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1 Introduction

The general second-order linear elliptic PDE on a simply-connected bounded polyg-
onal Lipschitz domain @ C R? with boundary 32 reads for given right-hand side
f e L*(Q) as

Lu:=-V - (AVu+ub)+yu=finQ u=0ondQ. (1.1)

The coefficients are all essentially bounded functions and the eigenvalues of the sym-
metric matrix A are all positive and uniformly bounded away from zero. The point
is that the convective term b and the reaction term y may be arbitrary as long as the
boundary value problem (1.1) is well-posed in the sense that zero is not an eigenvalue.
In other words, £ : H () — H™ () is supposed to be injective, where H ()
is the dual space of H(?(Q) = {v e H(Q) : vlsq = 0}. Since L is a bounded linear
operator between Hilbert spaces, this is equivalent to assume that £ is an isomorphism.

It is known since [21] for conforming finite element discretization and it will be
proved in this paper for nonconforming and for mixed finite element methods that
sufficiently fine triangulations allow for unique discrete solution. One key argument
in the proof is some representation formula for the lowest-order Raviart-Thomas
solution to (1.1) in terms of the Crouzeix—Raviart solution. This circumvents the
extra conditions on the coefficients from [12] to deduce the solvability of the mixed
finite element scheme and, thereby, allows a numerical analysis of the general linear
indefinite problem at hand. The a priori error analysis shows a quasi-optimal error
estimate by best-approximation errors.

The robust a posteriori error control is feasible for sufficiently fine (although
unstructured but shape-regular) meshes on the basis of some a priori L control for the
nonconforming FEM by duality. This allows for reliable and efficient error estimates
in terms of the explicit residual-based error estimators up to generic constants and data
approximation errors.

This paper is devoted to another approach to generalized saddle-point problems via
an explicit equivalence to nonconforming finite element schemes for general second-
order linear indefinite and non-symmetric elliptic PDEs. The standard generalization
of the Brezzi splitting lemma [5] to more general possibly non-symmetric bilinear
forms in [12] formulates various conditions on several boundedness and inf-sup con-
stants. Those are essentially sufficient conditions and not equivalent to well-posedness.
Observe that all conditions in [12] hold as well for some bilinear form which involves
a homotopy parameter A which takes away the non-symmetry or indefiniteness for
X = 0 and equals the bilinear form considered in [12] for A = 1. For such a homotopy
and certain critical values of 0 < A < 1, the underlying PDE may have a zero eigen-
value, while the sufficient condition of [12] is convex in A and so holds for that critical
value as well. This illustrates that we may encounter some general second-order linear
PDE, where the conditions in [12] do not guarantee any well-posedness of the contin-
uous or the discrete situation, while the continuous problem is well-posed, and hence,
some novel mathematical ideas are required to ensure the solvability of the discrete
solution in MFEM and their uniform boundedness a priori for small meshes.
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Error analysis of nonconforming and mixed FEMs... 559

This paper assumes that the parameters in the general second-order linear elliptic
PDE are such that the associated boundary value problem is well-posed on the contin-
uous level and shows with arguments like those in [21] for the conforming case that
there exists discrete solutions for a first-order nonconforming finite element method
provided the mesh is sufficiently fine. Based on general conforming companions as
part of the novel medius analysis, which utilizes mathematical arguments between
a priori and a posteriori analysis, this paper proves L2 error and piecewise H! error
estimates.

The remaining parts of the paper are organized as follows. Section 2 introduces
the weak and mixed weak formulations and equivalence of primal and mixed meth-
ods. Section 3 presents the Crouzeix—Raviart nonconforming finite element methods
(NCFEM) and discusses the solvability of the discrete problem and the related a priori
and a posteriori error estimates. Section 4 focuses on Raviart-Thomas mixed finite
element methods (RTFEM), the representation of RTFEM solution via NCFEM, and
a priori error estimates for RTFEM. Section 5 establishes a posteriori error estimates
for the discrete mixed formulation and its efficiency. Numerical experiments in Sect.
6 concern to sensitivity of the a priori and a postriori error bounds and study the
performance of the related adaptive algorithms.

This section concludes with some notation used through out this paper. An inequal-
ity A < B abbreviates A < CB, where C > 0 is a mesh-size independent constant
that depends only on the domain and the shape of finite elements; A &~ B means
A < B < A. Standard notation applies to Lebesgue and Sobolev spaces and ||-||
abbreviates ||| L2(Q) with L? scalar product denoted as (-, -) 12(Q) Or (-, -) (when-
ever there is no chance of confusion). Let H"(£2) denote the Sobolev spaces of
order m with norm given by ||-||,,,. The space of R2-valued L% and H' functions
defined over the domain 2 is denoted by L2($2:; R?) and H(Q; R?) respectively. Let
H(div, Q) = {q € L*(Q; R?) : div q € L*(Q)} with the norm |-|| zaiv. ) and its
dual space H (div, 2)*.

2 On weak and mixed formulations

This section introduces the minimal assumptions, the weak formulation with a ref-
erence to solvability, and the mixed formulation for the problem (1.1) and their
equivalence. Define the bilinear form a(-, -) for u, v € HOl (2) by

a(u,v) = (AVu +ub, Vv) 2oy + (Y u, v) 2(q)-

The weak formulation of (1.1) reads: Given f € L%(2), seek a function u € HO1 ()
such that

a(u,v) = (f,v)2q forall ve Hy(S). (2.1

Throughout this paper, the following assumptions (A1)-(A2) are posed on the coeffi-
cients and solution to the problem (1.1).
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560 C. Carstensen et al.

(A1) The coefficient matrix A € L°°(Q; Rf.yxn%) is positive definite; that is, there exist
positive numbers o and A such that aol&2 < A(x)E-& < AlE|* forae.x € Q
and forall § € R2. Further, the coefficient matrix A, vector b and y are Lipschitz
continuous.

(A2) Givenany f € L%(), the problem (1.1) has a unique weak solutionu € HOl ().
The dual problem reads: Given g € L%(Q), seek a solution @ € H(} (2) such
that

a(v, ®) = (g, V)2 forall v e Hy (). (2.2)

The unique solvability of (2.2) follows by duality from the well-posedness of L,
in (A2) and, as a consequence, | P||; < C||g]|-

(A3) Suppose that there exist some constants 0 < § < 1 and C(6) < oo such that the
unique solution ® = £~ g of (2.2) satisfies € H'™(Q) N HJ (Q) and

@145 = CS) gl 2.3)

Since 0 is not part of the spectrum of L, the Fredholm alternative [16, Theorem
5, pp 305-306] proves that the problem (1.1) has a unique weak solution for each
f € L%(Q). For more detailed information on existence and uniqueness result of the
weak solution to (1.1) or to (2.2), see [16, Theorem 4, pp 303—305] or [17, Theorem
8.3, pp 181-182]. For (2.3), refer to [15, cf. § 5.e and § 14.A].

Introduce new variables p = —(AVu + ub) and b* = A~'b and rewrite (I.1)as a
first-order system

A'p+ub* +Vu=0 and divp+yu= fin Q. 2.4)
The mixed formulation seeks (p, #) € H (div, 2) x LZ(Q) such that

(A~"p + ub*, q) 12y — (div g u) 2y =0 forall g € H(div, ),

. 2.5
(le P, U)LZ(Q) + ()/ u, U)LZ(Q) = (f, U)LZ(Q) forall v € Lz(Q) ( )

Theorem 2.1 (Equivalence of primal and mixed formulation) The pair (p,u) €
H(div, Q) x L*(Q) solves (2.5) if and only if u € H}(Q) solves (1.1) and p =
—(AVu + ub).

Proof Let (p,u) € H(div, Q) x L?(R) solve (2.5) and let ® € D(). Since q :=
Curl @ := (—90®D/9x2, 0P/0x1) is divergence-free and an admissible test function
in the first equation of (2.5), a formal integration by parts with curl defined for any
smooth vector field r = (rq, rp) by curl r := 9r1/dxp — drp/9X| proves

curl (A™!'p 4+ ub*) = 0 in D'(Q).

The Helmholtz decomposition shows for the simply-connected domain  that A~ 'p+
ub* is the gradient of some v € HO1 (£2); namely,

A7 'p + ub* = Vu.
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Error analysis of nonconforming and mixed FEMs... 561

The substitution of this in the first equation of (2.5) followed by an integration by parts
shows

(divq,v+u)p2q =0 forall qe H(div, Q).

It is known that the divergence operator div : H (div, ) — L2(Q) is surjective and so
the preceding identity proves u 4+ v = 0. (A direct proof follows with the test function
q = Vv for the solution ¢ € H(} (€2) of the Poisson problem —Avy = u + v in €2.)
This implies u € H} (Q2) and

A~ 'p+ub* = —Vu. (2.6)

This identity is recast into p = —(AVu + ub) so that the second equation of (2.5)
leads to (1.1).

Conversely, let u be a solution to (1.1) and define p := —(AVu+ub) € L2(Q; R?).
Then (1.1) reads

divp+yu=f inD(Q).

Since f —yu € LZ(Q), this implies p € H(div, 2) and the previous identity leads
to

divp+yu=f ae. inQ.

Now, an immediate consequence is the second identity in (2.5).

The definition of p is equivalent to (2.6). The multiplication of (2.6) with any
q € H(div, Q) followed by an integration over the domain €2 leads on the right-hand
side to the L?(2) product of —Vu and q. That term allows for an integration by parts
and so leads to the first identity in (2.5). This concludes the proof. O

The well-posedness of (1.1) states that £ : H(} () — HYQ) is bounded and
has a bounded inverse. This is an assumption on the coefficients which excludes
zero eigenvalues in the Fredholm alternative, see [17, Sect. 8.2]. The system (1.1) is
equivalent to (2.5) which implies that the operator

[ H(div, Q) x L>(Q) — H(div, Q)* x L*(Q),

M (q,v) = (A~lq + vb* + Vv, divq+ yv)

2.7)

has a range which includes {0} x L2(); that is, for any f € L?(Q) there exists
M=, f), which solves (2.5) with the zero right-hand side in the first equation of
(2.5). The a posteriori error analysis relies on the well-posedness of the operator M
even with a general right-hand side g € H (div, 2)* in the first equation of (2.5).

Theorem 2.2 (Well-posedness of mixed formulation) The linear operator M from
(2.7) is bounded and has a bounded inverse.
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Proof The injectivity follows from that of £ and the equivalence of (1.1) and (2.5) in
Theorem 2.1 for g = 0. The more delicate surjectivity follows in several steps. The
step one is that for g = 0 and any f € LZ(Q), there exists some unique M0, )
in (2.7), because of the equivalence of (1.1) and (2.5).

In step two, let g = Vv be the gradient of some Sobolev function v € HO1 (), ie.,

(8, 4) H (div,2)* x H (div, ) =/ Vv-qdx
Q

= —/ vdivqdx forall q € H(div, 2).
Q

Then, M(p, u) = (g, f) is equivalent to
p=AV(@w—u)—ub and divp+ yu=f.
The substitution of p in the second equation shows
—div(AVu + ub) + yu = f —div(AVv) € H~1(Q).

Since Eq. (1.1) has a unique weak solution for a given right-hand side in H~' ()
(from (A2) and the Fredholm alternative), the previous equation has unique solution

u=L7Nf —div(AVv)) € H} (Q).
Since
p:=AV(v—u) —ub € L*(Q; R?)
satisfiesdivp = f — yu € L%(Q), it follows p € H(div, 2). Altogether,
M(p,u) = (Vv, f).

In step three, let g € L?(: R?) C H(div, Q)* and consider the Helmholtz decom-
position of g in the format

Ag = AVa + Curl 8
fora € H(; () and B € H'()/R. This decomposition follows from the solution «
of —div(AVa) = —div(Ag) and the fact that the divergence free function A(g — Vo)
equals a rotation in the simply-connected domain 2.

Since g = Va + A~!Curl 8 and from step two, the superposition principle shows
that it remains to verify that

M(p,u) = (A~!Curl B, 0)
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has a unique solution. Since div (Curl 8) = 0, this is equivalent to
M(@p —Curl 8,u) =0

with the obvious solution p = Curl 8 € H (div, ) and u = 0.
In step four, let g = Vv for some v € L%(2) such that

(8, q) H(div,Q)* x H(div,Q) = —/ v divqdx forall q € H(div, 2).
Q

This generalizes the step two in the sense that v € L?(R2). The equation M (p, u) =
(Vv, 0) is equivalent to

M(p, u —v) = (—vb*, —pv).

This has a unique solution (p, # — v) in H(div, 2) X L%(), because of step three
(owing to (g, f) € L?(22; R? x R)).

In step five, let G € H (div, 2)* with its Riesz representation g € H (div, €2) in the
Hilbert space H (div, 2), i.e.,

Vq e H(div, Q) G(q) = / (g-q+divgdivq) dx.
Q

Then, M(py,u1) = (g, f) has a unique solution (pi,u;) from step three and
M(p2,u3) = (—Vdiv g,0) has a unique solution (py, u;) from step four with
v =divg € L?(). In conclusion, (p, ) := (p1 +p2, u1 +uz) = M~YG, f). This
concludes the proof. O

3 Non-conforming finite element methods

This section describes the Crouzeix—Raviart non-conforming finite element methods
(NCFEM) for the problem (2.1) and discusses a priori error estimates.

3.1 Regular triangulation

Let 7 be aregular triangulation of the bounded simply-connected polygonal Lipschitz
domain  C R? into triangles such that Ur.7T = Q. Let £ denote the set of all edges
in 7, £(3R) denote the set of all boundary edges in 7 and let N denote the set of
vertices in 7. Let mid(E) denote the midpoint of the edge £ and mid(7) denote the
centroid of the triangle 7'. The set of edges of the element T is denoted by £(T'). Let
hr denote the diameter of the element T € 7 and h € Py(7) the piecewise constant
mesh-size, h7|r := hy for all T € 7 with h := maxyc7 hr. Let | E| be the length
of the edge E € £ with unit outward normal vg.

@ Springer



564 C. Carstensen et al.

Let [T be the L projection onto Po(7) and define osc(f, T) := ||h7 (1 —Tg) f]l,
where

P.(T)=1{veL*Q):VT € T,v|r € P.(T))}.

Here and throughout this paper, P.(T'), denotes the algebraic polynomials of total
degree at most » € A as functions on the triangle T € 7. The P; conforming finite
element space reads

V(T):=PI(T)NV, where V := H}(RQ).

The jump of q across E is denoted by [q]g; that is, for two neighbouring triangles 7'
and T_,

[qle(x) == (ql7,. (x) — ql7_(x)) for x € E =0T, N3T_.

The sign of [q]g is defined by the convention that there is a fixed orientation of vg
pointing outside of T,. Let H™(7) be the broken Sobolev space of order m with
broken Sobolev norm

1/2
I Nl gy = (Z & ||%,m<r>) :

TeT

The piecewise gradient Vyc : HY(T) — L*(Q;R?) acts as Vycv|r = Vo|r
for all T € 7. The broken Sobolev norm |||y abbreviates (AVyc -, Vnc -)lez(Q)
based on an underlying triangulation 7.

3.2 Crouzeix—Raviart non-conforming finite element methods

This subsection defines the non-conforming finite element spaces and discusses the
solvability of the discrete problem and the related a priori error estimates.

Given P;(7), the non-conforming Crouzeix—Raviart (CR) finite element space
reads

CRY(T):={ve P(T):VE €&, v is continuous at mid(E)},
CRY(T) :={ve CRYT) : v(mid(E)) = 0 forall E € £(3Q)}.

Let

anc(wer, ver) = / ((AVWCR +wcrb) - Vucr +y wCRUCR) dx
re7’T

= (AVycwcr + werb, Vncver) 12y + (¥ WeRr, VeRr) 12(q)-
(3.1)
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The nonconforming finite element method for (2.1) seeks ucp € CRé (7) such that

anc(ucr, ver) = (f,ver)  forall veg € CRy(T). (3.2

Note that, ayc (v, w) = a(v, w) forv,w € HI(Q). Observe that there are positive
constants o4 and M4 such that

aallvllizy ) < Wliye < Mallvlig 7, forallv e Hy(Q) + CRy(T). (3.3)

The assumptions (A1) implies that, the bilinear form ayc (-, -) satisfies the following
properties (i)—(ii).

(i) Boundedness. There exists a positive constant M such that

lanc (v, w)| < M [vllyc lwliye forall v, w e Hy(Q) + CRH(T).
(3.4)

(i1) Garding-type inequality. There is a positive constant « and a nonnegative constant
B such that

allvllze = Blvl? < anc(u,v) forall ve H}(Q)+CRYT). (3.5)

3.3 Existence and uniqueness of the solution to NCFEM
This subsection is devoted to a discussion on the unique solvability of the discrete
problem (3.2). The conforming finite element approximation ®¢ € V(7)) to the
problem (2.2) seeks ®¢ € V(7)) with
a(ve, ©¢) = (g, ve) forall ve € V(7). 3.6)
A simple modification of arguments given in [21, Theorem 2] leads to the following
error estimate. Given any € > 0, there exists an 71 = hi(e) > 0 such that for
O<h<h,ifde HO1 (R2) is a solution to (2.2) and ¢ € V(7)) satisfies (3.6), then
it holds
[® — D¢l < €l|P — Pclli- (3.7)
Since g € L*(Q),
[P —Pclli < €ligll- (3.8)

Under the extra regularity assumption that the solutions u, ® € H H@)n H(} (),
it holds [21]

& — ®cll < Ch®||® — D¢ (3.9
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Since g € L*(Q),
& — ®clli < Ch|g]. (3.10)
Also, the conforming finite element solution to (2.1) uc € V(7)) satisfies
lu —ucl < Chllu—ucl. (3.11)
Since f € L*(R),
lu —uclly < CHII 1. (3.12)

The nonconforming finite element method (3.2) is well-posed even for more general
right-hand sides.

Theorem 3.1 (Stability) For sufficiently small maximum mesh size h and for all fy €
L2(Q) and | € L*(Q; R?), the discrete problem

anc(ucr, ver) = (fo, ver) + (F1, Vncver)  forallveg € CRY(T),  (3.13)

has a unique solution ucp € CRé (7). Furthermore, the solution is stable in the sense
that

lucrline < I foll + IIf11l. (3.14)
One of the key arguments in the proof of Theorem 3.1 is the following consistency
condition.

Lemma 3.2 (Consistency) Let ® be the unique solution to (2.2) with the right-hand
side g € LZ(Q). For € > 0, there exists some hy > 0 such that for 0 < h < hy it
holds

lanc(ver, @) — (8, ver) 12(0)

sup =e€lgll (3.15)
0vereCRY(T) lverline

Proof Given vcg € C R(l) (T), define a conforming approximation by the averaging

of the possible values (also known as the precise representation)

V1(2) == vig(z) =1 verdx

im ——
§—0|B(z, 8| JB(.9)
of the (possibly) discontinuous vcg at any interior node z € A, where B(z, §) is a
ball of radius 8§ at z. Linear interpolation of those values defines v; € V(7). The

second step defines vy € P»(T) N Co(Q) C Hy () which equals v; at all nodes N
and satisfies

/UCRdS=/U2dS forall E €&.
E E
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The third step adds the cubic bubble-functions to vy such that the resulting function
v3 € P3(T)NCy(R2) C HO1 (£2) equals v, along the edges and satisfies

/UCRdx=/v3dx forall T € 7. (3.16)
T T

An integration by parts shows
/ Vucrdx = / Vuvsdx forallT € 7. (3.17)
T T

The approximation and stability properties of v3 has been studied in former work of
preconditioners for nonconforming FEM [4] (called enrichment therein). This along
with standard arguments also proves approximation properties and stability in the
sense that

lh7' (3 = ver)ll + Ivsllve < Crllverllve - (3.18)

With (3.1), (2.2), (3.16)—(3.17) and the definition of Iy, it follows that

anc(vcr, ®) — (g, ver) 2@
= (AV®, Vycver) 2+ (- VO +y® — g, veRr) 12
= (IIo(AV®), Vu3)12(q) + (b - VO + y D — g, vcR) 12(q)
= —((1 = Tp)(AV®), Vv3)2(q
+((1 =Tg)(b- VO + y® — g), vcr — v3) 12()-

The Cauchy—Schwarz inequality with (3.18) yields

anc(vcr, ®) — (8, ver) 2(q)
<11 =T AVP)| [lvzlli + Crosc(g —yP —b - VO, T) flucrlinc -

This and the aforementioned stability ||v3||; < Ci lvcrllyc prove

lanc(vcr, P) — (&, ver)12(@)l

sup
0#vcReCRY(T) lverline

< Cll(1 = Tp)(AVP)|| + Crosc(g —yP —b - VO, T).
(3.19)

The approximation property of 1y proves that the first term on the right-hand side of
(3.19) is bounded by

(1 — o) (AVE)|| < [[(A = TTpA) V|| + [[TIpA(VD — T V)|
+ITo((TTpA) V) — T (AV D) ||
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<20 = M)Al VO + [[Alloll (1 = o) V|
<2C|(A = M)Al llgll + lAlleclI(1 — TTg) V||
(3.20)

Given € > 0, from (3.12) there exists i3 = h3(¢) > 0 such that for0 < h < h3
€
(1 =T Ve[ < [|P - Pclli = gl
4C1 1A lloo

and ||[(1 — TTp)Aleo < %Cl. The boundedness of ® € HOl (2) by ||g|l shows

osc(g—y®—b-VO,T) < ||h(g —yP —b - VO)| = Crh|ig]l.

Fore > 0, thereexists an iy > OsuchthatforO < i < hyg, 05¢(g—yP—b-VO,7) <
€/2]|g|l. Alltogether for € > 0, there exists 0 < hy < min{hs, hs} such that (3.15)
holds. This concludes the proof. O

Proof of Theorem 3.1 Thechoice veg = ucgin(3.13), the Garding’s inequality (3.5),
(3.3) and the discrete Friedrich inequality [3, pp 301] |lucrll < Carllucrl g (1)
imply

1
@ luciliye < Bluckl + —(Carll fol + Ifil) hucrllye . (3:21)
Hence,
Carp 1
luckllne = == Jucrll+ —— (Carll foll + 111 (3.22)
o Ao

The Aubin—Nitsche duality argument allows for an estimate of ||ucg|l. Since L is
an isomorphism, the dual problem (2.2) has a unique solution ® € HO1 (€2), which
satisfies ||®||; < C| g|l. The conforming finite element solution ®¢ of (2.2) satisfies
(3.6) for all g € L*(R). Since V(T) C CR}(T), (3.13) shows for vcg = ¢ that

anc(ucr, ®c) = (fo, ©c) + (1, VncPo). (3.23)

Elementary algebra and (3.23) show

(8- ucr)r2@) = ancucr, ® — Pc) + (8. ucr)12(q) — anc(ucr, P)
+(fo, @c) + (£1, VncPe)

< Mlucrlinc 1P = @clli + (CdF”fO” + ||f1||)I|<I>c||1

lanc(vcr, P) — (&, ver) 2@l

+lucrllve  sup llocx
O1ckeCRYT) reve
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For € > 0, there exists an h5s = hs5(e) > 0 such that the first term on the right-hand

side is made < me lucrllnve llgll and from Lemma 3.2, the third term can be

made < ﬁe lucrllnc llgll - The choice of g = ucg proves

ae
lucrll <

< lucrllye + C(Carll foll + IfL1).
Carp

For0 < € < 1, (3.22) results in

lucrllve < IHfoll + lifyll-

This proves the stability estimate (3.14) under the assumption that (3.13) has a solution.
The bound (3.14) implies also the uniqueness of solution to (3.13). In fact, if the linear
system of equations had a non-trivial kernel, there would exist unbounded solutions
in contradiction to (3.14). O

3.4 A priori error estimates for NCFEM

This subsection discusses a priori error bounds for the non-conforming finite element
solution. For related estimates, see [11] which discusses the existence, uniqueness and
error estimates for general elliptic PDE with regularity assumption u € H'*%, where
S € (%, 1] for non-conforming FEM, whereas we consider the case when § € (0, 1].
The a priori error estimates in energy and L? norms under the regularity assumption
thatu € H'*? for any 8 > 0 for self-adjoint and positive definite elliptic problems are
discussed in [18]. The following L? error control for nonconforming FEMs has been
observed in [10, Eq. (3.16)] but is left without a proof and stated under the restrictive
assumption y > 0.

Theorem 3.3 (L?and H' errorestimates) Letu € H(} (R2) be the unique weak solution
to (2.1), let ucp be the solution to (3.2). Then, for € > 0, there exists sufficiently small
mesh-size h such that

lu —ucrll < €llu —ucrlinc, (3.24)
and for f € L*(Q),
llw —ucrline =€l fl- (3.25)

Proof The Aubin—Nitsche duality technique for g € L3(Q) plus (2.2) and (3.12) and
some direct calculations prove, for any vc € V(7), that

(g.u —ucr) 2
=anc —ucgr, ® — d¢) + (aNc(MCR —vc, D) — (g, ucr — UC)LZ(Q))

<Mllu —ucrliyc 1P = Pclh
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lanc(wer, @) — (8, Wer) 2l

+llucr —vellye sup
O#U)CRECR(I)(T) |"wCR|”NC
€
< 3 lue —ucrline lgl
) lanc(wer, @) — (g, WeRr) L2
+ inf _ Jlucg —vcline sup =
veeV (T) 0#wereCRY(T) lwerllye
(3.26)
Since [9]

inf _flucg —vcllye = Cs llu — ucrll
veo¥et) NC NC

for sufficiently small mesh size 4, the consistency condition (3.15) in (3.26) imply
(g, u —ucr)rr) <€ llu—ucrline lgl-
Hence,

(g, u — MCR)L2(Q)|

lu —ucrll = sup <€ llu—ucrllyc- (327

05£g€L2(Q) llgll

This concludes the proof of (3.24).
Given any vc € V(7) Cc C Ré (7), the Garding-type inequality (3.5) shows

2 2
allucg —vellye — Bllucr —vell® < anc(ucr — ve, ucr — v¢)

=ancu —vc,ucr —ve) + ((f, UCR — VC)12(Q) — anc (U, ucr — vc))~
The discrete Friedrichs inequality ||lucr — vcll < Cyr llucr — vellyc leads to

allucr —vellye < CarBllucr —vell + Mllu — vell
lanc(u, wer) — (f, wer) 2l

+ sup
0#wereCRY(T) llwerllve

Write u —ucg := (u —vc) — (ucr — ve) for an arbitrary ve in V(7). The preceding
estimates plus triangle inequality show

C C
P 1w — uerl) + (EEP

M
u—u < + 14+ —) inf u—vclh
I crllne " )UC&V(T) l cll

1 anc(u, w —(f,w
WL sup lanc(u, wer) — (f. CR)LZ(Q)|‘ (3.8)

% OwereCRY(T) lwerllye

The last term is controlled with Lemma 3.2 which remains valid for u € HO1 (2) and
forall f € L2(Q).
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The error analysis of [21, Theorem 2], shows for any € > 0, that there exists an
he = he(e) > 0 such that for 0 < h < hg, the conforming finite element solution
uc € V(7) to (2.1) satisfies

inf_llu—velh = llu—ucliy = € 111 (3.29)

veeV(7T)

The combination of (3.27), (3.29) and (3.15) implies (3.25) for sufficiently small 4.
This concludes the proof. O

3.5 A posteriori error analysis for NCFEM
This subsection is devoted to a posteriori error analysis of NCFEM with the residual
Resyc(w) = (f, w) 2q) — anclucg, w) forallw € V+ CRY(T). (3.30)

Theorem 3.4 (A posteriori error control) Provided the mesh-size is sufficiently small,
it holds

llu = ucrline S IResnclly-i@ +minfuck — vilyc- (3.31)

Proof The Garding’s inequality (3.5) for e := u — ucp plus elementary algebra with
the bilinear forms a and ay¢ plus (2.1) for w := u — v4 with any v4 € V satisfies

o llelliye — Bllel® < (f, w) 2@ — ancuck, w) +anc(e, va —ucg).  (3.32)
The inequality (3.32) and the nonconforming residual Res yc (w) of (3.30) show

B

1 M
leliie < =lell® + —Resncw) + — llellyc lluck = vallye -~ (3.33)
o o o

The dual norm, (3.3) and triangle inequality imply

1
Resnc(w) = Resnyc(u —va) < ” IResnclla-1@) (lellve + lluck — vallne)-

The inequality (3.33) with the above equation proves

2

28 5 oM
|||R€SNC|||H_1(Q) + 7 + 1

2 2
llellye = —llell” +
ne =~ lell

2
) llucr — vallye -

3
(aap)?
Since vq4 € V is arbitrary and Theorem 3.3 shows |e| < % llell yc, for € > 0 with
0 < € < 1, there exists a sufficiently small mesh-size ||h7 ||~ (@) << 1 such that

3 2M? . >
"le"lNC = (aa )2 |||R€SNC|||H Q) + 7 +1 gg‘f} lucr — U|||NC .

@ Springer



572 C. Carstensen et al.

This implies (3.31) and concludes the proof. O

Tkle analysis of the residual Resyc € H -1 (€2) with the kernel property P;(7) N
Co(Q) S CRY(T) € KerResyc is by now standard [7,8]. With pcgr :=
—(AVycucr + ucrb), the explicit residual-based error estimator of [7] reads

n(T) == lhr(f — yuck — divwepe)ll + 1h Per1E - Vel 2op)-  (3:34)

Further details are, therefore, omitted. The residual minyey [|ucr — v|lyc is easily
estimated [9].

4 Mixed finite element methods

This section discusses the lowest-order Raviart—Thomas mixed finite element formu-
lation and its equivalence to the NCFEM solution and derives a priori error estimates
for the mixed method.

4.1 Raviart-Thomas finite element methods (RTFEM)

With respect to the shape-regular triangulation 7, the lowest-order Raviart—-Thomas
space reads

RTy(7T) :={q € H(div,2) : VT € T 3¢ eR’3IdeR Vx e T, qx) =c+dx
and VE € £(2), [q]g - ve = 0}.

Throughout this paper, Ay := TIpA, by, := IIyb, bZ = A;]bh, yp = Iy, and
fn = o f denote the respective piecewise constant approximations of A, b, b*, y
and f. The discrete mixed finite element problem (RTFEM) for (2.5) seeks (pm, unm) €
RTy(T) x Py(7T) with

(A;TIPM + MMbZ, (IRT)LZ(Q) — (div qgrr, MM)L2(Q) =0 forallqpr € RTH(7),

4.1)
(div pm, vi) 2q) + Vnttms vi) 12y = (s Vi) 12 for all vy € Po(T).
4.2)
4.2 Equivalence of RTFEM and NCFEM
The piecewise constant approximations Ay and by, of A and b and
STy \7! S(T
Uy (x) = (1 + %Vh) (HoﬁCR + %fh) forxeT €7, (4.3)

S(T) = %/ (x —mid(7)) ~A;1(x —mid(7))dx forT € T, 4.4)
T
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define a modified nonconforming FEM problem

(ApVnciucr + tybn, Vcver) + (Vrity, ver)
= (fn,vcr) forall vcg € CRY(T). (4.5)

Theorem 4.1 (Stability) For sufficiently small mesh-size h, there exists a unique solu-
tion UcRr € CR(% (7T) to the discrete problem (4.5) with

lacrline < I fnl- (4.6)

Proof A substitution of it in (4.5) leads to

ancl(iicr, ver) = (fn, ver) forallveg € CRY(T) 4.7
where
o i S\
anc(icr, vcr) =\ AnVnclicr+ 1+T7/h (IToztcr)bn, VNcvcr
L2(Q)
STy .
+ (yn(1+ T)/h) (Ioucr), ver) L2(q)s 4.8)

S(T)|r := S(T) forall T € T and

. S(T)_\7'S(D)
(fnsver) 2y = (fn, ver) 2 —{ | 1+——n Tfhbhs VNcucr
L2(Q)

4
S(T) 1 8(7)
—(yn(1 + Tyh) Tfhy VCR)[2(Q)- 4.9)

The stiffness matrix related to (4.7) is very similar to that of (3.2) except for some
data perturbation and the substitution of ITgiicg instead of ucp in two lower-order
terms. The last substitution models one-point integration, and since the variable izcg
is controlled in the energy norm ||-|| yc , it acts as some perturbation as well. All these
perturbations tends to zero as the maximal mesh-size tends to zero and hence, the
existence, uniqueness and stability results may be deduced as in Sect. 3.3.

To be more specific, the choice of vcg = ucg in (4.7) and the Garding-type
inequality result in

licrll}c < anclicr, icr) + llicr|? (4.10)
A use of (4.7) and ||iicr|l < llicrll yields

licrllve S Ifull + llidcrll. (4.11)

The Aubin—-Nitsche duality argument allows for an estimate of ||itc g ||. Recall that for
given g € L3(Q), ® € HO1 (2) is the unique solution to the dual problem a (v, ) =
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(g, v) from Sect. 3.3 and the conforming finite element solution ®¢ of (3.6) satisfies
the estimate (3.12).
Since V(7) C CR(I) (7), the choice of vcg = ®¢ in (4.7) yields

anc(icr, ®c) = (fa, @c). (4.12)

An elementary algebra with (4.12) and the discrete Friedrich inequality shows

(8. iicR) 12() = ancliicr. ® — @) + (fa, Dc) + (8. iicR) 12(q) — dnc(iick, )

< licrllye 1@ — @clli + 1 full IDclh

. lanc(vcr, ®) — (g, veR)|
+llicrllye sup . (4.13)

0#£vcReCRY(T) lverlive

The last term on the right-hand side of (4.13) is

anc(vcr, ®) — (8. ver) 2(q)
=anc(vcr, P) — (g, ver)2(@) — (VNcver, (A — Ap)V®) 2
— (vcr, (b=bp) - VO + (v — yn)P)12(q) — (vcr — Mover, by - VO

S(T S(T
VP2 ) — (th(l + (4 )

—1
2 Vh) Movcr, by - VO + )/h‘b)

L2(Q)

The Cauchy-Schwarz inequality, the approximation property of [Ty and S(T) &~ h?
lead to

lanc(ver, @) — (8, ver) 12(@)l

sup

0#£vcReCRY(T) llverlive

< sup |aNC(ch’ q)) - (ga UCR)LZ(Q)|
0#vcR€CRY(T) llverllye

+ (7 + 1A = Anlloo + b = bullos + Y = ¥alloo) 1P ]l1-

Lemma 3.2, [A —Aplloc < €, |Ib=bnlleo < €, ¥ — Villoo < € for € > 0 and
@]l < Cligll resultin

lanc(ver, @) — (8, ver) 12(@)l

sup S ellgll- (4.14)

0#vcReCRY(T) llverlive

The combination with (3.12) and (4.13)~(4.14) leads to (g, iicr) < (€ llicrllyc +
Il fn1l) llgll. Hence, the boundedness of || fi [l < || fxl yields

licrll S € lNliacrline + I fall-
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A substitution in (4.11) for sufficiently small 4 results in

lacrline < Inll.

Since fj, = 0 shows that icg = 0, uniqueness follows. This also implies existence
of the discrete solution. O

Theorem 4.2 (Equivalence of RTFEM and NCFEM) Recall ity from (4.3) and let
iick € CRY(T) solve (4.5). Then

(x — mid(T))

> forxeTeT

(4.15)

Py (X) = — (A Vnciicr + ipbp) + (frn — yriim)

defines pyy € RTo(7) C H(div, Q) and the pair (Py, tip) satisfies (4.1)—(4.2).
Conversely, for any solution (Pys, upy) in RTo(T) x Po(T) of (4.1)—(4.2) the solution
UcR € CR(I)(’T) to (4.5) satisfies (4.3) and (4.15).

Proof Note that the continuity of the normal components on the boundaries of the
triangles 7' € 7 reflects the conformity RTy(7) C H(div, 2). Given an interior edge
E shared by neighbouring triangles Ty, 7— € 7 with unit normal vg pointing from
T_ to T, let ¥ g denote the non-conforming basis function defined on an interior edge
such that ¥ g (mid(E)) = 1, while ¥ g(mid(F)) = 0 for all F € E\{E}. A piecewise
integration by parts shows

(Pm,VNCYVE)12(q) + (divNe PM. VE) 12(0) = / Pm - vYEds
OT,UIT_

= / Pumlr, - vir, +Pmlr. -vir)Yeds = |E|[pu] - vE, (4.16)

E
where divycv|r = div v|r. The definition of pyy, (4.5) and the fact

((fn — yntipr) (x — mid(T))/2, VNcYE) 12(q) = O,
imply

(Pm. VNCYE) 12y + (divye Pm, VE) 12() = 0.
Hence, (4.16) shows |E|[pap] - v = 0. Since the edge E is arbitrary in £(2), py €
RTy(T) C H(div, 2). Since the distributional divergence is the piecewise one, (4.15)
proves divyc Par(X) = fn — ynti - Hence, (4.2) is satisfied. A use of the definition of

ITp, an application of element-wise integration by parts, some elementary properties
of elements in RTy(7), C R(l) (7), and (4.15) yield

(A;jlf)M + imby, qr7T)2(0) — (div qrT, TlolicR) 12(0)

= (A}, 'Pu + imb}. Ar7)200) — iV 4rT. ficR) 20
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= (A}, "Dy + dmb}. ar7)120) + (VNCicR, ART) 20
= (A, ' (fn — vaiiar) (0 — mid(T))/2, qr7) 120

Recall S(7)|r = S(T) and the definition of S(T) from (4.4). Some algebraic calcu-
lations with qz7 € RTo(7) and [ (x — mid(T)) dx = 0 yield

(A}, "D + b}, qrT) 200 — (div arr, Toiicr) 120
= ((fin — wilp) A}, (0 — mid(7))/2), (o — mid(7))/2 div qrr) 120

S(T
= (%(fh — Ynlip), div qRT) .
L2(Q)

An appropriate re-arrangement shows that the pair (pyy, i) satisfies (4.1). This con-
cludes the proof of the first part.

To prove the converse implication, let (pys, tip) in RTo(7) x Py(7) be some
solution to (4.1)—(4.2). The discrete Helmholtz decomposition [ 1] states for the simply-
connected domain 2 that the piecewise constant vector function —HQ(A;If}M +
uyby) € Po(7T; R?) equals a discrete gradient Vycacg of some nonconforming
function ecg € C R(l) (T) plus the Curl B; of some piecewise affine conforming func-
tion B, € P1(7) N C(R); that is,

—(MoAy, 'Pu + iimb}) = Vycacg + Curl B.

The argument to verify this is to define «c g as the solution to a Poisson problem of a
nonconforming FEM with the right-hand side —(pys + #prby,, A;lvNc UCR)L2(q) 8S
a functional in vcg € C Ré (7). Once acp is determined, the difference Vycacr +
HoAglf)M +itpby is L?(2) orthogonal onto VNCCRé (7). Hence, it equals the Curl
of some Sobolev functions so that Curl 3, := (— gf; , gfj) is piecewise constant. This
concludes the proof of the above discrete Helmholtz decomposition.

Since Curl 8. =: qgr is a divergence free Raviart-Thomas function, (4.1) implies

ICurl Be|I*> = —(A, "B + dimb}y. ArT) 12052 = 0.
Consequently,
Hopm = —ApVncacr — upmbp.

The Raviart-Thomas function allows for div py; = divyc py € Po(7) and hence
(in 2D),

Pu = Hopuy + (divye Par) (e — mid(7))/2.
The Eq. (4.2) is equivalent to divyc Py = fn — ynum. The combination of the

previous identities proves (4.15) for itcg := acr. A piecewise integration by parts of
the product of pys for (4.15) with Vycvcg leads to
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—(divne Pm, ver)12@) = (PM, YNCVCR) 12(0)-
The aforementioned identities for ITopss and divyc pas show that this equals
—(fn — yntim, veR) 2() = —(AnVincacr + umbp, VNCVCR) 12().

This proves (4.5) for iicr = acg. To verify (4.3), the identity (4.15) is substituted in
(4.1) for some general

qr7r = Moqrr + (divyc qrr)(e —mid(7))/2 € RTo(T).
This shows

(divyc qrr, 'ZM)LZ(Q) = (=Vnclcr, qr7)12(0)

. ST
+\ fr — vuiim, ,

) ..
divyc (IRT)

LX(Q) ‘
A piecewise integration by parts shows (=Vnciicr, qrr)i2q) = (Ucr,divye
qrT)2(g) and hence,
~ S(T) S(7T) . ]
(“M (1+Vh - fn —ucr, div qrr =0.
4 4 L2(Q)

Since the divergence operator is surjective from R7y(7") onto Py(7) and since the
previous identity holds for all qgr € RTy(7)), it follows

S(T S(T
b, (1+yh%) =(T)fh+1'loﬁc1e-

This is equivalent to (4.3) and concludes the proof. O

4.3 A priori error estimates for RTFEM

This subsection establishes well-posedness of the mixed finite element method (4.1)—
(4.2) and a priori error estimates for mixed formulation (2.5) via the equivalence of
RTFEM and NCFEM.

The following theorem deals with the well-posedness of the mixed finite element
method (4.1)—(4.2) with a more general right hand side.

For given grt € RTy(7), define g € RTy(7)* by

g(q) := (A} 'gr7. Q) 2(q) + (div grr, div ) 2y forallq € RTp(7). (4.17)
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For fj, € Py(7), and g € RTy(7)* a modified mixed finite element method reads as:
seek (pm, up) € RTo(7T) x Py(7T) such that

(A}, 'pv + umb}. arT) 12(0) — (diV QRT . UM 12(0) = 8(ART)
for all qgr € RTH(7), (4.18)

(div pm, Uh)Lz(Q) + (yhumr, Uh)Lz(Q) = (fa, Uh)LZ(Q) for all vy, € Py(7).
(4.19)
Theorem 4.3 (Stability) For all g € RTy(7T)* given by (4.17) and fj, € Po(T), the
modified mixed finite element problem (4.18)—(4.19) has a unique solution (pm, Upy) €
RTo(T) x Po(T) with

M, us) | g aiv. )22 S 1@ fi)l b iv.oy < 12@)- (4.20)

As in Sect. 4.2, the solution to modified RTFEM (4.18)—(4.19) is represented in
terms of the solution to a suitable NCFEM.

Proof Since g(q) is given by (4.17), the Eq. (4.18) is written equivalently

(A}, ' (P — grT) + umbj, qr7)2() = (div qrr, upm + div grr) 2 ()
for all qgr € RTo(T). 4.21)

Since —1'[()(A;1 (pm — gr7) +umbj}) € Po(T; R2), the discrete Helmholtz decom-
position states

— To(A;, " (pm — gr7) + umb}) = Vncacr + Curl fc (4.22)

for some nonconforming function ¢cg € C Ré (7T) and some B¢ € P1(T) N C(RQ).
The choice of qrr = Curl B¢ in (4.21) shows that Curl fc = 0. Hence,

Io(pm — gr7) = _(AhVNCOlCR + uMbh)~
Equation (4.19) implies
divNne (Pm — gr7) = fn — Yaum — divne grr- (4.23)
and
(pv — grr) = Mo(Pm — grr) + (divye (Pm — grr)) (e — mid(7))/2.

Hence,

(Pm — 8rT) = _(AhVNCaCR + MMbh)
+(fn — vauy — divyc grr) (e —mid(7))/2. (4.24)
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Forall veg € C Ré (7), the last term on the right hand-side of (4.24) is orthogonal to
Vincvcr with respect to L?(2) inner product. This leads to

(AnVncacr + upmbn, Vycver) = —(Pm — 8rT, YNCUCR).

For the last term on the right-hand side, a piecewise integration with (4.23) yields

(ApVincacr +upbp, Vycver) + (Yhup, ver) = (fn — divye grr, VCR)-
(4.25)

A substitution of (4.24) in (4.21) with qg7 := [oqr7 + (divyc qrr) (e —mid(7))/2

and piecewise integration (—Vycacr, qr7)12(0) = (ACR, divyc qrT)12(Q) yields
after some direct calculation

. ST\ . :
(leNc qrT (1 + —— ). divNc grr + (um, divNe qrr)12(0)
4 LZ(Q)
. S(T) .
= (cr, divNc qr7) 2(0) + T(fh — Ynum), divNc qrr .
LX(Q)

Since this holds for all qgrr € RTy(7), it follows immediately

S(THY\ ! S(T S(T
uy = (1 + )/hﬁ) (— (1 + %) divyc grr + %fh + HoOtCR) .

4
(4.26)

The stability result (3.14) of Theorem 3.1 applies to (4.25). This implies

lecrlive < Igr7 I H@iv, @) + L/l (4.27)

From the representations (4.26) and (4.24) of u 3y and pm, (4.27) proves stability result
(4.20). This concludes the proof. O

Theorem 4.3 implies the well-posedness of the mixed finite element method (4.1)—
4.2).

Corollary 1 (Stability) There exists a unique solution (pm, upy) € RTo(T) x Po(T)
to the problem (4.1)—(4.2) with

™, ) g giv, ) <22 S I1nll2@)- (4.28)

Below, the main theorem of this section is discussed.

Theorem 4.4 (A priori error control of RTFEM) Under the assumption (A1)-(A2)
with u € HO1 (Q) for f € L*(Q) and for € > 0 with sufficiently small maximal
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mesh-size h, there exists a unique solution (pyr, upr) € RTo(7) x Py(7T) of the mixed
method (4.1)—(4.2). Further, it holds

lu —upmll S (h+eHNFI, (4.29)
Ip—pmll < (h+ollfI, (4.30)
Idiv (p —pw)Il S I1f = fall + (i + €D fI. (4.31)

The remaining parts of this subsection are devoted to the proof which starts with an
error estimate of € := ucg — lcg.

Lemma 4.5 (An intermediate estimate) Let ucg and iicg be the solutions to (3.2)
and (4.5), respectively. Then, for sufficiently small maximal mesh-size h,

lucr —tcrllye + lluck —icrll S kI I (4.32)

Proof A substitution of it in (4.5) leads to
ancl(iicr, ver) = (fn, ver) forallveg € CRY(T) (4.33)

with S(7)|r = S(T), ayc(ucg, vcr) and (fh, vcgr) as defined in (4.8) and (4.9),
respectively. The Eq. (3.2) implies

anc(é,vcr) =anc(ucr —UcRr, VCR)
= (fyver) 2 — (AVNclcr + ucrb, VNcver) 12
—(yuce, VCR)12(Q)-

The addition of (4.7) as a zero term yields

anc(e,ver) = (f — fu, veR)12(q) — (AVNcicr + ucrb, VNcver) 12
—(Yucr, veR) 12(@)

- S(T
+(AhVNcMCR + (1 + (4 )

—1
+ ( 1+ —J/h) (Ilpticr), UCR)
L2()

S(T S(T
—l—((l + (—) thbh, VNCUCR)
L2()

LS 7 \'saT
( )Vh) (4 )fh,vcze) . (4.34)
L2()

—1
)/h) (ITpsicg) i, VNCUCR)
L2(Q)

+

J/h
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Note that the first term on the right-hand side can be rewritten with Iy and then equals
(f — fn,vcr — Hovcr) L2(Q)- An addition and subtraction of some terms yields

anc (€, ver)=(f — fn, vcr — Movcr) 2() — (A—Ap)VNciicr, VNCVCR) 12()
—((y —ywucr, ver) 2@y — (a(icr — Hottcr), ver — Mover) 12(q)

i i ST\
—(cr(—bn), Vycvcr) — | iucr{ bn—| 1+ Yh bn |, Vncvcr

4

S(7T) \!
- (()’h —Vn (1 + 7(4 )Vh) )(HOIZCR), UCR)
L2(Q)

STy \'sT
+((1+ ( )Vh) ¢ )fhbh»VNCUCR)

L2(Q)

4 4 L@

S(T) \ 'S
+(Vh (1 + (4 )Vh) (4 )fh, UCR) .
L2(Q)

With the choice of veg = e, use Garding’s inequality (3.5) to the left hand side
term. For sufficiently small &, a use of S(T) < k2, |liicrll < llicrllyc and |lvcr —
Mover|l < Ak flvcgr] in the above equation results in

o lelye = BRI S (0seCf. T) + h2(ylloo + IBnlloo 17alloo + 1171112 |[iicr e
+ (1A = Aplloo +1Ib — balloo) Nicrllve
+ I (nlloo I 7alloo + v l2)11ill) Bélle
+ly = mlloolliickll 12l (4.35)

Since ||€]| < [léllxc » an application of (4.6) shows

lellye S ose(f. T) + (h2 + 1A = Aplloo + 1D = byllos + Iy — va ||oo) licrllye
+ B2\ full + 1€]. (4.36)

It therefore, remains to estimate ||¢]. An appeal to Aubin—Nitsche duality argument
applied to the dual problem (2.2) plus (3.12) and (3.15) lead to

(8, €)2q) = anc(e, ® — P¢) + (8, €)2(q) —anc(e, ) +anc (e, Pc)
S leliye 19 — @clli + lanc (e, o)l
lanc(wer, P) — (8, WeRr) 2 (o)l

+llellne sup T T
0£wereC R (T) WCRIINC
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582 C. Carstensen et al.

For the second last term on the right-hand side, recall (4.34) with vcg = ®¢ and
proceed as in the proof of the estimate (4.35) to obtain

lanc (@ D)l S (ose(f, T+ + 1A = Anlloo

+ b =bulleo + IV — vulleo) licrllne + h2||fh||) Pl
(4.37)

Since | @1 < 1Pl < |lgll, asubstitution of (3.12), (3.15) and (4.37) in the previous
estimates yields

5 (g, &) 120 N
lel = sup D < ose(f, T) + € lellye + B2 full

0£g€L?(Q) llgll

+ (12 + 1A = Anlloo + D = Billoe + Iy = villoe) Nickllve - (4:38)
since llicrllve S 1l with /sl S IL£1, (4.36) results in

leline < osc(f. T)

+ (12 1A = Anlloe + Ib = Billoo + lly = valloo ) I.£1 + Ell.~ (4.39)

For sufficiently small &, |A — Ajlloco S A, Ib—bplloo S B, IY — Valloo S R in
(4.38) leads to

lell S ellelive +n ILfI- (4.40)
A substitution of (4.40) in (4.36) results for sufficiently small / in
lellve < 2 NFI-

This and (4.40) prove (4.32). O

Proof of Theorem 4.4 Uniqueness of a discrete solution follows from the stability
result (4.28) with f, = 0. In order to estimate ||# — u ||, the definition of u s in (4.3)
implies

S(T
lu —uml = H(l + ST /4! ((1 +vnS(T)/Hu — (Hoﬁcze + (4 )fh)) H

S(T)

< ||M—MCR||+|IMCR—L7€R||+|IﬁCR—HOftCR||+|IT(fh — vl

Since [licgr — Hoiicrll < I llicrllye and S(T) < k2, this yields

lu —umll S lu —uckll + luck —dicrll + hlicglye + bl fo — yaul. (4.41)
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Error analysis of nonconforming and mixed FEMs... 583

A substitution of (4.6) in (4.41) with Lemma 4.5 and Theorem 3.3 results in
lu —umll S ose(f, T) + (> +h) I fI.
The definition of p and (4.15) imply
p—Pm = —(AVu+ub) + (ApVnciucr+umbn) — (fp — yaup) (e — mid(7))/2.
Hence,

Ilp—pMmll < II-(A—=Ap)Vu —u(d —bp) — Ap(Vu — Vyciicr) — (u — up)by ||
+hll fo— vaumll. (4.42)

The substitution of u — iicg = (u — ucg) + (ucg — icgr) in (4.42) results in

Ilp—pmll S IIA = Anlloollullt + IIb = by lloollull + llu — ucrllne
+ lluck —ucrline + lu —umll + kil fr — yaull + hllu — upl.

For sufficiently small 4, Lemma 4.5, Theorem 3.3, and (4.3) imply
Ip—pmll S osc(f,T)+ellfl.
In order to prove the estimate of ||div(p — pm)|l, (2.4) and (4.2) together lead to
div(p—pm) = f — fo — yu + yrum.
Hence,
divip —pMIl < I1f = full + 11y — vulloollull + lIvalloollu — upll.  (4.43)

A substitution of (4.29) in (4.43) yields (4.31) and this concludes the proof. O

Remark 4.6 With the regularity resultu € H xi(9)a HO1 (2), one obtains € = O (h‘g)
in Lemma 3.2, Theorems 3.3 and 4.4 by (3.10) and (3.12). Then, the error estimates
in Theorem 4.4 read

lu —upll S ™2 £ (4.44)
Ip —pmll S AN, (4.45)
Idiv (p — pa) |l S ILF — full +A™ 224 £, (4.46)

For § = 1, results (4.44)—(4.45) are proved in [13] and [14].

Remark 4.7 Note that for our analysis, only regularity estimate for the dual problem in
the broken Sobolev H 119 (7), for some § with 0 < § < 1, is required and hence, the
assumptions on A , b and y may be weakened in the sense that A € whoo(T; szz)’

sym
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584 C. Carstensen et al.

b € Wh(T;R?) and y € W'*(T;R). Such conditions are more relevant for
elliptic interface problems, when the interfaces are aligned to element faces, (cf. [20,
Sect. 2.4]).

5 A posteriori error control
This section is devoted to the a posteriori error analysis of the mixed finite element

scheme (4.1)—(4.2) to generalize [6] via the unified approach of [7].
Define ep := p — pm, and e, := u — uyp. Then, (2.5) and (4.1)—(4.2) lead to

(A7 "ep + eub*. @) 20y — (div q. e4) 12y = Ri(q) forall q € H(div, Q).
(5.1
(div ep, v)12(q) + (Veu, V) 12(q) = Ra(v) forallv e LYX(Q). (5.2)

Here and throughout this paper R1(q) and R, (v) read

Ri(q) =R + Ri2(q), (5.3)
Ra(v) :== (f —divpm — yum, v)2q) 54

where

Ri1(Q) = —(A; 'pym + umbj. @) 12(q) + (div q, um) 12(q).
Ri2(@) = —((A™" = A Dpw + uy (0° = b)), @) 120
5.1 Unified a posteriori analysis

Theorem 2.1-2.2 imply the well-posedness of the system (2.5) and so the residuals
R1, Ry of (5.3)~(5.4) allow for the equivalence [7]

P —PmllE@iv.Q + llu —umll2@ = IRl H@Y,2* + IR2ll12(0)-  (5.5)
The estimate for R, (v) reads
IRl = IIf —divpm — y umll. (5.6)
Recall that f;, = div pm + y» up denotes a piecewise polynomial approximation of
g.ortin interpolation operator [5, pp. 124,128]. There exists an interpolation
operator

Ir : HY(Q; R?) —> RTH(T)
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Error analysis of nonconforming and mixed FEMs... 585

with the orthogonality condition
/ uy div(® — Ip®)dx =0  forall ® € H'(Q; R?) (5.7)
Q

and the approximation property
Ih7' (@ = Ir®)|| < 1@l 41(q)- (5.8)

Lemma 5.1 (Regular split) For any q € H (div, 2), there exist ® € H 1(Q; R?) and
Vv € HY(Q) such that q = ® + Curl ¥ in Q and

Vel + VY < llall iv.)- (5.9
Proof Let q € H(div, Q). Extend div q|q by zero in some ball B DD Q. Let z €

H2*(B)N HOl (B) be the unique solution to —Az = div q in  with z|35 = 0. Also,
let ® = —Vz, so that

Vel < lizllz S Idiv qll < llall 7 iv.)-

Since ® = —Vz, div (q — ®) = 0in €2, and hence, q = ® + Curl ¢ with |V{/| =
[Cutl ¥l = llg — @Il < llall & aiv.)- o

Lemma 5.2 It holds

IR Haiv.y S Ihr Ay pv + umdi)| + 12111(19)||A;1PM +uybj, — Vo
ve 0

—_ -1
+HIA™ = A, Opml + llup b = b))l

Proof For the residual R11(q) from (5.3), the regular decompositionof q € H (div, 2)
from Lemma 5.1 and the interpolation operator I ® € RTy(7) C Ker R11, lead to

Ri11(q) = R11(® + Curl ) = R11(® — I ® + Curl ¥)
=—(A,'pm + upbj, ® — Ip®) 2y + (up, div (@ — [p®)) 2
— (Curl Y, A) 'pm + umb}) 120 + (upr. div (Curl ¥)) 2.

This and (5.7) imply

Ri1(@) = —(A;, ' pm + upbj, @ — Ir®) 2
—(Curl ¥, A}, 'pm + unb}) 12 (- (5.10)

The first term on the right-hand side of (5.10) is bounded by

(A, 'pm + up b}, @ — 15 ®) 2| < 1A, 'pm + b} | 1@ — 15 @]
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586 C. Carstensen et al.

The approximation property (5.8) and Lemma 5.1 result in

I(A, 'pm + up b}, @ — Ir®) 2| S A7 (A} ' pv + unbIlI VR
S T Ay 'pm + unb) gl v,y (5.11)

Given any v € HO1 (2), the second term on the right-hand side of (5.10) is bounded
by

—(Curl ¥, A, ' pm + umbi) 20y = —(Curl ¥, A; ' pm + unb) 12
+ (Curl ¥, Vv) 2
< [IA; 'pm + upb} — Vul| [[Curl y||
< 1IA, 'pv + umb) — Vol lall gy, o) (5.12)

The combination of (5.11)—(5.12) shows

Riv@ S (I Ay oy + uarbi)l

+ min ||A;1PM + upbj, — Vvll) llall 7 (div, @)- (5.13)
veHJ (Q)

The Cauchy—Schwartz inequality leads to
Riz@ S (1A~ = Ay ol + s 0 =B )l gl - (514
The estimate (5.3) follows from (5.13)—(5.14) as
R1(@) S (187 (A; Py +unb)ll + min A, Py + usb; — Vo
veHLH(R)

— -1
+ 1A = A, pull + s B = )1 Il i -

Lemma 5.2 and Eq. (5.6) result in the following reliable a posteriori estimate 7.

Theorem 5.3 (A posteriori error control) Let (p, u) and (pm, uy) solve (2.5) and
(4.1)—(4.2). Then, it holds

Ip — pmll v + llu — upll < 1= |1 f — div pm — ¥ uml
+ lh7 (A, 'pm + umb) | + minmnA;lpM +upbi — Vv

veH] (

_ —1
+ AT — A, pmll + llup (b* — b)) (5.15)

The following lemma enables a refined a posteriori error analysis for ||u — up||
and |[p — pm|.
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Error analysis of nonconforming and mixed FEMs... 587

Lemma 5.4 Let iicg and (pMm, upy) solve (4.5) and (4.1)—(4.2), respectively. Then it
holds

1 (x —mid(T))

max { | Vncicrll, I(fn — vaum) Ay 2

||] < IA; "pm + un b .

Proof From (4.15),

| (x — mid(T))

AZIPM +uybj = —=Vciicr + (fo — vhum) Ay, >

Since ((fp — ynitp) (x — mid(T)) /2, Vyciicr) = 0, the Pythagoras theorem yields

_ - _1 (x —mid(T))
IA;, 'pm + umb}l? = IVycicrl? + I(fr — yhuM)Ah‘fnz.

O

A consequence of the Lemma 5.4 and the structure of py and u 4 is the following
bound.

Corollary 2 It holds

Ihg pmll + a7 wpll S A% full + lh7 (A} Pv + wprb}) .

The following theorem concerns on an improved error estimate of e, := u — uy
in L%-norm.

Theorem 5.5 (Refined error estimates) Lefu € HO1 (R2) be the unique weak solution
to(2.1) and let (pyr, upr) be the solution to (4.1)—(4.2). For sufficiently small maximum
mesh size h, it holds

||A_1/2(p - Sosc(f, T)+ose(f —y um,T)

+ min A, P+ b = Vol + (14 107" A = Anlloo + 157" (b = by
veHL(R)

+lh (v - w,)noo) Iz (A, 'pm + usbD I+ 0% full + kg (fr — vi wan) |l
+(IA" = A, Hpwmll + llua (b — D). (5.16)
Provided u € H't(Q) for some 0 < § < 1, it holds

lu —upmll S ose(f, T) +osc(f —y um, T)

+ min |k3-(A; 'pm + umb} — Vo)
veHJ (Q)

+ (14 107" A = Anlloo + 157" (b = b oo + A7 (7 = 7))

x |hr (A, "o + up B+ 10 full + 1052 (fu = v uan) |
+ (1A — A Dpwmll + 14 up (b* —b)ID. (5.17)
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588 C. Carstensen et al.

Proof Consider the Helmholtz decomposition e, = AVz + Curl g for z € HO1 ()
and B € H'(Q)/R withep = p — pm

(A "ep. ep) 120 = (€p. V2) 21y + (A e, Curl B) 2. (5.18)

For the first term on the right-hand side of (5.18), an integration by parts plus (5.2)
lead to

(ep, V)12 = (divep, 2) = Ra(z) — (y(u —um), 212
=(f=fh— W —vum,z— HOZ)LZ(Q) — (yey, Z)L2(Q)v
Sosc(f —yum, T) llzlli + lleullllz]l- (5.19)

Given any v € HO1 (£2), Eq. (2.5) shows

(A" 'ep, Curl B);2(q,
= —(A;'pm + uyb}, Curl B) 2.y — (e,b*, Curl B);2(q,
— (A" = A HpM + up (b* = bj), Curl B) 2y + (V. Curl B);2(q,

< min A, 'pm + unb} — Volll|Curl BI| + lle,ll[|Curl B
veHI (Q)
+ (A~ = A,Zl)pMII + llup (b* —bp) )| Curl B]. (5.20)

The substitution of (5.19)~(5.20) in (5.18) plus fIz]| < llzlli < llepll < A1 2ep ||
with [[Curl B]| < llepll < IA~1/2ep ]| result in

1A~ ey | S ose(f — yup, T)+ min_ Ay pm + upbf — Vol + lley|
veHI (Q)

+ 1A — A DpMll + luar D = b)) (5.21)
The estimate of ||e, || starts with a triangle inequality
leull < llu —ucrll + licr —umll. (5.22)

Withe = ucg —iicr, (4.38) and (4.36) yield (for sufficiently small mesh size &) that

Wellve + el S oseCf, Ty + (IhT oo + 177" (A = Anlloe + 157" (b = by s

+Ih7' (7 = v)lloo) WhTiickllne + IR fill (5.23)

The estimates for |ju — ucg|l are derived with the help of (3.24) and (5.23) and a
repeated use of triangle inequality. This proves
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Error analysis of nonconforming and mixed FEMs... 589

lu —dcrll < llu—ucrll + lucg — iicrll
Sellu —acrliye + llicr —ucrllye) + lucr —icrll
- 2
S ellVcu —iicp)ll + osc(f, T) + |h7 fall

+(Ih7 oo + 117" (A = Anllow + 117" (b = bi) o

+IAT ¢ = )l ) Whriicrllye (5.24)

Definepcg := —(A,Vncicr+uyby)andp = —(AVu+bu) along with an addition
and subtraction of the term pyy, up/b*, A;l pm . This shows

IVye @ —iicr)ll < 1A  epll + AT — A, Hpmll + 1A, (pm — Per) I
+ lleub* || 4 llup (b* = b (5.25)

For the third term on the right-hand side of (5.25), (4.15) leads to
IPm — Perll < 1(fh — vaus) (X — mid(T)) || S (lh7 (fn — vn um)ll. (5.26)

The combination of (5.24)—(5.26) results in

lu—iicrll S ose(f. Tr+e(IA 2epll+lleul) + 103 fill + €lhz (i = v )]
+ (Ih7 oo + 177" (A = Anlloo + 157" (b = by

+ 17 v = il )
x Whricklve +e(l(A™" = A7 pull + lu (0" = bp)ID.

To bound ||iicg — up|| in (5.22), use (4.3) to obtain

S(T)
4

S IhgVnciicell + | Wice|| . + W ful.

N b i S(T) .
licr —umll < {1+ Yh licr — HMoticg + T(VhMCR — fwll,

The combination of the previous estimates with (5.22) and Lemma 5.4 leads to

leull S ose (£, T) + (1A~ 2epll + lleull) + W3- fill + €lhT(fir = v unp)]
+ (14 117" A = Ao + 17" B = bi)lloo + X187 (7 = 1)l )

x 7 (A7 put + uwbll + (1A = A7 Dpull + lluwr (0 = B ).
(5.27)

For sufficiently small mesh size &, (5.27) and (5.21) prove (5.16). Under extraregularity
assumptions on u, it is easy to establish (5.17). O
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590 C. Carstensen et al.

Remark 5.6 Corollary 2 yields
1A = A7 Pl + i (b = b))
< (117 A" = A lloo + 187! 06 = b)) 1)

x (I3 full + 1A7 A5 Byt + s}l )
Those estimates can be used in (5.16)—(5.17) to improve the estimates in Theorem 5.5.

5.2 Efficiency

This section is devoted to prove that the error estimator 7 yields lower bounds for the
error in the mixed finite element approximation.

Theorem 5.7 (Efficiency) Under the assumptions (A1)—(A2) it holds
n S lu—upl +llp — pumll + A~ — A; Hpmll

+ llupe (" = by) || + [Idiv (p — pm) |- (5.28)
Proof Step 1 of the proof utilizes v := —u, and the definition p = —AVu + bu to
verify
min_[|A; 'pm + unmbj — Vol < 1A} pm + uarbj + Vul|
veHJ (Q)

= 1A, (@ — Pl + 1 — wp)b*[| + (A" = A, Hpmll + flup (b* — b)) |
S e —pull + llu = uprll + A" = A pwmll + llua 0 = byl

In step 2, define the function q := bT(AZIpM +uyby) € P4(T)N WOI’OO(T) and the
cubic bubble function by = 2711 243 € P3(T) N Co(T) in terms of the barycentric
coordinates Aj, Ay, A3 of T € 7[22]. Since A;lpM + upbj, is affine on T € 7, an
equivalence of norm argument shows

1A o+ b s, [ ar - A7 o+ b
The definition of p and (2.4) show that
—1 -1 * *
+/ qr - ((Ah — A7 )pm —um(b _bh)) dx
T

—/qT~Vudx.
T

The Cauchy inequality and ||q7 [l 27y ||A;1pM + umbj |21y is employed in the
first two terms. An integration by parts with Vu |7 = 0 shows in the last term that
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W IAL P+ umbills ) S hrllA; Py + umbill 2 r (thp — pmllz2r)
thrllu —umll 2y + (A7 — Ay Dpul
e up (6 = Bl 27

+h3 / (u — up)div qrdx.
T
Since qr € P4(T), an inverse estimate yields

. 1
hrlldivarli2ery S larllzay S 1A, PM + umby 27y

Since hp < 1, it follows

hrllA, v+ unbjll 2oy S llu — warll 2y + 1P — Pvll 20
+ AT = A DPMI 2y + lupr (B =B 2.

The sum over all triangles implies

hr || A, 'pm + upbjill < llu — upll + lIp — pumll
+ 1A = A DpMll + luar (b — b))l

In Step 3, the term || f — div pm — yunm|| is estimated as

| f —div pm — yumll = |ldiv p+yu —div pm — yupll
S ldiv (p —pw) | + [l — upll.

This concludes the rest of the proof. O

6 Computational experiments

This section is devoted to validation of theoretical results by numerical experiments
and to test the performance of the adaptive algorithm.

6.1 Practical implementation

The adaptive finite element algorithm starts with the initial coarse triangulation 7y,
followed by the procedures SOLVE, ESTIMATE, MARK and REFINE for different
levels £ =0,1,2,....

SOLVE The discrete solution (pg, u¢) € RTo(Zy) x Po(Zy) of (4.1-4.2) is com-
puted on each level £ with the corresponding triangulation 7, and basis functions as
prescribed in [2].
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ESTIMATE The estimator 7y is defined in (5.15). In the estimator term ||A;1p@ +
ugby — Vul|, the function v is chosen by post processing iic g, thatis v = —Aiicg,
where the averaging operator A : C RYT) — Pi(T) [9] is defined by

ucrlr(z)

———  forallzeN.
|7 (2)|

v(2) == Aiicr(2) := Z
TeT (z)

|7 (z)| denote the cardinality of the triangles sharing node z.

MARK For 0 < 6 < 1, compute a minimal subset M, C 7y for red refinement such
that

on < (Mo = D" np,
TeM,;

REFINE The new triangulation 7, is generated using red-blue-green refinement of
the marked elements.

Table 1 Errors and the experimental convergence rates for uniform and adaptive mesh refinement

Uniform refinement Adaptive refinement

N e CR(e) n CR() N e CR(e) n CR(n)
68 0.66234 1.25235 68  0.66234 1.25235

256 0.35809  0.4639 0.64497 0.5005 149 048702 03919 0.90745 0.4106
992 0.19558  0.4457 0.33468 0.4843 359 030569  0.4837 0.57511 0.4702

3904 0.10808  0.4336 0.17602  0.4690 1442 0.15641 0.4800 0.29166  0.4469
15488  0.06055 0.4203  0.09440 0.4521 2275  0.12555  0.4820 0.23609 0.4636
61696  0.034469 0.4077 0.05185 0.4339 7788  0.06666  0.5226 0.12703  0.5079
246272 0.019915 0.3963 0.02924 0.4139 24706  0.037423 0.5074 0.07095 0.5185

1

08

06

04F

02

0

021 q

04t g

06 q

08 q

4 L L " L L L L
-1 08 06 -04 -02 0 02 04 06 08 1 . 6 -04 02

(a) (b)

Fig. 1 a Initial triangulation 7g, b Discrete solution u ; for adaptive mesh-refinement

02 04 06 08 1
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Remark 6.1 In the process of computation of the solution, the given function f over
each element is approximated by the integral mean f;, = \1T| fT f(x)dx. The integrals
fT f(x)dx are computed by one-point numerical quadrature rule over the element,
that is, |T| f (mid(T)), where |T| denotes an area of element 7 and mid(7') is the
centroid of the element. For the edge integral with Dirichlet condition u p simple one
point integration reads f g upds ~ |Elup(mid(E)), where | E| denotes the length of
edge and (mid(E)), the midpoint of the edge.

Remark 6.2 Let (p,u) and (pm, up) solve (2.5) and (4.1)—(4.2) and let e :=
lp — pmll Hdiv,) +1lu — upll. With the number of unknowns Ndof (£) and the error
e(¢) on the level ¢, the experimental order of convergence is defined by

CR(e) = — 108 =D/e®) 0 nd
~ Jog(Ndof (€)/Ndof (€ — 1)) g

Example 6.1 Consider the PDE (1.1) with coefficients A = I, b = (r cos6, r sin9)
and y = —4 with Dirichlet boundary condition on the L-shaped domain Q =
(—=1,1) x (=1, 1H\[0, 1] x [—1, 0] and the exact solution (given in polar coordinates)

u(r,0) = r*3sin (20/3).

For the given parameters, conditions of [12, Theorem3.1] are not satisfied. Utilizing
their notation, bi(q, v) := —(v,div q);2(q) + (bv, Q) 2(q) With b = A~ b, for

v = Q"2 with [v] = 1,

di b |
B < sup ldiv q|l + [Ibv]l lIqll < 1+][ x2dx <3 ©.1)
qeH (div,2)/{0) llall 7 (div,2) Q

TTTTTT T T TTTTT] T T TTTTT] T T TTTTT] TTT
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Fig. 2 Ndof versus e, n and C};
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since |x| < +/2 for all x € . It is relatively straightforward to verify o < |ja|| = 1
(in the notation of [12]) and hence oz||a||_2,312 — vy <3 —4 < 0 (notice that the
coefficient y = —4 in [12, pp. 224-225] is different from the parameter y = 4 in
[12, Eq. (3.3)] and this might give reasons for confusion). This violates the (implicit)
condition §; > 01in [12, Eq. (3.1)].

Tables 1 shows the errors and experimental convergence rate for uniform and adap-
tive mesh-refinements. Figure 1a denotes the initial triangulation 7y with 2 ~ 0.5.
Figure 1b depicts the discrete solution u jy and illustrates the adaptive mesh-refinement
near the singularity. In Fig. 2, a convergence history for the error e and the estimator n
is plotted as a function of the number of degrees of freedom for the cases of uniform
and adaptive mesh-refinement of the non-convex L-shaped domain. Adaptive mesh
refinement gives an optimal empirical convergence rate of order 0.5 for e, while stan-
dard uniform refinement achieves suboptimal empirical convergence rate as expected
from the theory. For both the cases, C,;, the ratio between the error e and the estimator
is also plotted.

Example 6.2 Crack problem: Consider the PDE (1.1) with coefficients A = I, b =
(x—1,y+1)andy =0o0n Q2= {(x,y) € R? x| < 1}\[O, 1] x {0} with Dirichlet
boundary condition and exact solution u(r, 9) = r!/ 2sin6/2—r%/2sin%(0) (in polar
coordinates).

The problem is called non-coercive [19], since (y — %V -b) < 0. Figure 3a shows the
discrete solution u ), along with the adaptive mesh-refinement. Note that the mesh is
strongly refined near the singularity at the origin. The results are summarized in Figure
3b and displays convergence rates for the error e and the a posteriori estimator 7. It
is observed that a suboptimal empirical convergence rate of 0.25 for uniform mesh-
refinement and an improved optimal empirical convergence rate of 0.5 for adaptive
mesh-refinement are achieved. In this case, C,.; is close to 0.95.

Example 6.3 Consider the PDE (1.1) with coefficients A = I, b = (0, 0) for different
values of y and Dirichlet boundary conditions on the L-shaped domain.

100 |-
r ®-000 0000000000

—o—  ¢(uni)
F|—=— n(uni)
[ | —®— Cru(uni)
|| —*— e(Adap)
I | —¢— n(Adap)
|| --®- Cu(adap)
ITT AT B R AR R TTT] B SRR |
10 103 10* 10°

Error and estimator

Number of degrees of freedom
(a) (b)

Fig. 3 a Discrete solution u; for adaptive refinement. b Ndof versus e, n and C,¢;
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Fig.5 C,; for different y with adaptive refinement

Since the first Laplace eigenvalue for the L-shaped domain A ~ 9.6397238440219,
the coefficients lead to the Laplace operator with positive and negative eigenvalues.

The fact that the convergence is sensitive to the smallness of the discretization
parameter £ is clearly observed in Fig. 4a. This observation holds true for conforming,
nonconforming and mixed finite element methods. Figure 4b depicts that the estimator
mirrors the error behavior. This is also true for the case of adaptive refinement.

Figure 5 plots the reliability constant C,.; for various values of y close to the
eigenvalue A versus the number of degrees of freedom. Note that C;; is sensitive to
the discretization parameter s especially when y is closer to A1. Thus, a sufficiently
small mesh-size is a crucial requirement for the well-posedness and the convergence
of the solution.

6.2 Conclusions

From the numerical experiments, it is observed that efficiency index lies between 1
and 2 for both uniform and adaptive triangulations. This confirms the efficiency of
a posteriori error control for non-smooth problems defined in non-convex domains.

The overall assumption on the mesh-size to be sufficiently small is in fact crucial
in practice, as shown in the third example empirically.
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