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4. Energy-dissipation formulations Lt

One equation @ = V(u) may have different gradient structures:
@ Gradient structure @ = —K(u)E(u) is additional physical information.

¥ Different physical problems may have the same PDE but different GS.
heat equation 6 = A# + @ = Aw diffusion equation

? In a multiscale problem only certain GS may have a pE-limit
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One equation @ = V(u) may have different gradient structures:

@ Gradient structure @ = —K(u)E(u) is additional physical information.

¥ Different physical problems may have the same PDE but different GS.
heat equation 6 = A# + @ = Aw diffusion equation

? In a multiscale problem only certain GS may have a pE-limit

# Even more dramatic: Different gradient structures
may lead to different effective equations!

Tartar 1990: Nonlocal homogenization of hyperbolic equations:
Q=10,/], u®(t,x) € R
s (t,x) = —a(x/e)u®(t, x) soln. u® (¢, x) = u®(0, ) exp (—ta(z/¢))

Problem u¢(0,-) — ug # u®(t,-) = ug exp(—t aesr)
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4. Energy-dissipation formulations Gebey

Philosophy: GS of | @°(¢t,x) = —a(x/e)u®(t,z) | is important!

(X, &, R.) with X = L2(0)
(A) Ec(u) = [, Xy ()2 da and R, (%) = [ L

r
Ec = Eharm 1 U > [, “hEmytdy R. =R

Guess (A) for limi . Brids 2019
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Philosophy: GS of | @°(¢t,x) = —a(x/e)u®(t,z) | is important!

(X, &, R.) with X = L2(Q)

(A) €c(u) = Jo “fFu(e)’ de and Re (i) = Jo3i
e Eharm U — [, Thamy2 dy R. = R
Guess (A) for limit (cf. Braides 2013)
(B) &:(u) = &(u) = [, su(z)?dz and R ( fQ 2a(x/g) w(z)? dx
E.=¢& Re (1) = N 0 5—u?de

arlt

Guess (B) for lmi

Is (A) or (B) correct? Or both? or None?
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Philosophy: GS of | @°(¢t,x) = —a(x/e)u®(t,z) | is important!
(X, &, R.) with X =L?(Q)
(A) €c(u) = Jo “F P u(@)*dz and R (i) = Jo 5

r
Ec = Eharm 1 U > [, “hEmytdy R. =R

Guess (A) for limi . Brids 2019

(B) Ec(u) = &(u) = [, su(z)?d and R ( fQ 2a(x/g) w(z)? dx

w?dx

Q2a

arlt

Guess (B) for lmi

Is (A) or (B) correct? Or both? or None?
Neither (L?(Q),&.,R) nor (L2(Q), €, R.) do pE-converge!

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 40 (76) AQ



4. Energy-dissipation formulations Loty

Two other gradient structures inspired by different physics
(namely by transport theory and growth or death of species)

X\ = M>0(§) non—negative Radon measures
(C) &.( = o af z)dz and R ( = /5 Uz)®
Dang(u, 1) = g —a(%) = —Dﬁg(u) PDE is OK

(D) E(u) = J, srmyulz) da and Re(u, i) = [ gord— da

Duﬁa(u, U) — W — —m — —Dé\g(U) PDE iS OK
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Two other gradient structures inspired by different physics

X\ = M>0(§) non—negative Radon measures
(C) &.( = o af z)dz and R ( = /5 Uz)®
Dang(u, 1) = g —a(%) = —Dﬁg(u) PDE is OK

(D) E(u) = J, srmyulz) da and Re(u, i) = [ gord— da

Duﬁa(u, U) — W — —m — —Dé\g(U) PDE iS OK

(C) Emin(u) = fQ AminwdT ~ U = —Gminu Different effective equations
)

L udz ~ 0= —amaxt depending on choice of GS!

max

W\
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4. Energy-dissipation formulations Loty

Sketch of proof for case (C) [(D) is analogous, cf.Survey'16]:
fo a(x/e)du(x) is a linear energy functional in Xy

o Rg(u,u) = Ru(u, ) = [, u*/(2u)dz is a state-dependent dissipation
potential that induces Hellinger distance dy(ug, u1) = 2||\/u1 —+/ug||1.2

~

(EDB) &.(u(T)) + [ (Re(ue, ) + R (uzy —DE(u))) At = E.(uc(0))
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4. Energy-dissipation formulations Gebey

Sketch of proof for case (C) [(D) is analogous, cf.Survey'16]:
fo a(x/e)du(x) is a linear energy functional in Xy

o Rg(u,u) = Ru(u, ) = [, u*/(2u)dz is a state-dependent dissipation
potential that induces Hellinger distance dy(ug, u1) = 2||\/u1 —+/ug||1.2

~

(EDB) &.(u(T)) + [ (Re(ue, ) + R (uzy —DE(u))) At = E_(u-(0))

~

(1) Well-Preparedness gives . (u=(0)) = Emin(w(0)) := [, aminto(z)dz.
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=

Sketch of proof for case (C) [(D) is analogous, cf.Survey'16]:
fo a(x/e)du(x) is a linear energy functional in Xy

o Rg(u,u) = Ru(u, ) = [, u*/(2u)dz is a state-dependent dissipation
potential that induces Hellinger distance dy(ug, u1) = 2||\/u1 —+/ug||1.2

~

(EDB) &.(u-(T)) + [ (Re(ue, ) + Ry (uz, —DE(u))) At = E.(uc(0))

(1) Well-Preparedness gives & (u=(0)) = Emin(w(0)) := [, aminto(z)dz.

(2) Using a(z/€) > amin gives Ee(u) > Emin(u)
Using linearity of &o gives ue — u = liminf & (ue) > Emin(w)
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4. Energy-dissipation formulations Loty

=

Sketch of proof for case (C) [(D) is analogous, cf.Survey'16]:
fo a(x/e)du(x) is a linear energy functional in Xy

o Rg(u,u) = Ru(u, ) = [, u*/(2u)dz is a state-dependent dissipation
potential that induces Hellinger distance dy(ug, u1) = 2||\/u1 —+/ug||1.2

~

(EDB) &.(us(T)) + [, (Re(ue,e) + Rip(ue, —DE(u))) At = E.(uc(0))

(1) Well-Preparedness gives & (u=(0)) = Emin(w(0)) := [, aminto(z)dz.

(2) Using a(z/€) > amin gives Ee(u) > Emin(u)
Using linearity of &o gives ue — u = liminf & (ue) > Emin(w)

(3) With Rf;(u, &) = [, 26%dz and £ = DE.(u:) = a., the dissipation is
f()T (RE(/U’&‘),&E) _|_ R: (u&‘) _Das(Us))) dt — fOT foe ( e ‘|‘%ag) dxdt

2Uu¢

* . 2 .
Estimate a2 > a2, use ue — u and convexity of (u,v) — 5— to obtain

hmmffo fO(Q% +%a )dacdt >f0 fo( -|-“a§“n)da;dt fOT(RH(u,u)+RE(U,'DEmin(u)))

e—0
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4. Energy-dissipation formulations Loty

=

Sketch of proof for case (C) [(D) is analogous, cf.Survey'16]:
fo a(x/e)du(x) is a linear energy functional in Xy

o Rg(u,u) = Ru(u, ) = [, u*/(2u)dz is a state-dependent dissipation
potential that induces Hellinger distance dy(ug, u1) = 2||\/u1 —+/ug||1.2

~

(EDB) &.(u(T)) + [ (Re(ue, ) + R (uzy —DE(u))) At = E.(uc(0))

(1) Well-Preparedness gives & (u=(0)) = Emin(w(0)) := [, aminto(z)dz.

(2) Using a(z/€) > amin gives Ee(u) > Emin(u)
Using linearity of &o gives ue — u = liminf & (ue) > Emin(w)

(3) With Rf;(u, &) = [, 26%dz and £ = DE.(u:) = a., the dissipation is
f()T (RE(/U’&‘),&E) _|_ R: (u€7 _Das(U6))) dt — fOT foe ( e ‘|‘%ag) dxdt

2Uu¢

* . 2 .
Estimate a2 > a2, use ue — u and convexity of (u,v) — 5— to obtain

lim inff, f0<2u€ +%qZ)dzdt Zfon(f(%—i—%aﬁﬁn)dxdt :fOT(fRH(u,u)+Rﬁ(u,-ngin(u)))

e—0

(1)—(3) show that w is a solution of (EDE) for (X1, Emin, Ru). ]

W\
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4. Energy-dissipation formulations Lol

(EDE) &.( +f0 )+ RE(us, —DE(uf))dt < E-(us(0))

EDE is quite flexible e general R.(u,-) e A.-conv. of €. not needed
e convergence of individual terms not needed

It suffices to find (X, €y, Rp) and M such that

e - & @ Chain rule holds for (X, &g, Ro)

W\
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4. Energy-dissipation formulations Loty

(EDE) &.( +f0 )+ RE(us, —DE(uf))dt < E-(us(0))

EDE is quite flexible e general R.(u,-) e A.-conv. of €. not needed
e convergence of individual terms not needed

It suffices to find (X, €y, Rp) and M such that

e, - 80 @ Chain rule holds for (X, &g, Ro)

L fo dt < liminf, fOT (Re(uf, 4%)+RE(us, —DE. (uf))) dt
(a) ( )2 —(D&o(u),v) and

(b) M(t,v) — —(DE(u),0) —
Pamark. Ro(u, v)+RE(u, —DEy(u)) = —(DEy(u), v)

M(u,v) > Ro(u,v)+R5(u, —DEp(u)) is suffic. for (a,b) but not necessary!
Even, passage from quadratic R.(v) = r.||v||%
to 1-homogeneous Rg(v) = rol|v||% is possible!

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 43 (76) AQ



4. Energy-dissipation formulations Lt

From diffusion to transmission (a case of dimension reduction)
(Liero’12 PhD thesis, Liero-M-Peletier-Renger'2015 WIAS preprint 2148)

Consider diffusion in |—[, | with much lower mobility in thin layer |—¢, €|:
a fore < |x| <,

t = div(As(z)Vu) + Neum.BC| with A.(x) =
eb for |z| < e

thin
layer T x
‘ > »

|
Ee( :fQAB ))daz with A\g(2) = zlogz —2+1>0
RE(u, &) = 3 [ A- )¢ (2)? dw quadratic Wasserstein diffusion

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 44 (76) AS



4. Energy-dissipation formulations Lt

From diffusion to transmission (a case of dimension reduction)
(Liero’12 PhD thesis, Liero-M-Peletier-Renger'2015 WIAS preprint 2148)

Consider diffusion in |—[, | with much lower mobility in thin layer |—¢, €|:

f < <,
t = div(A:(x)Vu) + Neum.BC | with A (z) = { a fore <l

eb for |x| < e

le@s) \r\po(t )
membrane

with Rg(u, &) = 5 f L0 ul¢'|?dz + % f()l ulé'|? da Wasserstein diffusion

+ by/u(07 )u( (Cosh (§(§(O+)—§(O_)))—1) non-quadratic

W\
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4. Energy-dissipation formulations

cccccccccccccccccccccc

Limit gradient system (L (2), &, Rj) with &(u
R (u, &) = 5 f 1,0 u\§’|2da:—|— b foz u|f/‘2dx

+b\/u

Chemical potential £(x) = DE(u)(x)

Transmission cond. arises from u = DgiR*(u

= log u(x)
—DE&(u)) via integr.by parts:

r=0": au(0T)&(0")=—by/u(0-

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016

= 1, A (u

3 sinh (3(£(0%)—¢(07))

45 (76)

))dx and

) (cosh (5(£(07)—£(07)))—1)



4. Energy-dissipation formulations Lt

=

Limit gradient system (L (2), &, Rj) with &(u f A (u(z))dx and
Ro(u, &) = 5 f 1,0] u\§’|2da:+ 2 fol u|f/‘2dx
+ by/u(07)u(0) (cosh (5(£(0T)—£(07)))—1)

Chemical potential £(z) = DE(u)(x) = log u(x)

Transmission cond. arises from u = DgiR*(u —DE(u)) via integr.by parts:

r=0": au(0T)&(0")=—by/u(0- 2 sinh (2(£(0%)—=¢£(07))
au/(07) = —b( (O+)— (O_))

r=0": au'(07) +b(u(0T)—u(07))

& Linear transmission conditions arise in nontrivial nonlinear way.

® Obtain Marcelin-de Donder kinetics (as used in physics) for membrane.

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 45 (76) AQ



4. Energy-dissipation formulations Lt

Since . = € the evol.I'-convergence follows easily using the next result.

Proposition. Define the time-space functional
T

Tl 1 2 w2
Je(u) = [(Re(u, 0)+R:(u,-logu)) de = of{( (2%‘8&3;21/ +A€(x2),l§ ) )dajdt,

0
T

then J. — Jo in L1 ([0, T)x ) with Jo(u) = [(Ro(u, 0)+RE(u,-log u))dx.

0

# The Sandier-Serfaty approach does not work:
For general u (not solutions u. — u) we have separate I'-limits

o U fO (u,0)dt = gve.oc S fOT Ro dt
° U —> fo 92; 1ogu)dt Jslope = fo R (-, -log ) dt

® There is a non—tr|V|a| interplay between the two terms,
recovery sequences for Jyeloc and Jsiope are different:  Jo = Jveloct+dsiope

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 46 (76)




4. Energy-dissipation formulations

cccccccccccccccccccccc

l
|dea of the proof of proposition:  J.(u) = / (
—

"

(J7, ady)®

_|_

24 (x)u

r forx €

Blow up of membrane to size 1: = = X. (&) = ¢ 222U for 5 ¢

\
Setting 4(2) = w(X. (%)) and @.(Z) := Ag)(jfé;ﬂ))

xC _71<(f"”1m;@>d@)2 . (5) (i)

24.(2)4 24

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016

1+22
rz—1 forx €

Ac (z) (u')?
50, ) dx

:_l7 _6]7

—e, 1+€],

1+¢, [4+1].

€ {a,b} yields transformed fnctl

47 (76)
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4. Energy-dissipation formulations Gebey

Leibniz-Gemeinschaft

J2, indy)” As<x><u’>2> da
24 (x)u 2u

l
|dea of the proof of proposition:  J.(u) = / <( 4+
—1
( _
z forz € |-, —¢],

Blow up of membrane to size 1: =z = X.(Z) = « % for & € |—e, 1+€],

z—1 for & € [1+¢,l41].

\
Setting 4 (2) = uw(X:(2)) and a-(2) := As)((),(&(;ﬁ)) € {a,b} vyields transformed fnctl

[+1 & 2
A @) )@
J-() = / ( 2%. (2@ 2

~ LT T T T
>dx — Jo = 3[_1,o]+3memb—|—5[1,l+1]

1 2 ~ 1\ 2 0
~ . o b(u') . / Ly 1
h mem — .~ ~ d th — d — t-
where  Jmemb (1) /0 (Qbu + 5% ) T with « u(y)dy = cons

—1

B2+ (@) 1. | u(0) =

1
Now we use min{ | ~
0 2Uu

= /u(0~)u(0+) (6(\/u(0_ﬁ)u(0+)) + & (log ZESJ_F% )) with &* (&) = 4 cosh(

N~

§)—4

W\
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4. Energy-dissipation formulations Gebey

cccccccccccccccccccc

Aim: Derive dry friction as evol. I'-limit of viscous friction

(Ra 887 \Ij&‘) eV40|> (R7 807 \IJO)

where U, (v) = 5-v? (quadratic)

and Yy(v) = p|lv| (one-homogeneous) —O
Here £.(%,) is a wiggly energy landscape AVALAVAUAUAN
James '96, Puglisi& Truskinovsky '02,’05 Prandtl Gedankenmodell 1928
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4. Energy-dissipation formulations Gebey

ccccccccccccccccccccc

Aim: Derive dry friction as evol. I'-limit of viscous friction

(Ra 867 \IJ&‘) LOI> (R7 807 \IJO)

where W_(v) = <02 (quadratic)

and Yy(v) = p|lv| (one-homogeneous) —O

Here £.(%,) is a wiggly energy landscape AVALAVAUAUAN

James '96, Puglisi& Truskinovsky '02,’05 Prandtl Gedankenmodell 1928

Driven gradient system (R, ., U,) Ec(t,u)

Ee(t,u) = su” — L(t)u +epcos(u/e) 3
macros:gpic part wiggly part
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4. Energy-dissipation formulations Gebey

ccccccccccccccccccccc

Aim: Derive dry friction as evol. I'-limit of viscous friction

(Ra 867 \Ij&‘) LOI> (R7 807 \IJO)

where W_(v) = <02 (quadratic)

and Yy(v) = p|lv| (one-homogeneous) —O

Here £.(%,) is a wiggly energy landscape AVALAVAUAUAN

James '96, Puglisi& Truskinovsky '02,'05 Prandtl Gedankenmodell 1928

Driven gradient system (R, ., U,) Ec(t,u)

Ee(t,u) = su” — L(t)u +epcos(u/e) 3
macros:gpic part wiggly part

E(t,u) — &o(t,u) = su? —L(t)u+0 and V. — Uy =0

However, u = lim u° does not solve 0 = —D,, & (¢, u(t)) !

W\
A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 48 (76) AQ



4. Energy-dissipation formulations Gebey

cccccccccccccccccccc

Simulation:  €.(¢,u) = 2u® — £(t)u — e cos(u/e),
((t) = 2sint +0.3t, ¢q(0) = —1.0, &*=10""

u, f

e=0.125
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4. Energy-dissipation formulations

ccccccccccccccccccccc

Simulation:  €.(¢,u) = 2u® — £(t)u — e cos(u/e),
((t) = 2sint + 0.3,

e=0.125 '

e =0.125

—1.0, e*=10""
4 u, b
TH 2 \K/ 6
e=0.05 '
s
fﬁj
FJI B
rJ
n
e = 0.05

For ¢ — 0 (vanishing oscillations and vanishing viscosity):
Convergence to a rate-independent hysteresis operator

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016

49 (76)




4. Energy-dissipation formulations Gebey

eeeeeeeeeeeeeeeeeeee

Ee(t,u) = su® — L(t)u+epcos(ufe), W.(v)= C0? W) = S g2

Use (EDE) &.(T, uc(T)) + Je (us) = - (ug(O)) with

I (u) :f\ps(u)w (—=DE&.(t,u))dt > f e?)|ul[DE.(t, u)|+ L5 DE(t,u)? dt

A. Mielke, Evolutionary I"-convergence, Berlin, 29.8-2.9.2016 50 (76) AS)



4. Energy-dissipation formulations Lt

Ee(t,u) = su® — L(t)u+epcos(ufe), W.(v)= C0? W) = S g2

Use (EDE) E(T, ue(T)) + e (ue) = &o (ug(O)) with

f\p —DE.(t,u))dt > f e?)|ul[DE.(t, u)|+ L5 DE(t,u)? dt
Proposition: u° ~» u? — liminf J. (u®) > f (u ,uo,t) dt with
e—0 0
M(u,0,8) = [l K (68)—u) + Xpppy (E(E)—1) and K(€) = 5= [2|¢+pcosyldy

K (&) = [¢] for |¢] > p and K (&) 2 [¢] for [§] <p =
M(u,v,t) > |v| [l(t)—u| > —vDEo(t, u) — ... — Uo(v) = plv]

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 50 (76) AS)
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5. Evolutionary variational inequality (EVI)

6. Rate-independent systems (RIS)
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5. Evolutionary variational inequality (EVI) %

Ambrosio-Gigli-Savaré'05, Daneri-Savaré'08'10
Gradient system (X, &, R) with quadratic R(u,v) = 2(G(u)v, v)

# Geodesic distance dy : X x X — [0, 00| defined via
dep (ug,ur)? = inf{ [} 2R(@,w)ds | ug ~> uy }

~

@ u:[sg,s1] — X is called a geodesic curve in (X, dx)
if de(u(r),u(t)) = t—r|dx(u(so),u(s1)) for all r,t € [sq, s1]

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 51 (76) AS



5. Evolutionary variational inequality (EVI) Do

Ambrosio-Gigli-Savaré'05, Daneri-Savaré'08'10
Gradient system (X, &, R) with quadratic R(u,v) = 2(G(u)v, v)

# Geodesic distance dy : X x X — [0, 00| defined via
dep (ug,ur)? = inf{ [} 2R(@,w)ds | ug ~> uy }

~

@ u:[sg,s1] — X is called a geodesic curve in (X, dx)
if de(u(r),u(t)) = t—r|dx(u(so),u(s1)) for all r,t € [sq, s1]

® €: X — R is called geodesically \-convex on (X, dy) if

~

s+— E(u(s)) — )\di’z(QA‘/(S‘?’Q)’ﬂ(s))2 is convex on [sg, s1] for all geod. u

Trivial but useful and important case: Hilbert spaces!!
G(u) = Ge =const. = dx_(ug,u1) = ||[ur—uollc. with [[w|Z_ = (Gew,w)
Then, € geod. MA-convex on (X,dg.) <= D?€ > )G,
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5. Evolutionary variational inequality (EVI) %

Formulations used so far:
(i) 0€ G(u)u+ DE(u) (i) u = —=Vg&(u) = —K(u)DE(u) (iii) ...
(EDE) &(u(T)) + [ R(u,u)+R*(u, —DE(u))dt < &(u(0))

Truely derivative-free reformulation for \-convex gradient system

Theorem [AGS’05] (Benilan'72: Hilbert-space case d = dg_,,..)

If (X, ¢&,G) is geodesically A\-convex, then
(|) (i) & (iii) & (EDE) & (EVI), < (EVI'),

where

w)? + E(u(t)) < E(w)

fort >0, weX
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5. Evolutionary variational inequality (EVI) %

Formulations used so far:
(i) 0€ G(u)u+ DE(u) (i) u = —=Vg&(u) = —K(u)DE(u) (iii) ...
(EDE) &(u(T)) + [ R(u,u)+R*(u, —DE(u))dt < &(u(0))

Truely derivative-free reformulation for \-convex gradient system

Theorem [AGS’05] (Benilan'72: Hilbert-space case d = dg_,,..)

If (X, ¢&,G) is geodesically A\-convex, then
(|) (i) & (iii) & (EDE) & (EVI), < (EVI'),

where

w)? + E(u(t)) < E(w)

fort >0, weX

Exercise:
(a) Prove (EDE) < (EVI), (b) Prove (EVI)y, < (EVI')
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5. Evolutionary variational inequality (EVI) %

Formulations used so far:
(i) 0€ G(u)u+ DE(u) (i) u = —=Vg&(u) = —K(u)DE(u) (iii) ...
(EDE) &(u(T)) + [ R(u,u)+R*(u, —DE(u))dt < &(u(0))

Truely derivative-free reformulation for \-convex gradient system

Theorem [AGS’05] (Benilan'72: Hilbert-space case d = dg_,,..)

If (X, ¢&,G) is geodesically A\-convex, then
(|) (i) & (iii) & (EDE) & (EVI), < (EVI'),

where

w)? + E(u(t)) < E(w)

fort >0, weX

b no derivatives of €. and R, appear ~ ideal for I'-convergence

B no time derivative u is involved
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5. Evolutionary variational inequality (EVI) s
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e)vr

(EVI')x S—de(u(t+7),w)? — 1d:(u(t),w)? < eATT_l(éEg(w) — & (u(t+71)))
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5. Evolutionary variational inequality (EVI) -6{@
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e)vr

(EVI')x S—de(u(t+7),w)? — 1d:(u(t),w)? < eMT_l(Sa(w) — & (u(t+71)))

The relatively strong assumption d. “X" d in X means
u: =~ u & we ~win X = de(ue,w:) — d(u,w)

This can be weakened to ch
Gromov-Hausdorff convergence (X,d.) — (X, d).
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5. Evolutionary variational inequality (EVI) %

e)vr

(EVI')x S—de(u(t+7),w)? — 1d:(u(t),w)? < eMT_l(Sa(w) — & (u(t+71)))

Sketch of proof:  w. solves (EVI'), for (X, &.,d:)
e c-uniform bounds from (EVI')y = wu._(t) — u(t) for all t € [0, T
e Pass to the limit in (EVI') using
recovery sequence w. — w with &.(w:) — &(w)
= de(ue(t+7),w:) — d(u(t+7),w) and de (ues(t), ws) — d(u(t), w)
=  E(u(t+7)) < liminf.0 Ec(us(t+7)) by I'-liminf estimate

e Hence, u : [0,T] — X satisfies (EVI') for (X, €&, d) QED

A. Mielke, Evolutionary I'-convergence, Berlin, 29.8-2.9.2016 53 (76) AS)
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