LINEAR SYZYGIES OF CURVES WITH PRESCRIBED GONALITY
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ABSTRACT. We prove two statements concerning the linear strand of the minimal free resolution
of a k-gonal curve C of genus g. Firstly, we show that a general curve C of genus g of non-
maximal gonality k£ < 97“ satisfies Schreyer’s Conjecture, that is, bg—x,1(C,wc) = g — k. This
statement goes beyond Green’s Conjecture and predicts that all highest order linear syzygies in
the canonical embedding of C' are determined by the syzygies of the (k — 1)-dimensional scroll
containing C'. Secondly, we prove an optimal effective version of the Gonality Conjecture for
general k-gonal curves, which makes more precise the (asymptotic) Gonality Conjecture proved
by Ein-Lazarsfeld and improves results of Rathmann.

0. INTRODUCTION

1. The effective gonality conjecture. Let C' be a smooth complex algebraic curve and L a
very ample line bundle on C inducing an embedding ¢y, : C < PH?(C, L). In order to describe
the equations of this embedding, after setting r := r(L), we consider the finitely generated
graded S := Sym H°(C,L) = Clx,...,z,]-module T'c(L) := @, H(C, L®"). By the Hilbert

Syzygy Theorem, one has a minimal free resolution
0—F—1— - —Fy—Tc(L) —0,

where

Fp = @Kp,q(ca L) ® S(—p - Q)a
q>0
with K, 4(C, L) being the Koszul cohomology group of p-th order syzygies of weight ¢. As usual,
the graded Betti numbers of (C, L) are defined by by, , := dim K, ,(C, L). If L is non-special, then
K, 4(C,L) = 0 for all ¢ > 3. Accordingly, the graded Betti diagram of (C, L) consists only of
two non-trivial rows: the linear strand (¢ = 1) and the quadratic strand (¢ = 2).

The quadratic strand of the resolution is the subject of the Green-Lazarsfeld Secant Conjecture
[GL1] and has been studied extensively in [FK], [K2]. The linear row is the subject of the
Gonality Conjecture formulated in the same paper [GL1].

Assume C is k-gonal and let L be a line bundle on C' of degree deg(L) > 29 — 1 + k. By the
Green-Lazarsfeld Nonvanishing Theorem [G, Appendix], one has Kpoz)_x—1,1(C,L) # 0. In a
major breakthrough, generalizing results in [AV] in the case of general k-gonal curves, Ein and
Lazarsfeld [EL] proved that for an arbitrary smooth curve C' of gonality k, if deg(L) > 0, then

(1) KhO(L)_k’l(C, L)=0.

This result has been significantly improved by Rathmann [R], who showed that the vanishing
(1) holds for every smooth curve C' of genus g, when deg(L) > 4g — 3. As already indicated
in the original paper [GL1] Conjecture 3.7, one can ask for an effective version of the Gonality
Conjecture. We show the following:

Theorem 0.1. Let C be a general k-gonal curve of genus g > 4. Then for each line bundle L
on C of degree deg(L) > 2g — 1+ k, one has

Kpory—x,1(C, L) = 0.
1
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While the original Gonality Conjecture has been formulated as an asymptotic statement in
deg(L), the bound appearing in Theorem 0.1 is already raised as a possibility in [GL1, page 86].
Clearly Theorem 0.1 implies K,1(C,L) = 0, for all p > h%(C,L) — k. The bound on deg(L)
appearing in Theorem 0.1 is optimal. Indeed, if A € W}(C) is a pencil of minimal degree, then

Ky 11(C,wc®A) #0,

by the Green—Lazarsfeld Nonvanishing Theorem, that is, on every curve there exist line bundles
of degree 2g — 2 4+ k which do not verify (1).

In the interest of convenience, we say that a smooth curve C of genus g and gonality k satisfies
the Effective Gonality Conjecture if for each line bundle L € Picd(C), where d > 2g — 1 + k,
one has Kpo(r)_1,1(C, L) = 0. Equivalently, if there exists a line bundle L € Pic29~1*%((C) such
that K,1(C,L) # 0, then gon(C') < k — 1. Theorem 0.1 can be reformulated as stating that a
general k-gonal curve of genus g > 4 verifies the Effective Gonality Conjecture.

By Green’s K 1-theorem, see [G, Theorem 3.c.1], an arbitrary 3-gonal curve of genus g > 4
satisfies the Effective Gonality Conjecture. The same conclusion holds for each 4-gonal curve of
genus g > 7, see [Te, Proposition 3.8] or [AS]. Note that Theorem 0.1 fails for g = 3. In this
case, the general curve is trigonal and it is easy to see that K3 1(C, w%Q) = 0, using the fact that
the canonical linear system embeds C in the plane.

For curves of maximal gonality of odd genus g > 5, our results are complete:

Theorem 0.2. Every smooth curve of odd genus g > 5 and mazimal gonality satisfies the
Effective Gonality Conjecture.

Theorem 0.2, which plays an essential role in the proof of Theorem 0.1 turns out to be
intimately related to the divisorial case of the Green-Lazarsfeld Secant Conjecture proved in
full generality [FK, Theorem 1.4]. We observe that using [FK], if C' is a smooth curve of genus
g = 2n + 1 and gonality n + 2, the following equivalence holds for a line bundle M € Pic?9(C):

(2) Kn1(C,M)#0<= M — K¢ € Cpy1 — Cp1.

The right hand side denotes the divisorial difference variety C,.1 — C,_; C Pic?(C). An
argument involving the geometry of secant varieties for line bundles on C' then shows that (2)
implies the vanishing K, 1(C, L) = 0, for every line bundle L € Pic®"™3(C), thus establishing
Theorem 0.2. In order to deduce Theorem 0.1, we fix a value for the gonality k < % and
perform induction on the genus g; the initial step is Theorem 0.2. By induction, assume that
the general smooth curve C' of genus g and gonality & satisfies the Effective Gonality Conjecture.
The stable curve X of genus g+1 obtained by adding an elliptic curve E at a point of ramification
of a degree k pencil on C lies in the limit in M4 of the locus of smooth k-gonal curves of
genus g + 1. An analysis of syzygies of line bundles of bidegree (2g + k,1) on X allows us to
deduce the Effective Gonality Conjecture for a smooth deformation of X having gonality k.

2. Schreyer’s Conjecture. Consider a general k-gonal curve canonically embedded curve
C — P91 of gonality k. Green’s Conjecture, known in this case, see [V1], [V2], [Ap2], and
asserting that

K,1(Ci,wc) =0 ifandonlyif p>g—Fk+1,

determines the length of the linear (as well as that of the quadratic) strand of the resolution of C'.
Schreyer’s Conjecture [Sch3, §6] and [SSW] addresses the more refined question of what actually
is the Betti diagram of C, that is, determine the values b,1(C,wc) for k —2 < p < g — k.
Note that in the case when C has the same gonality as a general curve of genus g, that is,
gon(C) = | %52 ], and only in this case, Green’s Conjecture determines the entire resolution of
C. Indeed, in this case Green’s Conjecture is equivalent to the statement that the resolution of
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C C P97 is natural, or equivalently

bp2(Crwe) - bpy11(Crwe) =0
for all p. Since the differences bp1,1(C,we) — bp2(C,we) are known and independent of C,
knowing which Betti numbers vanish amounts to knowing the entire Betti diagram.

Assume now gon(C) < %, that is, C' has non-maximal gonality. In this case, Green’s
Conjecture predicts the following resolution, where we observe that b, 1(C,wc) - bp2(C,wc) # 0
fork—2<p<g-k.

1 2 | |k=3|k=2|...|lg—-k|g—k+1]...]g9g—2
b171 b271 ... bk_371 bk_271 ... bg—k,l 0 . . 0
010 . 0 br—22 | ... | bg—k2 | bg_rt12 | ... | bg—22

TABLE 1. The Betti table of a general canonical k-gonal curve of genus g.

It is known [AC] that such a curve C' carries a unique pencil A € W}(C) of minimal degree,
inducing a (k — 1)-dimensional scroll X C P97! swept out by the fibres of |A|. The Betti
numbers of (X,0x(1)) are determined by the Eagon-Northcott complex, see [Schl]. Since
C C X CPY!, one has the following inequality (see also Section 4)

g—k—i—l)

(3) b1 (Cwe) > by (X, 0x(1)) =p- ( p+1

It was originally expected that the inequality (3) is always an equality for p > [%l This,
however, is now known to fail. Indeed, Bopp [B] showed that the for a general 5-gonal curve of
sufficiently high genus, if m := [%1, then by, 1(C,we) > by 1(X, Ox(1)). Schreyer’s Conjecture
[SSW] concerns the value of the highest non-zero Betti number in the linear strand and predicts

that in this case, under suitable generality assumptions, inequality (3) is an equality.

Conjecture 0.3 (Schreyer’s Conjecture). Let C be a curve of genus g and non-mazimal gonality
3<k< gg—l. Assume WH(C) = {A} is a reduced single point and A is the unique line bundle
of degree at most g — 1 achieving the Clifford index. Then

bg—11(Ciwe) =g — k.

The converse statement is straightforward. Indeed, if W}(C) does not consist of a re-
duced single point, then by_j1(C,wc) > g — k, see [SSW, Proposition 4.10]. The condition
bg—k,1(C,we) = g — k automatically implies the vanishing statements b,(C,wc) = 0, for
p > g—k. Conjecture 0.3 is known to hold for a general k-gonal curve provided (k—1)? < g, see
[Sch2]. An important piece of evidence for the conjecture is the case of general k-gonal curves
of odd genus 2k — 1. Such curves form a divisor $ur in the moduli space M1, much studied
by Harris and Mumford in [HM]. Combining results in [HR] and those in [V2], it follows that
Conjecture 0.3 holds in this case. Outside this divisorial range, little has been known. The main
result of this paper is the following:

Theorem 0.4. Schreyer’s Conjecture holds for a general k-gonal curve C of genus g > 2k — 1:
by—r1(C,we) =g — k.

In fact we give a Brill-Noether theoretic sufficient condition for Schreyer’s conjecture to hold

for a given curve. In what follows, Gcll’bpf(C) C G4(C) denotes the subvariety of base point free

pencils of degree d on a curve C'. We establish the following result implying Theorem 0.4.
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Theorem 0.5. Assume C is a k-gonal curve C' of genus g > 2k — 1 satisfying bpf-linear growth:
dimG,lc+m(C') <m, for0<m<g—2k+1
and dimGifSi(C’) <m, for0<m<g—2k+1.

Assume there is a unique pencil in A € G,lg(C) having simple ramification and with h(C, A%?) =
3. Then Schreyer’s Conjecture holds for C.

Part of Theorem 0.5 is that there is a canonical identification

g—k+1 2
Ky k1(Cwe)= N\ HY(C,Ke®AY) @ Sym? *'HO(C, A) @ /\ HO(C, A),

where A is the unique degree k pencil on C. All the (g — k)-th syzygies linear syzygies of the
canonical curve C C P971 are of Eagon-Northcott type and can be written down explicitly.
Precisely, if (79,...,7,—x) is a basis of H*(C,wc ® AY) and 0 € H%(C, A), then the syzygy
corresponding to the power o9 %=1 € SymI*~1H(C, A) has the form

9=k o g—Fk

Z(—l)j(aﬁ)/\. (o)A A (o) N (0T0) @ (') — (0" 10) @ (7)) } € /\ Hwe)®H  (we),
=0

where o/ € H°(C, A) is another section such that (o, ') form a basis of H(C, A).

It is tempting to interpolate between and link the two main results of this paper, namely
Theorems 0.1 and 0.5, and conjecture that a statement analogous to Schreyer’s Conjecture
holds not only for the canonical bundle, but for every sufficiently positive line bundle on C. We
fix a general k-gonal curve C' of genus g > 2k —1 and a line bundle L on C with deg(L) > 2g+k.

Conjecture 0.6. If r =r(L), one has dim K,_j;(C,L) =1 —k.

We expect that all syzygies in K, _j, 1(C, L) are again of Eagon-Northcott type, being induced
by the k-dimensional scroll induced by the unique pencil A € W} (C) and which contains the
embedded curve ¢y, : C'— P".

The proof of Theorem 0.5 begins in Section 3 with the already mentioned observation that via
[HR] and [V2], a smooth curve C of genus 2k — 1 and gonality k satisfies by_11(C,wc) =k —1,
provided Wkl(C) is integral of dimension zero. Consider the Hurwitz space Hai—11 of smooth
curves of genus ¢ which are k-fold covers of P!. We define the Eagon-Northcott divisor EN on
Hok—1,, parametrizing moduli points [f : C — Pl ¢ Hok—1,k with b1 1(C,wc) > k—1. In
other words, points of EA correspond to canonical curves C' C P97! having a (g — k)-th order
linear syzygy which is not of Eagon-Northcott type. We also consider the Brill-Noether type
divisor B9 on Hai—1  consisting of points [f : C' — P1!] such that C has an extra pencil of
degree k. By the above discussion these two divisors coincide set-theoretically, that is,

EN = BN

Now suppose we are no longer in the divisorial case and choose k£ < g;—l. We follow a strategy
reminiscent of [Ap2LStarting with a general k-gonal curve C' of genus g, we form the irreducible

nodal curve [D] € My,_op41 obtained by identifying g — 2k 4 1 general pairs of points on C.
Clearly po(D) = 29 — 2k + 1 and gon(D) < ¢g — k + 1, that is, [D] belongs to the closure

Hur = ﬂ;g_gk +1,9—k+1 Oof the Hurwitz divisor, already considered in [HM], [HR] and [FK]. Let

T Hog opt1,g-k+1 — Mogokt1

denote the forgetful map from the space of admissible covers of degree g—k+1 compactifying the
Hurwitz space Hag—2k+1,9—k+1- Assuming the curve C' we started with is sufficiently general, one
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checks directly that set-theoretically ngfk +1(D) consists of one point (that is, 7~ !([D]) consists
of one admissible cover [f]). This point corresponds to the torsion free sheaf on D given by
pushing forward the unique degree k pencil on C. In the last section of the paper we show that
[f] ¢ BN, therefore [f] ¢ EN. To conclude b,_j1(C,we) = g — k, we extend in Section 4 the
determinantal structure of the Eagon-Northcott divisor EN over a partial compactification of
Hog—2k+1,9—k+1 containing the moduli point of [f]. In Section 5, we then use K 3 surfaces to show
that this extended Eagon-Northcott divisor does not contain the unique boundary component
of Haog—ok+1,g—k+1 containing [f]. Since always K,k 1(C,we) < Ky—k1(D,wp), this completes
the proof of Theorem 0.5."

The organisation of the paper is as follows: We first review some background on syzygies of
curves in Section 1. In Section 2, we prove Theorem 0.1. We prove Theorem 0.5 in Sections 3,
4 and 5.
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for bringing Schreyer’s conjecture and [SSW] to his attention, as well as for discussions on the
(virtual) Koszul divisor of [B]. Above all, we are grateful to Frank-Olaf Schreyer for generously
sharing with us his thoughts concerning his Conjecture 0.3. In particular, the idea of considering
the Eagon-Northcott divisor EN, important in the proof of Theorem 0.5, is due to him. This
work was supported by the DFG Priority Program 1489 Algorithmische Methoden in Algebra,
Geometrie und Zahlentheorie. The second author was also partially supported by NSF grant
DMS-1701245.

1. BACKGROUND ON SYZYGIES

We recall a few definitions and collect some basic results on syzygies that will be used through-
out the paper. Let X be a (possibly singular) projective variety and let L, M € Pic(X) be line
bundles. Consider the graded S := Sym H®(X, L)-module

Ix(M,L):= @ H(X,L®"® M).
’I’LEZZO

One defines the Koszul cohomology groups K, ,(X,M;L) of p-th syzygies of weight ¢ by
resolving the module I'x (M, L) and computes them via the Koszul complex, see [G]. When
M = Ox, we write Kp4(X, L) := K, 4(X,Ox;L). The following fact is surely well-known:

Lemma 1.1 (Semicontinuity). Let m : X — S be a flat, projective morphism of schemes over
an integral base. Let L € Pic(X) be a line bundle such that h°(Xs, Ls) = ¢, for each s € S. Let
M € Pic(X) be a second line bundle, and assume

WX, L5 @ My) =11, WX, L7 @ M) = 1o, hO(X,, L2 @ M) =13
are also independent of s € S. Then the function
s dim K o(Xs, Ms; Ls)
is upper semicontinuous on S.

We collect some results on syzygies of curves which, taken together, reduce Theorem 0.1 to
the extremal case of line bundles of degree d = 2g — 1 4 gon(C). We quote from [AN], Theorem
4.27:

1t might be tempting to carry out this argument at the level of Ma, a11 rather than pass to the Hurwitz
space. However, the scheme structure of ng, w1 (D) is difficult to analyse, in particular [D] is a singular point of
Im(7) = $Hur. Thus a degenerate version of results in [HR], does not actually lead to a proof of Conjecture 0.3.
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Lemma 1.2. Let C' be a smooth curve of genus g and L a line bundle of degree d > g with
hY(C,L) = 0. Assume K,1(C,L) = 0. Then Kp111(C,L(x)) = 0, for any point x € C such
that L(z) is base point free.

It is standard, see e.g. [AN], Corollary 2.13, that if L 2 O¢ is a globally generated line
bundle on a smooth curve C, if K, 1(C,L) = 0, then Kp;11(C, L) = 0. Accordingly, there are

several natural invariants which one can read directly off the Betti table of an embedded curve
L
C <|—l P"(") and which measure the length of the linear and the quadratic strand respectively:

0(C, L) :=max{p € N5g : bp1(C,L) # 0} and

l5(C, L) := min{p € Nxg : bp2(C, L) # 0}.
Recalling that K, ,(C, L) = 0 for p > r(L), the invariants ¢;(C, L) are encoded in the more
classical properties (Np) and (M,) defined in [GL1]. Precisely, ¢2(C, L) is the smallest integer
such that (C, L) fails property (NgQ(a L)), whereas ¢1(C, L) is the smallest integer such that L

fails property (M, ()—¢(c,1))-

2. THE EFFECTIVE GONALITY CONJECTURE FOR GENERIC CURVES

We start by proving Theorem 0.2. It turns out that our proof of the generic Green-Lazarsfeld
Secant Conjecture [FK] takes us a long distance towards finding a complete solution.

Proof of Theorem 0.2. Let C be a curve of genus 2n+ 1 and gonality n+2. Then using e.g. [HR,
Remark 6.3], we observe that Cliff(C') = n, that is, C' has maximal Clifford index as well. We
need to prove that for any line bundle L € Pic(C) of degree at least 5n+3, we have K; 1 (C,L) =0
for i > h%(C,L) —n — 2. We may assume n > 2 and as explained in the previous section, it is
enough to prove that for any line bundle L € Pic®"3(C), we have Kap411(C, L) = 0.

Theorem 1.4 of [FK] establishes the following equivalence for any line bundle M € Pic*"*2(C):
Kn12(C,M)#0+= M — K¢ € Cpiq — Cpq.
For any line bundle M € Pic'"*2(C) one has cf. [FK, formula (8)]
dim K1 (C, M) = dim K,,_y (C, M).
Thus, for any M € Pic'™*2(C), the equivalence
Kni1(C,M)# 0= M —- K¢ € Cpp1 —Cpq

holds. Using Lemma 1.2 again, it thus suffices to show that for any line bundle L of degree
5n + 3, there exists an effective divisor D € C, 41 such that

L—D—-Kc¢Chy1—Cha.
Suppose this were not the case, that is,
L — KC - Cn+1 - Cn+1 - Cn—l-

Then for every D € Cy1 there exists a divisor E € C,, 41 such that H'(C,L(—D — E)) # 0,

that is, D + F is an element of the (determinantal) secant variety VQ?LI(L) of effective divisors

failing to impose independent conditions on |L|. In particular,
dim Vi (L) > n+ 1,
which is one higher than the expected dimension n. We observe that the morphism
b Varty (L) = Cp,
A—Koc—L+A
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is well-defined, since h°(C, Ko — L + A) = 1, for gon(C) > n — 1. Let I be any component
of VQQV?I; (L) of dimension n + 1 and set r := n — 1 — dim (I). Then |, must have fibres
of dimension at least 2 + . As all divisors in the inverse image 1 ~!(B) are clearly linearly
equivalent, we have h%(C, A) > 3 +r for all A € ngj;(L) such that ¥(A) = B € ¢¥(I). By
Riemann-Roch, this implies h'(C, A) > 1+, or h%(C, K¢ — A) = h°(2Kc — L — B) > 1+ 7.
The latter inequality holds for any effective divisor B € ¢ (I), so we must have

dim|2K¢ — L| > r +dim¢(I) =n — 1.

This implies h!(C,2Kc — L) > 3, or equivalently L — K¢ € Wﬁ+3(0). But then Cliff(C) <n—1
(if n = 2, then compute the Clifford index of 2K — L rather than L — K¢). Since we have
Cliff(C') = n, this is a contradiction. O

The proof of Theorem 0.2 gives a characterisation of those line bundles L € Pic29—2+gon(C) (C),
such that Kpo(r)—gon(c),1(C, L) # 0, in the case where C' has odd genus and maximal gonality.

Proposition 2.1. Let C be a smooth curve of odd genus 2n + 1 and gonality n + 2. Let
L € Pic®2(C) be such that Koy, 1(C, L) # 0. Then L — K¢ € W,k ,(C).

Proof. Following the proof of Theorem 0.2, we obtain dim ‘/227;‘+1(L) > n. By studying the
morphism

Y Val (L) = Cpoy, A Ko — L+ A

and arguing as in Theorem 0.2, we are again led to the statement h°(C,2K¢c — L) > n. The
Riemann-Roch theorem gives h’(C, L — K¢) > 2, as required. ]

We shall prove Theorem 0.1 by induction on the genus, fixing the gonality. To perform the
induction step, let C' be a smooth genus g curve of gonality k& and denote by f : C' — P! the
induced degree k cover. We assume that C' verifies the Effective Gonality Conjecture. Let p € C
be a branch point of f, and consider the stable curve X = C'U, E obtained by glueing a smooth,
genus 1 curve at p. A standard argument with admissible covers or limit linear series shows that
X is a limit of smooth k-gonal curves of genus g + 1, see [HM, §3.G].

Proposition 2.2. Let X = C'U, E be the genus g+ 1 stable curve as above and L a line bundle
on X with deg(L¢c) = 2g + k and deg(Lg) = 1. Then, for a general point ¢ € E \ {p}, we have

Kg1(X, L(=q)) = 0.
Further, for such a point, h'(X, L(—q)) = h' (X, L®?(—-2q)) = 0.
Proof. We have the Mayer-Vietoris sequence on X
0 — Le(=p) — L(—q) — Le(—q) — 0.

For a general point ¢ € FE \ {p}, we have hO(E,L%j(—jq)) = hli(E, L%j(—jq)) =0forj =12,
which implies h*(X, L(—q)) = h'(X, L®%(—2q)) = 0. Further, we have a natural isomorphism
HY(C, L(—p)) = H°(X, L(—q)), and we know, by the assumptions on C, that

Ky1(C, L(=p)) = 0.

We will use this to deduce K, 1(X, L(—q)) = 0.
We have a natural commutative diagram

AT HO(C, L(—p)) S N HO(C, L(—p)) ® HO(C, L(—p)) > N\~ HO(C, L(—p)) ® HO(C, L¥2(~2p)) ,

- ] )

AT HO(X,L(—q)) % \? HO(X, L(—q)) ® HO(X, L(—q)) -+ N7 HO(X, L(—q)) © HO(X, L%*(~2q))
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where «, 8 are isomorphisms, and -y is induced from the natural composition
H0<Ca L®2(_2p)) — HO(C7 L®2(_p)> = HO(X7 L®2(_2q))

As K41(C,L(—p)) = 0, the top row is exact and since 8 is surjective and + is injective, the
bottom row must also be exact, as required. O

From Proposition 2.2 we readily deduce Theorem 0.1, that is, the effective version of the
Gonality Conjecture.

Proof. Fix k > 4. Assume that for the general k-gonal curve C of genus g one has K, 1(C, L) = 0,
for any line bundle L € Pic?~!*#(C). We claim there exists a smooth curve C’ of genus g + 1
and gonality k, such that K,.11(C’,L') = 0, for each line bundle L' € Pic***(C’). By
performing induction on g and noting that the initial step is Theorem 0.2, this suffices to prove
the theorem. By Lemma 1.2, it further suffices to prove that there exists a smooth curve C’ of
genus g + 1 and gonality k such that, for each line bundle L’ € Pic2g+1+k(C’ ), there exists a
point ¢ € €’ such that K, ;(C’,L'(—q)) = 0.

Let X = C U, E be the genus g + 1 stable curve introduced in Proposition 2.2. Consider a
flat family 7 : C — A of stable curves over a smooth, pointed, one dimensional base (A, 0), such
that the central fibre is X and 7 !(s) is a smooth curve of gonality k for all 0 # s € A. As X
is a curve of compact type, after shrinking A and performing a finite base change if necessary,
we have a relative Picard scheme

v: Pic¥HHR(C/A) = A,
with central fibre consisting of all line bundles of multidegree (29 + k,1) on X = C' U, E; this
scheme is flat and proper over A, see [D, §4] and [EH], proof of Theorem 3.3.

Let Cyp := C\ {p} be the open set of all points which are smooth in the fibres over A.
By Proposition 2.2 together with semicontinuity for the dimension of Koszul groups, there
is an open subset U C Pic?9t1+#(C/A) xa Cy such that for each pair (L',q') € U, one has
Ky1(C',L'(—q)) = 0, where C" = 7! (v(L’)), and such that

0 ¢ v(Pic R (C/A) \ pry (1)),
where pr; : Pic?9H1HE(C/A) x o Co — Pic?91H*(C/A) is the projection. As flat morphisms are
open, pr;(U) is open, and since v is proper, the image

V.= U(Pi629+1+k(C/A) \ pry(U))

is closed. Thus if 0 # ¢ € A\ V and Cy := 7~ (t), then, for each L € Pic29"*(C;) there exists
q € Cy with Ky 1(Cy, L(—q)) = 0, as required.
U

3. SCHREYER’S CONJECTURE FOR GENERAL CURVES OF NON-MAXIMAL GONALITY

In this section, we begin discussing Schreyer’s Conjecture for general k-gonal curves of genus
g > 2k — 1. We start by explaining the relevance of [HR] for Conjecture 0.3.

For g = 2k — 1, we consider two divisors on M,, which already played a role in [Ap2] or [FK]:
61)3 = {[C] S Mg : Kk_l,l(C,wc) 75 0}
Hur: = {[C] € My : Wi (C) # 0}.

Recall that Gy3 has a structure of degeneracy locus, whereas fur is the push-forward of the
smooth Hurwitz space Har—1 1 of degree k covers of P!. We view both G3 and Hur as divisors
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on the moduli stack of smooth curves of genus 2k — 1, rather than on the associated coarse
moduli space. It is proved in [HR], that one has the following relation at stack level:

[S3] = (k —1)[Hw] € CH' (May_1).

Theorem 3.1. ([HR]) Let C' be a curve of genus 2k — 1 and gonality k such that the point
WL(C) consists of a reduced single point. Then by_11(C,wc) =k — 1.

Proof. For a smooth curve C, we denote by ¢ : X — (.5,0) its versal deformation space, hence
the associated moduli map m(¢) : S — M, is an étale neighbourhood of the point [C] € M.
For s € S, set Cs := ¢~ 1(s), thus Cyp = C. From [HR], there exist two vector bundles V and
W of the same rank over S together with a morphism y : V' — W, such that, for any s € S,
we may identify Kj_;1(Cs,we,) = Ker(x,). Then the divisor Gyz(¢) C S is defined by det(x).
Suppose by_1,1(C,wc) > k. Thus det(y) vanishes to order at least k, cf. [HR, Lemma 6.1]. By
the equality of cycles Gyz(¢) = (k — 1)$Hur(¢) on S5, the function defining Hur(¢p) must vanish
to order at least two. Thus Hur(¢) is not smooth at the point 0 € S. On the other hand it is
well-known, see [C], that Hur(¢) is smooth at a point 0 € S corresponding to a curve C' if and
only if Wkl(C’) consists of a single pencil A and, moreover, h?(C, A®?) = 3. O

Remark 3.2. One can generalise Theorem 3.1 as follows. For an integral nodal curve D, we define
WD) C Pic’ (D) to be the closed subset of the compactified Jacobian of rank one, torsion free
sheaves A of degree k on C with h®(D, A) > 2. Suppose D is integral, nodal of genus 2k — 1 and
assume W} (D) = {A}, where A is locally-free and base-point free. Then the proof of Theorem
3.1 shows by_1.1(D,wp) =k — 1.

We now turn our attention to curves of genus g and non-maximal gonality k& < %. Let

Gcll’bpf(C) C G4(O) be the subvariety of base point free pencils of degree d on C' and further let
W;(C) denote the Brill-Noether variety of line bundles of degree d with at least two sections.
Note that there is a morphism G}(C) — W} (C), with fibre over a point [L] € W} (C) equal to
the Grassmannian of pencils V' C HY(C, L) . The following observation is a slight modification
of the linear growth condition of [Ap2, Theorem 2]:

Lemma 3.3. A general curve C of genus g and gonality k < % satisfies bpf-linear growth:
dimG}Hm(C) <m, for0<m<g—2k+1

and, further, dim G,lcffrf((}') <m, for0<m<g—2k+1.

Proof. From [Ap2], we have dim Wlirm(C') =m, for 0 < m < g — 2k + 1. We observe that if
Z C W7(C) is an irreducible component, then Z N W, (C) has codimension at least two in Z,
provided g —r +d > 0. This follows from the fact that no component of C7 is entirely contained
in C&"H, where C7) is the variety parametrizing divisors D of degree d on C with dim [D| > r,
see [ACGH, §IV.1].

We claim dim G}j +m(C’) < m, for 0 < m < g— 2k + 1. Take an irreducible component

J C G},,,(C) and consider the restriction to J of the surjection ¢ : G, (C) — Wi, (O).

Assume ¢(J) C Wdl_tfn(C’) and choose j > 0 maximal with this property. Then by the above,
dim ¢ (J) < m —2j. Since the general fibre of | is isomorphic to the Grassmannian G(2,2 + j),
it follows dim J < 2j + dim ¢(J) < m. By an identical argument and using [AC, Theorem 2.6],

1’bpf(C) < m, in the range 0 < m < g — 2k + 1. m

we similarly obtain that dim G

The next Proposition is similar to Theorem 2 in [Ap2] and we skip the details.

Proposition 3.4. Let C be a smooth curve of genus g and gonality k < %1. Assume C satisfies
bpf-linear growth and W}L(C) consists of a single point A. If (z;,y;) are general pairs of points
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on C, where 1 <i < g—2k+1, let D be the nodal curve obtained by glueing x; to y; for all 7.
Then ngka(D) = {vi(A)}, where v : C — D is the normalisation morphism. Furthermore,
gon(D)=g—k+1.

Consider the moduli space H,, ), of degree k admissible covers of genus g. Precisely,

My = Moogror—2(BSk)/Gogior—2

is the space of twisted stable maps from genus zero curves into the classifying stack B&; of
the symmetric group & and which are simply branched over 2g + 2k — 2 points which we do
not order. We refer to [ACV] for the construction of this space. It is known that H,y is the
normalisation of the space of admissible covers constructed by Harris and Mumford in [HM].
There is a morphism 7 : ﬁ%k — M, given by stabilisation of the source curve of each admissible
cover and then Im(7) = $ur. The following result is the translation of Proposition 3.4 to the
moduli space of admissible covers.

Proposition 3.5. Let C be a smooth curve of genus g and gonality k < %1. Assume C satisfies
bpf-linear growth and that Wk}(C) consists of a single point A, which we assume to have only
simple ramification. For 1 <i < g—2k+ 1, we choose general pairs of points (z;,y;) on C' and
let [D] € May_ok+1 be the nodal curve obtained by glueing x; to y;. If

T ﬂ2g—2k+l,g—k+l — ﬂ2g—2k+l
is the forgetful map, then n~1([D]) consists of a unique point [f' : B’ — T].
Proof. We show that the construction described in [HM, Theorem 5] is unique in our case. Let
[ff + B = T) € Hog—okt1,g—k+1 be an admissible cover, where p(T) = 0 and B’ is a nodal

curve whose stable model is isomorphic to D. There exists a unique component Cy of B’ having
positive genus. The restriction fy := f|’00 gives a morphism fq : Cy — P} onto a smooth rational
component P§ of T. By admissibility, Cop = C' and deg(fo) > k.

Assume that fo(x;) = fo(y;) if and only if 1 < i < j. Fori = j+1,...,9 —2k+ 1, we
denote by R,, and R,, the irreducible components of B’ meeting C' at x; and y; respectively.
As the stabilisation of B’ is D and f'(Rg,) N f'(Ry,) = 0, for each such i there must be a

component R; of the subcurve B’ — Cp of B’, such that f’(fiz) = P}, or else T contains a loop.
As deg(f') = g — k + 1, this implies that d := deg(fo) < k+ j.

Since the pairs (z1,41), ..., (z;,y;) are general and fy gives rise to an element of Gzli’bpf(C), it
follows dim G}i’bpf(C’ ) > j. If d > k, this contradicts the bpf-linear condition on C, which implies
that deg(fo) = k and fo is the map induced by the pencil of minimal degree 4 € W}!(C). Each
R; maps isomorphically onto P}. Clearly deg( f;%zl) > 2 and deg( f;‘?yi) > 2, in particular f;?»zl'
and f;%yi will both contain at least two ramification points of f’, for each i =1,...,9 — 2k + 1
(Note that being general points, z;,y; are not among the ramification points of fy). Counting
the total number of ramification points of the cover f’; it follows that deg( f]’%xi) = deg(f I,%UZ) =2.

The morphism f’ is now uniquely determined, for f/~*(P}) = C'U RiU...U Eg_2k+1 and all the
components of f'71(f(Ry,)) and f'~1(f(Ry,)) other than R,, and R,, respectively are mapped
isomorphically onto their images. O

Definition 3.6. Let B0 c ﬁ2g_2k+1,g_k+1 xmhizkﬂ ﬁ29_2k+17g_k+1 be the closure of the
locus of pairs of covers ([91 :C — PY,[g2: C — Pl]), where C' is a smooth curve of genus
29 — 2k 4+ 1 and g1 & go. We introduce the Brill-Noether divisor of curves possessing an extra
pencil BN = prl(wl) C Hog—ok+1,9—k+1, where pry denotes the first projection. We set
BN := BN N Hog—2k+1,9—k+1-
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Applying [AC, Proposition 2.4], we know that dim BN = dim Hog—2k+1,9g—k+1 — 1. Since BN
is birational to the Severi variety of nodal curves of type (¢ —k-+1,9—k+1) on P! x P! having
geometric genus 2g — 2k 4 1, using [Ty], we conclude that B9 is an irreducible divisor. We also

recall Coppens’ result [C] saying that if a curve [C] € May_o,41 has a pencil A € ng_k+1(C)
with h%(C, A®?) > 4, then [C, A] € BN. The locus of such pairs [C, A] € Hag—ok+1,g—k+1 is of

pure codimension one in BN.

Our goal is to show that, in the notation of Proposition 3.5, the unique point of =—1([D])
does not lie in BN provided the normalisation C is sufficiently general. To ease the notation,
set a := g — k + 1 and assume a > 3. To carry out the argument, it is convenient to work with
stable maps rather than admissible covers. Let

Ghi1a = M5_1 (P 0)
denote the moduli space of finite stable maps f : C' — P! of degree a such that C has genus
2a — 1, has only non-separating nodes and with h°(C, f*Op1(1)) = 2. Then ('j;;_l’a is an
open subset of the projective moduli space Ma,_1(P,a) of stable maps f : C — P! with
f+[C] = a[P]. Let
T a1, = Maa1

denote the natural projection. The Hurwitz space Haq—1,, can be realized as the quotient of an
open set of 551;_17,1 by PGL(2). We associate a stable map [f : B — P'] € QNSS_LCL to the unique
point [f' : B’ — T] € m~1([D]) by letting B be the curve obtained from B’ by contracting all
components of B’ whose image is different from f'(C), and then letting [f : B — P!] be the

map which, on each component of B, agrees with f’ on the corresponding component of B’ (this
is only determined up to the PGL(2) action). Then

B=CURU...UR,_,
where R; = P! meets C at two general points (z;,y;) and deg(fg,) = 1fori=1,...,a — k.

Let B5° C G20 1.0 XH,,_; Y2a—1,q D€ the closure of the locus of pairs
([gl X =Pl (g X — Pl]),

where X is a smooth curve of genus 2a — 1 and there is no automorphism o € PGL(2) such that
[91] & 0 - [ga). In order to prove that the unique point of 7~1([D]) does not lie in BN C Hag—1.4
it is sufficient to prove that

(71 /1) ¢ Ba”

For 0 < n < 2a -5, let Mg;,lfn(Pl,a — n;2n) denote the moduli space of finite stable
maps f : C — P! of degree a — n with 2n markings and such that C has genus 2a — 1 —n,
non-separating nodes and h°(C, f*Op1(1)) = 2. Then M5 _, (P! a — n;2n) is smooth of
dimension dim G35 ; , — 2n. Define

qn : I212—1—71(1:)17 a—"mn; 2”) - 532—1@
by sending a map f : C — P! with markings z1,...,Zn, Y1, ..., ¥yn to the stable map
f:X =P,
where X := CURU...UR,,, with R; = P!, R;NC = {x4,y;}, and with fc = f and deg(fg,) = 1
fori=1,...,n. We let X be the stabilization of X. Set
(4) Zy = qy " (pr1(BEY))-

Each component of Z,, has dimension at least dim ”g“g;_l’a —2n — 1.
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The following theorem, giving a classification of points in Z,,, will be proved in the last section
of the paper and is crucial in completing the proof of Schreyer’s conjecture.

Theorem 3.7. Fixa > 3 and 0 < n < 2a — 5, and let C' be an integral nodal curve of genus
2a—1—n with a unique pencil f : C' — P of degree a—n. Choose pairs (z;,y;) of smooth distinct
points of C for i =1,...,n. Assume f(z;) # f(yi) and that for any subset S C {x;,y;}1, of
cardinality at most n, one has h(C, f*(Op1(2))(Xscq 8)) = 3. Then if 71_1([)2]) consists of a

unique point, then [f,x1,Y1,...,%n,Yn| does not lie in Z,.

The hypothesis that C' has a unique pencil of degree a —n amounts to W}_, (C) = {A}, with
A being a base-point free line bundle with h%(A) = 2, which implies C' has gonality a — n. If
C is an integral, nodal curve of genus 2a — 1 — n having a pencil f of degree a — n satisfying
RO(f*Op1(2)) = 3 and if {;,y;}", is a general set of points on C, then

B(C (O 2)(Y9) =3
ses

for a subset S C {;,y;}?, of cardinality at most n+1. Indeed, h° (C’, we® f*Op1 (—2)) =n+1,
and since (z;,y;) are general, we find h?(C,wec @ f*Op1(—2)(—=> ,cgs)) =n+1—|S|. Thus
hO(C, f*Op1(2)(P,es 8)) = 3.

In particular, the following is an immediate corollary of Theorem 3.7.

Theorem 3.8. Let C be a curve of genus g and gonality k < g;r—l satisfying bpf-linear growth.
Assume that there is a unique A € GL(C) and that we have h°(C, A®?) = 3. Choose general
pairs of points (z;,y;) on C fori=1,...,9 — 2k + 1 and let D be the nodal curve obtained by
identifying x; and y; for all i. Then m~'([D]) N BN = 0.

The proof of Theorem 3.7 (and thus that of Theorem 3.8) is surprisingly involved and takes
up the last section of the paper. To avoid disrupting the logical flaw of the paper, we assume
Theorem 3.7 and proceed towards the proof of Theorems 0.4 and 0.5.

4. EXTENDING THE EAGON-NORTHCOTT DIVISOR

We begin by recalling the definition of the Eagon-Northcott from the Introduction.

Definition 4.1. The Eagon-Northcott divisor EN C Hog_okt1,9—k+1 15 defined as the locus of
covers [f : C — P such that dim K,y 1(C,wc) > g — k.

We extend EN as a determinantal locus over a partial compactification of Hog—ok+1,g—k+1-
From Theorem 3.1 and [SSW, Proposition 4.10], observe that we have the following equality of
subsets of HQg_QkJ,_Lg_k;_’_l:

BN =EN.

We construct an extension of EA on the moduli space G55 ;| , := Ngfhl(Pl,a) of stable
maps from the previous section. Precisely, we construct the extended Eagon-Northcott divisor

EN CG5ira
by studying the minimal free resolutions of the scrolls attached to a cover [f : C — P'] € égg,lya.

Set A := f*(Opi(1)) € WL(C). Since f is finite and flat, f.Oc¢ is locally free and we write
f+Oc = Op1 @ 5}/, where &y is the so-called Tschirnhausen bundle of f, admitting a splitting

Er = OP1(€1) @@ Op1 (ea—1),

where e; < ... < e,_1 are the scrollar invariants of f and satisfy e; + --- + €41 = 3a — 2.
Dualising the morphism Op1 — f,O¢ leads to an exact sequence

0— & — faws —> Op1 — 0.
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We tensor the morphism f*(£f) = wy by f*wp: and produce a morphism f*(E€¢(—2)) = we,
inducing a closed immersion, see [Schl], or [CE]
j :C — P(gf(—Q)).

Note that £;(—2) is a globally generated vector bundle on P* with deg(€;(—2)) = a. Denoting
by ¢ : X := P(S f(—2)) — P! the associated (a — 1)-dimensional scroll, we have a morphism

L X = P(HY(PY, Ep(—2))) 2 P? 2,

such that 1o j : C — P22 is the canonical morphism of C, cf. [Sch1]. Observe that since C
has no disconnected nodes, wc is globally generated. Also observe that if h°(C, A®2) = 3, then
e1 > 3 and ¢ is a closed immersion.

The Picard group of the scroll X is generated by the class of a ruling R := ¢*(Op1(1))
together with H := Ox(1). Note that H*(X, H) = H°(C,w¢), whereas H’(X, R) = H°(C, A)
and HY(X,0x(H — R)) & H°(C,wc ® AY). As already mentioned in the Introduction, the
Eagon-Northcott complex, explicitly describes the minimal free resolution of

@ HO H®q
qEZ
as a Sym HY(X, H)-module, see [Sch1]. This gives that
K,o(X,H) =0 for p >0, whereas K, ,(X,H) =0, for ¢ > 2 and any p,

as well as the canonical identifications
p+1
Kpi(X,H)= )\ H(X,H - R) ® Sym” 'H°(X, R) ®/\H° (X, R)

p+1
>~ A\ H(C,we ® AY) ® SymP ' HO(C, A) ®/\H0 (C, A).
In particular, b, (X, H) = p(p+l).
We record the following lemma, while skipping the proof:

Lemma 4.2. We have the vanishing HY{(X,H®) = 0, fori > 1 and ¢ > 0. Furthermore,
H'(X,0x(—H)) =0, fori>2.

Define the kernel bundles My and M, on X and C respectively by the exact sequences
0— My — HYX,H)@Ox — H —0
0 — My, — H°(C,we) ® Oc — we — 0.
As C C X is linearly normal, j*Mp = M,,,. Note that H*(X, A" My) = H°(C, A\’ M) =0,

for p > 1. Further, we record the following short exact sequences:

()
p+1 p+1
0— A\ My®Ox((q—1)H) — N\ HYX, H) @ Ox((¢—1)) —)/\MH®0X((]H) — 0,

(6)
p+1 p+1
0—>/\ ®wcq1—>/\HOch)®wC(ql—>/\ wed — 0.
We shall make use of the following vanishing statement.

Lemma 4.3. We have H' (X, \* My ® H®1)) =0 for i > 2 and arbitrary p,q > 0.
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Proof. By the sequence (5) and Lemma 4.2, it suffices to show H* ™! (/\p*1 My ®H®(‘I+1))) =0.
Continuing in this fashion, it suffices to show H'(X, AP~ My @ H®@+=1))) = 0. Since
H'(X, H®(q+i_l)) = 0, this amounts to K, ,+;(X, H) = 0, which holds as ¢ + i > 2. O

Lemma 4.4. There is an injective restriction map of linear syzygies
Oéf . Kafl,l(Xy H) — Ka,lyl(C’, wc).

The map oy is surjective if and only if the restriction map
a—2 a—2
By : H (X, A My @ H®2> 5 H° (C, A Mo ®w§2)
18 injective.
Proof. The map ay fits into a commutative diagram with exact rows:

0 A" HOX, H) —— HO(X ™ Myg  H) ——> Koy (X, H) —>0

0— A\*H(C,we) — H(C, N My, @ we) — Kqoo1,1(Cwe) — 0

1%

Since C' C X is linearly normal, it follows that resc is injective, therefore o is injective as well.
On the other hand, by the snake lemma the surjectivity of a; is equivalent to the surjectivity
of res¢. From the kernel bundle description of Koszul cohomology, we write

a—1 a—1
Ka22(X, H) = Ker{Hl (X, \ Mg o H) - \ H(X.H)® H'(X, H)},

Since HY(X, H) = 0 and Kq—22(X, H) = 0, it follows H* (X, AN My ® H) = 0. We write the
following diagram with exact rows:

0—H'(X,\""' My ® H)— \""" H(X,H) ® H*(X, H) — H°(X,\""> My ® H®?) -0,

s - B

0= H(C, AN M, ® we) = A HO(C,we) @ HO(C,we) — H° (c, A2 M, ® wg?)

By the snake lemma, the surjectivity of resc is equivalent to the injectivity of 3;. O

Koszul duality gives an isomorphism K,_22(C,we) = K,—11(C,we)V, therefore we have a
surjection

a—2 a—1
H(C, /\ cOwE?) — HO(C, \ Mue@wE?)/ )\ H(C,we)@H®(C,we) = Ko-11(Cwe)”.

The composition of this map with a]vc gives rise to a surjection

a—2
vr i H(C, \ Mue @ wE?) = Kao12(X, H)Y.

Because K, 22(X,H) = 0, from the second diagram in the proof of Lemma 4.4, it follows

ppo By =0.
Lemma 4.5. We have a natural isomorphism Ker(¢y) = H*(X, \* My ® IC/X)V.
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Proof. Since H'(X,Ox) = 0, the description of Koszul cohomology via kernel bundles yields
the identification K,—1,1(X,H)" = H'(X, \" MH)V. Using that A\ 2 M, @ we = A\* M,

wc7
Serre-Duality gives the isomorphism
HY(C, /\ ~ ['(c, /\ M)
which enables us to identify the dual map 1/1}/ with the restriction
a a
H' (X, AMpg) = H'(C, ]\ M)
Then Ker(ty) = Coker(w}/))v ~ H*(X,\“Mp ® IC/X)V, using also Lemma 4.3. O

Putting the above pieces together, we have constructed a natural map
a—2 a
B+ HY(X, \ My @ H®?) — H*(X, \ My ® Ic)x)"

such that b,—1,1(C,wc) > a — 1 if and only if B¢ fails to be injective. We shall see that both

sides of this map have the same dimension. This allows us to construct EN as the degeneracy
locus of a morphism between vector bundles of the same rank on the space of stable maps.

Lemma 4.6. We have:

a—2 a
20 -1
0 ®2 2 — _ _
X, \ My @ H®?) = i*(X, \ Mp @ I¢/x) = (2a 2)< . ) a+1.

Proof. As already pointed out H' (X , /\a_1 My H ) = 0. Therefore

a—2 a—1
(X, /\ My ® H®?) = (2a — 1)(2“; 1) - h0(x, /\ My ® H),

by the short exact sequence (5). We further have a short exact sequence
a—1
O—>/\H0 (X, H) — H'(X, \ My ® H) — K,_11(X,H) — 0,

thus using that be_1,1(X, H) = a — 1, we find 2°(X,\*"" My ® H) = a — 1+ (**7!), which
leads to the claimed formula for h°(X, A*"> My ® H®?).

Using Lemma 4.5, we compute:

a—2
/\ Mp @ Ic)x) = dim(Ker ¢b5) = h(C, /\ Mup ® wE?) = ba11(X, H).

Recall that bq—1,1(X,H) = a — 1. The Riemann-Roch theorem (still valid for a nodal curve C
with no disconnecting nodes) gives

1(C, a/\z Mo, ®wE2) = x(C, /\ ~ (da—2) (2“; 2),

which finishes the proof. (Il
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We now explain how the above considerations can be carried out in a relative setting. Let

Ny

g2a l,a

be the universal degree a cover, where P = QZa 1a X P!. The universal Tschirnhausen bundle
&y on P fits into an exact sequence:

0— & — fawy — Op — 0.

We further have the projective bundle ¢ : & := P(£y ® w,) — P and a closed immersion

j:C = X. Set h:=poyp: P& @w,) — G5 ,. By Grauert’s Theorem, h.(Ox(1)) is a
vector bundle of rank 2a — 1. Define the determinant & := det h,(Ox(1)). The evaluation map
h*hOx(1) — Ox(1) is furthermore surjective, thus we can define the kernel bundle M by

00— M — hh,(Ox(1) = Ox(1) — 0.

Then M restricts to the kernel bundle My for each scroll induced by an element [C — P!].
Note that j is defined by the surjection f*(£; ® w,) = wf ® f*w, = w,, hence O¢(1) = w,. Set

a—2
fl = h*</\ M & OX(2)> ®§Va
which is a vector bundle of rank (2a — 2)(**~') — a + 1, by Lemma 4.6. Set

h*</\M®(’)c 2)) ¢,
which is a vector bundle of rank (2a — 2) (2a 1) Restriction to C induces a morphism
B F1 — Fo.

Relative duality gives the isomorphism

Rlu*(/a\Mw) = (u*(/a\MVC ®wu))v =7y,

using det(M) = h*¢ ® Ox(—1). Define the rank a — 1 vector bundle by F3 := R'h, (/\a ./\/l)v,

The dual of the restriction morphism ¢" : R'h, (A" M) = R'v, (A" M|¢) gives a morphism
Vv Fo— F3

with fibre over a moduli point [f : C' — P!] equal to Y. As already explained, 1) o 3 = 0.

We get a short exact sequence of vector bundles over g}l;,m:

0 — R'h.(\ M) — R'v.(A\M®Oc) — R*h.(\ M®I¢/x) — 0,

where 7y := R*h, (AN M ® IC/X) is a vector bundle of rank (2a — 2)(2‘1;1) —a+ 1 by Lemma
4.6. Thus we may canonically identify

Ker(y) = FY

and we have an induced morphism between vector bundles 3 : F; — F, globalizing the mor-
phisms B as the moduli point [f] € ”gvgg_lﬂ varies. Since rk(F;) = rk(Fs), we define the
extended Eagon-Northcott divisor

EN C G5 14
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as the degeneracy locus of 5. By the results of the previous chapter, this is a genuine divisor.

Define EN®™ as the union of all components of EN containing an element [f : C — P, with
C being a smooth curve and all ramification simple. The following lemma is a direct consequence
of Theorem 3.8.

Lemma 4.7. Let C be a curve of genus g and gonality k < % satisfying bpf-linear growth.
Fori=1,...,9—2k+1, choose pairs (z;,y;) of general points on C and let B be the semistable
curve given as the union of C with g — 2k + 1 smooth rational curves R; meeting the rest of B
precisely at x;,y;. Let N

[f: B— P €Gs opi1g ki
be a morphism with deg(fc) = k and fr, an isomorphism. Assume that fc is the unique minimal
pencil on C and, further, h°(C, f*Op1(2)) = 3. Then [f] ¢ EN=™.

Proof. Consider the closure EN°" C ﬂgg_ng(Pl, g—k+1) in the moduli space of stable maps.
We have the projections 7’ : ﬂzg_zkH(Pl,g —k+1) = May_2p+1, as well as the projection 7
from the space of admissible covers. There is an equality of closed sets 7/(EN" ) = w(EN), since
mgg_ng(Pl, g —k+1) is a PGL(2)-cover of Hag_aj11,4—k+1 Over the open set of morphisms
with smooth source and simple ramification. By Theorem 3.8, the point [D] € M29_2k+1 defined
by the stabilization of B does not lie in 7/(EN""), therefore, [f] ¢ EN™ . O

To complete the proof of Theorem 0.5 (assuming Theorem 3.7), we need to show that, in
the situation of Lemma 4.7, the point [f] does not lie in the extended Eagon-Northcott divisor

EN. Note that [f] lies in precisely one boundary divisor of égg_% g—kt1o namely the divisor
A whose general point corresponds to maps h : C — P!, where C is a union of two curves C;
and Cj of genera g — 1 and 0 respectively, meeting at two points, and such that deg(hc,) = g—k
and deg(hc,) = 1. Since EN is pure of codimension one, we need to show that EN does not
contain A. We carry this out in the next section, using K3 surfaces.

5. K3 SURFACES AND SCHREYER'S CONJECTURE

We start by considering a K3 surface X = X; with Picard group generated by two classes L
and E with self intersections given by (L)? = 4d — 4, (E)?> =0 and (L - E) = d, for d > 3. By
performing Picard-Lefschetz transformations and a reflection if necessary, we may assume that
L is big and nef.

Lemma 5.1. For X as above, the class L is base point free and E is the class of a smooth
elliptic curve.

Proof. We firstly show that L is base point free. As L is big and nef, it suffices to show
there is no smooth elliptic curve F with (L - F') = 1, see [M, Proposition 8]. Assume such F
exists, and write F' = aL + bE for a,b € Z. As F is smooth and elliptic, (F)> = 0, implying
0= (aL+bE) -F=a+bE-F)=a(l+db). If a =0, then (L-F) =0bd # 1, since d > 2, so
db = —1, which is again impossible. Thus L is base point free.

We next show that F is the class of a smooth elliptic curve. As (E)? =0 and E is primitive,
it suffices to show that E is nef. Since (E- L) > 0, and L is big and nef, E is effective. Suppose
E is not nef. Then there exists a smooth, rational curve R with (R-FE) < 0. Write R = aL+bF
for a,b € Z. Then (R - E) < 0 implies a < 0. As (R)? = —2 and R is effective, we must have
b>0. We have =2 = (R)?> = R- (aL +bE) = a(R- L)+ b(R- E) = a((R - L) + bd), which is
impossible for d > 3. O

We now discuss the Brill-Noether theory of a smooth curve C' € |L|. To that end, we follow

[K1, §2] which works in the situation of a higher rank Picard lattice containing the lattice
PiC(Xd).
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Lemma 5.2. Let D € Pic(Xy) be effective with (D)? > 0. Assume in addition L — D is effective
and (L — D)2 > 0. Then D = cE, for some integer c.

Proof. This is a slight modification of [K1, Lemma 2.5]. Write D = aL + bE. As L — D is
effective and E nef, (L —D)-E = (1—a)(L-E) >0,s0a < 1. From (D - E) > 0, we obtain
a>0.If a =1, then (L — D)? = b*(E)? = 0, so we must have a = 0 as required. O

The next lemma describes the Brill-Noether behaviour of curves in the linear system |L|.

Lemma 5.3. Let C € |L| be a smooth curve. Then Cliff(C') = d —2 and W}(C) is reduced and
consists of the single point Oc(E).

Proof. The proof that Cliff(C') = d — 2 is essentially the same as [K1, Lemma 2.6]. Arguing as
in [K1, Lemmas 2.7, 2.8], we see that W} (C) is set-theoretically a single point, namely O¢(E).

It remains to establish that W (C) is reduced, which amounts to showing that h%(O¢(2E)) =
3. From the exact sequence

00— OX(E) — Ox(QE) — OE(2E) = OE — 0,
we deduce h'(X,2F) =1 and then h°(X,2E) = 3 by Riemann-Roch. By the exact sequence
0 — Ox(2E - C) — Ox(2E) — O¢(2FE) — 0,

it suffices to show h%(X,2E — C) = h}(X,2E — C) = 0. As (C —2E)? = —4, by Riemann-Roch,
it suffices to show that neither 2E'— C nor C' —2FE are effective. As (E-2E—C') < 0 and E is nef,
2F — C' is not effective. Now suppose C' — 2F is effective with integral components Ry, ..., Ry,
for £ > 1. We write R; = a;L + b; F, for integers a;, b;, with Zle a; =1 and Zle bi = —2. As
(E-R;) > 0, we find a; > 0 for all i. Without loss of generality, we may assume a; = 1 and a; =0
for 2 < i < /. As R; is integral, we must then have b; =1 for i > 1. Thus Ry = L— ({ + 1)E,
which implies (R1)? = 4d — 4 — 2d(¢ + 1) < —4, contradicting that R is integral. O

We can now prove Theorem 0.5, that is, establish the Schreyer Conjecture.

Proof of Theorem 0.5. Let [f : B — P!] be as in the statement of Lemma 4.7. By an argument
along the lines of [V1, Corollary 1], we have an injection K, 1(C,wc) — Ky_p1(B,wp). For
the sake of completeness we recall the proof.

The Mayer-Vietoris sequence induces an injection H°(C,wc) < H°(B,wpg), as well as the
composition of injections H(C,wS?) — HO(C, w%Q(Zf:_ka(xi + ) = HYB,w$?). We
then get a commutative diagram

AT HO (W) _ % N HO (we) @ HO(we) —= N HO(we) @ HO(wE?) .

L, |

AT O () — 2 AR HO(wp) @ HO(wp) —— AIF1 HO(we) @ HO(wE)
The conclusion now follows from the existence of maps, see also [AN, Lemma 7.1]
A NPHY (wo)oH (we) = AR H (we) and A AYTTFHO (W)@ H (wp) — AYTFTLH Y (WR),
with Ao dp = (g — k)Id and A\ o dy = £(g — k)Id.

We secondly claim that [f] does not lie in the extended Koszul divisor EN. In light of
the injective map above, this will complete the proof. As [f] lies in exactly one boundary
divisor, namely A, all that remains is to show that the divisor EN does not contain A. By
Lemma 5.3, we know that any smooth curve C' € |L| on the K3 surface X = X, satisfies
bg—11(C,we) = g — k. By the Lefschetz Theorem for Koszul cohomology [G], the same holds
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for any integral nodal curve Cy € |L|. As any integral, nodal curve Cy (with at least one node)
defines a point in A, it suffices to show that such curves exist for the general X, ;1.

In order to do this, it suffices to take 2g — 2k + 1 > 8, as the conclusion of the Theorem is
well-known for g < 8 by [Schl]. Indeed, if g — k < 3, then, since we are assuming g > 2k — 1,
we must have k <4 and g < 7. The class L — E is very ample for a general K3 surface X, ;41
general with the given Picard lattice, by degenerating to the K3 surface Yo, ., from K1,
Lemma 2.3]. Choose a curve C; € |L— E| meeting a smooth elliptic curve Ey € | E| transversally,
and consider the nodal curve Cy U Ey. Pick any node p; € C1U Ey. Then, by [Ta, Theorem 3.8],
the moduli space V;(X,) parametrising deformation of C; U Fy preserving the assigned node p;
is smooth near (C} U Ep, p1) of dimension 29 —2k. Asdim|L — E|+dim |E|=g—k+1<g—1
for k > 3, there exist integral 1-nodal curves Cy € |L|, completing the proof. O

6. TWISTINGS AND PENCILS ON SINGULAR CURVES

In this section we prove Theorem 3.7. We need to construct twistings of line bundles on
reducible curves. Suppose we have a family B — A of nodal curves over a smooth base A, with
general fibre smooth and with special fibre C' U R, where R = P! and C is smooth meeting R
transversally in two points. If the total family B is smooth, then Og(R) is a line bundle which
is trivial outside of the special fibre. We will generalize the definition of this twist to the case
where the general fibre is only integral and B is not necessarily smooth, so R may not be Cartier.

We first introduce some convenient notation.

Definition 6.1. Let X be a connected, nodal curve and p € X. The “blow-up” ¢, : XX of
X at p is defined as such:
(1) If p € X is a node, let v : X' — X denote the partial normalisation of X at p and let
vL(p) = {a,b}. Then X is defined to be X' UE, where E = P' and EN X' = {a,b}.
(2) If p is not a node, then define X = XUE, where E 2 P' with XNE = {p}. We further
define the “strict transform” X' of X to be the closure X \ E.

In both cases, ¢, : X — X is given by contracting the unstable component E to the point p.

An abelian differential of type (1)2972 on a smooth curve C of genus g is an ordered marking
a of degree 2g — 2 such that there exists a nonzero section s € H(C,w¢) with s(a) = 0. Such
(C, @) define elements of Mg 2g—2. Let Mg ((1)%72) C My 42 be the space of twisted abelian
differentials of type (1)2972, i.e. the closure of the space of abelian differentials of this type, [FP].

The first twisting construction we will use is described below and is rather well-known. We
attach a proof due to lack of a suitable reference.

Proposition 6.2. Let (A,0) be an irreducible, pointed, variety and B — A be a flat family of
nodal curves of genus g > 2 such that the fibre By is irreducible for a general t € A and

By=CUR, R=P', RNC = {u,v},

and C' is irreducible. After a base change, there is a birational morphism v : B—B of families

of nodal curves over A and a line bundle T € Pic(B), such that one of the following cases occur:
(1) By = By. Furthermore ¢ = Oc(u+ v) and deg(g) = —2.
(2) By is a blow-up of By at a node p € {u,v} with exceptional component E. Identifying R
and C with their strict transforms, 7¢ = Oc(u + v) and deg(tr) = deg(7g) = —1.

Informally, case (1) corresponds to twisting by a line bundle, whereas case (2) corresponds to
twisting by a torsion-free sheaf.

Proof. Performing a base change if necessary, we choose markings p; : A — B, fori =1,...,¢,
with pg(0) € R C By and p1(0),...,pgs—1(0) being general points of C. For all t € A, up to
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scaling, there exists a unique form 0 # s; € HY(By,wp,) vanishing along p (t)+ - -+p,—1(t). Note
that sp vanishes identically on R. By the generality of the points p;(0) for i =1,...,9 — 1, the
restriction s\ vanishes on an abelian differential of type (1)29~%. Hence, after possibly shrinking
A, those components of the vanishing set of s; which limit to points on C' provide additional
sections p; : A — B, fori=g¢g+1,...,2g9 — 3, with Z#g pi(0) defining an abelian differential on
C, such that [By,p1(t), ..., pag—3(t)] lies in the image of the morphism Mg ((1)%72) — Mg 293
obtained by forgetting the last marking. After a finite base change, we obtain a map v : B—B
between families of nodal curves, together with sections ¢; : A — B for i = 1,...,29 — 2, such
that [By, ¢;(t)] € M,y ((1)?972) and, further, after forgetting the last marking gag—2(t), these
curves stabilize to [By, pi(t),. .., p2g—3(t)].

Notice that v(gag—2(0)) € R. We now distinguish three cases. If v(g2g—2(0)) ¢ {u,v,pg(0)},
then v is an isomorphism, and we may take

29—2
T = wp/A (— Z (vo qz)(A)>
i=1

If v(g2g—2(0)) = pg(0), then v o gag_2 defines a section in the smooth locus of each fibre By,
and we define 7 by the same formula. Lastly, suppose v(ga4—2(0)) € RN C. We first observe
that v(g2g—2(t)) is not a node of B, for a general t. Indeed, otherwise B; would be a blow-up
of B; at a node. Further, there must be a nonzero section of w B, vanishing at the exceptional
component F, as well as on smooth points qi(t),...,q2g—3(t), which is impossible. Hence, in
the last case, Bis a blow-up of B at a node in the intersection C'N R, and we may now take

ri=wga (- X a(a). =

The next twisting result is more sophisticated. Under further hypotheses, it ensures that we
can put ourselves in the more degenerate case (2) of Proposition 6.2.

Proposition 6.3. Keeping the notation of Proposition 6.2, assume additionally we have a family
f:B—= P'xA

of stable maps of degree k with deg(for) = 1, hO(Bo, fiOpi (1)) = 2, and we ® fEOp (—1)
base point free. Assume the locus of pointst € A for which By is reducible has codimension two.
Then, after a base change, we have v : B — B and 7 € Pic(B) as in case (2) of Proposition 6.2.

Proof. Let MT C ﬂg(Pl, k;2g — 2 — k) denote the substack of the moduli space of degree k
stable maps h : B — P! with markings p1, ... ,D2g—2—1 defined by the following conditions (i)
KO (B, h*Opi(1)) = 2 and (i) H*(B,wp ®@ h*Op1(—1)(—p1 — -+ — pag—2-k)) # 0.

The moduli space M may be constructed from an incidence variety in the obvious fashion,
see also [BCGGM, §2]. We have a forgetful morphism M- My (P k). Let

AT = Ay piy Mo A,
where A — ﬂg(Pl, k) is induced by the family of stable maps f : B — P! x A.

We denote by By the blow-up of By = C'Uy, .} R at u and set ﬁ) = foocy: By — P1. Choose

distinct points p1, ..., pag—3—1 in the smooth locus of By, with 229 3= kpi € lwe ® fEOp1(—1)]
and pick a general point pay_2_ € E. Then

ti= [%7]917"'71)2972716] € AT

We claim that any component I C Af containing the point ¢ dominates A under the forgetful
morphism r. We are then done, by replacing A with I, setting f =forv: B — P! x I to be
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the universal family and choosing
_ 29—2—k
7= f*Opiy(—1) ®wg/1(— Z ﬁi),
i=1
where p; : I — B are the markings.

From the construction of Af as an incidence variety it follows that
dim 7 > dim A + dim [wp, ® f5Op1(—1)|.

Since dim |we ® fEOp1(—1)| = dim|wp, ® f5Op1(—1)|, it follows that r(I) has codimension
at most one in A. By assumption, the general point of r(I) corresponds to a stable map with
irreducible source B. But, in an open subset about ¢t € I, the fibre of r over such a stable map
with irreducible base has expected dimension dim |wp, ® f3Op1(—1)|. Thus I dominates A. O

6.1. Induction Step. Our task is now to prove the induction step of Theorem 3.7. We first
prove a weakening of the induction step, using the more basic Proposition 6.2.

Proposition 6.4. Assume Theorem 3.7 holds for n = m. Let C be a general curve of genus
2a — 2 —m and gonality a —m — 1 with pencil f : C — P! of degree a —m — 1. Let (x;,v;) be

general pairs of points in C fori=1,....,m+ 1. Then [f,z1,Yy1,-- s Tm+1,Ym+1] & Zm+t1- In
particular, Zm1 has codimension one in My, | 1) (P'a— (m+1);2(m+1)).

The conclusion of Proposition 6.4 make it possible to later apply Proposition 6.3 and thus
finish the proof of Theorem 3.7.

Proof. Suppose [f, 1,91, Tmi1s Ymi1] € Zmi1. Let Byi1 := C U Ry with Ry = P!
and Ry1 N C = {Zmi1, Yms1} and let fri1: Byt — P! be the stable map with fmt1jc = f
and deg(fmn41|R,,.,) = 1. Our hypothesis implies

t= [fm+17$17y17--'7xm7ym] S Zm

Let J C Z,, be any irreducible component containing ¢. As dimJ > dim 532_1@ —2m — 1 but
dim Zp,41 < dim f\/lvgz,%m(Pl, a—m—1;2(m+1)) =dim égsfl’a — 2m — 2, the general point
[g : T % Pl’x/17y/1"’ * ’:U;rl?y':n}
of J is a marked stable map with irreducible source curve T'. Let §m+]_ be the curve obtained
from By, 41 by glueing z; to y; for ¢ =1, ..., m and contracting the unstable component R, 1.
Then B,,+1 has gonality a by Proposition 3.4. It follows that the curve T obtained from T by

glueing  to y. for ¢ = 1,...,m has gonality at least a, in particular gon(T") = a — m.

Let S C {},y.}™, be a set of cardinality at most m. As explained previously, a Riemann—
Roch calculation gives h°(C, f*Op1(2)(>,cq 8)) = 3 for any " C {z;,y;}7"4" of cardinality

|S’| < m+ 2. Further, there is a unique admissible cover in 7= !([B;,41]), by Proposition 3.5. In
the following two lemmas, we establish the following statements:

o h(T,g*(Op1(2))(Xyes5) = 3.

e 7 1([T]) consists of a unique admissible cover.
All these facts yield a contradiction by the assumption that Theorem 3.7 holds for n =m. O
For the next two lemmas we fix the following notation. We let C' be an integral, nodal curve
of genus 2a — 2 — m and gonality a — m — 1, together with a pencil f : C — P! of degree
a—m—1. Fori=1,...,m+1,let z;,y; € Creg be distinct points such that f(x;) # f(y;). Let
Byt :=CUR,,;1 with Ryy1 2Pl and Ry i NC = {Zpmi1, Ymi1} and we denote by

(7) fm41 : Bmy1 — P!
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the map with f,,,,1c = f and degp, . (fm+1) = 1. Finally, Byj,41 is the curve obtained from
By+1 by glueing x; to y; for i = 1,...,m and contracting the unstable component R, 1.

Lemma 6.5. Let (A,0) be an irreducible, pointed variety and let
$:B—P ' xA, o5,7,: A>Bfor i=1,....m

be a family of marked stable maps over (A,0) such that ¢g = fmi1 : Bmi1 — P, 0;(0) = 25
and 7;(0) = y; fori=1,...,m. For a general point t € A, assume the fibre By is irreducible
and let Sy C {oi(t), 7i(t)}I2, be a set of cardinality at most m.
@) If hO(C, f*Op1 (2)(Xseqr 8)) = 3 for any subset S’ C {x;, y;}t' of cardinality at most
m + 2, then h° (Bt, $;Op1 (2)(25t€5t st)) = 3.
(I) Assume instead h°(C, f*Op1(2)(3seq 8)) = 3 for any subset S" C {x;,y;}" of cardi-
nality at most m~+1. If furthermore, By is irreducible fort € A outside a set of codimen-

sion two and we ® f*Opi(—1) is base point free, then h°(B, tO0p1(2) (X, es, st)) = 3.
Proof. We choose a subset of sections S C {0y, 7;}*, of cardinality at most m and set
M :=¢"0p1,A(2) (D 5) € Pic(B).
seS
We shall prove that h®(B;, M;) = 3, for a general t € A. There exists a birational map
v : B — B together with a line bundle 7 € Pic(B) enjoying the properties listed in Proposition
6.2. Furthermore, when Assumption (II) applies, then, by Proposition 6.3, we may ensure that 7
is as in case (2) of Proposition 6.2. Set £ := v* M ®T € Pic(B). It suffices to show h%(B, Lo) = 3,
where B denotes the fibre of B over the point 0 € A.
Assume first we are in case (1) of Proposition 6.2, thus B = By,1. Then C C B and
Lo = f*OP1(2)(ZS€SS + Tt + ym+1), where S = {s(0) : s € S} C {z1,Y1,.--Tm, Ym}-
Furthermore, Lg, .., = Og,,,, and the claim follows by twisting the exact sequence

(—2) — Op

+1

0— Og — O¢ — 0

m—+1 m—+1

by £ and using our assumptions.
Assume now B is as in case (2) of Proposition 6.2. Then
(degLg, ., degLg) = (1,—-1) and L = f*Op1(2)(D s+ Zmi1 + Yms1)-
sesS
Set B := CURy,4+1 C B. Via the exact sequence 0 — Op/(—2z —w) = O — O — 0, where
{w} = EN Ry41 and {z} = C' N E, it suffices to show h®(B’, Lp/(—z — w)) = 3, following from
W(C, f0p (2)(D_s+2) =3,
sesS

where {2’} = C N Ryy+1 C {Tm+1, Ym—+1}, which is a consequence of our assumptions. O
To finish the proof of Theorem 3.7, it suffices to establish the following.

Proposition 6.6. Let (qb :B— P'xA, 05,1 A— Pl) be as in Lemma 6.5, with irreducible
general fibre By. Let Xy be the curve obtained from By by identifying the points o;(t) and 7;(t) for

i=1,...,m. Assume either assumption (I) or (II) holds as in Lemma 6.5 and that 7= ([Bp11])
consists of a single point. Then ©=1([Xy]) consists of a single point, for a general t € A.

Proof. We describe the unique element [f' : B' — T] € 7 !([By,+1]) using [HM, Theorem 5.
Firstly, B’ has a component C' isomorphic to the normalization of C. All other components are
isomorphic to P!'. The restriction flé is the composition f = f o pu, of f with the normalization
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morphism g : C — C. The fact that 7 ([B41]) consists of a single element implies that
the pencil f : C — P! is unramified at the points x;,y; for i = 1,...,m + 1. Moreover, fis
unramified at all points above nodes of C. Set P} := f/(C). For each pair (z;,7;) the curve
B’ contains a rational chain with three components which meets C in x;,Y;, with precisely one
component dominating Pé. The map f’ has degree one on this component dominating P(l) and
degree two on the other two components (cf. Proposition 3.5). For each node p € C' with points
q1,q2 € C over p, there is a single rational component R, = P! of B’ which meets C at q1, q2,
and which does not map to P(l). The admissible cover f’ has degree two on this component R,,.
There are further rational tails attached to C, none of which dominate Pl.

Suppose 7 ([X{]) consists of at least two elements. Thus, for general t € A there exists an ad-
missible cover [f/ : B — T;] over X; which, (i) specializes to the unique element of 7~ ([Bm1])
as t — 0 and (ii) it is distinct from the admissible cover constructed from (i)« (¢;Op1(1)) as
in [HM, Theorem 5|, where u; : By — X; denotes the partial normalization.

For general ¢ € A, there exists a subcurve Bj* C B; isomorphic to the normalization of B.
The limit of B} at ¢ — 0 is a connected subcurve B of B’ containing C. For each node peC,
the component R, of B’ meeting C at q1, qo either lies in B[, or else, there is a smooth rational
component Ry, of B; meeting Bj* at two distinct points g1 ¢ and g2 and with f{(q1+) = f{(q2+)-
As t — 0, the curve R,; approaches R, and ¢;; approaches g; for i =1, 2.

Let By be the union of B} with all components R, ; as above and let D; denote its stabilization.
Define the finite stable map y; : D; — P! by first restricting fi to E?, then contracting the
target T} to P := f/(B}) and then lastly stabilizing the resulting morphism (this contracts each
component R,;). Ast — 0, the map x; tends to the finite stable map

X0 - D0—>P1,

where Dy is a connected curve which is either:

(1) The blow-up of C' at some set S C {x;,y; Zf[l of cardinality at most m + 1 containing
at most one term from each pair (z;,y;) for all 7, or
(2) Bm+1 = CU Ry, 41 blown-up at some set S C {z;,y;}I", of cardinality at most m.

In the first case, D; is isomorphic to the partial normalization ug, : Dy — B; of B; at one node
qt, with o,,41(t) and 7,,41(¢) lying over this node. In the second case, D; = B;. In both cases
we define (3 to be the curve formed by contracting all exceptional components E; of Dy. If
E1, ..., By are the exceptional components of Dy, where £ < m + 1, then degg, (xo) = 1 for
i=1,...,0and xoc = f. If, further, Ry41 C Do then degp . (x0) = 1.

In the case Cy = By,41, that is, when Dg contains R,, 1, we must have D; = B;. In this
situation, we set Y; := D, and define the finite stable map € = y; : ¥; — P!, for all t € A.
Notice that the stable map €; cannot be equal to ¢y, or else the admissible cover f/ would coincide
with the admissible cover constructed from (pu)«(¢;Op1(1)) as in [HM]. In the case Cp; = C,
that is, when Dy does not contain R,, 1, there exist distinct points o,,41(t) and 7,41 () in the
smooth locus of Dy, together with a connected chain of rational curves in B, which meets B}
at op41(t) and 7,41(t). There are now two cases which we must consider separately. First of
all, assume Zp41, Ym+1 € S. Then, (0pm+1(t), Tm+1(t)) = (Tm+1, Ym+1) as t — 0. Since f does
not identify the points 2,11, ¥m+1 € C, the map x; : Dy — P! also cannot identify o,,41(t) and
Tmy1(t). Once again, we define ¢ := y; : ¥; — P! with Y; := D;. In the second case Cy = C
and Ty41 € S or yYpmy1 € S. In this case, x; identifies op,41(¢) with 7,41 (f). We set Y; := By
and define

e: Y, — P!
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for t # 0 as the unique map such that ¢ o 15, = x;. The limit of ¢, at ¢ — 0 is the stable map
€ : Yy — P,

where Yy = Do U Ry11, deng+1(eo) =1 and €0|p, = X0- Once again, €; Z ¢s.

We define C3 as the curve obtained by contracting all exceptional components of Yy. This
curve coincides with By,+1 with the exception of the case where Dy does not contain R,,,+; and
Tim+1,Ym+1 ¢ S, in which case it coincides with C'. Let S; be the set of all points of intersection
of C3 C Y,y with the exceptional divisors. This coincides with S, unless we are in the case where
Dy does not contain Ry,41 and ;41 € S or ypt1 € 5, in which case it is a subset of cardinality
one less than S. In all cases, |S1| < m and Typ+1, Ym+1 ¢ S1.

After a finite base change, we have a family of maps € : J — P! x A with fibre ¢ : Y; — P!
for all t € A. Let i/ : Y — ) be the morphism which contracts the unstable components

Eq, ..., E; and is otherwise an isomorphism (this exists after a further base change). By Lemma
6.7 below applied to €*Op1, A (1), there exists a line bundle
N € Pic()),

with V; = €;Op1(1) for ¢t # 0, and Ny = 7*n+1\030P1(1)(Zs€5'1 s).

We now turn our attention back to the first family ¢ : B — P! x A. If C5 = C, then for a
general t € A there exists a node ¢ of By lying above 0y,+1(t) and 7,41 (¢). In this case, possibly
after base change, B is singular along a section ¢ : A — B. We let

pe: B =B

be the partial normalization at ¢. In the case C3 = B,, 11, we define B’ to be B. Let B" be the
surface obtained from B’ by contracting any exceptional components. We now show that

B>y

Firstly, after a finite base change B™ := B"™ xa A* is isomorphic to Y* := Y’ xa A* over
A* = A\ {0}, as both surfaces have the same fibres for ¢ # 0 and these fibres are stable curves.

The claim is clear when C5 = C, as both B" and ) are families of stable curves with stable
central fibre. So assume C3 = B,,11 in which case B" = B. For a € {0,1,00} may assume
we have sections s, : A — B which specialize to general points of R,,+1. Further, by varying
the natural PGL(2) action, we may assume ¢;(sq) = €;(54) = a € P! for t # 0. Then (5a)| 50
extends to a section t, : A — ). These three sections specialize to distinct points in Ry,11
on the central fibre (as their images under f,,1 are distinct), and hence at least one section
to must land in the smooth locus. Taking the image under p' : Y — )’ we may treat t, as a
section of ). Thus the families (B, s,) and (), t,) of marked stable curves are isomorphic. In
particular, N defines a line bundle on B™ in all cases.

In the case C3 = C the fibred surface B’ has an unstable component. Let
¢/::¢ouq:3'—>P1xA.
Applying Lemma 6.7, there exists a line bundle G € Pic(B"™) = Pic()’) with G; = (¢})+Op1(1)
and with Gy = f*Opi(1)(2), where z € {Zpm41,Ym+1}. By the base-point free pencil trick
hO(N; ® G;) > 4 for general t € A. But our hypotheses give h’(Ny ® Gy) = 3, which is a
contradiction.

Now consider the case C3 = B,,11, so B = B;. In the notation of the Proposition 6.2 (for
Assumption (1)), or Proposition 6.3 (for Assumption (/1)) consider

L:=v"(¢"Opi (1) @ N) ® T € Pic(B)
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on a blow-up v : B — B. By the same argument as in Lemma 6.5, we have h%(B}, L) < 3,
which again gives a contradiction. O

The following lemma was needed in the proof of Proposition 6.4. The proof is well-known.

Lemma 6.7. Let (A,0) be a smooth pointed curve and C — A a proper family of nodal curves
with smooth fibers Cy fort # 0 and central fibre Co = TUE, where T is nodal and connected and
E = P!, with {2} = ENT a single point. Let £ € Pic(C) be a line bundle with degp(L) = 1.
If pg : C — C' denotes the contraction morphism of E, then there exists a line bundle L on C’
with Ly = Ly for t # 0 and Ly = Lojp(2).

After a finite base change a contraction morphism as in the lemma above always exists. We
now bootstrap on Proposition 6.4 in order to prove the induction step for Theorem 3.7.

Proof of Theorem 3.7. Tt remains to prove the induction step. Let C be an integral nodal curve
of genus 2a — 2 — m with a unique pencil f : C' — P! of degree a — m — 1 and points z;,y; € C
fori =1,...,m+ 1 as in the hypotheses of the theorem for n = m + 1. Set A := f*Op1(1),
hence h%(C, A) = 2 and dim W} _(C) =0.

We claim wo ® AV is base point free. Otherwise, there exists a point p € C such that all
sections of wo ® AV vanish at p. Let N := Ker{ev, : wc ® AY — C,}. There is a partial
normalization p : C - C at 0 > 0 nodes and a line bundle N on C such that ,u*]\~f = N.
Then wzy ® NY € W2_ _5(C), implying dim W, s(C) > 1, thus dim W, . ,(C) > 1, a
contradiction.

We now argue exactly as in Proposition 6.4. Suppose [f, Z1,91, ..., Tm+1, Ym+1] € Zm+1 which
implies that ¢t = [fr4+1, 21,91, -+, Tm, Ym) € Zm. Let J C Z,, be any component containing t.
By the same dimension count as in Proposition 6.4, the general point [g : T — P1, (@}, y})] of J
is once again a marked stable map with irreducible source T'. Moreover, from the conclusion of
Proposition 6.4, we have the improved bound

dim Zp, 11 < dim M5 Pla—m—1;2(m+1)) -1,

2a—2—m
so that the locus of reducible curves in J has codimension two about ¢t. By Lemma 6.5 and

Lemma 6.6, using Assumption (/1) and applied to A = J, we immediately derive a contradiction
to the induction hypothesis. O
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