE Compute the smallest regular refinement 7y41 of Ty with M, C To\Tr41 by
NVB.

Case B for kn? < ||f — fe||*: Compute an admissible refinement of Ty4; with (almost)
minimal cardinality and

(4.2) If = fesall® < oll f — fell®.

Output: Sequence of discrete solutions (pe, ue)ren, and data approximations (fr)een, -
In the further analysis of this paper, all three ALSFEMs are convergent while
solely the most comprehensive one with Z; = 1 = E5 is proved to converge with
optimal rates.
THEOREM 4.1. For any of the three choices (21,Z2) € {(1,0),(0,1), (1,1)}, there
exist some constants 0 < 9req < 1 and 0 < Ayeq < 00 which depend only on Ty, 0, K, 0
such that, for all £ € Ny,
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2= LS(f;pesue) + I1f — Foll? + Avean?  satisfies €21 < oreatl.

Remark 4.2 (parameters). The contraction property does not require any restric-
tionon 0 < ® <1,on0 < p < 1,oron 0 < k < oo. This is important because
those parameters have to be chosen as input of the adaptive algorithm. The con-
stants oreq and A,eq will depend on the choice but not the fact gr.q < 1. The proof
below reveals, furthermore, that A,eq could be chosen smaller at the expense that gyeq
increases. Indeed, A;eq — 07 implies oreq — 17

Remark 4.3 (data reduction). The thresholding second algorithm of [5] is one
possible realization of an optimal refinement in Case B of ALSFEM. Any other (quasi-)
optimal algorithm for the data reduction may be employed in the algorithm and the
analysis. Note that some extra overlay computation may be required which is included
in the optimality analysis.

Proof of Theorem 4.1. The Dorfler marking in Case A is well-understood in the
context of adaptive FEM [15] and leads to 0 < gred(¥) = 0loq < 1 and Al ; = 1 with

(4.3) et < rea(O)ne + Area([Pesa — Pell + [[wesr — well]).

The proof of this is essentially a triangle inequality plus the fact that the weights
in the error estimates are given in terms of the area |T| of a triangle T € Ty41\T¢
(and hence reduced by a factor < 1/2). The bulk criterion controls the majority of
triangles and leads to (4.3); for further details on the reduction of the flux terms see
14, 15].

Case B does not allow any control over the error estimator contributions in 7,
and hence leads to (4.3) with geq(¢) := 1.

On the other hand, the data resolution is not controlled in Case A and so

(4.4) If = feeal® < 0Ol f = fel?
holds for p(¢) := 1. In Case B, (4.2) leads to (4.4) with o(¢) := o.

The above estimates (4.3)—(4.4) hold in each of Cases A and B for the respective
values of 0 < greda(¢) < 1and 0 < o(¢) < 1 with min{grea(€), 0(¢)} = max{o 4,0} <1
and so for any ¢ € Ng.

Straightforward algebra with the Galerkin orthogonality of the LSFEM shows
that

(4.5) LS(0;pr41 — P, ueyr —ue) = LS(f; pe,ue) — LS(f; Pes1, uey1)-
This and (2.5) prove
1P+ = Pell + Muers — welll® S LS(fipesue) = LS(f3 Pesr, wes)-
For any 0 < A < oo, there exits A/ ; ~ 1 such that the last estimate and (4.3) lead to
Nis1 < 05eq(O)(L 4+ Nn; + (L4 1/N)Aleq(LS(f; Pes e) — LS(f; Pes1, tes1))-
The multiplication with Ayeq := 1/(A4(1 4+ 1/A)) results in

&1 = LS(fiper1swerr) + | f = forall® + Aveaniyq
< LS(fipesue) + || f = ferrll® + 02a (O (1 + A Arean; -
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For 0 < € < min{1, A,eq}, this is equivalent to

(4.6) & <A =) LS(fipesue) + (1 =€) f = fel® + (Area — )7
+ eLS(fipesue) + || f — ferall> = (L= )| f — fel?
=+ (5 — Avea + Qfod(é) (1 + )‘)Arcd)m%-

The first three terms on the right-hand side of (4.6) are less than or equal to greq &7
for oreq := max{l —€,1—€/Aea} < 1, while the last four terms are analyzed in Cases
A and B separately.

Case A implies 0 < gred(¢) = 0loq < 1 and

If = ferall? S If = fel® < knj.

For all (21,Z3) € {(1,0),(0,1),(1,1)}, Theorem 3.1 implies reliability of 7, in the
sense that there exists some C,..; ~ 1 with

LS(f;pesue) < Crer(ng + If — foll?).

The previous two estimates prove that the four remaining terms are smaller than or
equal to 17 times the factor €(1 + k)(1 + Crer) — Area(l — 0loq(1 + A)). This factor is
nonpositive for any sufficiently small but positive ¢ and A. This concludes the proof

in Case A.
Case B is characterized by gea(¢) = 1 and

max{| f — fes1l?/o.6ni} < | f — fol*.

The reliability of Theorem 3.1 plus the bound on 7y show that the last four terms in
(4.6) are smaller than or equal to || f — f¢||? times €(14+Chre))(1+1/K) + Ao /k+0—1.
Since 0 < p < 1, this factor is nonpositive for sufficiently small e and A. This concludes
the proof in Case B.

Altogether, (4.6) proves &7 11 < Ored €2 in all different cases. O

5. Discrete reliability. The essential ingredient in the optimality proof for the
adaptive algorithm with =; = 1 = =5 is some new version of the discrete reliability
with some extra term on the right-hand side. For any two regular triangulations 7
and Ty, with respect to some admissible refinement 7y, of 7y over m levels, let
(pe, ue) and (Potm, Ue+m) denote the respective LSFEM solutions.

THEOREM 5.1 (discrete reliability). The error estimator 1, of section 6 for
(21,22) = (1, 1) satisfies

IPem — Pe = V(e — ue)|* + | div(pesm — po)l|?

S 07 (Te\ Team) + [[(1 = o) div Pegml |-
The remainder of this section is devoted to the proof of Theorem 5.1 with three

lowest-order Raviart—Thomas mixed finite element solutions of the PMP with the
respective right-hand sides

— div(peym — Pe), —ILe div(prsm — Pe), —IIe div(Petm — Pe)

and the respective triangulations from the levels ¢+ m, ¢+ m, ¢ (indicated through
the lower index) which lead to the respective fluxes qeym € RTo(Tetm), djp,, €
RTo(Tetm), ae € RTo(Te).
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LEMMA 5.2. There exists some Boym € C(Q) N Pi(Totm) such that, for any
Vy € V(ﬁ),
[Perm — Pe = V(ueym — ue)|* + e div(peym — po)||?

— [ (pr = Vue) - (Vs — e = v1) = Curl By )
Q
+ [ Brim = e = Vi~ u0) - @t = G )

Proof. The LSFEM on level ¢ + m followed by elementary algebra with the L?
projection II, onto Py(7y) (or vectors thereof) results in

- / (et — Vitesm) - (Pesm — Pt — V(uesm — ue))da
Q
= / (form + div Prtm) div(peym — pe)de
Q
- /Q (Fem — fo) div(pesm — pe)da + || div(pesm — pe)?

+ / (fe + div pe)ILy div(peym — Pe)dz.
Q

Since divqy = I; div(pstrm — Pr), the aforementioned identity plus the LSFEM on
level ¢ with test function gy shows for any v, € V(7;) that

[Pe+m = Pe = V(e — uo)|* + || div(perm — po)l|?

= - /Q(Pé — V) - (Pegm —Pe — de — V(Upprm — ug — vg))dx
- /Q(fum — fo) div(petm — Pe)dz.

The term pgym —Pe—qe is split into peim —Pe—Qe+m +9q7,,,, — e PIUS Qem —Qp .-
The Raviart-Thomas function peym — Pe — Qetm + qj4,, — e is divergence free and
hence (cf. Proposition 2.1) equals Curl By4,,, for some Boirr € C(Q) N Pr(Toam)-
Hence, the preceding identity reads

[Pe+m — Pe = V(uesm — ue)l|* + || div(peym — po) ||
= /(pg — Vug) - (V(wopm — ue — ve) — Curl Bogp )dx
Q

- / (Pe — Vug) - (Qevm — Ay )d — / (ferm — fo) div(Perm — Pe)dz.
Q Q

Simple algebra proves the identity
~ [ (e = V) (@ = )
= /Q(Pum =Pt — V(tpim — ) - (Aetm — Ay )dT

- /Q(prrm - VU[er) : (q€+m - C];er)dﬂc
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The LSFEM on level ¢ 4+ m shows that
— /Q(pHm — Vugsm) - (Aetm — Qg )da
= /Q(me + div prym) div(Qesrm — iy, )de
= /Q(f“m +divpeym)(1 = Ily) div(pesm — Pe)dx

= /Q(fum — £0) div(pesm — pe)dz + ||(1 — ) div(perm — pe) ||

The combination of the last three identities completes the proof. 0
The difference q¢m — qj,.,, is super-close.
LEMMA 5.3. It holds that

aetm = Q| S 1he(l = TLe) div prgom|.

Proof. The discrete Helmholtz decomposition (2.8) asserts that
e (Aot — Qi) = VNCAL4m + Curl Begm,

for some &pyy € V(To4m) and some Bum € C(Q) N Pi(Tegm). Since Curl Béer €
RTo(To4m) is divergence free, it is L? orthogonal onto Q¢+m — 9;4,, and hence on

Moy (Qeym — qjy ) 1t follows Bum = 0 in agreement with Proposition 2.1. Hence,

T et i (Qetrm — D) I = /Q(Qfmn ~ Qi) - VNCOp1m da.

Since div(qe4m — q}+m) = (1-10y) div(petm — pe) = (1 —11;) div pgym, an integration
by parts proves

e (Qem — Q) I* = — /Q((1 —Lg) g ) (1 — 1) div Py, d.
Some piecewise Poincaré inequality leads to
et (e = @)l < N Gesmlll 1e(1 = TIe) div Pyl |-
Since [[@esmlll = [Lesm (@t — 4,0l this proves

et m(Qetm = Qi) | < |e(1 = TLe) iV Prgom] |-

The identity (2.7) with the constant divergence of q¢i., — qj,,, on a fine triangle
T € Toym implies

1L = e ) @esm — )| < esom div(Qesm — i)l < Nhe(l = ) div Pl

This concludes the proof. a
The subsequent lemma utilizes =; = 1 in the definition of 7.
LEMMA 5.4. There exists some vy € V(Tp) which satisfies

/ (Pe — V) - V(upym — ue —ve)dr S ne(To\Topm)|| et m — wel||-
Q
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Proof. The proof utilizes the Scott—Zhang interpolation [20] vy of gy, — ug
and follows the discrete reliability proof from the AFEM literature [19]. In this quasi
interpolation, for each node z € M,(2), one may select some edge E in E;(2)NEp1m (z)
whenever possible. The standard approximation and stability properties of quasi
interpolations lead after an integration by parts for w := wgy.,, — ug — vy to

/ (pe — Vuy) - Vwdz
Q

z—/wdivpgda:— Z /w[@ug/(?VE]Eds
Q E

Ec&i(Q)

< (1he divpell + me) [[[werm — welll-

The point is that w vanishes on any T' € Ty N Tyy. This allows the reduction of
the contributions in the a posteriori error estimators to the compliment Tp\ 74, of
Te N Tetm and concludes the proof. a

The subsequent lemma utilizes Z5 = 1 in the definition of 7.

LEMMA 5.5. The function Beym from Lemma 5.2 satisfies

- / (Pe — Vug) - Curl Boymdre S ne(Te\Tem)Perm — Pell mdiv) -
Q

Proof. Since py — Vuy is L? orthogonal to Curl 3, for the Scott-Zhang quasi
interpolation 8, € C(Q) N Py (T¢) of Betm, standard arguments (piecewise integration
by parts and trace inequalities for some edge contributions) show

- / (Pe — V) - Curl Bey, dz
Q

_ /Q (Pe — Vaug) - Curl(Bem — fBo)da

1/2
SO 1B meliam)  HBermlll-
Ec&\Erim

The design of ¢4, in the proof of Lemma 5.2 shows

1Besmlll = [Pesm — Pe — Qesm + Afp, — |
< IPevm — Pell + llaell + lae+m — Qi ll-

All three terms are bounded by < [[Peym — Pell m(aiv)- This is obvious for the first
term, follows from the definition of q, and the stability of the mixed finite element
schemes for the second, and for the third term follows from Lemma 5.3. This and
Zo = 1 conclude the proof. O

Proof of Theorem 5.1. The combination of Lemmas 5.2-5.5 shows an estimate
for

[(Pe+m — P, tesm — we) [ Fraivyx s (@) = LS5 Pesm — P, term — )

= [Pe4m — Pe = V(ugsm — w)l* + || div(pesm — po)[*.

This and some standard rearrangements conclude the proof. a
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6. Quasi-optimal convergence. The initial triangulation 7y specifies the ge-
ometry in the PMP with right-hand side f € L?(Q) and exact solution u € Hg (£2). All
possible markings by the NVB define the set of all admissible triangulations T which
includes 7y and all its possible shape-regular refinements. Given a natural number
N, the subset T(NN) consists of all admissible triangulations 7 with |7 < |To| + N.
The least squares functional is minimal for an optimal (but unknown) triangulation
with minimal value

Bl .00 = 00 o iy By vy O BT 0T

It appears too costly to compute such an optimal mesh with corresponding optimal
LSFEM solution, but it serves as a reference value for the performance of the computed
ones.

This paper proves that ALSFEM computes a sequence (py, u), of approximations
which are not much less accurate than the fictitious optimal values in (E(u, f, N))n.
The convergence rates are compared in terms of nonlinear approximation classes as
in [4, 22, 15]. Given any 0 < o < oo, the set A, consists of all pairs (u, f) €
H} () x L*(Q) such that

(6.1) (u, £)%, = sup N** E(u, f,N) < oo.
NeN

The following theorem states that the convergence rate of the ALSFEM is optimal
for sufficiently small parameters O and kg but for an arbitrarily coarse initial trian-
gulation 7.

THEOREM 6.1. There exist some mazimal bulk parameter 0 < Oy < 1 and
mazimal separation parameter 0 < ko < oo which depend exclusively on Ty such that
for all0 < © < O, for all 0 < p < 1, for all 0 < 0 < 00, and for all 0 < k < Ko,
there exists some constant Cy, which satisfies the following. The output (pe,ue)e of
ALSFEM with (Z1,Z5) = (1,1) in the PMP with (u, f) € A, satisfies

(6.2) igg(IﬁI — [To)%7 LS(f; pe, ue) < Cool (u, f)I%, -

Some comments are in order before the proof of Theorem 6.1 concludes this
section.

Remark 6.2 (quasi optimality). Notice that the definition of the seminorm |(u, f)| 4,
implies 1 < Cy, in (6.2) for any choice of (pe,u¢) with respect to any sequence of
nested triangulations (7). This motivates the name quasi-optimal convergence for
Theorem 6.1 which guarantees optimal convergence rates and is analogous to opti-
mality results in the FEM literature [4, 22, 15, 14]; it is a key result for optimal
computational complexity.

Remark 6.3 (separate marking necessary). One important difference between the
adaptive algorithm in this paper and other existing adaptive finite element schemes is
that the data resolution term || f — ILf|| is not an oscillation nor can it be reduced in
one-level refinements. Recall that || f—IIf|| is enforced by the H (div) norm which leads
to the contribution ||f — ILf]| in the least squares functional. This is why ALSFEM
utilizes a separate marking strategy with some optimal scheme [5] as in [14].

Remark 6.4 (nonlinear approximation class). The notion of a nonlinear approxi-
mation class has been introduced in [4] to the optimality analysis of adaptive FEMs.
The version here involves the least squares functional and hence seemingly includes
some procedural error related to LSFEM. The medius analysis of [13] shows that,
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in fact, (u, f) € A, is equivalent (that means the sets coincide and the norms are
equlvalent) to (u, f) € Ay, where A, is defined as above through the seminorm (6.1)
with E(u, f, N) replaced by

Eu, ,N):= min min 24 min U —u
(. f.N) = min (min ([~ fri? o+ min[lju - url)?).

The resulting nonlinear approximation class Ay = A, clearly deserves this name and
is related to some Besov space [4]. The aforementioned equivalence from [13] allows
also the corresponding modification in the assertion of Theorem 6.1.

Proof of Theorem 6.1. The proof follows the outline of the FEM literature while
the separate marking in ALSFEM causes some extra difficulties which are overcome
with arguments from [14] for sufficiently small © and k. It is a novel argument to
allow the term ||(1 — II) div pyysm || on the right-hand side in the discrete reliability.

Recall £ := LS(f; pe,we) + || f — fel* + Avean? from Theorem 4.1 for any ¢ € Ny
and observe that the contraction therein does not leave anything to prove in the
pathological situation £, = 0. Hence we may and will assume & > 0 and may
consider any parameter 0 < 7 < |(u, f)|.a0/&o0. Given any ¢ € N, let N(¢) denote the
minimal natural number with

|(u, )4, Se(ON(E)7  for e(l) := 7&e.
Step one of the proof consists of the demonstration of
(6.3) N(0) < 2|(u, )I{Te(0)"17.
For N(¢) =1, Theorem 4.1 leads to the contradiction
(u, f)la, <€) =78 <78 <|(u, f)|a,
Consequently, 2 < N(¢). This and the minimality of N(¢) show
e(O)(N(0)/2)7 <e(O(N() = 1)7 < [(u, f)l4,. 0

Step two of the proof is the design of a reference triangulation 7; which is some
admissible refinement of 7, (over possibly many levels) with associated LSFEM solu-
tions (pg, uy) and

(6.4) LS(f;Pe. e) < e(0)? = 72,
(6.5) 1T\ Tel S |(u, )4 e(0) Ve

Indeed, the definition of E(u, f, N (¢)) implies the existence of an optimal triangulation
T, € T(N(£)) such that the corresponding LSFEM solution (pj,u;) satisfies

E(u, f,N(£)) = LS(f; g, ug)-
This and the definition of |(u, f)|4, as a supremum plus the design of N(¢) lead to
LS(fip,up) < N7 |(u, f)l%, <e(0)? = 72¢.

This proves (6.4) for all refinements 7A2 of T¢ such as the overlay 7A2 =TT, of Ty
and 7,* defined as their smallest common refinement. It is known [22, 15] that the

overlay Tois a regular triangulation with

\Tel + 7o) < |Tel + 77
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It is also known (and much more elementary to prove) that
1T\ Tel < |Tel = |Tel-
The combination of the previous inequalities implies
T\ Tel <1751 = |To] < N(0).

This and (6.3) conclude step two of the proof. O
Step three of the proof verifies for sufficiently small ©g and k¢ with an appropriate
choice of 7 ~ 1 that Case A on level ¢ of ALSFEM leads to

(6.6) M S (s )67

The core of the proof is the discrete reliability of Theorem 5.1 for the triangulation
Te and its admissible refinement 7,. The notation of section 7 replaces p¢, t¢, f¢, ITp
bY Petms Wotm, fo+m, Lloegm, respectively, and shows (in the present notation of this
proof) that

(6.7) 1Be — Pe, e — we) | Fr(aiey w12 ()

ST\ Te) + |1 fe— foll® + |11 — ILe) div e

The equivalence (2.5) shows that the left-hand side in (6.7) is equivalent to LS(0; ps—
Pe, Ug — ug). Straightforward algebra with the Galerkin orthogonality of the LSFEMs
as in (4.5) applies to the latter term and shows that it is equal to LS(f;pe,ue) —
LS(f;De, U).

The triangle inequality and the definition of the least squares functional show
that

1/2/(1 = L) div pel|* < [|f — fell® + 11 — He)(f + div pe)||?
< |\If = fell? + LS(f; Pe, te).

The combination of those arguments with (6.7) proves with Cyre; = 1 that
LS(f5pesue) < Carer (nF(T\Te) + 1 = foll* + LS(f3 B i) ) -
Recall that Case A and the definition of & imply

If = fell® < kom; < Ko/Area & -

The efficiency of Theorem 3.1 and the equivalence with & leads to some Ccpy ~ 1
with

€ < Cerp LS(fype, o).
The combination of the preceding three displayed estimates with (6.4) results in
&/(CersCanet) < 7 (T \ Te) + (7° + Ko/ Area) €.
Some proper choice of 72 < 1/(4C.fCarer) and ko < Avea/(4CesrCarer) leads to

Aveanf < € < 2Ces;Carernp (T \ To).
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The point is that this implies On7 < n2(M,) for © < Oy := Area/(2CcffCaprer). In
other words, the set 7y \ 7; is in the competition of the marking strategy in Case A
of ALSFEM. Among all those subsets, the chosen set M, has (almost) minimal

cardinality |M,|. In comparison with 7, \ T,
(M| ST\ Tel.

This and (6.5) imply (6.6). o

Step four of the proof establishes (6.6) in Case B on level £ of ALSFEM with some
set My := MEO) U---u MEK(E)) of triangles with the outcome Tpy1 := E(K(E)H) of
the successive refinements with NVB. The initialization 7}(0) := T, and the loop

7}(’”1) = NVB( in ﬁ(k) with marked set M§"“)) for k=0,...,K(¢)

define an algorithm to identify the pairwise disjoint sets of triangles MEO), ce MEK(E))
as in [14, section 3]. The remaining parts in step four of the proof report on arguments
from [14] which link the optimality of the thresholding second algorithm from [5] with
(6.6). Since f is part of (u, f) € A,, the triangulation Tp41 = T; ® T for the output
T of the thresholding second algorithm with given tolerance Tol := o'/2||f — fi|| is
almost optimal in the sense that it satisfies

1f = feall < Tol and [T = |T5] £ |(u. )| Tol7/7.
Theorem 3.1 in [14] furthermore ensures that

K(¢)
k
> IMP| = (Ml < IT] = [Ts).
k=0
Since Case B is characterized by kn? < ||f — fel|?,
g xn+IIf = flP? < A+ 1/R)F = ol = (1 +1/k)/ o Tol”,

The combination of the preceding three displayed formulas proves

IM** S (1 +1/8)/0l(u, fIZ, &>

This shows (6.6) for k = 1 ~ p. More details can be found in [14] (where oscillations
may be substituted by the present data resolution errors). 0

Step five is the end of the proof. The overhead control of [4] shows that NVB
satisfies (with Cppy ~ 1 which depends exclusively on 7y)

-1
| Tel = [To] < Copv Y [My| forall £=0,1,2,....

k=0

This result was intended exclusively for level-oriented refinements where one step
divides one triangle at most three times. The design of the intermediate refinements
in step four after [14], however, verbatim provides this overhead control also for the
separate marking of this paper.

The contraction property of Theorem 4.1 shows that

62 <olkes? forallo<k <.
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This and (6.6) prove
M| S (s A6 < ((u, 117 0ETH e M

The combination with the overhead control leads to

£—1
Tel = 7ol < 1w PILTE" Y eleg™ 7.
k=0

This, the series Y °_ gzé(%) < 1and LS(f;pe,ue) < & imply

72 = 170 S Mw, NITE < 1w DY LS(fipeue) /7. D

Acknowledgment. The authors thank Eunjung Lee of the Department of Com-
putational Science and Engineering of Yonsei University in Seoul, Korea, for valuable
discussions.

REFERENCES

[1] J. H. ApLER, T. A. MANTEUFFEL, S. F. McCormick, J. W. Norting, J. W. RUGE, AND
L. TANG, Efficiency based adaptive local refinement for first-order system least-squares
formulations, SIAM J. Sci. Comput., 33 (2011), pp. 1-24.

(2] D. ArNOLD AND F. BRrEzz1, Mized and nonconforming finite element methods: Implementa-
tion, postprocessing and error estimates, RAIRO Model. Math. Anal. Numer., 19 (1985),
pp. 7-32.

(3] M. BERNDT, T. A. MANTEUFFEL, AND S. F. McCORMICK, Local error estimates and adaptive
refinement for first-order system least squares (FOSLS), Electron. Trans. Numer. Anal., 6
(1997), pp. 35-43.

[4] P. BiINEv, W. DAHMEN, AND R. DEVORE, Adaptive finite element methods with convergence
rates, Numer. Math., 97 (2004), pp. 219-268.

[5] P. BINEV AND R. DEVORE, Fast computation in adaptive tree approzimation, Numer. Math.,
97 (2004), pp. 193-217.

(6] P. B. BocHEV AND M. D. GUNZBURGER, Least-Squares Finite Element Methods, Appl. Math.
Sci. 166, Springer, New York, 2009.

[7] D. Bragss, Finite Elements, 3rd ed., Cambridge University Press, Cambridge, UK, 2007.

[8] S. C. BRENNER, Two-level additive Schwarz preconditioners for nonconforming finite element
methods, Math. Comp., 65 (1996), pp. 897-921.

[9] S. C. BRENNER AND L. R. ScoTT, The Mathematical Theory of Finite Element Methods, 3rd
ed., Texts in Appl. Math. 15, Springer, New York, 2008.

(10] F. BrEzzl AND M. FORTIN, Mized and Hybrid Finite Element Methods, Springer Ser. Comput.
Math. 15, Springer, New York, 1991.

[11] C. CARSTENSEN AND R. W. H. HOPPE, Error reduction and convergence for an adaptive mized
finite element method, Math. Comp. 75 (2006), pp. 1033-1042.

[12] C. CARSTENSEN, R. W. H. HopPE, M. EIGEL, AND C. LOBHARD, A review of unified a posteriori
finite element error control, Numer. Math. Theor. Meth. Appl, 5 (2012), pp. 509-558.

[13] C. CARSTENSEN, D. PETERSEIM, AND M. SCHEDENSACK, Comparison results of finite element
methods for the Poisson model problem, STAM J. Numer. Anal. 50 (2012), pp. 2803-2823.

[14] C. CARSTENSEN AND H. RABUS, An optimal adaptive mized finite element method, Math.

Comp., 80 (2011), pp. 649-667.

[15] J. M. CascoN, CH. KrREUZER, R. H. NocHETTO, AND K. G. SIEBERT, Quasi-optimal con-
vergence rate for an adaptive finite element method, SIAM J. Numer. Anal. 46 (2008),
pp. 2524-2550.

[16] W. DORFLER, A convergent adaptive algorithm for Poisson’s equation, SIAM J. Numer. Anal.,
33 (1996), pp. 1106-1124.

[17] V. GIRAULT AND P.-A. RAVIART, Finite Element Methods for Navier-Stokes Equations,
Springer Ser. Comput. Math. 5, Springer, New York, 1986.

[18] L. D. MARINI, An inexpensive method for the evaluation of the solution of the lowest order
Raviart- Thomas mized method, STAM J. Numer. Anal., 22 (1985), pp. 493-496.



62 CARSTEN CARSTENSEN AND EUN-JAE PARK

[19] R. H. NocHETTO, K. G. SIEBERT, AND A. VEESER, Theory of adaptive finite element methods:
An introduction, in Multiscale, Nonlinear and Adaptive Approximation, Springer, Berlin,
2009, pp. 409-542.

[20] L. R. SCOTT AND S. ZHANG, Finite element interpolation of monsmooth functions satisfying
boundary conditions, Math. Comp., 54 (1990), pp. 483-493.

[21] G. STARKE, An adaptive least-squares mized finite element method for elasto-plasticity, STAM
J. Numer. Anal., 45(1):371-388 (electronic), 2007.

[22] R. STEVENSON, Optimality of a standard adaptive finite element method, Found. Comput.
Math., 7 (2007), pp. 245-2609.

[23] R. VERFURTH, A Review of a Posteriori Error Estimation and Adaptive Mesh-Refinement
Techniques, Wiley, New York, 1996.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


