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ABSTRACT. Koszul modules and their associated resonance schemes are objects appearing
in a variety of contexts in algebraic geometry, topology, and combinatorics. We present a
proof of an effective version of the Chen ranks conjecture describing the Hilbert function of
any Koszul module verifying natural conditions inspired by geometry. We give applications
to hyperplane arrangements, describing in a uniform effective manner the Chen ranks of the
fundamental group of the complement of every arrangement whose projective resonance
is reduced. Finally, we formulate a sharp generic vanishing conjecture for Koszul modules
and present a parallel between this statement and the Prym—Green Conjecture on syzygies
of general Prym canonical curves.

1. INTRODUCTION

Originating in topology [30,32] in the guise of the infinitesimal Alexander invariant and
taking advantage of the influential idea of formality in rational homotopy theory [43], Koszul
modules turned out to be important algebraic objects on their own, being instrumental in
the resolution of major open questions in algebraic geometry, like Green’s Conjecture on
the syzygies of a general canonical curve in arbitrary characteristic [1]. Further applications
of Koszul modules to the study of Torelli groups, Kéhler groups, Stanley-Reisner rings, or
to vector bundles on algebraic varieties were presented in [2, 3,4, 5].

The original Chen Ranks Conjecture [39] predicts the large degree behavior of fundamen-
tal homotopical invariants associated to a hyperplane arrangement in terms of the linear
combinatorial data of the arrangement. The conjecture has been one of the guiding prob-
lems of the field, see [14,17,33,37,38,12,41,42]. The main aim of this paper is to present
an optimal effective version of a Chen Ranks Conjecture for arbitrary Koszul modules.

We explain the basic setup. Let V' be an n-dimensional complex vector space and denote
by S := Sym(V') the symmetric algebra on V. We fix a subspace K < /\2 V. The Koszul
module W(V, K) is the graded S-module defined as the middle homology of the complex

1)
Kgg res, VeSs(1) -2 5(2), (1.1)

where 63: A?V®S — V®@S(1) is the Koszul differential (uAv)® f 3 v®(u- f)—u®(v-f),
for u,v € V and f € S, while ¢; is the multiplication map. The degree ¢ part Wy(V, K) of
the Koszul module is then the vector space

Wy(V,K) = homology{K ® Sym?V 2. v Sym?*! vV SLIEN Symd+2 V}.
1
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From the exactness of the Koszul complex we obtain W, (V, /\2 V) = 0; at the other end,

the space W, (V,0) = ker{V ® Sym?t1 vV LN Sym?+?2 V} may be identified with the space
H°(P,Qp(q + 2)) of twisted 1-forms on the projective space P := P(V"). It has been
established [32] that the support of the Koszul module W (V, K) is equal to the resonance
variety R(V, K) defined as the locus

R(V,K) := {a € V'V : there exists be V'V such that a A b e KL\{O}} v {0}. (1.2)

Thus W,(V,K) = 0 for ¢ » 0 if and only if R(V,K) = {0}. This condition can be
rephrased in algebro-geometric terms as GNPK* = &, where G := Gro(V") < P( A2 V)
is the Grassmannian of 2-dimensional quotients of V' and K+ = ( /\2 V/K )v c /\2VV is
the orthogonal of K. The main result of [2] is a sharp effective characterization of Koszul
modules with trivial resonance. Precisely, one has the following equivalence

R(V,K) ={0} < W,(V,K) =0, forall¢g>n-—3. (1.3)

For the Koszul module corresponding to V = Sym” ' U and K = Sym?" 41U /\2V,
where U = C2, it has been proved in [1, Theorem 1.7] that the vanishing (1.3) is precisely
the statement of Green’s Conjecture [22,46] on the vanishing of the Koszul cohomology
groups of syzygies of a general canonical curve of genus 2n — 3.

1.1. Chen ranks of Koszul modules. Koszul modules with vanishing resonance form a
restrictive class of modules, which limits the applicability range of (1.3). A typical example
of geometric nature is when X is a quasi-projective variety (e.g. a hyperplane arrangement),
V = Hy(X,C), and K is the kernel of the cup-product map A*H'(X,C) — H?*(X,C).
In this case the resonance R(X) := R(V, K) rarely vanishes, yet it is of great interest to
determine the Hilbert function of the corresponding Koszul module, which has important
implications for the study of the fundamental group 71 (X), see [2,17,32], or for understand-
ing the support loci for local systems on X, see [6,23]. The aim of this paper is to solve
this problem in a general algebraic setting for all Koszul modules whose resonance satisfies
natural conditions inspired by geometry and topology.

Given a subspace K = A?V, we say that the resonance R(V, K) is linear if it is a union
R(V,K)=V] u---uV}, (1.4)

of linear subspaces, where each V;/ C V'V is a subspace corresponding to a quotient V — V.
We say that R(V, K) is isotropic, if it is linear and A?V, < K*, for all t. Moreover, we
say that the resonance is strongly isotropic, if it is isotropic and furthermore

(Vtv/\VV)mKiz/\QVtv, fort=1,... k. (1.5)
We refer to [4] for background on these concepts. When X is a smooth quasi-projective

variety, then R(X) is always linear and if the mixed Hodge structure on H'(X,C) is pure,
then R(X) is isotropic, cf. [17, Theorem C].
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Behind the definition of strong isotropicity lies the natural scheme structure of a resonance
variety. If I(V, K) is the annihilator of the Koszul module W (V, K), the projective scheme
defined by this ideal is the projective resonance

R(V,K) := Proj(S/I(V,K)).

It follows from [4, Theorem 1.1] that for an isotropic Koszul module the resonance R(V, K)
is strongly isotropic if and only if R(V, K) is reduced. The projective resonance R(V, K) is
the image via a natural incidence correspondence of the linear section

B(V,K):= G nPK", (1.6)

of the Grassmannian G. We identify B(V, K') with the base locus of the linear system |K|
on G, where K < /\2V =H° (G, Og(l)) and refer to Section 2 for a detailed discussion.

We now state the main result of this paper.

Theorem 1.1. Let V be an n-dimensional complex vector space and let K < /\2V be a
subspace such that the resonance R(V, K) = V{ U U V,Z is strongly isotropic. Then

k
dim Wy (V,K) = Z dim W,(V,0), for all q>n—3.
=1

Note that when R(V, K) = {0}, Theorem 1.1 specializes to the main result of [1,2], that
is, to the statement W,(V, K) = 0 for ¢ = n — 3, referred to in (1.3). It was shown in [2]
that the vanishing (1.3) is sharp, therefore the bound n — 3 in Theorem 1.1 is sharp as well.
The proof of Theorem 1.1 is based first on the fact that if R(V, K) is strongly isotropic,
then the base locus B(V, K) is a disjoint union of sub-Grassmannians

B(V,K)=G;u--uGyg,

where Gy := Gry(V,') € G. The condition that B(V, K) be scheme-theoretically a disjoint
union of sub-Grassmannians is a geometric manifestation of strong isotropicity and suffices
for the proof. Under this hypothesis, we construct a morphism of graded S-modules

WV, K) — @ W (Y0 (L7)
t=1

which is an isomorphism for degrees ¢ = n — 3. This yields the claimed formula for the
Hilbert function of the Koszul module W (V, K). It also proves that the algebraic condition
of strong isotropicity and the geometric condition that the base locus be a disjoint union of
sub-Grassmannians are equivalent, specifically:

Corollary 1.2. Let K < /\2 V be as above such that R(V,K) = V| u---0V} is isotropic.
Then R(V, K) is strongly isotropic if and only if we have the scheme-theoretic equality

B(V,K) =Gy - LGy,

For Corollary 1.2, we use [4, Corollary 5.2] stating that an isotropic projective resonance
with disjoint irreducible components is separable if and only if it is reduced. If B(V, K) is
finite, the converse implication can be proved directly, see Proposition 4.9 .
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Corollary 1.3. Let K < /\2 V' be as above, such that R(V, K) is strongly isotropic. Then
the Castelnuovo—Mumford regularity of W(V, K) is at most n — 3.

Corollary 1.3 is a consequence of the proof of Theorem 1.1, in particular of the proper-
ties of the morphism (1.7). Indeed, the graded modules W (V;,0) are all O-regular, which
implies that their truncations W(V;,0)>(,—3) are (n — 3)-regular, hence from (1.7) also
W(V, K)s(n—3) is (n — 3)-regular, therefore the regularity of W(V, K) is at most n — 3. It
would be very interesting to obtain an upper bound for the regularity of arbitrary Koszul
modules in the absence of any assumption on their support. For such bounds in the case of
Koszul modules associated to simplicial complexes, we refer to [3].

The proof of Theorem 1.1 is technically elaborate and we will provide an outline of it
and the end of the Introduction. When the linear section (1.6) is finite, we compute the
Hilbert function of the Koszul module in the absence of any hypothesis on R(V, K).

Theorem 1.4. Let (V,K) be a pair such that B(V, K) is finite of length £. Then
dim Wy(V,K)=¢-(q¢+1), for ¢=n—3. (1.8)
For transverse intersections, Theorem 1.4 can be made more precise, see Corollary 3.6.

Applications of Theorem 1.4 to the fundamental groups of certain (non-Kéhler) Calabi-Yau
3-folds are discussed in Example 3.4.

1.2. Chen ranks of groups. In order to describe the lower central series of groups of
geometric origin, K.T. Chen [9] introduced certain invariants, which eventually led to the
definition of Koszul modules. For a finitely generated group G, we denote by

G=T1(G) 2 2T4(G) 2T4+1(G) =2 - -

its lower central series. Then Chen ranks 04,(G) of G are the lower central series ranks of
the metabelian quotient G/G" of G, where G” := [[G, G], [G, G]]. Precisely, one defines

04(G) :=rank 'y (G/G") /Tq41(G/G"). (1.9)
The Koszul module of the group G is then obtained by setting
W(@G) = W(V,K),

where V := Hi(G,C) and K* = ker{ug: A’H'(G,C) — H?*(G,C)}. Similarly, the
resonance variety of G is defined as R(G) := R(V, K). It is shown in [30], based on earlier
work of Massey [28] that 6,12(G) < dim W,(G), with equality if the group G is 1-formal
in the sense of Sullivan [43]. Note that W(G) being an invariant constructed out of the
cup-product map U, it makes no distinction between G and its metabelian quotient G/G”.

For the free group F,,, as originally computed in [9] one has

0y+2(Fyn) = dim W, (Hy(F,n, C),0) = (g + 1) @:qq)

Applying Theorem 1.1, we obtain the following result:
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Theorem 1.5. Let G be a finitely generated 1-formal group and assume its resonance R(Q)
is strongly isotropic. If h,, denotes the number of m-dimensional components of R(G), then

04(G) = . hm - 0q(Fr), for q=b1(G)— 1.

m=2

In the absence of the assumption that R(G) be strongly isotropic, as shown in [12,42] in
the case some relatives of the braid group like the upper McCool groups, one cannot expect
a Chen ranks formula like in Theorem 1.5. In this sense, Theorem 1.5 is optimal.

Theorem 1.5 can be applied to determine in an effective manner the Chen ranks of
prominent groups, like the pure string motion group PY, of those automorphisms of the
free group F;, mapping each generator to one of its conjugates. The homology algebra
H*(PX%,,C) has been described in [25], in particular by (PX,) = n(n — 1). Using Cohen’s
description [11] of the resonance of PY, and that in this case the resonance is strongly
isotropic [12, Theorem B|, by applying Theorem 1.5, we obtain the following formula:

n

0,(P%,) = (q—1) <2> + (2 —1) (g) for q=n(n—1)— 1. (1.10)

1.3. Suciu’s Conjecture on Chen ranks of hyperplane arrangements. A major
source of groups for which the assumptions of Theorem 1.5 are satisfied is provided by the
fundamental groups of hyperplane arrangements. Chronologically, this was one of the main
motivations for which the theory of Koszul modules has been developed.

For a hyperplane arrangement A in C™, let M(A) := C™\|Jyc4 H be the complement
of the arrangement. We denote by L(A) the associated intersection lattice (matroid). The
cohomology H* (M (A), (C) is determined by the intersection lattice and is isomorphic to
the Orlik-Solomon algebra A(A) = E(A)/I(A), where E(A) is the exterior algebra over
the complex vector space spanned by the vectors {eg}mea and I(A) is the Orlik—Solomon
ideal defined in terms of dependent subsets of hyperplanes in A, see [29]. Determining the
fundamental group G(A) := m (M (A)) of the arrangement is one of the central questions
in the field. Even though G(.A) is not combinatorially determined by L(.A), see [35], several
fundamental invariants of G(A) are of matroidal nature. Papadima and Suciu [30] using the
formality of G(A) showed that the Chen ranks 6,(G(A)) are determined by the intersection
lattice.

The Chen ranks Conjecture [39] proposes a precise combinatorial formula for 64 (G(A))
for ¢ » 0 in terms of the resonance of A. Our Theorem 1.1 is both an extrapolation of
Suciu’s Conjecture to the case of arbitrary Koszul modules, as well as an optimal effective
version of it.

As shown in [17], the resonance variety R(.A) is the tangent cone at the identity to the
Green—Lazarsfeld set [23], from which it follows that each component of R(.A) is linear and
isotropic. Falk, Libgober, and Yuzvinsky [19,27] showed that these components correspond
to certain combinatorial structures called multinets on subarrangements B < A.
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Theorem 1.1 gives an effective answer to Suciu’s Conjecture for all arrangements A for
which the resonance R(.A) is strongly isotropic. We establish that important classes of com-
ponents of R(A) are strongly isotropic. They include the local components corresponding
to flats X € La(.A) lying on at least 3 hyperplanes in A, see Proposition 9.8; the essential
components corresponding to a multinet on A, see Theorem 9.5, and for all arrangements
having only double and triple points (see Theorem 9.9). At the same time, we also clar-
ify a point from the literature regarding the strong isotropicity of resonance components,
showing that the non-essential case requires a more detailed analysis than was previously
assumed. We summarize our results:

Theorem 1.6. Let A be an arrangement such that one of the following conditions hold.

(1) All components of R(A) are either local or essential.
(2) A has no 2-flats of size greater than 3.

If hy, is the number of components of R(A) of dimension m, then

0 (GA) = (g—1)- > Iy <m+q 2), forall q=|A| - 1. (1.11)

m=2

In particular, as we observe in Corollary 9.15, this covers the case of all graphic ar-
rangements. The fact that essential components of R(A) are strongly isotropic has been
established by Cohen—Schenck in [12, Theorem 5.1]. However, their proof that the reso-
nance of every hyperplane arrangement R(.A) is strongly isotropic (which would make our
Theorem 1.6 valid without any hypothesis) is incorrect. We refer to Remark 9.6 for details.

1.4. Generic vanishing for Koszul modules. An important consequence of the equiv-
alence (1.3) is the vanishing statement W,,_3(V, K) = 0 for a general (2n — 3)-dimensional
subspace K = A?V. The condition W,_3(V, K) # 0 defines an effective divisor in the pa-
rameter space Gran—3( N> V') of such subspaces, which is then identified in [5, Theorem 3.4]

with the Chow form of the Grassmannian G = Gry(V'Y) < P(/\2 V¥). This identification
is then essential for establishing Green’s Conjecture for generic curves [1].

It turns out there is an equally interesting second divisorial case for the generic vanishing
of Koszul modules. Precisely, assuming K < /\2 V' is an m-dimensional subspace, it follows
from (1.1) that the condition W (V, K) = 0 can be rewritten as requiring that the map

d2: K @ Sym?(V) — H°(P,Qp(q +2)) (1.12)

be of maximal rank. The failure of this condition defines a virtual divisor on the Grass-
mannian Gry, ( /\2 V) if and only if the two vector spaces appearing in (1.12) have the same

dimension, that is,
n+qg—1 n+q n+q+1
m =N — ,
q qg+1 q+2

that is, when g(m —n + 1) = n2 — n — 2m. One immediately concludes that there are two
cases appearing in each dimension n = dim(V'), precisely when

(m,q) = (2n — 3,n —3) respectively (m,q) = (2n —2,n —4).
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The first case having been treated in [2,5], we ask now whether also in the second case the
morphism &2 in (1.12) is generically of maximal rank:

Conjecture 1.7. Let n = 6. For a general (2n — 2)-dimensional subspace K < /\2 V, one
has the vanishing W,_4(V, K) = 0.

We explain in Section 8 how from Kronecker’s classical theory of pencils of skew-symmetric
matrices it follows that for n = 5, one has W1 (V, K) # 0, for every 8-dimensional subspace
K c /\2 V. We can verify the Conjecture 1.7 for all 6 < n < 10, with the exception n = 9.

Theorem 1.8. If V is a n-dimensional vector space with 6 < n < 10 but n # 9, then
Wi_a(V,K) # 0, for a general (2n — 2)-dimensional subspace K = N>V .

A Macaulay? calculation for random 16-dimensional subspaces K < /\2 V,when V =~ C?,
strongly suggest that W5 (V, K) # 0, for every such subspace K € Grig (/\2 V).

It is very tempting to draw a parallel between the highly surprising failure for n = 9 (and
n = 5) of Conjecture 1.7 and the equally surprising failure of the Prym-Green Conjecture
for curves of genus 16 (and 8), see [10,8]. This conjecture, predicting the vanishing

K%—3,2(Cv WC@U) =0

for a general Prym curve [C,n] of genus g, with n € JC[2] being a 2-torsion point, is
essential in showing [20] that the moduli space R, of stable Prym curves of genus g is of
general type for g > 13 and g # 16. The Prym-Green conjectures fails on Rg as explained
in [8]. A Macaulay2 calculation with general rational g-nodal curves strongly indicates
[10, Proposition 4.4] that K5 2(C,wc ®n) # 0, for every [C,n] € Rig. In light of the proof
of the generic Green Conjecture using Koszul modules in [1], we expect a link between
the failure of the Prym-Green Conjecture in genus 16 and the failure of Conjecture 1.7 for
16-dimensional subspaces K < /\2 C°.

1.5. Outline of the proof of Theorem 1.1. We end the Introduction with an outline of
the proof of Theorem 1.1 and we focus on the construction and the properties of the map

W(V,K) — ek}W(Vt,o).

If v: G — G is the blow-up of the Grassmannian G = Gra(VY) along B(V, K), let
O&(H) =v*0Oa(1) be the corresponding pullback of the Pliicker line bundle.

Let E = Eyu- - -1 Ej, be the exceptional divisor of v, with E; = Proj(Sym(U;®Qy)), with
U = ker{m: V — Vt} and let Q; be the tautological rank 2 quotient on G; = GrQ(VZ).
The base locus of the linear system v*| K| being equal to E, we have an evaluation map
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which gives rise to an associated exact Koszul complex K°® on G, where

B _ {/\ K®Og((1—i)(H - E)) for i > 0, 1.13)
0 for i < 0.

Working with the blowup G rather than with G is necessary to obtain an ezract complex
of vector bundles, since the Koszul complex on G associated to the map (2.7) is not exact.
We modify the complex K* and obtain a complex K*, by setting KO := I%O(E) = Ox(H),

and K' = K for i # 0. Denoting by v: By — Gy the restriction of v to Ej, the only
non-zero cohomology group of K*® R0y ~* Sym? @ is

k
H° (IC ®og 7 * Sym!? Q) =v*Sym?Q® Op(H) ~ @fy ( Sym? Q;)(1 )) (1.14)
t=1

It turns out that the sheaf appearing in (1.14) has Vanishing higher cohomology, and
H°(E,v*Sym? Q® Og(H)) = @W V4,0). (1.15)

The computational details for the identification (1.15) involve Bott vanishing and the
Leray spectral sequences and are presented in Section 7. The link between W, (V, K) and

G')t L Wy(V1,0) is now provided by the observation that one can regard K* ® v* Sym? Q as
a resolution of the sheaf v* Sym? QR Op(H), therefore the corresponding hypercohomology
is given by

HY (K* oy, v* Sym? Q) = HY (E,v*Sym? Q® Og(H)), for all j.

In turn, the hypercohomology groups of the complex K® ®v* Sym? Q are computed by a
spectral sequence of graded S-modules,

EY =HI(G,K™ ®o,, 7* Sym? Q) — (1.16)
H™"(K* o, v* Sym? Q = H™'(E,~* Sym? Q) ® Op(H)),
and one has El_” =0 for 2 < 0 or j < 0. Writing, as usual,
d%] EZ’] Ei‘”’vj_r"'l (1.17)

for the differentials on the r-th page of the spectral sequence, we then show in Section 7
that ES’O = coker(dfl’o) = W, (V,K).

The natural map Wy(V, K) — (—Dt 1 W4(V4,0) is then obtained as the composition
By’ —» B3 —— HO(E,~*Sym? Q® Op(H)), (1.18)

where the first map is the quotient map (the differentials d2? vanish for all r, since their
target is 0, so E 1 is a quotient of EXY for all r), and the second map is an edge homomor-
phism for the spectral sequence. In order to show that this composition is an isomorphism
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for ¢ = n— 3 (which is precisely the conclusion of Theorem 1.1), we verify in Section 7 that
if g >n—3, then F,"" = E;*l’l =0 for all 7 # 0.

In fact, we shall prove in Section 7 a slightly more general vanishing result, namely
Ey™ =0, ifj>0,i<j+1landg=n—3. (1.19)
This statement is equivalent to the exactness in the middle of the following complex

HY (é, K71 ®~* Sym? Q) — HI (é, K~ ®~* Sym? Q) — HI (é, K= @ ~* Sym? Q).

A large part of the effort in the paper is oriented towards understanding the cohomology
groups HY ((N},’y*(Squ Q)((1 —4)(H — E))). Our results can be regarded as a form of
Bott vanishing for the blow-up of Grassmannians along sub-Grassmannians and they are of
interest on their own.
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2. KOSzZUL MODULES AND THEIR RESONANCE SCHEMES

We recall basic definitions on Koszul modules following [2,4]. We fix an n-dimensional
complex vector space V and set S := Sym(V). We also fix a subspace K < /\2V.

Let 65: A*V ® S(—1) — (A2V/K) ® S be the map induced by the third differential in
the Koszul complex (/\°V®S5, ). Then the Koszul module W (V, K) is defined as coker(ds3),
that is, it is the graded S-module admitting the following presentation

AV ®S(—1) — (/\2V/K) ®S — W(V,K) — 0. (2.1)
Since W (V, K) is a graded S-module, it gives rise to a coherent sheaf W(V, K) on the
projective space P := P(VV). We refer to this as the Koszul sheaf of the pair (V, K),
which, accordingly, admits the following presentation
AV ®0p(—1) — (/\2V/K) ® Op —> W(V,K) —> 0. (2.2)
Writing € = Q%D for the sheaf of 1-differentials on P, recall the Euler sequence
0—Q—>V®O0p(-1) — Op — 0.
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By twisting this sequence and taking global sections, we find W, (V,0) =~ H" (P, Qg + 2))

In particular, dim W, (V,0) = (¢ + 1)(’2113) Using (1.1), we can also write

W,(V, K) = coker{K ® Sym? V 22 W,(V, 0)}, (2.3)
where 03 (u AV® f) = v®(u- f) —u@(v- f), for u,v, f € V. The inclusion K < A?V together

with the surjection A?V ® Op(—2) — Q induce a sheaf morphism K ® Op(—2) — Q. The
Koszul sheaf W(V, K) defined via the sequence (2.2) can then also be realized as

W(V,K) = coker{ K @ Op — Q(2)}.

2.1. Resonance schemes. It has been proved in [32, Lemma 2.4], then used in [1,2,4],
that the set-theoretic support of the S-module W (V, K) is given by the resonance variety
R(V, K) defined in (1.2).

If I(V,K) is the annihilator of the Koszul module W (V, K), following [4], the affine
resonance scheme is the scheme-theoretic support of W(V, K) inside V'V, that is,

R(V,K) = Spec(S/I(V, K)). (2.4)
The scheme-theoretic support of the Koszul sheaf W(V, K) is then the projective reso-
nance scheme, denoted by R(V, K) := Proj(S/I(V, K)), see [4, §2].

The projectivized resonance can be described in terms of the geometry of the Grassman-
nian G := Gry(VV) < P(/\ZVV) in its Pliicker embedding. Consider the diagram

E 2 G —— P(A’VY),
lprl (2.5)
P

where Z = {(p,L) € P x G : p € L} is the incidence variety. The projection pr, realizes =
as the projectivization of the universal rank-2 bundle Q on G. As explained in [4, Lemma
2.5], set-theoretically we have

R(V,K) = pr; (pry (G n PKL)) and G nPK' cpr, (pr{(R(V, K))). (2.6)

The Koszul module W(V, K) can be computed working directly on G, as follows. Since
H°(G,Q) =V, we consider the evaluation map V®Og — Q and we introduce the sheaf of
graded rings on G given by S = Symy (Q) = @ >0 Sym? Q. We then have an isomorphism
of graded S-modules, see also [1,2]

W(V,K) ~ coker{K@;HO(G,S) s HO(G,5(1))}.

The inclusion K = A?V = H(G, Og(1)) induces the evaluation morphism

evig: K®0Og — Og(1). (2.7)
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The scheme-theoretical intersection B(V, K) := G n PK"' is then the scheme-theoretic
support of the cokernel of this map, that is, B(V, K) = supp(coker(evK)). Indeed, K
generates both the ideal of PK ' and the ideal in S of the image of the evaluation map
(2.7). This scheme structure may be non-reduced, as shown in the following example.

Example 2.1. Let V¥ be the 4-dimensional space with basis (eq,...,e4) and consider
K+ = spanf{e; A eg,e1 A e3 + ea A eq}. We denote by (v, ...,vs) the dual basis of V' and
by X;; := v; A v; the Pliicker coordinates on P(A?V"). Then B(V,K) is non-reduced.
Indeed, the equations of PK"' are X14=X93=X34 = X13— Xo4 =0 and the equation
of G is the quadric X;2X34 — X13X94 + X14X53 = 0. The ideal of the intersection is
(X1,4,X23, X34, X13—Xo4, X1273> and this scheme is a double point supported at [e; A es].
Note also that R(V, K) is the double line span{ey, es}.

Example 2.2. Let V'V = span{ey,...,e5} be 5-dimensional and consider the subspace
K+ = span{e; A eg,e1 A €3,€1 A €4,€2 A €q,63 A €5 + €3 A eq}. Then R(V, K) consists
of a minimal component {v5 = 0} and an embedded component, {vs = vZ = 0}. Using
[32, Proposition 6.2], the group

G= <961,902,903,3647335 : [901,965]7 [902,903], [903,905], [96'4,905], [$27$5][$4,903]>

can be shown to have resonance R(G) = R(V, K).

All these constructions are functorial. If V' < V'V is a subspace, let 7: V — V be the
dual map and set K := /\2 m(K). We obtain a surjective morphism of graded S-modules
W(V,K) - W(V,K), where W(V,K) is seen as an S-module by restriction of scalars.
By sheafification, we get a surjective morphism of sheaves W(V, K) — 1, W(V, K), where
1: P(V') — P(VV) denotes the inclusion. Also, K = K'n A*V" and we have the
following commuting diagram of projective schemes:

R(V,K) +—— E 22, B(V,K)
l j l (2.8)
R(V,K) «+21 2 -2, B(V,K)

Remark 2.3. Being reduced is not a functorial property. It might be that R(V, K) is
reduced, while R(V, K) is not reduced along P(V"). This is illustrated in Example 2.1. The
resonance is supported on the line span{e;, e2}, and the scheme structure is non-reduced. If
VY= span{ey, es, eg}, then K= Kln /\QVv is spanned by ej A es. It is easy to verify that
the corresponding line in P(V") which coincides with R(V, K) is reduced. In conclusion,
if a linear irreducible component of R(V, K) is contained in some P(V") and is a reduced
component of R(V, K), it does not necessarily imply that it is a reduced component of
R(V, K). In Section 4, building on [4], we point out that the scheme structure of B(V, K)
is reduced if the resonance satisfies a supplementary conditions (strong isotropicity).
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3. COHOMOLOGICAL TOOLS AND FIRST APPLICATIONS

3.1. Grassmannians and Bott’s theorem. We recall basic facts about Bott’s vanishing
theorem on Grassmannians which Will be used throughout the paper. We write Zj = for
the set of dominant weights in Z", that is, the set of n-tuples A = (A1,...,\,) € Z™ with
Al = A2 = -+ = A\,. When each \; is non-negative, we identify A with a partition with
(at most) n parts, and write A € N} . When X\ € Z" is not dominant, it must contain
inversions, i.e., pairs (4,7) with i < j and A; < Aj. The size of Ais [A\| = A+ + Ay If A
is a partition, we write A’ for the conjugate partition, where A, counts the number of parts
Aj with A\j > 4. We write (b%) for the sequence (b,...,b), where b is repeated a times.

If V is a complex vector space of dimension n, and if A € Zj3 , we write SyV for the
corresponding irreducible representation of GL(V). If A = (d,0,...,0), then S}V = Sym? V,
and if A = (1"), then S,V = A" V. More generally, one can define S\ for any locally free
sheaf £ of rank n on an algebraic variety X over C.

If N > 0 and U, Uy are two complex vector spaces (or more generally, locally free
sheaves on some variety X over C), then Cauchy’s formula [47, Theorem 2.3.2] gives a
decomposition

/\N(Ul QUs) = P Silh @ Sylha, (3.1)
AN
where the tensor product is considered over C (or over Ox).

We write again G = Gra(V'") and consider the tautological exact sequence
0 —U —->V®O0cg — Q — 0, (3.2)

where @ is the tautological rank 2 quotient of V' and U is the rank n — 2 tautological
subbundle. As usual, Og(1) =~ A?Q is the Pliicker line bundle realizing the embedding
G — P(/\2 V¥). We then have

A2V ifi =0,
0 otherwise.

More generally, Bott’s theorem describes the cohomology groups of sheaves of the form
SaQ ® SgU, where a = (o, a2) and B = (B1,..., Pn—2) are dominant weights. Note that
SaQ = (Sym® 2 Q)(ag). We let v = («|f) denote the concatenation of o and 5. Let
d=(mn-—1,....,0)andset y+0:=(nn+n—1,v+n—2,....7,). We write sort(y + J) for
the sequence obtained by arranging the entries of v + ¢ in non-increasing order, and put

7 = sort(y + §) — 6. (3.3)

Theorem 3.1 ([47, Corollary 4.1.9]). With the above notation, if v+ has repeated entries
(or equivalently, if v; —i = v; — j for some i # j), then HZ(G,SQQ(@SﬁU) =0 for all 7.
Otherwise, writing £ for the number of inversions in v + &, we have that

SsV ifi=¢,

0 otherwise.

H'(G,S,Q®SpU) = {
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We record two consequences of Bott’s theorem that will be useful later.

Lemma 3.2. Suppose 0 < d<n—-3andq>d. Ifa =(q—d,—d) and if 5+ d+ 1, then
H¥"HG,S,Q®SgU) = 0.

Proof. Let v = (¢ — d,—d, p1,...,Pn—2). If d = 0, then, since |f| = d+ 1 = 1, we have
B1 = 1, therefore 7o — 2 = v3 — 3. Hence, H4"(G,S,Q ® Sgld) = 0 by Theorem 3.1. We
therefore assume that d > 0 and H¥*1(G,S,Q ® SgU) # 0, and seck a contradiction. By
Theorem 3.1, the integers v; — ¢ for ¢ = 1,...,n must be pairwise distinct. We then have

’}/3—3>-~~>’)/d+2—(d+2)2—((1-1-2):’72—2.

Since the numbers ~; — 4 are distinct, the last inequality above must be strict, and therefore
Bq = 1. If Bg41 > 0 then the condition |3| = d + 1 implies 8 = (19*1), and in particular
Ya+s = Bar1 = 1, 80 72 — 2 = v443 — (d + 3), which is a contradiction. We must then have
Bar1 = 0, in which case 3 = (2,1971). Therefore,

N—1l=q¢q-d-1>-1=93-3> > 342 — (d+2)
>y —2=—(d+2)>—(d+3) =443 — (d+3) > ---

so that v + J has precisely d inversions, namely (2, 3),(2,4),...,(2,d + 2). Applying Theo-
rem 3.1, we find that H+! (G, S.Q® Sﬁu) = 0, again a contradiction. O

Lemma 3.3. Let o = (a1, 00) € 72 Then H/(G,S,Q) = 0ifj ¢ {0,n —2,2n — 4}.

dom*
Moreover, we have that

HI(G,S4Q) =0 forj #0 if ag = —(n —2), and (3.4)

H/(G,S,Q) =0 forj#n—2ifa; > —n and ag < 0. (3.5)

Proof. We let v = (a1, az,0""2), so that v+ = (e +n—1,as+n—2,n—3,...,0). If y+6
has repeated entries, then all the cohomology groups of S, Q vanish by Theorem 3.1. We
therefore assume this is not the case. We have (y+6)1 > (y+9)2 and (y+d)3 > -+ > (y+0)n,
so the only possible inversions in 7y + ¢ are of the form (i, j) with ¢« < 2 and j > 3. Since the
entries (y+9)s, ..., (7 +0), are consecutive integers, if (7, j) is an inversion for some j > 3,
then it is an inversion for all 5 > 3. This shows that the total number of inversions is

e 0,if (v +9)2 > (v + )3, or equivalently, if as > 0.

o (n—2),if (y+06)1 > (y+0)3 and (y + 9)n, > (v + d)2, or equivalently, if a; > —1
and ag < —(n — 2).

e (2n—4),if (y+0)n > (v + d)1, or equivalently, if a; < —n.

Based on Theorem 3.1, we now conclude that the first vanishing holds. Moreover, if
ag = —(n — 2) then the above cases show that 7 + 0 cannot have any inversions, proving
(3.4). If o < 0, then v + § has at least one inversion, while if a3 > —n then it cannot have
2n — 4 inversions, so (3.5) holds as well. O
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3.2. Proof of Theorem 1.4. As a first application of Bott’s theorem, we determine the
Hilbert function of Koszul modules when B(V, K) is finite of length, say, . The proof is
along the lines of [1, Theorem 1.3], and we skip some details which can be found in [1]. We
consider the negatively indexed Koszul complex

m 2
K*:0— ANK®Og(l-m)— - — AK®O0g(l) — K®0Og ™5 0g(1) — 0
(3.6)
associated to the evaluation map evg: K ® Og — Og(1). Since the cokernel of evg is
supported on B(V, K), the complex K* is exact on the complement of B(V, K). As before,
Q is the universal quotient bundle defined by (3.2). Twisting the complex (3.6) by Sym? Q
and taking hypercohomology, we obtain two spectral sequences abutting to the same limit

"By = /\K® H (G, S(g41-11-9 Q)
respectively

//E;i’j = HI (G, H—iUC- ® Squ Q))
Using Theorem 3.1 as in the proof of [1, Theorem 1.3], we readily obtain
W,(V,K) ="E%’, for all ¢ > n — 3.

On the other hand, since H°(K* ® Sym? Q) = Op(v,k)(1) ® Sym? @, we obtain
"Ey® = HO(B(V, K), Opv,k)(1) ® Sym? Q).

Furthermore, the support of HH(K* ® Sym? Q)) is finite for all j, which implies that
"By =0 for all ¢ and all j # 0. In particular, ”Eg’o ="E%’ concluding the proof. O

Example 3.4. Returning to the pair (V, K) from Example 2.1, Theorem 1.4 implies that
dim Wy (V,K) = 2(¢ + 1) for ¢ > 1. This algebraic data corresponds to the 2-step nilpo-
tent Lie algebra b4 studied in [36, Theorem 3.3]. With the notation of [45, Theorem 8],
this algebra is defined by by = V @ (K1)V, with Lie bracket [(v1,2), (v, 2')] = (0, z1),
[(v1, 2), (vs,2")] = (0, 22), [(v2, 2), (v4, 2")] = (0, 22), and [(v4, 2), (vj,2')] = (0,0) in all other
cases, for z,2 € (K+)¥. For any lattice G in the associated Lie group H, the quotient
M = H/G is a compact non-Kdhler Calabi-Yau 3-fold with fundamental group G, and
the corresponding resonance variety R(G) is isomorphic to R(V, K). Hence its associated
Koszul module is supported on a non-reduced projective line.

Example 3.5. The fundamental group of the complement of a graphic arrangement has
two-dimensional resonance. This example will be studied in more detail in Subsection 9.8.
An immediate consequence of Theorem 1.4 is the following.

Corollary 3.6. Assume dim K = 2n — 4 and that B(V, K) is finite. Then the intersection
B(V, K) is transverse if and only if R(V, K) is reduced, in which case the Hilbert function
of the Koszul module equals

1 2n —4
diqu(V,K):n_l(:_2) (q+1), forq=n—3.
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Proof. We apply Theorem 1.4 and use that the degree of G in its Pliicker embedding equals

the Catalan number ¢,_o = —— (2::24). In particular, the length ¢ in (1.8) equals ¢;,—2. O

n—1

If we try and adapt the proof of Theorem 1.4 to the case where the linear section B(V, K)
of the Grassmannian is positive-dimensional, the second spectral sequence becomes quickly
uncontrollable. To address the positive-dimensional case, we impose extra assumptions and
work with a Koszul complex on the blow-up of the Grassmannian along this linear section.

3.3. Koszul modules associated to K3 surfaces. Corollary 3.6 has geometric appli-
cations provided by Koszul modules associated to vector bundles [4,5]. Suppose X is a
polarized K3 surface with Pic(X) =~ Z - H, where H? = 4r — 2, with r > 2. Then there ex-
ists a unique stable vector bundle E on X with Mukai vector v(F) = (2, H,r). For a smooth
curve C € |H|, let E¢ = E|c be the restriction of this vector bundle. Then det(E¢) = we,
hO(C,Ec) = h°(X,E) = r + 2 and E¢ is stable. We consider the determinant map

d: /\Q‘HO(Ca EC) - HO(CWJC)
and the associated Koszul module W (E¢) :== W (H(C, E¢)¥, K), where K+ = ker(d).

Proposition 3.7. With X as above, for a general curve C' € |H| the projective resonance

R(Ec) € PHY(C, E¢) is a reduced union of % (2[) projective lines. Furthermore, one has

. 1 2r
dim Wq(EC):r—l—l(r) (g+1), forq=r—1.

Proof. Denoting G = Gra(H°(C, E)), the intersection P(K+) NG corresponds to elements
[0 # s1 A s2] € P(/\2 H°(C, Ec)), where s1,s2 € H(C, E¢) are such that d(s; A s2) = 0.
From [5, Lemma 4.8] it follows that this intersection can be identified with the Brill-Noether

variety W, ;(C). The curve C being Petri general [26], the projective resonance R(E()
2r

. 1
consists of —— ( .

) ) reduced lines. The last statement follows directly from Corollary 3.6. U

4. ISOTROPIC AND SEPARABLE COMPONENTS OF THE RESONANCE

We recall from [4] a few definitions describing the structure of resonance varieties of
Koszul modules. We fix throughout an n-dimensional complex vector space V.

Definition 4.1. Let K < /\2 V be a subspace. A subspace V' < VV is called isotropic
(with respect to K) if AV < K*. The resonance R(V, K) is isotropic if it is linear and
each of its irreducible components is isotropic.

By definition, an isotropic subspace V < V'V is automatically contained in the resonance
R(V, K). As pointed out in [4], isotropicity can be described by passing to the quotient, as
follows. Let V' < V¥ be a linear subspace corresponding to a surjective map 7: V — V
and let K be the image of K in /\2 V. Then V' is isotropic if and only if K = 0.
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Example 4.2. If K is one-dimensional, the quotient map /\2 VY — KY =~ C corresponds
to a alternating quadratic form on V'V. Isotropicity with respect to K coincides with isotrop-
icity with respect to this form, and the base locus B(V, K) is the isotropic Grassmannian.

Definition 4.3. A subspace V' < VV is said to be separable (with respect to K) if
(VV A VV) NKL <V’ AV, The subspace V' is strongly isotropic if it is both separable
and isotropic, that is, if (VV A VV) NK- = /\2 V". The resonance R(V,K) is separable
(respectively strongly isotropic) if it is linear and all of its irreducible components are
separable (respectively strongly isotropic).

Separability can be verified in terms of the equations of the subspace V' < VV. The
following simple fact will be used in Section 9 when dealing with hyperplane arrangements.

Lemma 4.4. Iva < VY is defined by equations wy = -+ = wg =0, for wy,...,w €V,
then the equations of N>V < A2V are

wiAv=---=wpAv=0, forallveV, (4.1)

and V¥ A VY is defined in N>V by
w; Awj =0, foralli,je{l,... ¢} (4.2)
Proof. Let (ei,...,e,) be the basis of VY such that (ej,...,en) is a basis for VY, and

(v1,...,vy) is the dual basis of V. The equations of VY, /\2 VY respectively VY AVY are
given by vz = -+ = v, =0,

Uﬁ+1/\’U1=’Uﬁ+1/\U2=-"=Uﬁ+1Avn=vﬁ+2/\1}1="'=Un71/\vn=0,

respectively,
Vgl A Ujpg = "+ = Ul AUp =+ = Up_1 A Uy = 0. (4.3)

O

Remark 4.5. The difficulty in verifying the separability of V' < V'V lies in showing that
the equations of K bring enough contribution to (4.3) to recover the extra-equations

U4l AVL = "+ =Upt1 AUz = VU2 AV = =0V AUg =0
defining /\QVv < V' AVY. We note the necessary condition m > n(n—n) for separability.
Suppose V' < VV is a subspace of dimension 7 < n and set U := ker{w: V — V}.

As before, fix a basis (ej,...,e,) of VY such that (e1,...,en) is a basis for VY. Letting
(v1,...,vy) denote the dual basis of V', we obtain a decomposition

NV=LeMa@H, (4.4)

where L := span{vs AVt 8, < ﬁ} >~ /\27, M = span{vs Avg:s<nandt> ﬁ} ~VQU,
and H = spam{vS AV S, t> ﬁ} ~ /\2 U. We quote the following result from [4, §3.1]:
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Lemma 4.6. Assume V' is a separable component of R(V,K). Then there ezists a basis
of K of the form {cast : s <7, t >n} u{p1,...,0~8}, where N =0, such that, for s <7,
t>mn,and 1 <j <N, we have

Qst = Us N\ Vg + hs,t7 Bj = Ej + hj, (45)

for some collection of elements {j € L and hgyt,hj € H. Furthermore, we may assume that
ls € span{ly,... . In}, for each s <7 and t > 7.

Let pps denote the restriction to K of the second projection /\2 V — M with respect to
the decomposition given by (4.4). It is shown in [4, Corollary 3.12] that an isotropic subspace
V' < VV is separable (with respect to K) if and only if pys: K — M is surjective.

4.1. Strong isotropicity and components of the base locus of |K]|. It is established
in [4, Theorem 5.1] that an isotropic component V' of R(V, K) is strongly isotropic if and
only if PV is a reduced component of the projective resonance R(V, K). In the sequel, we
establish a similar result for the mirror scheme B(V, K'). We assume the resonance is linear
and R(V,K) =V, u---UV,. Denote by G; := Gro(V, ) = G, for t = 1,... k.

In this setup, we prove the following.

Theorem 4.7. If R(V, K) is strongly isotropic, then the base locus B(V, K) is reduced and
coincides with Gy U - -+ U Gy.

Proof. We first establish this equality set-theoretically. Assume 0 # a A b € KT, then
aeR(V,K)=V, u---uV,, and hence a € V, for some t. On the other hand, a A b €
Vtv A V'V which implies, by the separability hypothesis, that a A b € /\thv . We obtain
beV,, that is, [a A b] € Gy, as claimed. By [4, Corollary 4.6], the projective resonance
R(V, K) consists of projectively disjoint components, hence also the sub-Grassmannians G
are mutually disjoint. Finally, if all V; are isotropic, then by definition /\2 Vtv c K*, hence
also Gy c PKL fort=1,...,k.

_ We erify B:= B(V, K) is reduced. This being a local property, we foius on a component
V= Vtv . Set G := Gy and let 7y and 7 be the ideal sheaves of B and G in G respectively.
The map K ® Og — Zg(1) restricts to a surjective morphism K ® Og — IB(1)|@.

Claim. The composition
s a surjective morphism.

Accepting the claim, it follows that 7g ® Og = T ® Og = T/T?. This shows that B
is reduced along G. Indeed, if p € G is an arbitrary point, we verify that the inclusion
Iy < I, of ideals in Oq ), is in fact an equality. Let m be the maximal ideal of Og .
Localizing the equality 7g ® OF = T/T? at p, we conclude that Iy + Ig =1p.



18 M. APRODU, G. FARKAS, C. RAICU, AND A. SUCIU

We therefore obtain a chain of inclusions of ideals
Iep STy =Ipp+ I, S Ipp+m-I,,

which can be reinterpreted as stating that m- (Z,/Zg ) = Z,/Ig . By Nakayama’s lemma,
we conclude that Zg ;, = Z,,, as desired.

In order to complete the proof, it remains to verify that the morphism (4.6) is surjective.
To that end, we perform a local analysis. Set 7 = dim(V) > 2 and consider bases for V'~
and V'V as in Lemma 4.6. Consider a point p € G and we may assume p = [e; A e2]. We
prove that p is a reduced point of B. Considering the basis of V' as in Lemma 4.6, we obtain
a basis (X;; = Ui/\vj)lgiq’gn for HO(G,0g(1)) = A? V. We think of X; ; as homogeneous
coordinates on P and let U; 2 < P be the open affine subset defined by X;2 # 0. We have
Ui 2 = Spec(R), where R = C[z; ;] and z; ; = X, j/X12 for 1 < i < j < n. In this chart,
the ideal of Pliicker relations defining Ui 2 n G < U is generated by

{ﬂ?@j — T1;%2,5 + T1,5T2; 3<i<g< } (47)

Writing p;; for the restriction of z;; to U2 n G, we infer that Ui n G = Spec(A),
where A = C[plyj,pg,j :3<j< n] Restricting the evaluation map (2.7) to U2 n G, we
obtain a map of free A-modules, 0: K ® A — A. It is easily seen that this map coincides
with the restriction to K ® A of the map 0: A*V ® A — A defined by (v; A 0;) @1 — p; ;.
Note that the image of 0: K ® A — A is the defining ideal Ig of the scheme Uy 2 n B.

If we write I < A for the defining ideal of Uy2 n G, then Im(d) = Ig < I, since
Uipn G c Ui 2 n B is a closed subscheme. Moreover, I has an explicit generating set of
Pliicker coordinates, namely I = (p1 ;,p2; :n+ 1 < j < n).

Regarding 0 as a map K ® A — I, after tensoring with A = A/I, we obtain a map
0:K®A — I/I?,

and the surjectivity of the composed map (4.6) reduces to the surjectivity of 0. Using the
explicit generating set for I, we get that the module I/I? is generated by the classes Dij,D2;
of p1 4, p2,; modulo I 2 where j =m + 1,...,n, thus it suffices to show that these classes lie
in the image of 0. Forn+1<z<j n, we have

A(vi A vj) = pij = prip2; — P1D2.i € T2

Using the notation (4.5) for the elements s+ € K, then d(hs+) € 12, therefore d(; ;) = Pij,
fori=1,2and j =7 + 1,...,n. This shows 0 is surjective. ]

Remark 4.8. The base locus B(V, K) may be reduced even in the non-separable case.
For instance, take V'V to be a 6-dimensional space with a basis (e1,...,es) and we choose
K+ = spanf{e; A ea,e1 A e3,ea A e3,e1 A eg +eg A es+ e3 A egh. In this case, B(V, K) is
scheme-theoretically the projective plane spanned by [e1 A ez2], [e1 A e3], and [e2 A e3].

When B(V, K) is finite, we have the following converse of Theorem 4.7:
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Proposition 4.9. With notation as above, we assume the scheme-theoretic intersection
G n PK*' is finite and reduced. Then the resonance R(V, K) is strongly isotropic.

Proof. By the hypothesis, the resonance is linear and every component is of minimal di-
mension two. In particular, isotropy follows immediately, as already noticed before. To
conclude, we need to prove that every component is separable.

Let V7 be a component of R(V, K), generated by e, e5. Notice that e; Aeg € K , and for
every f € V such that e; A f € K+ or ey A f € KL, we automatically have f e V'~ Assume
V" is not separable. Then there exist fi, fo € V'V such that ey A fi+ea A fo € KL\/\ v
By the observation above, it follows that fi, fa ¢ V. If fi A fo = 0, then f; and f» are
collinear and we would have a line contained in G n PK*, which contradicts the finiteness
of this intersection. Hence, fi A fo # 0, and then, factoring through /\2 V", the element
et N fitesn foe K+ defines a non-zero vector in T[Vv]G N T[Vv]PKL. This contradicts
the reducedness of the intersection, and we are done. ]

5. THE GEOMETRY OF SUB-(GRASSMANNIANS

Let V7 S V'V be a proper linear subspace, corresponding to a projection 7: V — V and
set U := ker( ). We describe the geometry of the Grassmannian G := Gro(V"') < G. As
before, set 7 = I /G- We have tautological sequences on G (respectively G):

00— U —>VROg — Q@ — 0, (5.1)
0—U-—>VR®0g — 0 — 0,

where Q and Q are the tautological rank 2 quotients of V Lrespectively V). We have
Q =~ Q|§’ and the tautological subbundles bundles &/ and U are related by the exact
sequence

0—U®0g — U, — U —0. (5.2)

It is well known that Qg = U ® QV, respectively Qg = U 9. Therefore, if we tensor
(5.2) with 0 ~ Q‘L , we obtain the conormal exact sequence
G

0 —U®Q" — (), — Qg — 0. (5.3)
We find I/I2 ~ U ® 9" and the normal bundle of G in G is given by N~ UV ® 9. Let
E := Proj(Symg_(Z/Z%)) = Proj(Syme_(U® Q")) = P(\) (5.4)
be the projectivized normal bundle of G, and let
¥ E— G (5.5)

denote the structure map of this bundle. Then Op(—FE) is the tautological quotient of
¥*(Z/I?). Setting n = dimV and @ = dimV, then rank(N) = 2 - (n — n). We write
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N =2-(n—n), hence E is a PY~1-bundle over G. Using [24, Exercise I11.8.4], we obtain

Sym}(U® Q") ifd=0,

. (5.6)
0 otherwise.

V«(Op(—dE)) = {

To compute the higher direct images of Op(—dE), note that det(Z/Z?) =~ Og(n —n). It
follows from [24, Exercise II1.8.4] that, for ¢ > 1 we have

Sym™ MUY ®Q)(n—m) ift=N-—1andd=> N,
R5,(0p(dE)) = re9in=m | (57)
0 otherwise.

Note that above we have used the identification which holds in characteristic 0 that

(Sym®N(z/7%)" = (Sym? MU ®Q"))" = Sym? MUY ® Q).

5.1. Strong isotropicity and normal bundles of base loci. We assume now that
W (V, K) is a Koszul module whose resonance is strongly isotropic, hence by [4, Theorem 5.1]
it is projectively reduced and projectively disjoint. We write R(V, K) = V| u-- 'UV}Z for its
decomposition (1.4). As before, let G; = Gra(V,Y) € G for t = 1,...,k and B = B(V, K)
defined by (1.6). Restricting the surjection K ® Og — Zg(1) to B, we obtain a surjection

eVRB: K®OB — (IB/I]%)(l)
Restricting this map further to a component G = G; of B, we obtain a surjective morphism
evg: K®0g — (Z/I%)(1) = U®Q, (5.8)

where the identification (Z/Z?)(1) = U ® Q follows from the isomorphism Q" (1) = Q.
The strong isotropicity of R(V, K) does not only imply the surjectivity of (5.8) as a

morphism of sheaves, but also at the level of global sections.

Lemma 5.1. The map H°(G,evg): H(G,K ® Og) — H°(G,U ® Q) is surjective.

Proof. From Theorem 3.1 we have the identification H(G,U ®g) ~ U ® V. Choosing
bases as in Lemma 4.6, we infer that U = span{vm41,...,v,} and V = span{vy,..., vz}, so
that U®V equals the vector space M from the decomposition (4.4). Moreover, under these
identifications the map H%(G, evg) is given by the projection

DM K — ]\47

which, as already pointed out, is surjective by [4, Corollary 3.12]. O

The surjection (5.8), together with the natural multiplication of symmetric powers, in-
duces surjective moprphisms of sheaves K ® Sym¢ (Z/7%)(1)) — Sym*! ((Z/7%)(1)) on
G. Tensoring with (Sym? Q)(—d) and using the isomorphism

Sym? ((Z/I*)(1)) = (Sym*(Z/Z%))(d) (5.9)
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yields a surjection
K ® Sym%(Z/7?) R0 Sym? Q —» SymétY(7/1?) ®o (Sym? 9)(1). (5.10)

Lemma 5.2. If0 < d <7 — 3 and q > d, the map (5.10) is surjective on global sections.

Proof. We begin by observing that the map (5.8) factors as the composition
K®0Og — H (G U®Q) ®0g —— U®Q, (5.11)

where the first map is induced by the surjection H°(G, evg) in Lemma 5.1, and the second
one is the evaluation of sections. Recalling that H° (g, U®Q)=U®YV, we can construct
the analogue of (5.10), where K is replaced by U ® V. The map

K @ Sym%(Z/1?) Rog Sym?Q — U ®V ® Sym*(Z/T?) R®og Sym? Q

inducing a surjection at the level of global sections, it then suffices to show that the map
U®V ®Sym?(Z/1?) ®0g Sym? Q — Sym¥t(z/1?) R0 (Sym? 9)(1) (5.12)

(constructed in the same way as (5.10)) induces a surjection on global sections. We will show
that (5.12) arises naturally from a Koszul-type complex, and prove it induces a surjection
on global sections by analyzing a hypercohomology spectral sequence. The map € in (5.11)
is part of the short exact sequence

0—UU —URVR0g ——U®Q9 — 0, (5.13)

obtained from the tautological sequence (5.1) on G by tensoring with U. We can think of
this sequence as a resolution of U ® U by a 2-term complex. Taking the (d + 1)-st exterior
power of this complex, we obtain a resolution of /\dH(U ®U) given by the complex B°*,

AU RTV)®0g — ANURT)®[U®0) — (5.14)

— UV Symd(U®@) —_ Syde(U@@),

where B' = AU RV)®@Sym!(U®Q) for i = 0,...,d+1. We obtain an identification,

d+1
HH G AU © U) ® (Sym'Q)(~d)) = H™ (5 @og (Sym! Q)(~d)) . (5.15)
Claim. The following vanishing statements hold:
- d+1 - o
H+ (G, AU U ® (Sym* Q)(—d)) —0, (5.16)

and
HI (é, B’ ® Sym? @(—d)) =0 for j >0 and all i. (5.17)
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Assuming the claim, we complete the proof of the lemma. Using (5.17), it follows that the
hypercohomology groups of B®* ®o, (Sym? Q)(—d) are the same as the cohomology groups
of the complex

B* = H (G, B* ®o (Sym? Q)(—d)) . (5.18)

Using (5.15) and (5.16), it follows further that H4*1(B*) = 0; that is, the last differential
in B*, which we denote ¢&: B4 — B*1 is surjective.

Moreover, using the identification (5.9), we obtain that

B! ®o, (Sym? Q)(—d) = U ® V ® Sym*(Z/I*) ®o Sym’ Q,

BT ®og (Sym? Q)(—d) = Sym®*(Z/I%) ®og (Sym? Q)(1),

and ¢ is the map induced on global sections by (5.12), which is what we wanted to prove.
We are left to verify (5.16) and (5.17). Since Sym? Q(—d) = S(,_q,_q)Q, it follows from
(3.1) that A" (UQU)R(Sym? Q)(—d) decomposes as a direct sum of copies of Stg—d,—a)9®
Sga, where || = d+1. Our hypothesis guarantees that we can apply Lemma 3.2 to conclude
that HH(G, S(y—g—0)Q ® Sgld) = 0, which implies (5.16). The vanishing in (5.17) follows
from (3.4) by noting that the tensor product B Qo (Sym? Q)(—d) decomposes (using for

(5.19)

instance [47, Theorem 2.3.2(a) and Corollary 2.3.5]) into a direct sum of copies of S(4, a,)Q
with ag > —d > —(n — 2). O

6. THE BLOW-UP OF A SUB-GRASSMANNIAN

As before, let V' < VV be an m-dimensional subspace, and set N = 2(n — 7). Let
7: V — V be the corresponding projection and, again U = ker(w). We let G denote the
blow-up of G = Gry(V") along G = Gra(V"), and write E < G for the exceptional divisor
of the blow-up, that is, the projectivized normal bundle of G in G, given in (5.4).

Let v: G — G be the blow-down morphism, whose restriction to the exceptional divisor
is the map 7 in (5.5). Writing Z for the ideal sheaf of G inside G, we have that

Og ifd=0,

6.1
7% ifd <. (6.1)

14(Og(dE)) = {

For higher direct images we have the following vanishing property, see [7, Theorem 1.1]
R'7,Og =0 for all i > 1, (6.2)
and more generally we have the following.

Lemma 6.1. Ifi > 1 and d € Z, then Ri'y*(Oé(dE)) =0, unlessi =N —1andd > N, in
which case we have a short exact sequence

0 — RNy, (Og((d = 1)E)) — RV 1% (0g(dE)) — (Sym™ " (UY)®Q)(n—7m) — 0.
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Proof. When d = 0, the conclusion follows from (6.1). We prove the assertion by induction
on (the absolute value of) d, considering the exact sequence

0 — Og((d—1)E) — Og(dE) — Op(dE) — 0, (6.3)

and the associated long exact sequence obtained by applying Rv,. When d > 0, we have by
induction that R'y4(Og((d—1)E)) =0if 1 <i# (N—1)orifi=N—-landd—1<N,
and a similar vanishing holds for R, applied to Og(dE) by (5.7). This, together with the
expression for RN ~17,(Og(dE)) for d > N from (5.7) completes the inductive step.

When d < 0, we assume by induction that R'v,(Og(dE)) = 0 for i > 1, and would like
to conclude that the same vanishing holds for R, (Og((d—1)E)). When i > 1 this follows
from the long exact sequence obtained by applying R, to (6.3) and from (5.7), while for
t = 1 it follows if we can prove the exactness of the sequence

0 — 7%(0g((d = 1)E)) — 1:(0g(dE)) — 7.(Op(dE)) — 0.
In view of (6.1) and (5.6), the above sequence can be rewritten as
0 — I — 7% — Sym~4Z/7%) — 0, (6.4)

which is exact because Z defines a regular subvariety of G. O

6.1. The blow-up of the sub-Grassmannian of a strongly isotropic component.
Assume V' < V'V is a strongly isotropic component of R(V,K), so that K < ker(/\27r)
and the projection pys: K — M is surjective. The base locus of |[K| on G contains G, so if
we let G denote the blow-up of G along G, then the base locus of (K, Og(H)) contains E.
The evaluation map K ® Og — Og(H) factors through Og(H — E), and we construct a
Koszul complex K as expalined in (1.13). Note that this complex may not be exact, since
the base locus of (K, Og(H)) may be larger than G. Recall that 2 <7 = dim(V) < n and
that N = 2(n — 7) is the rank of the conormal bundle Z/Z? = U ® @~ . We define for each
d = 0 the complex

Ky = RN "1y, (K (—dE)). (6.5)
This is a complex supported on G, whose terms are given (using the projection formula) by
K, = NK® (RN*LY* (Og((i—1- d)E))) (1—1) (6.6)

fori>0andffi=0fori>0.
We fix ¢ = n — 3, and note that again by the projection formula and (6.5) we have that
K ®0g Sym? Q@ = RY~1q, (R*(~dE) @0, v (Sym? Q). (6.7)

Applying the functor H’(G, —) to the above complex of sheaves, we obtain a complex of
vector spaces

F}y = H(G,K; ®04 Sym? Q). (6.8)



24 M. APRODU, G. FARKAS, C. RAICU, AND A. SUCIU

The goal of this section is to prove the following proposition, the case d = 0 of which will
play a key role in the proof of Theorem 1.1.

Proposition 6.2. If j,d > 0, then Hﬂ'( ') =0, fori <N +3.

It follows from Lemma 6.1 that
ICd =0 fori< N +d. (6.9)

Consequently, the conclusion of Proposition 6.2 holds trivially when d > j. For instance, if
j = 0 then the condition d > j is automatic, so it is only interesting to consider the case
when j > 0. If » = 2, then G is a point and from (6.8) we infer that F},d =0 for all j > 0,
so the conclusion of Proposition 6.2 holds. We may therefore assume that 3 <7 < n.

For each d = 0, we consider the short exact sequence of complexes on G
0 — K*(=(d + 1)E) — K*(~dE) — K*(=dE)jz — 0.

Tensoring this sequence with the locally free sheaf v*(Sym? Q), applying RN~1~,, and using
Lemma 6.1, we obtain a short exact sequence of complexes on G,

0 — Kgy1 ®og Sym? Q@ — K Qo Sym?Q — Cj — 0, (6.10)

where Cj = RN"!7, (/E'(de)| £ ®o, 7*(Sym? Q)) is a complex whose terms are given
(using the projection formula and (5.7)) by

c-i A K ®Sym' =NV ® Q) Qo (Sym?Q)(1 —i+n—n) ifi=>d+ N +1;
o if i <d+
Lemma 6.3. Ifd>0,3<n <n, and H (G, Cd_i) # 0, then one of the following holds:

(1) j=n—2, or
(2) j=2-(m—2) andi=2n—2.

Proof. Using Cauchy’s formula and Pieri’s formula, it follows that C;i decomposes as a
direct sum of copies of S, Q, where a = (a1, ap) satisfies
ar=1l—i+n—-—n+g, (6.11)
a<i—1—-d—N+1—i+n—-n=—-d—n+n<0.

Using Lemma 3.3, it follows that H?(G,S,Q) = 0 for j ¢ {0 n—2,2-(m—2) } Moreover,
since ap < 0, we have H(G, S, Q) = 0, by Theorem 3.1. It suffices to show that if ¢ < 2n—3,
then HZ (™~ 2)(G,SQQ) = 0. Using (6.11), we write a1 +n = 1—i+n+(n—3) = 2n—2—i > 0,
so (3.5) applies to yield the desired conclusion. O

Corollary 6.4. If 3 <71 <n, then
F;j =0foralld=0,i€Z, andj¢ {n—2,2-(0—2)}.
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Moreover, if j = 2-(n —2), then F2_~(iﬁ—2) 4 =0, foralld >0 and i < 2n— 3. In particular,

Proposition 6.2 holds for all j # 71 — 2.

Proof. We prove the vanishing of F' j_di by descending induction on d. If d = ¢ — N then we
get that ijj = 0 using (6.8) and (6.9). Suppose now that d > 0 and Fjidi+1 = 0. Applying
the functor H’(G, —) to (6.10), we obtain an exact sequence

0=F 4, — Fj— HI(G,C/"). (6.12)

It follows from Lemma 6.3 that F, j = 0if j ¢ {n —2,2- (W —2)}, or if j = 2- (7 — 2) and
1 < 2n — 3, thereby completing the inductive step.

To prove the last assertion, it suffices to note that if j = 2- (m—2) then N +j =2n—4,
SO H_i(Fj'd) =F,;=0fori <N +j (and in fact also for i = N +j + 1). O

We are left with proving Proposition 6.2 in the case when j =7 — 2 > 0. Using (6.9),
we may therefore assume that d <7 — 3. If we truncate the short exact sequence (6.10) in
cohomological degrees @ > —(2n—3) and apply the long exact sequence in sheaf cohomology,
then the vanishing from Corollary 6.4 yields a short exact sequence of complexes

0 — F22 00— 0 g2(@, e ) 0. (6.13)

From the long exact sequence in cohomology associated to this short exact sequence of
complexes, we derive exact sequences

H N (Fo g ger) — HTH(Fr_y ) — HTH(H"%(G,Cy)) foralli<2n—4. (6.14)
Notice that N +m—2 = 2n — 1 — 2 < 2n — 4, so if we apply descending induction on d,
then the proof of Proposition 6.2 reduces to verifying that

H(H"*(G,C))) =0, fori <N +7n—2. (6.15)

To that end, we consider the hypercohomology spectral sequence associated with the
complex

G* = (E'(—dE) Qo 7* Sym’ Q) . (K*) 1z ® Op(—dE) ®7* Sym? Q. (6.16)

Lemma 6.5. The complex G°® is exact.
Proof. Since the sheaf Op(—dE)®7%*(Sym? Q) is locally free, it suffices to prove that (l%‘)| B

is an exact complex. The formation of the Koszul complex being functorial, we can identify
(K*)|g with the Koszul complex on E associated with the map

1/)2 K@OE — OE(H—E),
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~

and the exactness of (IC’)| g reduces to proving the surjectivity of ¢. To establish this claim,
note that 1 factors as the composition of the map

K®Op — 7*((Z/T%)(1)), (6.17)
which is the pull-back of (5.8) and is therefore surjective, with the map
T((Z/T?) (1) = 7*(0g(1) ®o, 7 (Z/T?) — 7*(0g(1)) ® Op(-E)

induced by the surjective quotient map ¥*(Z/Z?) — Og(—E). This completes the proof. [

The terms of the complex G* are described by
G = NEK®Op(—(d+1—1i)E)®o, 7* ((Sym? Q)(1 —1)), (6.18)
and therefore by (5.6) we have
. { AN K@Sym™ (U ®Q") ®og (Sym?Q)(1—i) if0<i<d+1,
* 0 otherwise.
Moreover, R/%,G® =0 for (N — 1) # j > 1 by (5.7), and RVN~15,G* = C3 by definition.
Lemma 6.6. We have that H/(G,5,G7") = 0, unless j = 0 and i = 0,1. Moreover, the
induced map H°(G,5,G71) — HY(G,7,G%) is surjective if d <7 — 3.
Proof. Using Cauchy’s formula and Pieri’s formula as in the proof of Lemma 6.3, it follows
that 7,G " decomposes as a direct sum of copies of S, Q, where @ = (aq, a2) satisfies
l—izay>1—i—(d+1—i)=—d>—(n—3).
Since ag = — (7 — 2), we have by (3.4) that H/(G,S,Q) = 0 for j > 0. Moreover, if i > 2,
then as < 0, and therefore H%(G,S,Q) = 0, from which the desired vanishing follows.
For the final assertion, we note that since U ® 9~ =~ T/T?, we have that
7.6 = K@SymY(Z/T*) @ Sym’ Q and 7,G° = Sym™'(Z/I%) ® (Sym? Q)(1),

and the differential is given by (5.10). The surjectivity of the induced map on global sections
then follows from Lemma 5.2, since ¢ = n — 3 >n — 3. ([l

We are now ready to complete the proof of Proposition 6.2.

Proof of Proposition 6.2. Recall that we are left with proving the vanishing (6.15), and that
we have g > n—3,0 < d <n—3, and 3 <7 < n. We analyze the hypercohomology spectral
sequence

E[" = HI(BE,G™") — H"(G*) =0, (6.19)
where the hypercohomology vanishing comes from the exactness of G* in Lemma 6.5. Using

the Leray spectral sequence in order to compute H’(E,G~%), it follows from Lemmas 6.3
and 6.6 that the only non-zero terms occur when
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e j=0and ¢ = 0,1, in which case the differential dl_l’oz El_l’0 — E?’O is surjective

by Lemma 6.6, and therefore Eg )
e j=(N—1)+ (7 —2), in which case E}N*"7% = H"-2(G, C3).
e j=(N—-1)+2-(n—2) =2n—>5, in which case

B0 = H2D(G e = 0 for i < 2n — 3. (6.20)
The vanishing in (6.15) is then equivalent to the assertion that
Ey "N — 0 fori < N+ 71— 2. (6.21)

Since the spectral sequence converges to 0, it suffices to check that there are no non-zero
differentials with source or target E, " 7773 for r > 2. If we write d2/ : B — gitnIrH
for the differentials in the spectral sequence, then the only potentially non-zero one with

— . N+n— _ .
source B, T 3, r = 2, may occur for r = N + 71 — 2, given by
—i,N+7—3 . —i,N+7—3 —i+N+71—2,0
dN+ﬁ—2 : EN+H—2 — EN+ﬁ—2 : (6'22)

Since El_i’0 = (0 for i < 0, and Eg,o = 0 as earlier noted, we conclude that E;t’o = E,Tt’o =0

for all t < 0 and r > 2. Applying thistot = —i + N + 7 — 2 > 0, we conclude that the
i,N+7—3

target of the map (6.22) vanishes, so in fact every differential with source E, ST =2
vanishes. The only potentially non-zero differential with target Ey "~ "3 where r > 2,
may occur when r =7 — 1. However, in this case the differential is given by
—i—n+12n—5 | p—i—n+1,2n—5 —i,N+7—3
Ay N r Ex
whose source vanishes by (6.20), sincei+n—1< N +2-m—3 =2n—3. O

7. PROOF OF THE MAIN THEOREM

We now complete the proof of Theorem 1.1 and we recall the setup explained in the
Introduction. With the notation as above, we form the following Koszul complex K*® on G:
N K ®Og((1—14)(H—E)) fori>0,
K™ =3 Og(H) for i = 0, (7.1)
0 otherwise.

If we write v¢: Ey — Gy for the restriction of v to Ey, then we infer from (1.14) that the
only non-zero cohomology group of K*® is HO(K*) = @le Og, (H).

For the rest of the proof we fix ¢ > n—3. Since Sym? Q|g, = Sym? Q;, we conclude from
the above that

k
HI (/C' ®Oé ~*(Sym? Q)) _ t—@lfﬁ((squ Q)(1)) ifj=0, (7.2)

0 otherwise.
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Using the projection formula [24, Exercise II1.8.3], together with the case d = 0 of (5.6)
and the Leray spectral sequence (as in [24, Exercise II1.8.1]), it follows that

H? (Ey, v ((Sym? Q) (1)) = H? (G, (Sym? Q;)(1)), for all j. (7.3)

Moreover, since Sym? Q;(1) = S(441,1)Qs, it follows from Theorem 3.1 that the above
cohomology groups vanish for j > 0. Finally, it follows from [2, Lemma 3.4] that

H(Gy, (Sym? Q1)(1)) = Wy(V,0). (7.4)

Putting together (7.2) with (7.3) and (7.4), we conclude that £* ® v* Sym? Q has only one
non-zero hypercohomology group, namely

k
H(K* ®og, 7* Sym? Q) = @ W,(V4,0). (7.5)
t=1

We compute this in a different way, using the hypercohomology spectral sequence
B = H(G,K™ ®0og v* Sym? Q) = H " (K* Qo v* Sym? Q), (7.6)

while noting that unlike in the outline at the beginning of the section, we do not work with
the entire sheaf of algebra & = Sym(Q), but instead we are focusing on a single (degree q)
component.

Using the fact that 7.0g = Og and Rj’y*(’)é =0 for j > 0 (as in (6.1) with d = 0,
and (6.2)), we can again apply the projection formula and the Leray spectral sequence to
conclude that the following equalities hold

HI(G, K™ Qo4 v* Sym? Q) = H/ (G, K ® Sym? Q), (7.7)
HI(G,K° Qo v* Sym Q) = HI (G, (Sym? Q)(1))
for all j. Using Theorem 3.1 we infer that these groups vanish for j > 0, and so
E;" =0 fori=0,1andj >0,
B = H(G,K ®Sym? Q) = K ® Sym?V, (7.8)
B} = H(G, (Sym? Q)(1)) = S(1.)V-

Recalling that S(;41,1)V is the kernel of the multiplication map
V ® Sym?*' vV — Symi*? Vv,

we obtain the following identification
Wy(V,K) = coker{HO(G,K® Sym? Q) — H°(G, Sym? Q(l))} = Coker(dfl’o) = Eg’o,
where we use the notation (1.17) for maps in spectral sequences. The map

Wo(V. K) — @_; We(V,0) (7.9)
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discussed in (1.5) factors as the composition Eg’o — B3’ — HO(K® ®og 7 Sym? Q).
Moreover, as mentioned in (1.5), in order to prove Theorem 1.1, it suffices to verify that

Ey" =B, =0 (7.10)

for ¢ # 0. To see that this is indeed enough, we note that the vanishing E, “ = 0 forces
Ex"" =0 for i # 0, and therefore the edge homomorphism in (1.18) is an isomorphism in
degree q, i.e.,

k
B3 = @ W,(Vi,0). (7.11)
t=1

=L~ 0 for i # 0 implies that E, ™' = 0 for r > 2 and in
particular the differential d; " ': E; "1 — E2 is identically 0 in degree ¢, which implies

that ngl =EX forallr > 2, so that the quotient map in (1.18) is in fact an isomorphism.

Moreover, the vanishing Fy

The vanishing (7.10) is immediate for i < 0 since E “J — 0 in this case. We will then
prove the stronger vanishing statement mentioned, namely,

Ey™ =0if j>0andi<j+1. (7.12)

Since dim(G) = 2n — 4, it follows that E;“/ = 0 for j > 2n — 4. To prove the vanishing
(1.19), we show for each 1 < j < 2n — 4 that one of the following holds:

o« By =0foralli<j+1.

e E} Jis a complex whose homology vanishes in degree —i for ¢ < j + 1.

In order to compute the homology of E;”, we will need to understand the groups F;  for
i < 7+ 2. In particular, we are only interested in the values of 7 for which i < j+2 < 2n—2,
and ¢ = 2n — 2 will only be relevant when j = 2n — 4. To warn the reader of a somewhat
awkward case analysis that will occur, we note that in our proofs below we will treat the
case j = 2n — 4 separately, and then reduce to the range 7 < 2n — 3, where more vanishing
of cohomology occurs, allowing us to give a more uniform proof of (1.19) in that case.

We compute the groups F; & using the Leray spectral sequence. Note that we have
already done this for i = 0,1 in (7.8) and (7.7), so we will assume when needed that i > 2,

and in particular that X% = K~% Using the projection formula, together with (6.1) and
(7.1), we have that

- (IC—Z' ®og 7+ Sym? Q) = A'K @ (Sym? Q)(1—i)  for i > 2. (7.13)

Lemma 7.1. Ifi > 2 then H" (G,’y* (IC*i oy ~* Sym? Q)) = 0 if both of the conditions
below fail:

eu=n—2andi>=n;
e u=2n—4 andi > 2n — 2.

Proof. We use (7.13), note that Sym? Q)(1 — 7)S(g41—;,1—)Q and apply Lemma 3.3. The
only potentially non-zero cohomology occurs for © = 0,n— 2, or 2n —4. Since ¢ > 2 we have
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1 —14 < 0 and therefore HO(G,S(qH,i’l,i) Q) =0. If H”_2(G,S(q+1,i’1,i) Q) # 0 then it
follows from (3.4) that 1—i < —(n—2), or equivalently i > n. If H>"~4(G, S(g+1-i,1-Q) # 0
then, since 1 — ¢ < 0, it follows from (3.5) that ¢+ 1 —i < —n, that is i > ¢ +n + 1. Since
q = n — 3, this yields ¢ = 2n — 2. ]

In order to complete the proof of Theorem 1.1, there are two cases to consider.

Case 1. The case when R(V, K) is irreducible (k = 1).

We assume that R(V,K) =V ", and write @ = dimV > 2 and N = 2(n — 7). If @ = n,
then the isotropicity condition implies that K = 0, and the conclusion of Theorem 1.1 holds
trivially. We will therefore assume that 7 < n. For i > 2 we compute the terms E] "’ using
the Leray spectral sequence,

B — v (G,Rvy*(/c—i ®o,, 7* Sym! Q)) — (7.14)
Futv (é“ o ®Oa ~* Sym!? Q) _ E;i,u+v.

Using Lemma 6.1, we have that E’; ¥ =0 for v # 0, N —1, and the vanishing of the groups
E2° has been described in Lemma 7.1. For v = N — 1, we have E;"N_l = qué using the
notation (6.8) and the fact that i > 0 (so that K~ = K~). Using Corollary 6.4, in addition

to the previous observations, we conclude that the only potentially non-zero groups E;‘ v
occur in the following four cases, which we now analyze separately.

e (u,v) = (n—2,0)if i > n. We then have u + v =n —2 < 2n — 4.

e (u,v) = (2n—4,0) if i = 2n — 2. We then have u + v = 2n — 4.

e (u,v) =(m—2,N—1). We then have u + v =2n -1 — 3 < 2n — 4.

o (u,v) =(2n—4,N —1)if i = 2n — 2. We then have u + v =2n — 5 < 2n — 4.

It follows that the only non-vanishing groups F,| w24 can occur when i > 2n — 2, which

proves (1.19) for j = 2n—4. As explained earlier, we may assume from now on that j < 2n—>5
and 7 < 2n — 3, and in particular E;“’ may only be non-zero when (u,v) = (n —2,0) or
(u,v) = (m—2,N — 1). It follows that the spectral sequence (7.14) degenerates, and we
have Ef” =Qunless j=n—2andi>=n,or j=N+n—-3=2n—n—3.

Suppose first that n < n — 1, so that n — 2 # 2n —n — 3. For j = n — 2 we infer that
Efi’"fz = 0 when ¢ < n — 1, proving (1.19), while for j = N + 7 — 3, we have used the
notation (6.8) that

E;z‘,N+ﬁ—3 _ Ezﬁﬂ,NA _ Fﬁ_—iQ,O (7.15)
for i < 2n — 3, and in particular for ¢ < N + 7 — 1. It follows from Proposition 6.2 that
By = H T (Fy_y0) =0fori <N +7—2=j+1, as desired.

Suppose now that m =n — 1, so that n —2 = 2n —n — 3. We set j = n — 2 and analyze
the complex E7*. For i <n — 1 we have as before that ;" = F", ;, while for i = n we
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derive from the spectral sequence (7.14) a natural short exact sequence

0— Ey 2" — By™ — By =P ) —— 0. (7.16)
We obtain from this a commutative diagram
E{™ — By Y
I | an
Fo 0 — Fn_n;ol A — Fg—z,o-

Recall now from Proposition 6.2 that H*i(Fﬁ’fzo) =0fori < N+n—-2=n—-1 1t
follows that the same vanishing holds for the cohomology of Ef”, that is E; "/ = 0 for
i <n—1=j+ 1, concluding our proof in the case when the resonance is irreducible.

Case 2. The case when R(V, K) has at least two components (k = 2).

We let ny = dim(V;) for 1 < t < k, and note that n, < n—2 for all t. Indeed, since n; > 2
for all ¢, a component of R(V, K) of dimension n — 1 or higher would meet every other
component non-trivially, which is a contradiction. It follows that if we let Ny = 2(n — ny)
denote the codimension of G; inside G, then

n—2<Ni+n—3=2n—n; —3 <2n—4. (7.18)

For v > 0, the higher direct images R"~x (IC_i Qo ~* Sym? Q) are given by sheaves
supported on the base locus B. We can isolate the contributions of each of the connected
components G; of B, as follows. We factor the map v: G — G as the composition

G- G 2 a, (7.19)

where 7 is the blow-up of Gy, and gi)t denotes the blow-up of the (prelmage via 4; of the)

remaining components of B. We let ICt denote the Koszul complex on Gt associated as in
Section 6.1 with the map K ® Og, — Og t(H E;). Applying (6.1) to the blow-up map

¢¢ (whose exceptional divisor is By u -+ - L E UL Ey), we infer that

(¢)«K ™" = K7 for all i > 0. (7.20)
Since K¢ = K~ for i > 0, we conclude using the projection formula that

R”y*(IC_i ®0g ~*Sym? Q) = @R At ( IC ®om 3; Sym? Q) (7.21)
t=1

for all 7,v > 0. In view of Lemma 6.1, we obtain that

R"3;4(K;" ®oy, 4f Sym?Q) = 0 for v>0and v # N; — 1. (7.22)
t
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If we assume that 7 > 2 and compute each of the terms E| v using the Leray spectral
sequence (7.14), then it follows as in the case when R(V, K) was irreducible that the only
potentially non-zero terms E5"’ occur when

e (u,v) =(n—2,0)if i > n, in which case u+v =n—2 < 2n — 4.

e (u,v) = (2n —4,0) if i > 2n — 2, in which case u 4+ v = 2n — 4.

e (u,v) = (ny—2,N;—1) for some ¢, in which case n—2 < u+v =2n—n;—3 < 2n—4.
o (u,v) = (2ny — 4, Ny — 1) for some ¢, if i > 2n — 2, in which case n —2 < u +v =

2n —5 < 2n —4.

This shows that if El_” # (0 for some ¢ < j + 1, then n — 2 < j < 2n — 4. Thus, we need
to analyze the complexes E}” for j in this range. As explained previously, we only need to

consider i < j + 2, that is, we may assume that i < 2n — 3. It follows that E5" may only
be non-zero when (u,v) = (n —2,0) or (ny — 2, N; — 1) for some 1 < ¢t < k, which implies
that the spectral sequence (7.14) degenerates.

Indeed, since the differentials in the spectral sequence are given by mas

duv, v, gutro-rl (7.23)

for r = 2, and since n > n;, the only non-zero such maps could occur in the following two
cases, which we treat separately.

o (u,v) = (ny—2,N;—1) for some 1 <t <k,and (u+r,v—r+1)=(n—2,0). This
implies that r =n —n; and r — 1 = Ny — 1 = 2(n — n;) — 1, which in turn yields
r =n —n; = 0, which is impossible.

o (u,v) = (ng—2,N;—1) and (u+r,v—r+1) = (ny—2, Ny—1), forsome 1 < t # t' < k.
This implies that » = ny —n; and r — 1 = Ny — Ny = 2(ny — ng). Since r > 0, it
follows that 0 < r = (ny —n¢) < 2(ny —ng) = r — 1, which is again impossible.

Since the spectral sequence (7.14) degenerates, forn —2 < j < 2n —4 and ¢ < 2n — 3, it
follows that

EfY = @ HM? (Gt,RNt_lﬁt*(’%t_i ®0g, ¥ Sym! Q))» (7.24)
Ni+ng—3=j

that is, each chain complex Ej I s isomorphic, in the range ¢ > —(2n — 3), to a direct sum
of complexes of type F33_, , constructed as in (6.8) from an irreducible component V=V
of R(V,K) withm =n;, N = N, and N +7— 3 = j. Since j + 2 < 2n — 3, Proposition 6.2
implies that By = #~H(E}7) = 0, fori < N+7—2 = j+1, thus concluding our proof. [

8. GENERIC VANISHING FOR KO0OSzZUL MODULES

We now discuss Conjecture 1.7, amounting to the statement W,,_4(V,K) = 0, for a
general (2n — 2)-dimensional subspace K = A?V. From (1.1), we have that

W,(V,K) = coker{K ® Sym? vV %2, ker(csl,qﬂ)},
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where 9o is the Koszul differential and d144+1: V ® Symit'V — Sym?*2V is the multi-
plication map. When ¢ = n — 4 and m = dim(K) = 2n — 4, the source and target of do
have the same dimension. Therefore the degeneracy locus of do defines a virtual divisor on

Gran—2 (/\2 V).

Recalling the presentation (2.1) of the Koszul module W (V, K), we see that W,(V, K) = 0
if and only d5: A®V ® Sym? H(V) — (/\2 V/K) ® Sym?V is surjective. We dualize and
since K+ = (/\2 V/K)", we conclude that W,(V, K) = 0 if and only if the map

D3: K+ ®@Sym?(V)Y — A*VY @ Sym?~ (V)" (8.1)
is injective. With respect to a basis (eq,...,e,) of V'V, the differential D3 is given by

Ds((uAv ®f =Z UAVA E)R O, f,
for elements u,v € VY and f e Sym? (V).

8.1. Generic Koszul vanishing fails for n = 5. We now explain that Conjecture 1.7
fails for a 5-dimensional vector space V for every subspace K € Grg ( /\2 V).

Proposition 8.1. If V is 5-dimensional, then Wi (V,K) # 0, for every 8-dimensional
subspace K = N\*V

Proof. We fix a general subspace K € Grg ( /\2 V) and note that K= is 2-dimensional. In

particular K+ < P( /\2 VV) can be regarded as a pencil of 5 x 5 skew-symmetric forms.
Using Kronecker’s structure theorem for such pencils, see e.g. [44, Theorem 1], there exists
a basis (e1,...,e5) of V'V, such that with respect to this basis K7 is generated by

P=cirnegt+esne, Q=e nes+esnes.

To conclude that the map D3 is not injective it suffices to produce a syzygy between P and
@ and we immediately notice that P A e; + Q A ez € ker(D3). It follows that D3 is not
injective for every K € Grg ( /\2 V). O

8.2. Generic Koszul vanishing via Macaulay2. By semicontinuity, in order to prove
the vanishing of W,(V, K) for a general subspace K € Gra, o A? V), it suffices to do so
for a specific choice of K. For small values of n = dim(V'), precisely for 6 < n < 10, this
can be done using a computer algebra software. We checked Theorem 1.8 using Macaulay2
[21], and we include the relevant code below.

= 7Z7/32003[x_1..x_n];
koszl = koszul(1,vars S);
kosz2 koszul (2,vars S);
m = 2*n-2;
K random (S~ (binomial(n,2)),S"m);
cc = chainComplex{koszl,kosz2 * K};
W = HH_1(cc);
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hilbertFunction(n-2,W)

In the above, we have chosen to work with coefficients in a finite field to speed up
calculations (this suffices in order to verify generic vanishing). The chain complex cc we
construct refers to the complex (1.1) defining the Koszul module W = W(V, K). We note
that the default grading convention in Macaulay2 differs from ours by 2, hence the line
hilbertFunction(n-2,W) computes dim W,,_4(V, K), as desired.

Running the code above with n = 9 yields dim W,,_4(V, K) = 1 for the random examples
that the computer generates, which is highly suggestive of the fact that W, _4(V, K) # 0
for all subspaces K € Grig ( /\2 V). Unlike in the case n = 5 discussed in Proposition 8.1,
we do not have a theoretical explanation for this intriguing fact. This is reminiscent of the
Prym-Green Conjecture [10] predicting the vanishing K%_372(C, we ®n) = 0 for a general
Prym curve [C,n] € R,. The genera for which this conjecture is known to fail are precisely
g = 8 (in which case [8] provides several geometric explanations for this surprising fact)
and g = 16, see [10], which is suggested by a random Macaulay2 calculation, though no
geometric explanation for this fact has been found.

We can ask more generally whether for n = 2" + 1 and m = 2"! we always get
Wy—a(V,K) # 0, but already the next case n = 17 and m = 32 appears to be out of
reach for computer experimentation.

8.3. Generic Koszul vanishing and K3 surfaces. Polarized K3 surfaces of odd genus
provide an interesting testing ground for Conjecture 1.7. Precisely, let (X, H) be a polarized
K3 surface with Pic(X) =~ Z - H, where H? = 4r, with r > 1, and we fix the Mukai vector
v = (2, H,r), therefore v?> = 0. The moduli space My (v) = Mx (2, H,r) of H-stable rank
2 vector bundles E on X with h%(X, E) > r + 2 and det(E) =~ H is again a K3 surface,
Fourier-Mukai dual to the surface X. We fix F € Mx (v) and consider the determinant map

d: N*H(X,E) — H°(X,H).

Note than h%(X, H) = 2r + 2 = 2h°(X, E) — 2 and a general such E is globally generated,
while d is surjective. The Koszul module W (E) := W (H’(X, E)", ker(d)*) associated in
[5] to the vector bundle E can be used to test Conjecture 1.7. Before stating our next result,

we recall that Mg := ker{H "X,E)@0x S E } denotes the corresponding kernel bundle.

Proposition 8.2. We fiz a polarized K3 surface (X, H) with Pic(X) ~ Z-H and H* = 4r.
Then if for a general vector bundle E € Mg (2, H,r) the following holds

H'(X,Sym" Mg) =0,
then Conjecture 1.7 holds in dimension r + 2.
Proof. Setting V = HY(X,E)Y, note that H°(X,H)Y can be regarded as a (2r + 2)-

dimensional subspace of A?V. From [5, Theorem 4.3] we have the following identification
Wy(E)¥ =~ H*(X,Sym" M), from which the conclusion follows. O
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9. FUNDAMENTAL GROUPS OF HYPERPLANE ARRANGEMENTS

9.1. Generalities on hyperplane arrangements. We now explain how the main results
of this paper can be applied to describe the Chen ranks of the fundamental groups of
(complements of) hyperplane arrangements. We consider an arrangement A of hyperplanes
in C™ and let
M(A):==c™ | | H
HeA

be the complement of the arrangement. As shown by Arnold and Brieskorn, the cohomology
algebra H* (M (A),R) is embedded as a sub-algebra of the de Rham algebra Q (M (A)). It
follows that M (.A) is a formal space in the sense of Sullivan [43], and thus its fundamental
group G(A) = m(M(A)) is 1-formal. As usual, we denote by P(A) the projectivized
arrangement of hyperplanes in P‘~1. Since M (A) is isomorphic to M (P(A)) x C*, we can
go back and forth between affine and projective hyperplane arrangements.

In [29], Orlik and Solomon gave a description of the cohomology algebra of M (A) in terms
of the intersection lattice L(A) of the arrangement. As usual, a flat of A is a non-empty
intersection of hyperplanes in A and L(A) consists of all the flats of A. We fix a linear
order on A, and let £ = E(A) be the exterior algebra over C having the degree 1 generators
{er}trea. We write ej == ej; A--- Aej, € E(A), where J = (j1,...,jp) is a multiindex such
that j1 <--- < Jp.

We define a differential 0: F(A) — E(A) of degree —1, by setting d(1) = 0 and d(ey) = 1,
and extending 0 to a linear operator on F(A) using the graded Leibniz rule; that is,

P
k— N
oejy Ao nejy) = 2(—1) Yejy A NG A A e
k=1

For a subarrangement B = {H, ..., H} of A, we use the notation ez = eq, A - A ep,
and for X € La(A) we put ex :=eq,, where Ay ={He A: X < H}.

The Orlik-Solomon ideal I = I(A) is the ideal of E(A) generated by the elements
{0(eB) : codim (Nyeg H) < |B|}. As shown in [29], the graded algebra H®(M(A),C)
is isomorphic to the Orlik—Solomon algebra A(A) := E(A)/I(A).

The degree 2 part of the ideal I(A) decomposes as

PA) = P IP(Ax). (9.1)
XeLa(A)
For every X € Ly(A), define a derivation dx: E(A) — FE(A) of degree —1 by setting

Ox(eg) =1if H o X and dx(ey) = 0 otherwise, and extending to a linear operator on
E(A) using the graded Leibniz rule.

The resonance varieties of an arrangement complement were introduced by Falk in [18],
and subsequently studied in [15,27,19, 34,48, 16]. We refer to the exposition in [40] for
details and further references. The resonance variety R(A) := R(G(A)) of the arrangement
is linear, projectively disjoint, and isotropic.
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9.2. The Koszul module of a hyperplane arrangement. Given a hyperplane arrange-
ment A, the Koszul module W(A) = W(V,K) of A is the corresponding Koszul module
over the polynomial ring S = C[xz1,...,z,] obtained by setting

VY = BY(A) = H'(M(A),C) and K+ = I*(A), (9.2)

where K+ = I2(A) is the kernel of the cup product map AH'(M(A),C) — H?(M(A),C).
With this notation, we have that R(A) = R(V, K).

We fix again an ordering Hy, ..., H, of its hyperplanes. The space V¥ = H'(M(A),C)
has basis ey, ..., e, corresponding to the hyperplanes of A, while K+ = I’(A) c /\2VV is
the subspace spanned by elements of the form

eije) = (ei —ex) A (e — ex),
for hyperplanes H;, Hj, Hy, that are not in general position. More precisely, if X € Ly(A) is
a rank 2 flat where r hyperplanes meet, there will be (’;1) such elements contributing to a

basis for K*; hence, dim K+ = 2iXeLy(A) (lXI{l)'

Let (v1,...,v,) be the basis of V = H; (M(A), (C) dual to (ey, ..., ey,). Then the subspace

K < A?V is spanned by all elements of the form
T
Uiq VAN (Z Ujs>
s=1

for all flats X = H;, n--- n H; € La(A) and all indices 1 < ¢ < r. In particular,
m = dimK = > y.r, (X[ —1). For instance, a double point (ij) in P(A) contributes
a basis element v; A v; to K, whereas a triple point (ijk) contributes two basis elements,
v; A (vj +vg) and vy A (v + k).

Finally, we note the following simple fact. For a subarrangement B < A, consider the
linear subspace Vy' := span{er}pes  V'V. We then have the decomposition:

NV = NVE @ (V8 A Viis) @ AViis (9.3)
According to the decomposition (9.3), any w e K1 can be written as

w =w3+wM+wA\B. (94)

We will repeatedly use this decomposition in relation with separability in the sequel.

9.3. Multinets and resonance. To describe the resonance varieties R(.A) in combinato-
rial terms, we recall an important notion due to Falk and Yuzvinsky [19].

Definition 9.1. A k-multinet on an arrangement A consists of a partition of A into k
subsets Aj, ..., Ag, together with an assignment of multiplicities, m: A — Z-q, and a
subset X © La(A), called the base locus of N, such that the following are satisfied:

(1) There is an integer d such that >,y 4 mpy =d, foralli=1,..., k.
(2) For any two hyperplanes H and H’ in different classes, H n H' € X.
(3) For each X € X, the sum nx = X . 4.4, M is independent of i.
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(4) For each i = 1,...,k, the space (UHeAi H)\X is connected.

We refer to such an object as a (k,d)-multinet. A flat X € Lo(A) is either contained in
some block A4;, or it meets each block, in which case it belongs to X, see [27]. The base

locus X is determined by the partition (Aj,...,A); indeed, for each ¢ # j, we have that
XI{H(WH/:HEAZ', H/G.Aj}.

Work in [34, 48] shows that if N is a k-multinet with |X| > 1, then k = 3 or 4; moreover,
if at least one multiplicity my is not equal to 1, then &k = 3. Although several infinite
families of multinets with k = 3 are known, only one multinet with k = 4 is known to exist,
namely, the (4, 3)-net on the Hessian arrangement of 12 lines in P2.

By a Lefschetz-type argument, since R(A) is determined by L<2(A), we may take a
projective 2-dimensional slice of A and assume without loss of generality that P(A) is a
line arrangement in P2, so that Lo(.A) consists of the multiple points on P(A). With this in
mind, following [19, Theorem 3.11], a k-multinet A/ on A determines an orbifold fibration

[ M(A) — %, f=[C1:C],
where ¥ := P!\{k points} and C; := [Lreq, H™ € |Op1(d)|, for i = 1,... k. It follows

from Definition 9.1 that dimspan{C1,...,Ck} = 2, and the k points in P! that im(f) avoids
correspond precisely to the values of [C1],...,[Ck] in this pencil.

The induced map in cohomology, f*: H*(X,C) — H*(M(A),C), sends a loop ¢; about
the i-th puncture of P! to the element

ui= Y, my-eg e H (M(A),C) = E'(A).
HeA;
Consequently, the homomorphism f*: H'(3,C) — H'(M(A),C) is injective, and thus
sends R(X) to R(M(A)). Upon identifying R(X) with H'(X,C) = C*~!, one sees that
Py = f*(H'Y(%,C)) is the (k — 1)-dimensional linear subspace of Vv = H(M(A),C)
spanned by us —uq, ..., up —up. Since H'(X,C) is isotropic, Py is also isotropic. As shown
in [19, Theorem 2.4], this subspace is an irreducible component of R(.A).

9.4. Multinets on subarrangements. Suppose there is a sub-arrangement B < A sup-
porting a multinet . In this case, the inclusion M(A) — M (B) induces an injection
HY(M(B),C) — HY(M(A),C), which restricts to an embedding R(B) — R(A). Thus, the
resonance component Py € R(B) may be viewed as a linear subspace Py € R(A). It is
shown in [19] that Py is an irreducible component of R(A). Furthermore, all (positive-
dimensional) irreducible components of R(A) are of the form Py, for some multinet N on
a sub-arrangement 3 € A, maximal with the property that it supports a multinet. The
components corresponding to multinets of A are called essential components.

Lemma 9.2. Let N be a k-multinet on a sub-arrangement B = By u -+ 1 By, with corre-
sponding resonance component Py. If a = Yy qan - eg € Py, then:

(1) The vector a is supported on B, that is, ag = 0 for H ¢ B.
(2) For any H € B;, the ratio % is independent of H.
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Proof. Let a € Py. Then a = Zf:g Ai(u; — up), where u; = ZHeBi mpy - eg. Since each u;
is supported on B, also a is supported on B, which proves (1). For claim (2), we rewrite

k k
a = —(/\2 + -+ )\k)ul + Z )\iui =! Z iy,
i=2 j=1
where p11 = —(Xo + --- + Ag) and p; = Aj for j = 2. The coefficient ay for any H € B; is
precisely ay = pj - mpy, hence the claimed proportionality holds. O

We set dp(a) == ag and extend dpy: E(A) — E(A) to an operator of degree —1. In
terms of the basis (vi)pgea of V, dual to the basis (eg)gea < V'V, we have

Quv =v4 = 2 vE, Ox|yv = Ux = Z vy, and Jdypyv = vpH.
HeA HeAx

We now describe the equations of Py in the form given by [12, (5.1)]. Recall that X
denotes the base locus of N.

Proposition 9.3. The component Py of the resonance R(A) is given by
Py = {a e VY :d(a) =0, dx(a) =0 for X € X, dp(a) =0 for H ¢ B}.

Proof. Let Z denote the set on the right-hand side. Since Z is defined by linear equations,
it is a linear subspace of V'V. We start by showing that Py € Z; for that, we must verify
that each basis element u; — u; for Py satisfies the three defining conditions of Z.

e By part (1) of Definition 9.1, d(u;) = X yep, mu = d, so d(u; —uy) = 0.
e By part (3) of Definition 9.1, dx (u;) = X ep, Auy MH = 11X, 50 Ox (u; —u1) = 0.
e Since by definition u; is supported on B, we have 0 (u; — u1) = 0 for H ¢ B.

Thus, Py € Z. Since dim Py = k — 1, it remains to verify that dim Z = k& — 1. Since the
equations dg(a) = 0, for H ¢ B, restrict the support of a to B, we may identify Z with the
kernel of the linear map from C/Bl to C'*I*| given by the global sum and the |X| local sums
over lines through each X € X'. Equivalently, W = ker(J) nker(E), where .J is the |X| x |B|
incidence matrix with Jx z = 1 if H > X and 0 otherwise, and E is the all-ones |B| x |B|
matrix (so ker(E) is the hyperplane of vectors with coordinate sum zero), see [27]. As shown
in [19, Theorem 2.5], this space coincides with ker(Q) n ker(E), where Q = J7J — E. The
multinet structure ensures that ) decomposes as a direct sum of k indecomposable blocks,
Q1D - ®Qy (one per class B;). Moreover, dim(ker(Q;)) = 1 for all ¢, so dim(ker(Q)) = k.
Intersecting with ker(E) yields dimension k£ — 1, since the kernel vectors of the Q; can be
scaled to have equal coordinate sums d, and the intersection consists of their differences.
Thus, dim Z = k — 1, and this completes the proof. ]

9.5. Linear equations and separability of essential components. Let Py be the com-
ponent of the resonance R(A) arising from a multinet A/ supported on a sub-arrangement
B = By u---u B of Aas above. Recall that Py is isotropic and hence it is a separable
component of R(A) if the equality (PN A VV) NKL = /\2 Py holds. Thus, it is of interest
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to explicitly determine the equations of these subspaces of /\2 V'V appearing on both sides
of this (hoped for) equality.

Proposition 9.4. The subspace /\2PN c /\2 V'V is described as:
APy = {w e AN*VVY:0w) =0, dx(w) =0 for X e X, dg(w) =0 for He A\B}.

Proof. Combining Propositions 9.3 and 4.4, the space /\QPN c /\2VV is given by

Ao (arv)(w) =0, (vx Av)(w) =0, (vg Av)(w)=0
{we/\V ' forveV, X e X, and H € A\B }

These equations can be wrapped up into the simpler ones stated above, using the identities
VE AV =v00H, 0= D e 0H,and 0x = ZHEAX On, which are immediate. O

The next result is established by Cohen and Schenck in [12, Theorem 5.1]. For the sake
of completeness, we include their proof using our setup.

Theorem 9.5. Ifwe (Py A VY) n K+, then d(w) = 0 and dx(w) =0 for all X € X. In
particular, any essential component Py of R(A) is separable.

Proof. Recall that Py = span{us — uy,...,ur — u1}, where u; = > s mpy - eg. Since
w € Py AVY, we may write w = (ug —u1) Aga+- -+ (ug —u1) A gg for some go, ..., g € VV.
We compute 0(w) = —Zsz d(g:)(u; — u1). Since w e K+ = I?(A), we have 0(w) = 0. The
vectors ue — u1,...,ur — uy are linearly independent, we must also have

0(gi) =0 fori=2,... k. (9.5)

Now let X € X. There is a subset {H},,...,H;,} = Ax with H;, e B; foralli=1,... k.
Write u; — u1 = y; + y;, with y; supported on Ax and y; supported on A\ Ax. Then

Yi =My, - eq; —my; cem; + Z MK - €[ — Z mp -eg.  (9.6)
HGBiﬁAx\{HJ‘i} HGBlﬁAx\{H]’I}

Since mpy, # 0 and yy for i’ € {2,...,k}\{i} does not contain any vector from the set

{er}men;, it follows that ya, . .., yx are linearly independent. Via condition (3) of Definition
9.1, we have dx (u; —u1) = 0. Since by definition dx (y;) = 0, we infer that

Ox(yi) = 0. (9.7)

Write g; = z; + Z;, where supp(z;) € Ax and supp(z;) € A\Ax. Then

k
W= Z(yi +0i) A (2 + Z).
i=2
Set wy = 2522 yi A zi. By (9.1), we have wy € I?(Ax); hence,
k

0= a(wx) = X, (0 (w) 2 — v x(2)). (9.8)

=2



40 M. APRODU, G. FARKAS, C. RAICU, AND A. SUCIU

In view of (9.7), we get Zf:z y; Ox(z;) = 0. Since ya,...,yx are linearly independent,
we conclude that dx(z;) = 0 for ¢ = 2,...,k. Since by definition dx(z;) = 0, we obtain
Ox(gi) =0, for i = 2,..., k. Finally, since u; — u; € Py, we also have dx (u; — u1) = 0, for
i=2,...,k, therefore 0x(w) = 0, and this completes the proof of the first part.

For the second part, when Py is an essential component, then B = A and comparing
the equations in the first part of Theorem 9.5 with those in Proposition 9.4, the equality
(Pv AVY) A K+t = A? Py becomes immediate. O

Remark 9.6. For non-essential components of R(.A), when A\B # ¢, comparing Theorem
9.5 and Proposition 9.4, we point out the extra equations dy(w) = 0, where H € A\B, that
ensure the separability of a component Pp. This fact is overlooked in [12]. The claim at
the beginning of the attempted proof in the revised version [12, Theorem 5.1], that non-
reducedness of a component Py of R(A) supported on a subarrangement B of A implies
the non-reducedness of the essential component Py in R(B) is incorrect, see Remark 2.3.

Instead, we will verify the extra equations appearing in Proposition 9.3 in several impor-
tant cases in what follows.

9.6. Local components are separable. The simplest components of R(A) are canoni-
cally associated to rank 2 flats of A lying at the intersection of at least 3 hyperplanes.

Definition 9.7. Let X € Ly(A) be a 2-flat which is the intersection of k > 3 hyperplanes.
The local component of R(A) is the component corresponding to the k-net on the sub-
arrangement Ay, obtained by assigning to each hyperplane the multiplicity 1, placing one
hyperplane in each class, and setting X = {X}.

Concretely, we have the following description of a local component of the resonance:
Py = {aevv . dx(a) = 0 and 9x(a) =OforHj3X}. (9.9)

Proposition 9.8. For every 2-flat X € Ly(A) lying at the intersection of at least 3 hyper-
planes, the corresponding local component Px of R(A) is separable.

Proof. Let Hy,...,H be the set of hyperplanes that contain X and let eq,...,e; be the
corresponding basis elements in V'V. Denote by {X, X1, X, Xog1,y e e ,Xm} the set of
2-flats lying at the intersection of at least 3 hyperplanes in A, where {X, X;,...,X,} is
the subset of the 2-flats contained in one of the hyperplanes Hy, ..., H;. Note that for any
a € {1,...,r} there exists a unique hyperplane H; = H;,) € Ax containing X,. With this
notation, V' := Px = span{e; — ey, ...,ex_1 — e}. As before, Vie = span{eq,...,ex}.

From (9.1) an element w € K L decomposes depending on the support of these 2-flats as

T m
w=wx + Z wx, + Z WXy (9.10)
a=1 B=r+1
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where wx = Y xcH,H,~H, Cije - (€ije) € A2V, and for a = 1,...,r, we have
WXa = ) ciie Oeiae) + )5 e dege)  (9.11)
Hi(a)mHij€=Xo¢ HiﬁHjﬁng,Xa
HjuH X H;uH;UH X

while for 8 > r + 1, we have wx, = ZHmHijz:X@ Cije - O(€ije).
According to (9.4), we have another decomposition
W=wAyx + WM+ WA Ay (9.12)

with wa, € N> Vi wm €V AV L, andwaay € N> VXiay- By the definition of Ay,
we must necessarily have wx = way .

Assume now w € (V A VY) n K*. In this case, since VA VY c Vie A VY, we obtain
ws Ay = 0. Comparing the decompositions (9.10) and (9.12), we find that

m
WM = Z Z Citayje - (€iga) A €5 — €i(a) A er) |- (9.13)
a=1 Hi(a)ﬁH]‘ﬁHg=Xa
H;juH,pX

Since wy € I*(Ax) = K1 also wyr € K+, and hence wyy is a linear combination
Wi = Y pgs - €pgs)- (9.14)

We assume that wy; # 0 and compare (9.13) and (9.14), with a focus on the common
contributions to basis elements. We remark that in (9.14), a non-trivial contribution can
arise only from elements a;(,)j¢ - (€i(a)je) With a;);0 # 0 and Xo = Hyo) N Hj 0 Hy. In
particular, such an element will also produce a non-zero term a;,);¢ - €j A €, which has no
canceling partner in (9.14), since X, = H; n Hy. This is in contradiction with (9.13). O

9.7. Arrangements with double and triple points. We now identify an important
class of arrangements for which all the resonance components are separable.

Theorem 9.9. Let Py be a component of R(A) corresponding to a multinet N on a sub-
arrangement B < A. Assume that for any Y € Lo(A) that is the intersection of two
hyperplanes in B we have |Ay| < 3. Then Py is separable.

Proof. Assume the sub-arrangement B < A has parts By, ..., B, multiplicities mpg > 1 for
H e B, and base locus X. Because of our assumptions, for each Y € Ly(A) with |Ay| > 3,
we distinguish the following possibilities:

(1) Ay < B and |Ay| = 3.

(2) |[Ay n B| =2 and |Ay| = 3.

(3) Ay n B consists of one element, call it H,y.
(4) Ay < A\B.
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Accordingly, any w € K may be expressed as w = S + Sy + Sg + Sy, where

Si= > Av-dley), Sa= >, Ay-d(ey),
YeLy(A) YeLy(A)
Ay cB | Ay nB|=2

53 = Z Z )‘a(Y)bc : a(ea(Y)bc) )

YeLa(A) Hy<H,
.Ayr\B:{Ha(y>} H‘l(y)memHC:Y
Sy = Z Aabe * a(eabc)'
Ho<Hy<H,.

{Hq,Hy,H 3 S Ay \B

In S5 we regrouped a part of triples that appear in case (3), and in Sy the remaining part
of triples from case (3) plus the triples covered by case (4). Note that for a flat Y € La(A)
with Ay = {H,, Hy, H.} and |Ay n B| > 2, where H, < H, < H,, each of the bivectors
eq A€y, —€q A€e, and e, A e, that appear in S7 and So appears only once, with coefficient Ay-.

We fix an element w € (PN A VV) n K. Using the decomposition (9.3), we may write
w = wp + wyr, where wp € /\2VBv and wyr € Vg A V,X\B' Therefore, from the discussion
above, w can be written as

w=2_57+ 5 + Z Z Aa(Y)be * (ea(y) A €h = eq(y) A ec) |- (9.15)
YeLa(A) Hy,<H.
Ay nB={H,v} Hy(vynHynHc=Y

The component wy; can be written as:

WM = Z Ve A €, Wwith v, = Z waceq € Py € V5. (9.16)
HCEA\B HaGB

We observe that So = 0, and hence wg = S1. Indeed, let Y = H, n Hy n H, € La(A),
with H,, Hy, € B and H. € A\B. In this case we have Ay = {H,, Hy, H.}. The contribution
of Ay - d(ey) to wys equals Ay (—eq A €. + e, A e.). We get wee = —Ay and wpe = Ay, in
particular wq. + wp. = 0. Note also that H,, H, must be in the same block B;, otherwise
H, n H, =Y € X and since k > 3, we obtain | Ay| > 4, a contradiction. Since v, € P, by
Lemma 9.2 we have, ;2= = e Since mpy = 1 for all H € B, this forces wye = wpe = 0,

Hq mm,
therefore Ay = 0.

Since S; € K+, and w € K+ it follows that

1
Z Z )‘a(Y)bc : (ea(y) A €y — Eq(y) N CC) e K—.
YELQ(.A) Hy<H.
AyﬁB:{Ha(y>} Ha(Y)memHC:Y
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Arguing as in the proof of Proposition 9.8, we infer that A,y = 0 for all Y € La(A)
for which Ay n B = {Ha(y)} and Hyyyn Hyn H. =Y. Hence wy = 0 and therefore
w = wg € Ké = I?(B). By Theorem 9.5, we know that Py is separable in Vy', that is,
Ké N (PN A VBV) = /\2 Pys. Tt follows that w = wp € /\2 Py, which completes the proof. [

We have a stronger version of Theorem 9.9 showing that the resonance variety R(B,,) of
the Coxeter arrangement of type B,, (n = 2) is separable for every n. The proof is slightly
more involved and this result will be contained in a forthcoming paper.

An immediate consequence is the following.

Corollary 9.10. If A has no 2-flats of size greater than 3, then R(A) is separable.

As an application of the Main Theorem and of the above results, we prove the following
effective version of the Chen ranks conjecture for a large class of arrangements that was
announced in the Introduction.

Proof of Theorem 1.6. Since G(.A) is a 1-formal group, it follows that dim W, (A) = 0,42(G),
for all ¢ > 0. From the discussion in §9.3, the resonance variety R(.A) is linear and isotropic.
By Proposition 9.8 and Theorem 9.5 in the first case, and Corollary 9.10 in the second, R(.A)
is also separable. The formula for the Chen ranks follows from Theorem 1.1. O

9.8. Chen ranks of graphic arrangements. A prominent class of arrangements satisfy-
ing the hypotheses of Theorem 9.9 is provided by graphic arrangements.

Definition 9.11. Let I" := (V, E) be a finite simple graph on vertex set V = {1,...,m} and
edge set E. The corresponding graphic arrangement, Ap, consists of all the hyperplanes
H;j = {z — z; = 0} in C™, for which {3, j} € E.

The 2-flats of Ar are of two types: either H;; N Hye, where {i,j} and {k, ¢} are disjoint
edges of I', or H;; n Hj, n Hy;, where the edges {ij}, {jk}, {ki} form a triangle in T". In
particular, any 2-flat in A(I") has size at most 3.

Example 9.12. If I' = K, is the complete graph on m vertices, then Ag, 1is the braid

arrangement and the complement M (Ag,, ) is the configuration space of m distinct points
on C. Any graphic arrangement Ar is a sub-arrangement of Ak, , where m = |V|.

Let T, = T,(I") be the set of K,-subgraphs (r-cliques) of I". Set k, = |T,-(I")|; thus k1 = m
and ko = |E|. Setting Vv = E'(Ar) and K+ = I?(Ar), we then find that dim VY = kg
and dim K = k3. Using that each graphic arrangement is a subarrangement of a braid
arrangement, it follows from [15, Proposition 6.9] that multinets on Ar correspond either to
triangles or to complete triangles contained in I'. A triangle {7, j, k} € T5(I") induces a local
2-dimensional local component P;j;, = span{e;; — ek, €;; — eji} of the resonance R(Ar).

A 4-clique {i, j, k, ¢} € Ty(T") yields a subarrangement A, = { ijs Hik, Hio, Hji, Hjo, Hkg}
of Ar. This subarrangement has one essential component Pj;j¢ corresponding to the unique
(3,2)-multinet given by the partition A(K4) = {Hj, Hye} v {Hix, Hje} v {H;e, Hji}, with
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all multiplicities equal to 1. The corresponding 2-dimensional component of R(Ar) is then
given by P = span{eij — €ik + €k — €y, €5 — €jk + Epp — 6,’@}. We summarize these facts:

Proposition 9.13. The resonance variety R(Ar) has the following decomposition into
irreducible components:

R(Ar) = U Pijr v U Pije.
{i,5,k}eT5(T) {i,5,k,L}eT4(T)

We have the following immediate consequence of Theorem 9.9:

Corollary 9.14. The resonance variety R(Ar) is strongly isotropic.

As a consequence of Theorem 1.6 and Proposition 9.13, we obtain the following Chen rank
formula for graphic arrangement groups. Related results have been obtained in [13] in the
case when I is a complete graph K, in [31] in the case when x4 = 0, and in [38, Theorem
3.4], where the following formula is stated without a proof.

Corollary 9.15. The Chen ranks of every graphic arrangement group G(Ar) are given by
0,(G(Ar)) = (¢ — 1)(k3 + K4), for all ¢ = kg — 1.
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