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Abstract

This paper introduces an explicit residual-based a posteriori error analysis for the
symmetric mixed finite element method in linear elasticity after Arnold—Winther
with pointwise symmetric and H (div)-conforming stress approximation. The resid-
ual-based a posteriori error estimator of this paper is reliable and efficient and truly
explicit in that it solely depends on the symmetric stress and does neither need any
additional information of some skew symmetric part of the gradient nor any efficient
approximation thereof. Hence, it is straightforward to implement an adaptive mesh-
refining algorithm. Numerical experiments verify the proven reliability and efficiency
of the new a posteriori error estimator and illustrate the improved convergence rate in
comparison to uniform mesh-refining. A higher convergence rate for piecewise affine
data is observed in the L stress error and reproduced in non-smooth situations by the
adaptive mesh-refining strategy.
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1 Introduction
1.1 Overview

The design of a pointwise symmetric stress approximation oy, € L*(£2; S) with diver-
gence in Lz(.Q; Rd), written oy, € H (div, £2; S), has been a long-standing challenge
[2] and the first positive examples in [5] initiated what nowadays is called the finite
element exterior calculus [4]. The a posteriori error analysis of mixed finite element
methods in elasticity started with [11] on PEERS [3], where the asymmetric stress
approximation yj, arises in the discretization as a Lagrange multiplier to enforce
weakly the stress symmetry. This allows the treatment of the term C~'oy, + y, as
an approximation of the (nonsymmetric) functional matrix Du for the displacement
field [11] with the arguments of [1,9] developed for mixed finite element schemes
for a Poisson model problem. Here and throughout, C denotes a fourth-order elas-
ticity tensor with two Lamé constants A and p and C™! is its inverse. Mixed finite
element methods appear attractive in the incompressible limit for they typically avoid
the locking phenomenon [12] as A — oo.

For mixed finite element methods like the symmetric Arnold—Winther finite element
schemes [5], the subtle term is the nonconforming residual: Given any piecewise
polynomial o;, € H (div, §2; S), compute an upper bound n(.7, a,) of

ST, op).

inf H(C_l/zah — (Cl/ze(v)‘
L2(2)

veV

Despite general results in this direction [10,17,18], this task had been addressed
only by the computation of an approximation to the optimal v with Green strain
e(v) := sym Dv or of some skew-symmetric approximation y;, motivated from the
first results in [11] on PEERS. In fact, any choice of a piecewise smooth and pointwise
skew-symmetric yj, allows for an a posteriori error control of the symmetric stress error
o — oy in [15]. Its efficiency, however, depends on the (unknown and uncontrolled)
efficiency of the choice of y, as an approximation to the skew-symmetric part y of Du.

This paper proposes the first reliable and efficient explicit residual-based a pos-
teriori error estimator of the nonconforming residual with the typical contributions
to n(7, op,) computed from the (known) Green strain approximation &, := C~loy.
Besides oscillations of the applied forces in the volume and along the Neumann bound-
ary, there is a volume contribution hzT | rotrotep |l 27y for each triangle T € .7 and
an edge contribution with the jump [e]g across an interior edge E with unit normal
VE, tangential unit vector tg, and length /i g, namely

1/2 3/2
h? e - lenletell 2 g + iy lIte - [rotne enle — 8(vE - [enl£TE) /35 12k »

and corresponding modification on the edges on the Dirichlet boundary with the (pos-
sibly inhomogeneous) Dirichlet data; cf. Remark 2 for some partial simplification of
the last term displayed.

The analysis is restricted to the two dimensional case, since it involves explicit
calculations in two dimensions without any reference to the exterior calculus but with
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Residual-based AFEM for Arnold-Winther MFEM 207

inhomogeneous Dirichlet and Neumann boundary data. The main result is reliability
and efficiency to control the stress error robustly in the sense that the multiplicative
generic constants hidden in the notation < do neither depend on the (local or global)
mesh-size nor on the parameter A > 0 but may depend on p > 0 and on the shape
regularity of the underlying triangulation .7 of the domain §2 into triangles through a
lower bound of the minimal angle therein.

1.2 Linear elastic model problem

The elastic body §2 is a simply-connected bounded Lipschitz domain £2 C R? in
the plane with a (connected) polygonal boundary 052 = I'p U I'y split into parts.
The displacement boundary I'p is compact and of positive surface measure, while
the traction boundary is the relative open complement I'y = 9$2\I'p with outer
unit normal vector v. Given up € H'(§2;R?), the volume force f e L?(£2; R?),
and the applied surface traction g € L?(I'y; R?), the linear elastic problem seeks a
displacement u € H 1(©2: R?) and a symmetric stress tensor o € H (div, £2; S) with

—dive = f and o =Ce(u) in £2,
u=up onlp, ocv=g only.

ey

Throughout this paper, given the Lamé parameters A, © > 0 for isotropic linear
elasticity, the positive definite fourth-order elasticity tensor C acts as CE :=2u E +
A tr(E) 1o« on any matrix E € S with trace tr(E) and the 2 x 2 unit matrix 17x».
Note that up acts in (1) only on I'p and is an extension of the continuous function
up € C(I'p; R?) also supposed to belong to the edgewise second order Sobolev space
H?*(&(I'p)) below to allow second derivatives with respect to the arc length along
boundary edges.

More essential will be a discussion on the precise conditions on the Neumann data
g and its discrete approximation gj below for they belong to the essential boundary
conditions in the mixed finite element method based on the dual formulation.

In addition to the set of homogeneous displacements V and the aforementioned
stress space H (div, §2; S), namely,

Vi={ve H'(2;R» | v, =0},
H(div, 2;S) := {t € L*(2;S) | divt € L?(2; R%)},

and with the exterior unit normal vector v along 952, the inhomogeneous stress space
X(g) = {a € H(div, £2;S) }/ Y- (ov)ds = / Y -gdsforally e V}
I'y I'y

is defined with respect to the Neumann data g € LZ(F ) and, in particular, X :=
2 (0) abbreviates the stress space with homogeneous Neumann boundary conditions.

Given data up, f, g as before, the dual weak formulation of (1) seeks (o, u) €
¥ (g) x L2(£2; R?) with
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/az(C*lrdx+/u-divrdx=/ up - (tv)ds forall T € Xy,
2 2 I'p

2)
/v-divadx:—/ f-vdx forallve L*(2;R?).

Q Q

It is well known that the two formulations are equivalent and well posed in the
sense that they allow for unique solutions in the above spaces and are actually
slightly more regular according to the reduced elliptic regularity theory. The reader is
refereed to textbooks on finite element methods [6—8] for proofs and further descrip-
tions.

Throughout this paper, the model problem considers truly mixed boundary condi-
tions with the hypothesis that both I'p and I'y have positive length. The remaining
cases of a pure Neumann problem or a pure Dirichlet problem require standard
modification and are immediately adopted. The presentation focuses on the case
of isotropic linear elasticity with constant Lamé parameters A and w for brevity
and many results carry over to more general situations (cf. Remarks 1 and 2 for
instance).

1.3 Mixed finite element discretization

Let .7 denote a shape-regular triangulation of §2 into triangles (in the sense of Ciarlet
[8]) with set of nodes .47, set of interior edges &'(£2), set of Dirichlet edges & (I'p)
and set of Neumann edges & (/). The triangulation is compatible with the boundary
pieces I'p and Iy in that the boundary condition changes only at some vertex .#” and
I'p (resp. Ty) is partitioned in &(I'p) (resp. &(I'y)).

The piecewise polynomials (piecewise with respect to the triangulation .7) of total
degree at most k € Ny are denoted as Py (.7), their vector- or matrix-valued versions
as Pr(.7; R?) or Py(.7; R?*2) etc. The subordinated Arnold—Winther finite element
space AW (.7) of index k € N [5] reads

AWL(T) = {r € Pya(7:S) N H(div, 2;S) | divt € P (T; Rz)}.

The Neumann boundary conditions are essential conditions and are traditionally imple-
mented by some approximation g, to g in the normal trace space

G(7) i={@vlry € LA R |1 € AWk(D)]

(recall that v is the exterior unit normal along the boundary). Given any g5 € G(7),
the discrete stress approximations are sought in the non-void affine subspace

X(gn, 7) = X(gn) NAW(T)
of AW (.77) with test functions in the linear subspace X' (0, .7) := Xy N AW (7).

Then there exists a unique discrete solution o, € X(gp,7) and u, € V, =
P (7;R?) to
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/Uh:((flrhdx+/ uh-divrhdx=/ up - (tpv)ds forall t, € X(0, 7),
2 2 I'p

/vh-divahdxsz-vhdx for all vy, € V.
Q Q
3)

The explicit design of a Fortin projection leads in [5] to quasi-optimal a priori error
estimates for an exact solution (o, ) € (X (g) N H*t2(82;'S)) x H**2(£2) to (1) and
the approximate solution (o, uj) to (3), namely (with the maximal mesh-size /)

lo —onllp22y S " lollum@) forl <m <k+2,
”M_Mh”LZ(Q) Shm||M||Hm+l(Q) forl Smfk‘i‘l

Another stable pair of different and mesh-depending norms in [14] implies the L>
best approximation of the stress error ¢ — oy, up to a generic multiplicative constant
and data oscillations on f under some extra condition (N) on the Neumann data
approximation g; implied by the first and zero moment orthogonality assumption g —
gn L Pi(&(Iy); R?) (L indicates orthogonality in L?(I'y)) met in all the numerical
examples of this paper.

For simple benchmark examples with piecewise polynomial data f and g, there is
even a superconvergence phenomenon visible in numerical examples. The arguments
of this paper allow a proof of fourth-order convergence of the L? stress error |0 —oy, || =
O'(h*) in the lowest-order Arnold—Winther method with k = 1 for a smooth stress
o € H*(2;S) with f = f, € PI(Z;R?>) and g = g, € G(.7). (In fact, once the
data are not piecewise affine, the arising oscillation terms are only of at most third
order and the aforementioned convergence estimates are sharp.)

This is stated as Theorem 5 in the appendix, because the a priori error analysis lies
outside of the main focus of this work. It is surprising though that adaptive mesh-
refining suggested with this paper recovers this higher convergence rate even for the
inconsistent Neumann data in the Cook membrane benchmark example below.

1.4 Explicit residual-based a posteriori error estimator

The novel explicit residual-based error estimator for the discrete solution (o7, up) to (3)
depends only on the Green strain approximation C~!oy, and its piecewise derivatives
and jumps across edges.

Given any edge E of length /g, let vg denote the unit normal vector (chosen with
a fixed orientation such that it points outside along the boundary 952 of £2) and let
7 denote its tangential unit vector; by convention tg = (0, —1; 1, O)vg with the
indicated asymmetric 2 x 2 matrix. The tangential derivative tr - Ve along an edge
(or boundary) is identified with the one-dimensional derivative o e /ds with respect to
the arc-length parameter s. The jump [v]g of any piecewise continuous scalar, vector,
or matrix v across an interior edge £ = 974 N d7_ shared by the two triangles 7'
and 7_ such that vg points outside 7 along E C 07 reads

[vlg == wlz)Ie — It )IE.
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210 C. Carstensen et al.

The rotation acts on a vector field @ (and row-wise on matrices) via rot @ :=
1P, — 0, @ and roty ¢ denotes its piecewise application.

Under the present notation and the throughout abbreviation e, := C~ oy, the
explicit residual-based a posteriori error estimator reads

(T, on)

= Z h‘}ll rotroteh\liz(n +o0sc?(f, T) + 0sc(g — g, EUTN))
TeT

dleplgv
+ > (hEurE~[eh15r5niz(5)+h~};||r5~<[rotheh]E—$) ||22(E>)
Ec&(R2)

aMD 2 3 aé‘h'L’E 32MD 2
+ Z (hElrE . <€hrE - 9s > ”LZ(E) =+ hE”TE -TOt &) —VE - 95 - 352 HLQ(E)
Ee& (I'p)
“)

for the oscillations osc( f, ) of the volume force and the oscillations of the traction
boundary condition osc(g — gn, &(I'y)), defined below.

Theorem 1 (reliability) There exists a mesh-size and A independent constant C,g
(which may depend on  and on the shape-regularity of the triangulation 7 through
a global lower bound of the minimal angle therein) such that the exact (resp. discrete)
stress o from (1) [resp. oy, from (3)] with g — g, L Po(&E(Iy); R2) and the error
estimator (4) satisfy

lo — Uh||L2(Q) < Cran(T, o).

The a posteriori error estimator n(7, o;,) already involves two data oscillation
terms osc( f, .77) and osc(g — gn, & (1)) defined as the square roots of the respective
terms in

osc®(f, 7=y hilf- 32, for the L? projection f; of f onto Py(T; R?);
TeT

osc’ (g —gn, EUTN) = Y hellg —anljag.
Ecé&(I'y)

For any edge E and adegree m > k + 2, let I, g : L%*(E) — P, (E) denote the
L? projection onto polynomials of degree at most m. For any E € &(I'p) define the
two Dirichlet data oscillation terms

osc7(up. E) := hgl|(1 = M p)d(up - T£) /35|72 . )
0s¢7; (up, E) i= hjp (1 = My )0>up - vi) /95172 ©)

Their sum defines the overall Dirichlet data approximation osc(up, &(I'p)) as the
square root of

osc?(up, &(Ip)) = Z (osc%(up, E)+ osc%,(up, E)) .
Eeé&(I'p)
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The analysis of Sect. 3 is local and states for each of the five local residuals an
upper bound related to the error in a neighborhood. The global efficiency is displayed
as follows.

Theorem 2 (efficiency) There exists a mesh-size and A, w independent constant C
(which may depend on the shape-regularity of the triangulation 7 through a global
lower bound of the minimal angle therein) such that the exact (resp. discrete) stress
from (1) [resp. oy, from (3)] with g — g, L Py(&(I'N); Rz) and the error estimator (4)
satisfy

Ce_ﬁfln(«?, on) <llo—onll 2oy +osc(f, T)+osc(g—gn, & (I'y))+osc(up, &(I'p)).

1.5 Outline of the paper

The remaining parts of this paper provide a mathematical proof of Theorems 1 and 2
and numerical evidence in computational experiments on the novel a posteriori error
estimation and its robustness as well as on associated mesh-refining algorithms.

The proof of the reliability of Theorem 1 in Sect. 2 adopts arguments of [11,15] and
carries out two integration by parts on each triangle plus one-dimensional integration
by parts along all edges. The resulting terms are in fact locally efficient in Sect. 3 with
little generalizations of the bubble-function methodology due to Verfiirth [24]. The
five lemmas of Sect. 3 give slightly sharper results and in total imply Theorem 2.

The point in Theorems 1 and 2 is that the universal constants Cre] and Cefr may
depend on the Lamé parameter p but are independent of the critical Lamé parameter
A as supported by the benchmark examples of the concluding Sect. 4. Adaptive mesh-
refining proves to be highly effective with the novel a posteriori error estimator even for
incompatible Neumann data. Four benchmark examples with the Poisson ratiov = 0.3
or 0.4999 provide numerical evidence of the robustness of the reliable and efficient
a posteriori error estimation and for the fourth-order convergence of Theorem 5.

Three appendices highlight some improvements in the numerical benchmarks:
Appendix A explains the improved convergence order for piecewise affine data and B
and C explain how to treat incompatible Neumann data successfully.

1.6 Comments on general notation

Standard notation on Lebesgue and Sobolev spaces and norms is adopted throughout
this paper and, for brevity, || - || := || - [[;2(s) denotes the L? norm. The piecewise
action of a differential operator is denoted with a subindex NC, e.g., V¢ denotes
the piecewise gradient (Vyce)|r := V(e|r) for all T € 7. Sobolev functions are
usually defined on open sets and the notation WP (T) (resp. WP (7)) substitutes
WP (int(T)) for a (compact) triangle T and its interior int(7") (resp. WP (int(.7)))
and their vector and matrix versions.

For a differentiable function ¢, Curl ¢ := (—0d2¢, 91¢) is the rotated gradient; for
a two-dimensional vector field @, Curl @ is the 2 x 2 matrix-valued rotated gradient
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212 C. Carstensen et al.

Curl @ := (—h®y, 3, ®@1; —0rD>, 3;P2) = DD (0, 1; —1, 0).

(The signs are not uniquely determined in the literature and some care is required.)

The colon denotes the scalar product A : B := 3, p=1,2 Aa,pBa,p of 2 x2 matrices
A, B. The inequality A < B between two terms A and B abbreviates A < C B with
some multiplicative generic constant C, which is independent of the mesh-size and
independent of the one Lamé parameter A > 0 but may depend on the other £ > 0
and may depend on the shape-regularity of the underlying triangulation .7 and the
parameter k related to the polynomial degree of the scheme.

2 Proof of reliability

This section is devoted to the proof of Theorem 1 based on a Helmholtz decomposition
of [11] with two parts as decomposed in Theorem 3 below. The critical part is the L?
product of C~1 (0 —oy,) times the Curl of an unknown function Curl 8. The observation
from [15] is that one can find an Argyris finite element approximation g, to 8 € H>(£2)
such that the continuous function ¢ := g — f, € H 2(£2) vanishes at all vertices .4
of the triangulation. Two integration by parts on each triangle plus one-dimensional
integration by parts along the edges & of the triangulation eventually lead to a key
identity.

Lemma 1 (representation formula) Any function e, € H 2(? :S) (i.e. &y, is piecewise
in H? with values in'S) and any ¢ € H*(2) with ¢(z) = 0 at all vertices z € N in
the regular triangulation 7 satisfy

(ep, Curl? )20y = (TOtnc TOtNC €1, D) 12(2)

d
+ ) ((rE [en]ETE, v @) 12(k) — ([rotheh]E—%,mE) )
N LZ(E)

Ec&(2)

aehvE
+ Z ((rE “ERTE, dup®)2(E) — (roteh ~ s ’¢TE>L2(E)) .

Ec&(082)

The subsequent integration by parts formula is utilized frequently throughout this
paper for ¢ € H'(£2; R?) and ¥ € H'(£2; R?*?)

/W:Curl¢dx+/¢~rothx=/ ¢ -Wrpds.
2 Q 082

Any differentiable (scalar) function ¢, satisfies the elementary relations
tg - Curlp = dp/dvg and vg -Curlgp = —d¢/ds = —d¢p/dtg Oon E € &.

Proof Integrate by parts twice on each triangle and rearrange the remaining boundary
terms to deduce (with the abbreviation roty¢ rotyc = rot%,c)
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(en, Curl? ¢)L2(9) = (rot%\,c €p, ¢)L2(9)

+ Y (Uenlete. Curlg) 2 gy — (Irotye enle - Te. §)r2k))
E€&(R2)

+ Z ((EhTE, Curl ¢)L2(E) — (r0t€h - TE, ¢)L2(E)) .
Ec&(082)

The term ([en]eTE, Curl @) 12 (f) in the above sum is split into orthogonal components

Curl ¢ = (zg - Curl¢p)tg + (vg - Curl 9p)vg
= (tg - Curl¢p)tg — (0¢p/ds)vg on E € &.

Since ¢ vanishes at the vertices, an integration by parts along each interior edge E for
the last term shows ([e3]£TE, (0¢/05)VE) 12y = —([en]lETE/DS, PVE) 2(F)- This
proves

Vg - lenlET
(enlete, Curl ) 25 = (tE - [e4]ETE, Bup®) 120y + (u ¢> :
85‘ Lz(E)

The same formula holds for any boundary edge E when [e,]f is replaced by €j,.
The combination of the latter identities with the first displayed formula of this proof
verifies the asserted representation formula. O

The contribution of &(u) = C~'o times the Curl® ¢ € L?(£2; S) exclusively leads
to boundary terms. Throughout this paper, suppose that the Dirichlet data u p satisfies
up € C(I'p) N H*(&(I'p)) in the sense that u p is globally continuous with up|g €
H2(E;R?) forall E € &(p).

Lemma 2 (boundary terms) Any Sobolev function v € H 1(£2; R?) with boundary
values up € C(I'p) N H2(&(Tp)) on Ip and any ¢ € H2(2) with ¢ =0¢/0v=0
along I'y with ¢ (2) = 0 for any vertex z of I'p in its relative interior satisfy

dup ¢ 9%up
(e;“(v),Curl2 ) = ( T ) +( ,pv ) .
D= ) os " dve ) 2 T L2(E)

Ee&(Ip)

Proof A density argument shows that it suffices to prove this identity for smooth
functions v and ¢, when integration by parts arguments show that the left-hand side
is equal to

d¢ d(v-1E) 9*(v - vp)
AQCurl¢ —ds— Z f(avE a5 + ¢ 552 )ds.

Ee&(982)

The equality follows from an orthogonal split Curl ¢ = (t-Curl ¢)t + (v-Curl ¢p)v
into the normal and tangential directions of v and t along the boundary 952 followed
by an integration by parts along 92 with ¢ (z) = 0 for vertices z in I'p with a jump
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of the normal unit vector. The substitution of the boundary conditions concludes the
proof. O

The consequence of the previous two lemmas is a representation formula for the
error times a typical function Curl® ¢. To understand why the contributions on the
Neumann boundary of ¢ and V¢ disappear along Iy, some details on the Helmholtz
decomposition are recalled from the literature. For this, let I, ..., I'; denote the
compact connectivity components of Iy.

Theorem 3 (Helmholtz decomposition [11, Lemma 3.2]) For o0 — o, € L*(2;S),
there exists o € V, constant vectors cq, ..., c; € R withco = 0 and B € H*(£2)
with fgﬁdx =0andCurlB =cjonl; C I'y forall j =0,...,J such that

o — o, = Ce(a) + Curl Curl 8. (7)

]

The second ingredient is an approximation gj of 8 from the Helmholtz decom-
position in Theorem 3 based on the Argyris finite element functions A(J) C
C'(£2) N Ps(.7) [7,8,20]. The local mesh-size h > € Py(.7) in the triangulation
7 is defined as its diameter & & |7 := hr on each triangle T € 7.

Lemma 3 (quasi-interpolation) Given any B as in Theorem 3 there exists some
Bn € A(T) such that ¢ := B — B, € H*(2) vanishes at any vertex z € N of
the triangulation, ¢ and its normal gradient V¢ - v vanish on I'y, and the local
approximation and stability property holds in the sense that

lh 71l + lh 5 Curl g|| + || Curl® | < 1181l 2(g)-

Proof This has been (partly) utilized in [15] and also follows from [21]. O

The combination of all aforementioned arguments leads to the following estimate
as an answer to the question of Sect. 1.1 in terms of directional derivatives of &), :=
C~'oy,. Recall the definition of (.7, o3,) from (4).
Theorem 4 (key result) Let o € H(div, §2; S) solve (1) and let o, € AW (T) solve
(3). Given B from Theorem 3 and its quasi-interpolation B, from Lemma 3, the differ-
ence ¢ := B — Py satisfies

(C (o —on). Curl® 9) 120y < |Blu2yn(T . on).

Proof Lemmas 1 and 2 lead to a formula for (&, Curl? D22y €n = C~loy, in
which all the contributions for E € &(I'y) with ¢ and V¢ vanish along I'y. The
remaining formula reads
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Residual-based AFEM for Arnold-Winther MFEM 215

(€ o = op). Curl? §) 2y = — (0t €. B) 12

ad a
-y (TE -lenlETE, i) - ([rOth enle — M ¢TE>
8VE LZ(E) as LZ(E)

Ecé(R2)
u d
+ Z ((aD—EhTE,fE ﬁ)
Ec&E(Ip) s VE / L2(E)

3 up -
+ (‘(E . (roth e — (eng)> + MDZ VE , ¢7> ) .
K as 2
L*(E)

The proof concludes with Cauchy—Schwarz inequalities, trace inequalities, and the
approximation estimates of Lemma 3. The remaining details are nowadays standard
arguments in the a posteriori error analysis of nonconforming and mixed finite element
methods and hence are omitted. O

Before the proof of Theorem 1 concludes this section, three remarks and one lemma
are in order.

Remark 1 (nonconstant coefficients) The main parts of the reliability analysis of this
section hold for rather general material tensors C as long as &), := C~ oy, allows for
the existence of the traces and the derivatives in the error estimator (4) in the respective
L? spaces. For instance, if A and y are piecewise smooth with respect to the underlying
triangulation 7.

Remark 2 (constant coefficients) The overall assumption of constant Lamé parameters
X and p allows a simplification in the error estimator (4). It suffices to have p globally
continuous and p and X piecewise smooth to guarantee

dlenlevE

5 -tg =0 along E € &£(£2).
s

(The proof utilizes the structure of C!withCE = ﬁ(E — 2(++#) tr(E)1,y2) for
any E € S as a linear combination of the identity and some scalar multiple of the 2 x 2
unit matrix. The terms with the identity lead to 1/(2u) times the jump [o,]gvE = 0
of the H (div) conforming stress approximations. The jump terms with the unit matrix
(even with jumps of A) are multiplied with the orthogonal unit vectors vg and tg and

so vanish as well.)

Remark 3 (related work) Although the work [22] concerns a different problem (bend-
ing of a plate of fourth order) with a different discretization (even nonconforming in
H (div)), some technical parts of that paper are related to those of this by a rotation of
the underlying coordinate system and the substitution of div div by rot rot etc. Another
Helmholtz decomposition also allows for a discrete version and thereby enables a proof
of optimal convergence of an adaptive algorithm with arguments from [13,19].

A technical detail related to the robustness in A — oo is a well known lemma
that controls the trace of a matrix E € R>*? by its deviatoric part dev E := E —
tr(E)/2 157 and its divergence measured in the dual V* C H -1 (£2; Rz) of V,namely
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216 C. Carstensen et al.

ldivt|—1:= sup / t: Dvdx forallt € L?(2; R>?).
veV 2

[Vl =1

Lemma4 (tr-dev-div) Let Xy be a closed subspace of H (div, §2; szz), which does
not contain the constant tensor 12x2. Then any © € X satisfies

(@)l 20 S lldev T2y + IIdive]-.
Proof There are several variants of the tr-dev-div lemma known in the literature [6,
Proposition 9.1.1]. The version in [11, Theorem 4.1] explicitly displays a version with

|l div || replacing | div t||—;. Since its proof is immediately adopted to prove the
asserted version, further details are omitted. O

The remaining part of this section outlines why Theorem 1 follows from The-
orem 4 with the arguments from [11,15]. The energy norms for any v € V and
T € H(div, £2; S) read

llvll? :=/98(v):(C8(v)dx and |7]|3, :=/QT:C_1rdx.

The remaining residual is denoted by

Res(v)::/ f-vdx—i—/ g‘vds—/ohzs(v)dx forallv e V
2 I'y 2

with its dual norm

lIRes|l, := sup Res(v).
veV
llvli=1

It is shown in the proof of [15, Theorem 3.1] that @ € V and S € H?(£2) from the
Helmbholtz decomposition of the error o — oy, in Theorem 3 are orthogonal with respect
to the L2 scalar product weighted with C~'. This implies

lo = onllg = (@ = on, £@) 120y + (€7 (0 = ), Curl? B2 (B)

Let B, denote the quasi-interpolation of S from Lemma 3. Itis known [15] that Curl? Bh
is a divergence-free element of X'(0, 7). Therefore, (2) and (3) imply

(€ (o = on). Curl® By) 12 = 0.

Thus, with ¢ = B — By, the second term of (8) equals (C™!(o — o7,), Curl? D) 22)
and hence is controlled in the key estimate of Theorem 4 as

(C Yo — o), Curl® B) 1200y S 1Blu2y1 (T, on).
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Lemma 4 applies to X as the subspace of all 7 € H (div, §2; S) with homogeneous
Neumann data v = 0 along I'y. Since 7 := Curl? 8 is divergence free (by the relation
div Curl = 0) and since v = —d Curl 8/ds along I'y (owing to the aforementioned
elementary relations and the convention that the first Curl acts row-wise on Curl g),
where Curl 8 in Theorem 3 is piecewise constant, it follows that 7 € X. On the other
hand 1242 ¢ Xo because Iy # (. Consequently, Lemma 4 implies || Curl? Bl <
| dev Curl? B||. This and elementary calculations with C~! lead to

|Blu2) = Il Curl? B < | dev Curl® || < || Curl® B¢t
The combination with the estimate resulting from Theorem 4 proves
(C o —on), Curl® B) 20 S 1| Curl® Blle-1 n(.T, o).
This, the stability || Curl? Bllc-1 =< llo — onllc-1, and [la|| = [IRes|l, lead in (8) to
lo —onlic-1 < IResllx +n(.7, on). ©)

The remaining term is the estimate of the dual norm ||Res||, of the residual which is
done, e.g., in [15, Lemma 3.3] (under the assumption g — g, L Po(&(I'y)))

IResl < osc(f, 7) + osc(g — gn, &(I'n)) < n(T, on).
This and (9) imply

[dev(o —on)ll < llo = onlic-1 < n(T, on).

For any test function v € V with [v|g1 o) = 1, fg(a —op) : Dvdx = Res(v) and

SO
[div(c —op)l-1 = sup Res(v) < sup Res(v) <2u|Res|ls S n(T,on).
veV veV
g1 g)=1 lle)ll=1

(In the second last step one utilizes that 2u E : E < E : CE for all E € S.) The
combination of Lemma 4 for T = o — o5, with the previous displayed estimates
concludes the proof of |0 — oy || < n(7, o). There exist several appropriate choices
of X9 C H(div, £2;S) in this last step. Recall that Iy is the union of connectivity
components and so pick one edge Ep in this polygon and consider Xy := {r €
H(div, £2;S) : on tvds = 0} with 1242 ¢ Xo. This choice of Ey and so Xy
depend only on I'y (independent of 7). Since g — gn = (0 — op,)v along Eg has
(piecewise on & (Ey), whence in total) an integral mean zero, Lemma 4 indeed applies
tot =0 —oy € Xy. O
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3 Local efficiency analysis

The local efficiency follows with the bubble-function technique for C! finite elements
[24, Sec 3.7]. This section focuses on a constant C for linear isotropic elasticity with
constant Lamé parameters A and p such that e, = Cloy € Pr12(7) for some
op € AW (7) is a polynomial of degree at most k + 2. Apart from this, the Lamé
parameters do not further arise in this section.

The moderate point of departure is the volume term for each triangle T € 7
with barycentric coordinates A1, A2, A3 € P1(T) and their product, the cubic volume
bubble function, by := 27 A1 )3 € Wol’OO(T) plus its square b% € Wg’OO(T) with
0<b7 < Llbrliq S 1 and byl S hy ete.

Lemma5 (efficiency of volume residual) Any v € H L, Rz), T € 9, satisfies
hilrotrotenll 2y < llew — eIl L2¢7y-
Proof Aninverse estimate for the polynomial rot rot &, = rot” &, implies the estimate

2 2 2 2
110t 4112 7y S b7 1ot e412,

T S = (rot? &y, b% rot? €n)L2(T)-

(1)

Lemma 1 with ¢ = b% rot? &, and (g(v), Curl? D)2y = 0 leads to

b7 rot® & ||§2(T) = (e — £(v), Curl* (b7 rot €4)) 127

< len — e@)ll 2¢y Il Curl® (b7 rot* ) | 2 1)

. . . -2
This and the inverse estimate || Curlz(b% rot? enll2ary < hy ||b% rot? enllz2er
imply

2 2 -2 2
[| rot €h||L2(T) S llen — 8(U)||L2(T)hr | rot” enll2¢7).

This concludes the proof. O

The localization of the first edge residual involves the piecewise quadratic edge-
bubble function bg with support 7'y U T_ for an interior edge E = 074 N dT_ shared
by the two triangles 7'+ and 7_ with edge-patch wg := ( T UT_). With an appropriate
scaling bg|r = 4A1X, for the two barycentric coordinates A1, Ap on T € {T4, T_}
associated with the two vertices of E. Then b € W (wg) and b% e W2 (wg)
satisfy 0 < b% <bg < land |bg|y (g < hEl etc.

The remaining technical detail is an extension of functions on the edge E to wg.
Throughout this section those functions are polynomials and given pg € Py, (E), their
coefficients (in some fixed basis) already define an algebraic object that is a natural
extension p € Py, (E ) along the straight line E = mid(E) 4+ R tg that extends E with
midpoint mid(E) and tangential unit vector tg. This and

Pe(pg)(x) := p(tg - (x — mid(E))) forall x € R?

@ Springer



Residual-based AFEM for Arnold-Winther MFEM 219

define a linear extension operator Pg : P, (E) — C*®(R?) with Pg(pg) = pg on E
for any pr € P, (E), which is constant in the normal direction, V Pg(pg) - vg = 0.
This design is different from that in [24].

Lemma 6 (efficiency of first interior edge residual) Anyv € H Ywg: R?), E € £(2),
satisfies

1/2
h2 e - lenletell 2 S llen — e 2 (wp)-

Proof Since tg - [ey]gTE € Pr42(E) is a polynomial, the above extension Pg(tg -
[en]1EeTE) and the function b € Wg’oo(a)g) with

b(x) := b%(x) vg - (x —mid(E)) forall x € R? (10

define some function ¢ := b Pg(tg -[e,]gTE). Since b = 0 and Vb -vg = b% along
E, the test function ¢ € HO2 (wg) C Hg(.Q) leads in Lemma 1 to

(e - [enleTE, Ovp @) 2(E) = (€h, Curl? D 2(wp) — (rot%,c Ehs D) 12(wp)-

Since 9, ¢ = b% 75 - [eplgTe on E and e(v) L Curl? ¢, an inverse estimate shows

Ite - lenlETe 7o) S (€0 — £(), Curl® @) 12,y — (10t €4, ) 12(wp) -

At the heart of the bubble-function methodology are inverse and trace inequalities that
allow for appropriate scaling properties [24] under the overall assumption of shape-
regularity. In the present case, one power of i &~ hr, is hidden in the function b
and

1/2 -3/2
2 10l 2p) + g 2101 2y S ITE - [enlETEll 2(8) (1

The combination with the previous estimate results in

e - [€h]ETE||iz(E)

~1/2 32
S lite - lenletell 2 g (hE Plen - S(v)||L2(wE)+hE/ Il roty €h||L2(wE))~

This and Lemma 5 conclude the proof. O

For any edge E € &(I'p), the edge-bubble function by = 4r1hy € WH¥(wp)
for the two barycentric coordinates A1, Ay associated with the two vertices of E and
b vanishes on the remaining sides dwpg \ E of the aligned triangle wg. The Dirichlet
data u p allows for some polynomial approximation I1,, rup € Py (E) of a maximal
degree bounded by m > k + 2; recall the definition of osc;(up, E) from (5).
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Lemma 7 (efficiency of firstboundary edge residual) Anyv € H Ywp; R withv|g =
uplg along E € &(I'p) satisfies

1/2
i lte - (ente — dup/0)l 20y < l1en — @)l 20y + 05C1 (D, E).

Proof Since tg - €, T is a polynomial of degree at most k +2 < m along the exterior
edge E, the residual 7% - (e;,7p — dup/ds) is well approximated by its L> projection
pE = (tg - (eptg — I, gOup/ds)) onto P, (E). The Pythagoras theorem based on
the L? orthogonality reads

hellte - ente — dup/9) 32 p) = hENPE ]2, + 0567 (up, E)

and itremains to bound & }5/ 2 Il oE Il 2 (£ by the right-hand side of the claimed inequality.

The extension Pgpr € C*°(R?) and the function b from (10) lead to an admissible
test function ¢ := bPgpg € Wg " (wg). Two successive integration by parts as in
Lemma 1 show

(8(1}), Cur12 ¢)L2((DE) = (auD/aS, TE(VE . V¢))L2(E)

This and Lemma 1 lead to

dup) 93¢ 2 2
<TE . <€hTE - W) , 3VE>L2(E) = (&5, — &(v), Curl D 12(wp) — Oy €L D) 200

Since 9, ¢ = b%,oE along E and pg is the L? projection of tg - (€T —dup/9s), the

left-hand side equals ||bg pE ||22(E) — ((1 = My, £)dup/ds, b%pE) 12(g). The scaling

argument which leads to (11) shows that the left-hand side of (11) is < | pg/| L2(E)-
The combination with the previously displayed identity leads to

—1/2
10E 22z S 108l 2y (5 llen = 60120y

3/2 —-1/2
+hE/ I rot%,c enllr2wy) + g / oscy (E, uD)) .

This and Lemma 5 conclude the proof. O

The edge-bubble functions for the second edge residuals are defined slightly dif-
ferently to ensure some vanishing normal derivative.

Lemma 8 (efficiency of second interior edge residual) Any v € H Ywe;R?), E €
&(82), satisfies

3/2
W2 litE - (Irotwc enle — dlenle /05 ve) 128y S len — e 2(0p)-

Proof There are many ways to define an edge-bubble function for this situation
and one may first select a maximal open ball B(xg,2rg) C wg around a point
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xg € E with maximal radius 2rg, which is entirely included in wg. The charac-
teristic function xp(x,rg) Of the smaller ball B(xg, rg) may be regularized with a
standard mollification 7,, to define the smooth function b := Xp(p,rp) * N €
C°(82g) with values in [0, 1] and with Vb - vg = 0 along E. The polynomial
pE = T - ([rotyc eplg — dlen]r/0s ve) and its extension Pgpp define the test
function ¢ := bPgpr € C§°(wg) in Lemma 1. The representation formula and
(e(v), Curl® $);2(,,) = 0 lead to

1620175y = () = &, Curl® ) 24y + (1O €4y D) 120

The inverse inequality [|pgll 2 < 162 pg| 12(g)» Cauchy-Schwarz inequalities,
and the right scaling properties of ¢ lead to

1013205y S 108N 20y (5P llen = @2y + 1 210G €nl200p)) -

This and Lemma 5 conclude the proof. O

The efficiency of the last edge contribution involves the second Dirichlet data oscil-
lation oscy; (i p, E) from (6).

Lemma9 (efficiency of second boundary edge residual) Any v € H'(wg; R?) with
v|g = uplg along E € &(I'p) satisfies

3/2 depte  up
ltg - rote, — vg - 95 952 lr2E)

S llen — el 2oy +0scri(up, E).

Proof Select a maximal open ball B(xg,2rg) N £2 C wg around a point xg € E
with maximal radius 2rg such that B(xg, 2rg) N wg is a half ball. The regularization
b= XBGp.rg) * e € C°(R?) of the characteristic function xp(y,.,,) attains values
in [0, 1] and a positive integral mean hgl f g bds ~ 1 along E (depending only on the
shape regularity of 7); b vanishes on dwg\ E and its normal derivative Vb - v = 0
vanishes along the entire boundary 0wE.

The Pythagoras theorem || p 12 = |lpE ||L2(E) + hE osc” (up, E) for the resid-

L2(E) —
ual p := 1 - rotey, — vg - (36”5 — 86%) and its L? projection pg := I, gp onto
P,,(E) reduces the proof to the estimation of ||pg|l;2(g). The normal derivative of
¢ := b Pppg € C*™°(wEg) vanishes along the boundary dwg and Lemma 1 shows

0enVE
rote, — ,bpptg = (rot%,c €n, P20y — (Ehs Curl? D) 2(wp)-
as LZ(E)

The arguments in Lemma 2 show (8%up/ds?, bpg VE)2py = (&),
Curl? ¢) [2(wp)- The combination of the two identities leads to a formula for

(o, b,oE)Lz(E). Since p — pg is controlled in osc%l (up, E), this and an inverse inequal-
ity in the beginning result in
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||PE”%2(E) < (bpg, PE)LZ(E) = (p, bPE)LZ(E) —(p— pE, bPE)LZ(E)

-3/2
S (0 &1, ) 120 — €1 — £0), Curl2 §) 12, + IPEN 2gy i 05611, B

The scaling properties of ¢ and its derivatives are as in the proof of the previous lemma.
With Lemma 5 in the end, this concludes the proof. O

4 Numerical examples

This section is devoted to numerical experiments for four different domains to demon-
strate robustness in the reliability and efficiency of the a posteriori error estimator
(T, o¢). The implementation follows [12,15,16] for k = 1 with Lamé parameters A\
and p from A = Ev/((14+v)(1 —2v)) and u = E/(2(1 4 v)) for a Young’s modulus
E = 10’ and various Poisson ratios v = 0.3 and v = 0.4999.

4.1 Academic example

The model problem (1) on the unit square 2 = (0, 1)2 with homogeneous Dirichlet
boundary conditions and the right-hand side f = (f1, f2),

filx,y) =—faly,x) = —2;ur3 cos(my) sin(wy)(2cos(Qmrx) — 1) for (x,y) € £2,

allows the smooth exact solution

u(x, y)=mu sin(wx)sin(wry) (cos(wy)sin(wx), —cos(wx)sin(wry)) for (x,y)es?.

Note that f depends only on the Lamé parameter © and not on the critical Lamé
parameter A. For uniform mesh refinement, Fig. 1 displays the robust third-order
convergence of the a posteriori error estimator (.7, o) as well as the Arnold—Winther
finite element stress error. The convergence is robust in the Poisson ratio v — 1/2
and the a posteriori error estimator proves to be reliable and efficient. In this example,
the oscillations osc(f, 7;) dominate the a posteriori error estimator.

This typical observation motivates numerical examples with f = 0 in the sequel.

4.2 Circular inclusion

The second benchmark example from the literature models a rigid circular inclusion
in an infinite plate for the domain §2 with rather mixed boundary conditions indicated
with mechanical symbols in Fig. 2. The exact solution [23] to the model problem (1)
reads (with polar coordinates (r, ¢) andk =3 —4v,y =2v —1,a = 1/4)

1 2 Da?>  2a*
Mr:_((K_l)r2+2ya2+<2r2_u+iz) cos(zqs)),
Kr

Sur K
1 5 2k —1a*  2a*\ .
up = —— | 2r’' = ——— — —5 | sin(2¢).
8ur K Kr
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108 | —+— |lu—ug|| (v=0.3) .
— = 1(Tp, 00) (v=0.3)
1 — 6yl (v = 0.4999)
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Fig. 1 Convergence history plot in academic example

Fig.2 Domain circular inclusion T O N
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The approximation of the circular inclusion through a polygon is rather critical for the
higher-order Arnold—Winther MFEM. In the absence of an implementation of para-
metric boundaries, adaptive mesh refinement is necessary for higher improvements.
The adaptive algorithm of this section is the same for all examples and acts on poly-
gons; in particular, it does not monitor the curved boundary, but whenever some edge
at the curved part I'p is refined in this example, the midpoint is a new node and pro-
jected onto I'p. The convergence history plot in Fig. 3 shows a reduced convergence
for uniform refinement, while adaptive refinement (of the circular boundary) leads to
optimal third-order convergence.
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_
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Fig.3 Convergence history plot in circular inclusion benchmark

4.3 L-shaped benchmark

Consider the rotated L-shaped domain with Dirichlet and Neumann boundary depicted

in Fig. 4. The exact solution reads in polar coordinates
o

ur(r,¢) = ;_M (=(a+ Dcos((er + D) + (C2 —a — DCy cos((a@ — 1)) ,

o

up(r, ) = ;_M ((a+ Dsin((a + 1)) + (C2 +a — 1)Cy sin((a — 1)¢)) .

The constantsare C; := — cos((e+1)w)/ cos((¢—1)w) and C := 2(A+2u)/(A+un),
where o = 0.544483736782 is the first root of o sin(2w) + sinRwa) = 0 for w =
31 /4. The volume force f = 0 and the Neumann boundary data g = 0 vanish, and
the Dirichlet boundary conditions u p are extracted from the exact solution.

Figure 5 shows suboptimal convergence O'(N,” 027y, namely an expected rate « in
terms of the maximal mesh-size, for uniform and fourth-order L? stress convergence
for adaptive mesh-refinement.

Despite the singular solution, the adaptive algorithm recovers the higher conver-
gence of Theorem 5 as in [15].

4.4 Cook membrane problem

One of the more popular benchmarks in computational mechanics is the tapered panel
£2 with the vertices A, B, C, D of Fig. 6 clamped on the left side I'p = conv(D, A)
(withup = 0) under no volume force (f = 0) but applied surface tractions g = (0, 1)
along conv(B, C) and traction free on the remaining parts conv(A, B) and conv(C, D)
along the Neumann boundary.
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Fig.4 L-shaped domain y
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Fig.5 Convergence history plot in L-shaped benchmark for v = 0.4999
This example is a particular difficult one for the Arnold—Winther MFEM because

of the incompatible Neumann boundary conditions on the right corners [12,15,16].
That means, although g is piecewise constant, g does not belong to G(.77) for
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Fig.6 Cook membrane
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Fig.7 Convergence history plot in Cook’s membrane benchmark

any triangulation. In the two Neumann corner vertices B and C we therefore
strongly impose the values o,(B) = (0.2491, 0.7283; 0.7283, 0.6676) and 0¢(C) =
(3/20, 11/20; 11/20, 11/60) for the design of g¢ € G (7).

Since the exact solution is unknown, the error approximation rests on a reference
solution & computed as P5(.7") displacement approximation on the uniform refinement
of the finest adapted triangulation.

The large pre-asymptotic range of the convergence history plot in Fig. 7 illustrates
the difficulties of the Arnold—Winther finite element method in case of incompatible
Neumann boundary conditions according to its nodal degrees of freedom. Once the
resulting and dominating boundary oscillations (caused by the necessary choice of
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Fig.8 Convergence history plot in Cook’s membrane benchmark with modifications near the right corner
points

discrete compatible Neumann conditions in G (7)) osc(g — g¢, &¢(I'y)) are resolved
through adaptive mesh-refining, even the fourth-order L stress convergence is vis-
ible in a long asymptotic range in (the approximated error and) the equivalent error
estimator.

This example underlines that adaptive mesh-refining is unavoidable in computa-
tional mechanics with optimal rates and a large saving in computational time and
memory compared to naive uniform mesh-refining.

With the modifications of the Arnold-Winter MFEM for incompatible Neumann
data as outlined in Appendix B, which only involves adjustments of the right-hand side
at the critical incompatible nodal stress degrees of freedom, we observe optimal con-
vergence rates from the very beginning in Fig. 8 without any visible pre-asymptotically
reduced convergence caused by incompatible Neumann boundary conditions.

4.5 Comments

The generic constants in this paper are not worked out explicitly in detail and so
a numerical comparison with the earlier paper [15] cannot be quantitatively. It is
conjectured that the residual-based error estimation with the reliability constants (for a
guaranteed upper error bound) overestimates the true error up to an order of magnitude.

The qualitative comparison in Fig. 5 (without the reliability constants for the esti-
mators) provides numerical evidence that the error estimators of this paper converge
with the same convergence rates as those from [15] and it also indicates global equiv-
alence of the errors with the two error estimators. The theoretical evidence in [15] for
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efficiency depends on unrealistically high regularity assumptions — unlike the general
efficiency results of this paper.
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A Fourth-order convergence of the stress in L2

This appendix explains a high-order convergence phenomenon observed in some
numerical benchmark examples for the lowest-order Arnold—Winther method. Adopt
the notation from this paper for k = 1 and let o solve (1) and let 0;, € AW ()
solve (3).

Theorem 5 (fourth-order convergence) Suppose f = f, € P\(T;R*) and g = gj, €
G(7) and suppose that the stress o € H*($2;S). Then the L? stress error satisfies
(with the maximal mesh-size h)

4
o —onll22) S A lloll gace)-

Proof Since the stress error 0 — o, € H 4(3 ;' S) is divergence-free, o vanishes in
(7) and 0 — 0}, = Curl> 8 € H*(7;S). Since p € H?*(.7) is piecewise in C2,
it follows 8 € C!($2). The Arnold—Winther finite elements have nodal degrees of
freedom at the vertices and hence oy, is continuous at each vertex z € .4. Hence the
second derivatives of 8 € C 2(7)N C'(£2) are continuous at each vertex z € A, It
follows that the nodal interpolation operator /4 associated to the Argyris finite element
space A(J) c C 1(£2) N Ps(.7) exists for f in the classical sense and is composed
of the piecewise local interpolation. This defines 8, = I4 B and the divergence-free
7 := Curl? Bn € AW () test function in (1) and in (3). Consequently,

lo = onll7g) = (@ = an, Curl’(B = Bi)2() < llo = onll2(2) 1B = 1aBli2 (o).

This and standard local interpolation error estimates for the nodal interpolation of the
quintic Argyris finite elements [7,8,20] show

lo = onllr2ay S hHIBluscry = 1ol wsco)-

(With ¢ — 0o, = Curl’? 8 and |0y 47y = 0 for piecewise cubic o in the
last step.) O
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B General Neumann data

The nodal degrees of freedom of the Arnold—Winther stresses do not allow a nodal
interpolation of arbitrary Neumann data. As documented in [15,16] the performance
of the numerical method indeed suffers from that property.

In this work, the following alternative is proposed. Let g € L>(I"; R?) be the
Neumann data. Define g; := kljrzg where Hkl;z denotes the L2 projection onto
Pria(&(); R?). Note that g, may be discontinuous. Let o € H(div, £2; S) be any
piecewise polynomial stress approximation with o = g, on I'y. The explicit design
of such a particular solution is outlined in Appendix C below.

The proposed scheme is to seek a solution 0;? € X(0,.7) and uy, € Vj such that,
forall t;, € X (0, .7) and all v, € V},

/G,?:C_lrhdx—i—/ uh~divrhdx=/ uD-(thv)ds—/ ol . C 'y, dx
2 2 I'p

2
f vh-divahdxz—f(f+diV0P)-vhdx. (12)
2 2
Then o3, = 0’}? + o satisfies the Neumann boundary conditions along I as well

as —divoy, = f in £2. Note that this modification merely affects the right-hand side
while the system matrix remains unchanged.

The scheme allows for a direct a priori error analysis. The following result states a
quasi-optimal a priori error estimate provided o ¥’ is chosen sufficiently accurate.

Theorem 6 (a priori error estimate) The discrete solution (o}, uy) to the modified
scheme (12) satisfies

o —opllc-t S inf (a—a*—ap A+ 1T (f + div(ef +0F )
I nllc o7 I h Ic 1T (f (o, )

Proof The discrete inf-sup condition (with appropriate discrete test functions t, €
X (0,.7) and v;, € V}, with norm 1) and the discrete equations (12) show that, for any
o, € X(0,9),

loy — o lle-1 =+ 1 div(eyy — o)l + llun — Meul|
< (of — o, C_I‘L’h)Lz(_Q) + (div(o} — o), Vn) 2y + (div Ty, up — M) 120
=(op+0" —0,C ') 200y + UTk(divey + £ +dive” v 2
<llo = o — o Pllcm1 + T (f + div(oy + o).

The decomposition o, = 0}? — op and the triangle inequality
P 0
lo —onlic-1 < llo — oy —o"lic-1 + oy — o) llc-1
thus imply the stated bound. O
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The a posteriori error estimates from Theorem 1, Sects. 2 and 3 hold verbatim also
for this case. For the efficiency proof it is required that o ¥ is piecewise polynomial.
Appendix C proposes an explicit design as a discrete particular solution.

C Neumann boundary conditions

This section explains the modification of the lowest-order Arnold—Winther finite ele-
ment methods that requires a different treatment of the nodal degrees of freedom at
a vertex z on the Neumann boundary Iy in the presence of incompatible Neumann
data.

Two situations arise at the vertex z € .4 in the relative interior of Iy with neigh-
boring triangles 7 (z) = {T € 7 : z € N4 (T)} =: {T},...,T;} enumerated
counterclockwise. For J = 1 there is no option to modify nodal degrees of freedom to
allow for incompatible Neumann boundary conditions at the vertex z and one requires
J > 2 (resp. J > 3) in case the angle at the polygon [y is different from 7 (resp.
equal to 7). The idea behind the required modification of the Arnold—Winther finite
element space AW (.7) is to split the various degrees of freedom oawl;(2) € S for
j=1,...,J,which coincide in AW (7). This modification leads to some conform-
ing and piecewise Arnold—Winther space AW;(? ) C H(div, £2;S) and its modified
finite element space

' (gn, T) = Z(ITkg) NAW(T)
for the edgewise L2 projection IT;g of the Neumann data g.

Two triangles at an interior vertex of the Neumann boundary

In the first part suppose that J = 2 and that the node z is a vertex of the polygon I'y
with an interior angle w1 + wz # 7 for the interior angle w; of the triangle 7; at the
vertex z. Let o denote the angle of the edge E; C Iy in the global coordinate system,
so that the interior edge E» shared by 77 and 75 has the angle ¢ := o + w1, while
the remaining edge E3 C Iy has the angle 8 = o + w| + wy; the respective normals
VE,, VE,, and —vE, read (sin(y), — cos(y)) for ¥ = «, ¢, and B; vg, and vg, point
outwards of the domain.

Let (01({ ), O’l(é), az(é)) denote the three components of O’AW|T,. (z) e Sforj=1,2.

Those six variables (rather then three oﬁ ) — al(f) etc. for the classical nodal values of

AW) are required to satisfy boundary conditions
oawlt (e, = Mk(g1E) () and opylr (2)vE; = Mk(glE;)(2)
and, for H (div, §2; S)-conformity, the interface conditions

UAW'T] (Z)UEz = GA/Wsz (Z)UE2~
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This 6 x 6 linear system of equations has a unique solution (despite of possibly
incompatible conditions provided by IT; (g| g, ) (z) and IT; (g| £,) (z). The proof requires
the regularity of the corresponding 6 x 6 coefficient matrix

sine  —cos« 0
0 sino¢  —cos«
sing —cos¢ 0 —sing  cos¢ 0
0 sin ¢ —Ccos @ 0 —sing cosg
—sinfB  cospf 0
0 —sinfB  cospf

with empty space representing 2 x 3 zero blocks, which is multiplied with the coeffi-
cient vector
O @O 1 2 2 () 6
(011501275027, 011,013, 055) € R
representing (o4 |7, o4y l7>) at 2.
There are several ways to cross-check the regularity of this coefficient matrix. One
reduces it to the regularity of the 3 x 3 matrix

cos?a sina cosa sin «

cos? ¢ sing cos @ sin® ¢
cos? B sin B cos B sin® B

as follows. The following abbreviations apply throughout this section

m(y) == (cos? Y, sinyr cos sin? T and N(®¥) := <Sil(l)l// _sicr?f/fl// —cgs W) .

Any vector (x1, ..., X¢) in the kernel of the above displayed 6 x 6 coefficient matrix
satisfies in particular N (a)(x1, x2,x3)7 =0 € R2. Hence it is parallel to the cross-
product of the two row vectors in the 2 x 3 matrix N () and so (x1, x2, x3)7 ||m(«). The
same is true for (x4, Xs, x6)T||m(ﬂ). The remaining two conditions for (xi, ..., x¢)
to be a kernel vector read N (¢)(xq4 — x1, X5 — X2, X6 — )T = 0 € R? and so
(x4 — x1, x5 — X2, X6 — x3)||m(¢). This leads to (x1,...,x¢) =0 € RO if and only if
the displayed 3 x 3 matrix (m(«), m(¢), m(B)) T e R3:3is regular. Its determinant det
depends on w; and w; and noton « if one substitutes ¢ := a+w; and B := a+w+wy;
the elementary proof abbreviates the Vandermonde determinant

cos? sin cos sin?
det =:
» B
of a 3 x 3 matrix with columns determined by the three functions cos?, sin cos, sin?

and rows evaluated respectively at «, ¢, B. The derivative d det /d« of the determinant
det with respect to the variable reads

2 2 2

C0S“ €cOS“ — sin” sin
o ® B

2 2 2

C0s~ sin cos 2 sin cos
o @ B

—2sin cos sin cos sin
o ¢ B
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Each of these three determinants vanishes (for the columns are linearly dependent).
This proves that d det /0o = 0 and so one may choose without loss of generality
o = 0 to compute

det = sin(w) sin(wy) sin(w; + wy).

Since f — o = w1 + wy # m, det # 0 and the design of a minimum norm solution of
the above six conditions is feasible for any (in particular incompatible) discrete data.

Provided the angle at a node in the relative interior of the Neumann boundary is 7,
the design of this subsection may be infeasible (although solutions exist for discrete
compatible data) and J > 3 is required.

Three triangles at a node in the Neumann boundary

Suppose 7 (z) = {T1, T», T3} enumerated counterclockwise with interior angles
w1, w2, w3 at the vertex z and E; parallel to E4 on Twand wj +wr +w3 = 7
with 8 = o + 7. Let (ol({ ) al(é), 02(5)) denote the three components of o4 |7, (2) € S
for j = 1, 2, 3. With the aforementioned block matrices, the four Neumann bound-
ary conditions and the four interface conditions for H (div, §2; S)-conformity can be

summarized into a linear system of equations with the 8 x 9 coefficient matrix

N(a)
N+ w;) —N(x+ wp)
N(a + o) + @) —N(o + ) + @2)
N(a)
In order to prove that the design of (crl({ ), crl(%) e, 02(3)) e R%is always possible (even
for incompatible discrete Neumann data), it suffices to prove that this coefficient matrix
has full rank. The subsequent regular transformation matrix

2

—sino —cosa  cos“«
T :=| cosa —sinu sino cos«
sina  cosa sin? &
: 1 _1) (3) 9 G ) _UNT .
leads to a new set of variables (t;,", 7, ..., T5,’) € R” by (0,77, 057, 055)" =

T(rl({ ), rl(é), Tz(é))T for j = 1,2, 3. Elementary trigonometry shows

ﬁ(l/f _4) = NOY)T = (—cos(lp —a) —sin(y¥ — «) cosa sin(yr —oz)>'

sin(y —a) —cos(¥ — ) sina sin(y — o)

In particular, —N ()T is the unit matrix and shows that the kernel vectors
(Tl(i), TS) e rg)) € R? of the aforementioned 8 x 9 coefficient matrix satisfy
D=0 = ‘L’l(é) for j = 1 and j = 3. Moreover, the remaining components

11 =
12(%), tl(?, IS), 7:2(? , and 12(2) of a (transformed) kernel vector satisfy
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)

cos(wy) sin(w1) —2cosa sin(wy) —cosa sin(wy) 1
—sin(wq) cos(wy) —2sina sin(wy) —sina sin(wy) fl(g)
—cos(w] + wp) —sin(w] + wy) cosa sin(w] + wr) 2cosa sin(w] + wy) Tz(g) _ -,;2%) =0
sin(w) + wy) —cos(w) + wp) sina sin(w) + wp) 2sina sin(w] + w7) r2(g) _ ,[2(3)

It remains to prove that the determinant of this 4 x 4 coefficient matrix is nonzero,
because this proves 1_1(]2) =0= r]%) and 72(;) = 12(? = 2(3) and so the null space is
one-dimensional and the rank of the above 8 x 9 matrix is 8, i.e., all conditions can
be satisfied by a one-dimensional (whence non-empty) solution space.

The expansion of the determinant of the 4 x 4 coefficient matrix confirms that the
determinant is equal to —3 sin(w1) sin(wy) sin(w; + w>) and so negative for 0 < w; <

wl +wy <.

More triangles at a node in the Neumann boundary

The general situation is that there are J > 2 (resp. J > 3) triangles at anode z € 'y
in the relative interior of the Neumann boundary Iy with an interior angle # 7 (resp.
= 1) of the polygon I'y at z. The above analysis shows that the modified Arnold—
Winther space AW;((y ) C H(div, £2; S) allows for solutions for J = 2 (resp. J = 3).

In case that J is larger, one may choose a partition of 71, ..., T in two (resp. three)
groups T, ..., Ty, Txy1, ... Ty (vesp. T1, ..., T, Tg1s - - T, Tg+1, - .. Ty). Then
the extra constraint oy, |7, = ... = oyyln and ogyl7,, = ... = o4y lr, for each

group reduces the discussion to the above calculations with two triangles (resp. to the
calculations with three triangles).

Modified Arnold-Winter FEM for Neumann boundary

The implementation of nodes at the Neumann boundary concerns only z in (the relative
interior of) I'y in case of incompatible discrete Neumann data. The most general case
may be implemented via Lagrange multipliers for the interface conditions of the nodal
values of oyy|7; (z) in AW, (7)) C H(div, £2; S).
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