SYZYGIES AND KOSZUL MODULES IN GEOMETRY

GAVRIL FARKAS

ABSTRACT. We describe the progress in the last 10 years related to Koszul modules and syzy-
gies of algebraic varieties. Topics discussed include the general theory of Koszul modules and
resonance varieties, applications to Chen ranks of Kahler and hyperplane arrangement groups
(Suciu’s Conjecture) and connections related to syzygies of algebraic curves. Developments
related to Green’s Conjecture, the Secant Conjecture and the Gonality Conjecture on the res-
olution of line bundles on algebraic curves are also presented. Open question are proposed
throughout the text.

1. INTRODUCTION

Koszul modules and their associated resonance varieties, indirectly first appeared 100 years
ago as Alexander-type invariants in topology. The very beginning is probably the Alexander
invariant of a knot [Al]. If K C S3 is a knot, we denote by X := S3\ K its complement
and consider X®" its universal abelian cover. Then the homology H;(X?" 7Z) is a module over
the group ring Z[Hy(X,Z)] = Z[t,t!] and the Alexander polynomial of the knot K can be
interpreted as the order of this module. This definition can be immediately generalized to any
reasonable topological space X, and indeed, to any finitely generated group G (for a space X,
the group in question being the fundamental group G = 71(X)). In this case, the Alezander
invariant B(G) of the group becomes a module over the group ring C[G,p), see [Mas], [PS2].
Considering the associated graded object grB(G) of the Alexander invariant with respect to the
powers of the augmentation ideal I C (C[Gab], it turns out that the rank of the abelian group
gr,B(G) = I7-B(G)/I9%!- B(G) is equal to the Chen rank 0,42(G) of the group, first considered
by K.-T. Chen [Chl] in the context of iterated integrals on a manifold X and arising from the
lower central series of the metabelian quotient of the group G.

The Chen invariants 6,(G) of a group G are fundamental invariants used to distinguish in
subtle ways between groups of geometric nature. It has therefore become of great interest
to develop methods to make it possible to determine these invariants. In this context, the
definition of the infinitesimal Alexander invariant W (G) of the group G has been put forward
by Papadima and Suciu in [PS1] and [PS2].! This is a graded module over the symmetric algebra
Sym H;(G,C) and its degree ¢ part Wy(G) has the property that dim Wy(G) < 0442(G), with
equality if the group is 1-formal in the sense of Sullivan [Sul]. On the other hand, W (G), being
a graded module over a polynomial ring, is an object firmly rooted in commutative algebra and
thus a large variety of tools from homological algebra, derived categories and algebraic geometry
become suddenly available in order to study its structure. The first instance of a non-trivial
calculation of Chen ranks in Magnus’ calculation [Mag] of the Chen ranks of the free group F,,
even predating Chen’s work.

In this spirit, the study of Koszul modules, and even their definition, became more alge-
braic. This process, initiated in [PS2], took off in the papers [AFPRW1]|, [AFPRW2], [AFRS1]
and [AFRS2], where results concerning the support and the Hilbert series of arbitrary Koszul

INote that in [PS1] the notation $B(G) has been used for the infinitesimal Alexander invariant. This notation
has been abandoned in the subsequent papers [AFPRW2], [AFRS1], [AFRS2].
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modules are established. The group G is replaced with a pair (V, K), where V' is a finite dimen-
sional vector space and K C A?V is a linear subspace. The Koszul module W (V, K) becomes
now a graded module over the symmetric algebra S = Sym(V) and as such, it is an object
belonging to mainstream algebraic geometry. The general results on Koszul modules were then
applied to a large variety of groups, like Kéhler groups, mapping class groups and Torelli groups
[AFPRW2], [AFRS1], or hyperplane arrangement groups [AFRS2]. In this paper a wide ranging
generalization of Suciu’s Conjecture on the Chen ranks of a hyperplane arrangement group is
put forward and proved for arbitrary Koszul modules, whose resonance satisfies a number of
natural geometric conditions inspired by Hodge theory.

One of the surprises of the theory of Koszul modules is that the new perspective they provide
could be used to make decisive progress on major questions on syzygies of algebraic varieties,
even though these questions a priori have little to do with each other. Given a projective variety
X C P" over an algebraically closed field k and embedded by a line bundle L € Pic(X), the
minimal graded resolution of the section ring

I'x(L):=EPH(X,L9)
q>0

viewed as a module over the symmetric algebra S := Sym HY(X, L) establishes the language
in which one can talk about the structure of equations in modern algebraic geometry. The
information contained in this resolution is packaged in the graded Betti table of the pair (X, L),
by placing the quantity

bp,g(X, L) = dim Tork (T'x (L), k)p e

that is, the number of p-syzygies of weight ¢, in the p-th column and the ¢g-th row of the Betti
table. The modern theory of syzygies originates in the fundamental work of Hilbert [Hil|, whose
Syzygienstaz made it possible to even think of the Betti table of a module and then was set
on solid footing by Grothendieck, Mumford and others via sheaf cohomology and concepts like
Castelnuovo-Mumford regularity.

For algebraic curves, the connection between the abstract geometry of the curve (in the
form of its linear systems) and the structure of its Betti tables has been subject to three major
conjectures formulated by Green and Lazarsfeld [GL2]. These are Green’s Conjecture concerning
the Betti table of an arbitrary canonical curve X C P91, the Secant Conjecture describing the
vanishing in the second row of the Betti table of a pair (X, L), where L is a non-special line
bundle on X, and the Gonality Conjecture describing the vanishing in the first row of the Betti
table of (X, L) in terms of the gonality of the curve. Green’s Conjecture for general curves
has been famously proved by Voisin in the early 2000’s in two fundamental papers [V1], [V2].
This has been then used by Farkas and Kemeny [FK1] to establish the Secant Conjecture for
a general pair (X, L). Around the same time, Ein and Lazarsfeld [EL2] proved the Gonality
Conjecture for an arbitrary curve X and for a line bundle L of sufficiently high degree. An
optimal effective version of the Gonality Conjecture for a general k-gonal curve of genus g has
been proved in [FK4]. This has been extended to arbitrary k-gonal curves of genus ¢ in Niu and
Park’s remarkable recent paper [NP].

Despite many partial results, see for instance [AF1], [Ap], Green’s Conjecture for an arbitrary
curve of genus ¢ remains open. In the last few years however, we witnessed major progress
on our understanding of the syzygies of general canonical curves. Using essential input from
the theory of Koszul modules, it has been possible to represent the Koszul cohomology groups
of a certain canonical curve of maximal Clifford index as the components of a Koszul module
corresponding to a Clebsch—Gordan decomposition, and thus deduce the Generic Green’s Con-
jecture from a general vanishing theorem for Koszul module with trivial resonance [AFPRW1].
In particular a version of the Generic Green’s Conjecture in not too low positive characteristic
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could be established. Soon after this, several other proofs of the Generic Green’s Conjecture
appeared, including those of Raicu—Sam using a bigraded version for Koszul modules, or Ke-
meny’s geometric proof [K1] representing a major simplification of Voisin’s Theorem [V1], [V2]
concerning the Koszul cohomology of a polarized K3 surface of Picard number one.

We close this introduction by mentioning also the striking progress on the syzygies of secant
varieties of curves embedded in projective space by line bundles of sufficiently high degree [ENP].

Acknowledgments. This paper is dedicated to the memory of S. Papadima who first intro-
duced me to Koszul modules. Without his insight the connections between syzygies and Koszul
modules would probably not have been discovered. I have greatly profited from discussions with
M. Aprodu, M. Kemeny, R. Lazarsfeld, J. Park, C. Raicu, F.-O. Schreyer, A. Suciu, C. Voisin
and J. Weyman related to this circle of ideas. I am particularly grateful to C. Raicu for many
useful comments on the first version of this paper. This work was supported by the Berlin
Mathematics Research Center MATH+ and by the ERC Advanced Grant SYZYGY.

2. KOoszuL MODULES

We discuss the algebraic definition of Koszul modules, largely following [AFPRW1], [AFPRW2],
[AFRS1] and [AFRS2]. We fix an n-dimensional vector space V over an algebraically closed field
k and set S := Sym(V). We fix throughout a linear subspace K C A? V.

We consider the Koszul differential

p p—1
&p: N\Ves— \Ves,
p .
Sp(1 A Aoy @ f) =Y (1) o A AT A Ao @ - f
j=1

We have a decomposition 6, = €D, dp,q, Where dpq: APV @ Sym?V — APV @ SymIt1V. The
Koszul complex putting together all the differentials J,, provides a minimal resolution by free
graded S-modules of the residue field k. We denote by

o /3\V®S(—1) s </2\V/K) ®S

the morphism of graded S-modules induced after projection by the third differential d3 in the
Koszul complex.

Definition 2.1. The Koszul module of the pair (V,K) is the graded S-module defined as
W(V, K) := coker(r).

Equivalently, W (V, K) is the graded S-module admitting the following presentation:

3 2
(1) 0—>/\V®S(—1)i>(/\V/K)®S—>W(V,K)—>o.

By using that the Koszul complex is exact, we can also represent the degree ¢ component
Wy(V, K) of the Koszul module as the following k-vector space

(2)  W,(V,K) = middle homology{K ® Sym?V 22 V @ Sym?+Hy 2, Squ“v}.
From the exactness of the Koszul complex, one has W (V, A*V) =0.

Via the Euler sequence on the projective space P := P(VV)

0—Qp —V®O0p(—-1) — Op — 0,
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we find, after taking cohomology of a twist, that W,(V,0) = H°(P,Qp(¢q + 2)). In particular,

. n—+gq
3 dim W, (V,0) = 1 .
®) W, (v:0) = (1) (5 )

The definition of a Koszul module is functorial. An inclusion K C K’ C /\2 V' induces a
surjection at the level of Koszul modules W(V, K) — W (V, K'). Also, it is easy to prove that if
Wy(V,K) =0, then Wy (V,K) =0 for all ¢’ > q.

The presentation (1) and the description (2) can be sheafified, and we can introduce the
Koszul sheaf W(V, K) on P, defined by the following exact sequence

(4) K®Op 2 Qp(2) — W(V,K) — 0.

2.1. The BGG correspondence and Koszul modules. Even though this is not apparent
from the papers [AFPRW1], [AFPRW2], [AFRS2], the definition of the Koszul module W (V, K)
in inspired by the BGG correspondence. Recall that the Bernstein—Gelfand—Gelfand correspon-
dence establishes an equivalence between the category of graded E := A®VV-modules and the
category of linear free complexes of graded S = Sym(V)-modules. To a graded E-module
P =@} , P;, one associates a complex of graded S-modules

L(P): - — S@P — S®k Py — -+ .

If P is the dual E-module defined by P = (P_;)V, then one has an identification between
Hy(L(P)),,, and Torf (P k) _
the following quadratic algebra

g See [Eis2, Theorem 7.8]. One applies this correspondence to

A(K) := E/ideal(K1),
where K+ C A? VY can be identified with ( N V/K )v. Then one has the following isomorphism

(5) Wo(V, K)¥ == Torg,, (A(K). k) _,_,,
see also [PS2, Proposition 2.8]. In particular, any result on Koszul modules can be rephrased in
terms of resolutions of quadratic algebras over the exterior algebra FE.

2.2. Resonance varieties. The support of the Koszul module W (V, K) turns out to be a
familiar object of algebro-geometric nature, namely the resonance variety R(V, K) defined as
the locus

(6) R(V,K) = {a € VV: there exists b € V" such that a Ab e K+ \ {O}} u{0}.

The following fact was first observed in [PS2, Lemma 2.4]:
Proposition 2.2. One has the set-theoretic equality supp W (V, K) = R(V, K)

Proof. Using the description (4), we observe that supp W(V, K) is the affine cone over the
sheaf-theoretic support of the Koszul sheaf W(V, K). This can be described as the locus of
those points [a] € P = P(V") such that the fibre over [a] of the morphism d2: K ® Op — Qp(2)
is not surjective. But this map is the contraction by a, given by v; Ave — a(v1)va—a(ve)vi, which
in turn, can be viewed as the dual of the map Aa: VV — KV. Therefore, [a] € supp W(V, K) if
an only if the map Aa is not injective, that is, a € R(V, K). O
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2.3. Koszul modules with vanishing resonance. The Koszul modules of finite length are
precisely those for which the resonance variety vanishes. Thus Wy(V,K) = 0 for ¢ > 0 if
and only if R(V, K) = {0}. The paper [AFPRW2] came out of an attempt to find an optimal
constant ¢ for which the vanishing above should hold. This question is already posed in [PS2].

By identifying the Grassmannian G := Grg(V") of 2-dimensional quotients of V in its Pliicker
embedding in P( /\2 VV) with the space of rank 1 tensors, one has the following equivalence:

(7) R(V,K)=0<+= GNP(K"') =0.
Since dim(G) = 2n — 4, for dimension reasons, if R(V, K) = {0}, then necessarily
dim(K) > dim(G) + 1 =2n — 3.

The borderline case dim(K) = 2n — 3 turns out to be particularly relevant. We quote the main
result of [AFPRW2]:

Theorem 2.3. Let V be a k-vector space of dimension n > 3 and let K C /\2 V' be a subspace.
Suppose char(k) = 0, or char(k) > n — 2. We have the following equivalence:

This result is established in [AFPRWZ2] in characteristic zero and in [AFPRW1, Theorem
1.3] when char(k) > n — 2. The strategy of the proof relies on regarding the m-dimensional
subspace K as a subspace of section of H O(G, (’)G(l)) = /\2 V and interpreting the condition
R(V,K) = {0} as saying that the evaluation map evig: K ® Og — Og(1) is surjective on G.

Denoting by Q the tautological rank 2 vector bundle on G, via the description (2), we observe
that the have the identification

H(P,Qp(¢+2)) = H(G,Sym?Q(1)).
The vanishing W,,_3(V, K) = 0 is then equivalent to the surjectivity of the multiplication map
K ® H°(G,Sym" Q) — H"(G,Sym"3Q(1)).

To the surjective morphism of sheaves evy we attach the Koszul complex

m 2
(9) K*: 0—>/\K®Og(1—m)—>'~—>/\K®Og(—1)—>K®OGm(f)g(l)—>0.

Twisting this complex by Sym?@Q and taking hypercohomology, we obtain a spectral sequence

which abuts to zero. In this language, we have the following identification
Wn—3(‘/7 K) = COker{El_LO SN E%O}'

Assuming by contradiction this map is not surjective, there must exist a non-zero differential in
this spectral sequence. But, as explained in [AFPRW2] (or in [AFPRW1] in the case of positive
characteristic) this is ruled out by the Bott vanishing theorem.

Remark 2.4. In the case char(k) is arbitrary, the optimal vanishing result is due to Raicu-
VandeBogert [RS, Theorem 7.1}, showing that Ws,,_7(V, K) = 0, whenever R(V, K) = 0.
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2.4. The Chow form of the Grassmannian. The information contained in Theorem 2.3 in
the borderline case dim(K) = 2n — 3 can be reinterpreted in geometric terms using the Chow
form of the Grassmannian G C P(/\2 V). Precisely, one has two divisors on the parameter

space Groy,_3 ( /\2 V) of such subspaces K. The first one is the Koszul divisor

Dﬁoﬁz, —{KEGI'Qn 3 /\V Wi 3(VK)750}

the second one is the resonance divisor, that is,

2
Daes := {K S Grgn_g(/\ V) : P(KL) NG # @},

which can be regarded as the Chow form of G. Theorem 2.3 can be formulated as the following
set-theoretic equality Supp(Dges) = Supp(Daos;). A more precise statement can be found in

[AFRW, Theorem 3.4], where one shows the following equality of divisors on Gra,_3( A’ V):
(10> Dﬁosg = (n - 2) * Dares-

The reason for the multiplicity n—2 in (10) is fairly transparent. It is shown in [AFRW, Lemma
3.4] that for any such K with R(V, K) # {0}, one has dim W,,_3(V, K) > n — 2. It follows that
Dgos; — (n — 2) - Diges is an effective divisor and the equality (10) shows that this divisor is in
fact trivial.

Remark 2.5. The equality of divisors (10) is reminiscent of an equality of two effective divisors
on the moduli space May,,_3 of algebraic curves of genus 2n — 3. Precisely, denoting by

Sp; = {[C] € Mop_3: Kn_21(C,wc) # 0}
the Koszul divisor of curves with a non-trivial (n — 2)—nd syzygy of weight one and by

Hut == {[C] € Maon_z: WL | (C )#@}

the Hurwitz divisors of curves having submaximal gonality, then one has the equality of effective
divisors Gp3 = (n — 2) - Hur. The multiplicity n — 2 in this equality can be explained via the
Green-Lazarsfeld Non-Vanishing Theorem [Gr], which shows in this case that for each curve
[C] € $Hur one has in fact that dim K,,—21(C,wc) > n — 2. This fact has been first observed by
Hirschowitz—Ramaman [HR| and it plays a crucial role in Aprodu’s sufficient condition [Ap] for
a curve to satisfy Green’s Conjecture. It would be highly interesting to find a direct connection
between this equality of divisors on My, 3 and the equality of divisors (10) on the Grassmannian.

2.5. Koszul modules of geometric nature. Even though Koszul modules originate from
topology, their algebraic definition opens the way to consider situations arising in natural
algebro-geometric contexts. Two such important instances are discussed in [AFRW].

Let E be a vector bundle on an algebraic variety X and consider the determinant map

d: /\HO (X,E) — H°(X /\E
Setting V := HY(X, E)Y and K := Ker(d)* € A>V, we obtain the Koszul module
W(X,E) = W(V,K)

associated to FZ. We now explain the information contained in this Koszul module in the case
E is globally generated. We define the kernel bundle Mg by the exact sequence on X

(11) 0— Mg — HY(X,E)® Ox - E — 0.
We have the following result, see [AFRW, Theorem 4.3]:
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Theorem 2.6. Let E be a globally generated vector bundle on X. The components of the Koszul
module associated to EE admit the following description

W, (X, E)Y Ker{Hl(X, Sym™2 My) — Sym™2 HY(X, E) ® H'(X, 0 X)}.
In particular, if HY(X,Ox) = 0, then Wy(X,E)¥ = H! (X, Sym?+t? ME)

One can describe in geometric terms when the resonance R(X, F) associated to the Koszul
module W (X, E') vanishes. For instance, if F has rank two, then R(X, E) = 0 if and only if
there exist two independents sections s1, s2 € H°(X, E) which are proportional in each fibre of
E. This happens if and only if £ admits a line subbundle A < E with h%(X, A) > 2. In the
case of curves, the components of the resonance R(X, E) are described in detail in [AFRS1, §6].

Question 2.7. When X is a K3 surface and FE is a Lazarsfeld-Mukai vector bundle on X,
then from Theorem 2.6, we have W¢(X, E) = H'(X,Sym?"? Mg)Y. In [AFRW] one finds a
description in terms of the lattice Pic(X) when the corresponding resonance variety R(X, E)
vanishes. Can one understand the geometric implications of the vanishing provided by Theorem
2.3 in the context of Koszul modules on K3 surfaces?

An instance of Koszul modules where (at least in characteristic zero) the resonance is always
trivial, is provided by Gaussian Koszul modules. Let L be a line bundle on a smooth projective
variety X and consider the Gaussian map

2
dr: \NHY(X, L) — HY(X,Qx @ L%),  4u(f Ag) = fdg — gdf.
When L is very ample, Wahl [W] related the cokernel of ¢, to the deformations of the cone

over the embedded variety X Jﬂ P’ inside P"*!. In particular, the corank of the Gaussian
map of the canonical bundle can be used to distinguish whether a curve lies on a K3 surface.
Arbarello-Bruno—Sernesi [ABS] showed that the non-surjectivity of 1, essentially characterizes
those smooth curves that can be embedded in a K3 surface.

Setting V := H°(X, L)V and K := Ker(¢)1)*, we obtain the Gaussian Koszul module
G(X,L):=W(V,K).

The components of the Gaussian Koszul module have a description similar to that in Theorem
2.6 involving this time the bundle Ry, defined by the exact sequence

0— R, — H(X,L)® Ox =% Ji(L) — 0,

where J; (L) is the jet bundle of L and Ta is the Taylor map which locally assigns to each section
of L its value and its derivative at each point. It is shown in [AFRW, Theorem 5.2] that the
components of the Gaussian module G(X, L) are given by

Go(X, L)Y = Ker{Hl(X, Sym?2 Ry) —» Sym?™ HO(X, L) @ H'(X, RL)}.

Applications of the Theorem 2.3 via Gaussian Koszul modules to the stabilization of the coho-
mology of thickenings of projective varieties are presented in [AFRW, Theorem 1.6].

3. THE CHEN RANKS OF KOSZUL MODULES

The very recent paper [AFRS2] presents a major generalization of Theorem 2.3 and deals with
Koszul modules with non-vanishing resonance. The resonance of Koszul modules of geometric or
topological origin rarely vanishes, therefore all the components W, (V, K) of the corresponding
Koszul module are non-zero. In spite of this, one is interested in computing their dimensions,
that is, in determining the Hilbert series of the Koszul module W (V, K). Inspired by Suciu’s
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Conjecture on hyperplane arrangement groups, an optimal solution to this problem has been
put forward in [AFRS2].

It turns out that the set-theoretic definition (6) of the resonance R(V, K) is not refined enough
to determine the Hilbert series of W (V, K) and, instead, one has to take into account the natural
scheme structure of R(V, K). The following definition appears first in AFRW and has then been
put to use in [AFRS1] and [AFRS2].

Definition 3.1. Let K C /\2 V' be a linear subspace as above. We say that,

(1) the resonance R(V, K) is linear if it is a union of linear subspace
R(V,K)=V{U-- UV,

where each Vtv C V'V corresponds to a quotient V. — V.
(2) The resonance R(V, K) is isotropic, if it is linear and /\2 V;/ CK*L fort=1,... k.
(3) The resonance R(V, K) is separable, if

2
(V/AVY)NKEC AV, fort=1,.. .k
(4) The resonance R(V, K) is strongly isotropic is it is both isotropic and separable.

Remark 3.2. Of these definitions, the one that requires getting used to is the one of separability.
For instance, if V¥ = (e1, ea, €3, €4) and one chooses K+ = (e1 Aea, e1Aes+eaiey) C /\2 V'V, then
the resonance R(V, K) = (e1, ea) =: V" is linear. The element et Nes+eaNes € KN (VV /\V)
does not lie however in /\2 VY Therefore, the resonance is not separable.

Remark 3.3. The condition that a component vy C V'V of the resonance R(V, K) is separable
can be expressed in a Petri like condition. Indeed, if m = dim(vv), we set U := Ker{ﬂ: V — V}.

We then fix a basis (e1, ..., e,) of V¥ such that (ey,. .., ex) is a basis for V. Letting (V1. ,0p)
denote the dual basis of V', we obtain a decomposition

2
AV=LeMaoH,
where L := span{vs Av s, t < ﬁ} = /\QV, M = span{vs Avg:s<mandt > ﬁ} ~2VeU,
and H := span{vs Avg:s,t> ﬁ} = /\2 U. With this notation in place, it is shown in [AFRSI,
§3.1] that an isotropic component vVis separable of R(V, K) if and only if the projection map
pm: K — M

is surjective. In [AFRS1] a more general condition in the absence of the isotropicity assumption is
also provided. These conditions are then made explicit in the case of Koszul modules associated
to vector bundles on curves, where surprisingly, the condition that the resonance be strongly
isotropic is intimately connected with the notion of very stability appearing in the study of the
Hitchin system, see [PPN] and references therein.

3.1. The scheme structure of the resonance. One considers the annihilator of the Koszul
module I(V, K) := Ann W(V, K) C S and defines the projective resonance scheme, by setting

R(V,K) := Proj(S/I(V,K)).

Note that the projective resonance R(V, K) is naturally a subscheme of the projective space
P = P(VV). We introduce the following linear section of the Grassmannian G = Gra(V")

(12) B(V,K) :=GNPK",
which is regarded as the base locus of the linear system |K| on G, where K C HY (G, Og(l)).
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The relation between R(V, K) and B(V, K) is explained by the incidence correspondence

2

G

1

P

where = = {(p, LyePxG:pe L} C P x G can be regarded as the projectivization of the
tautological rank 2 quotient bundle @) over G.

One has the following set-theoretic equality established in [AFRS1, Lemma 2.5]
R(V,K) = m (753 ' (B(V, K))).

By definition, R(V, K) is always uniruled, hence it cannot be an arbitrary subscheme of P.

<—11]

Question 3.4. Can one find a characterization of all those subschemes of the projective space
P which appear as projective resonance schemes R(V, K)?

Theorem 1.1 from [AFRS1] explains how the property of the scheme R(V, K) being reduced
can be translated in linear algebra terms by the Definition 3.1. Precisely, one has the following:

Theorem 3.5. Let K C /\2 V' be as before and suppose that the resonance R(V, K) is linear.

(1) If R(V,K) is separable, then the projective resonance R(V, K) is reduced and all its
(linear) components are disjoint.

(2) If moreover R(V, K) is isotropic, then the projective resonance R(V, K) is reduced if and
only if R(V, K) is strongly isotropic.

The main result of [AFRS2] describes in an effective way the Hilbert series of any Koszul
module whose resonance is strongly isotropic. Note that this result is known to hold only in
characteristic zero.

Theorem 3.6. Let V' be an n-dimensional complex vector space and let K C /\2 V be a subspace
such that the resonance R(V,K) = VY u---u VZ s strongly isotropic. Then

k
dimWy(V, K) = Zdim W,(V1,0), forall ¢ >n—3.
t=1
In the case R(V,K) = {0}, Theorem 3.6 reduces to Theorem 2.3, that is, to the sharp
vanishing statement W, (V, K) = 0 for ¢ > n — 3. Theorem 3.6 can be regarded as a general
Chen ranks formula for Koszul modules generalizing and providing an effective version of Suciu’s
Conjecture [Sul] for the Chen ranks of hyperplane arrangement groups.

The proof of Theorem 3.6 is based first on the fact that if R(V, K) = 71/ U.. .UVZ is strongly
isotropic as in the Definition 3.1, then the base locus B(V, K') defined by (12) is a disjoint union
of sub-Grassmannians

B(V,K)=G1U---UGy,
where G¢ = Gry (V;/ ) € G. One blows the Grasmannian G along base locus B(V, K) and on
the blown-up Grassmannian G one writes down a Koszul complex and an associated hyper-
cohomology spectral sequence, broadly along the lines of the proof in [AFPRW1] of Theorem
2.3. The formula in Theorem 3.6 appears as a result of having ultimately constructed a natural
morphism of graded S-modules

k
(13) W(V,K) — @ W(V,0)
t=1
which turns out to be an isomorphism for degrees ¢ > n — 3.
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4. CHEN RANKS IN GEOMETRY AND TOPOLOGY

We now discuss some of the connections between Koszul modules and topological invariants
of groups. As explained in the Introduction, this has been one of the main reason for developing
a theory of Koszul modules in the first place. For general references to this circle of ideas we
refer to [AFPRW2], [PS1], [PS2].

Let G be a finitely generated group G. By taking successive commutators, one defines its
lower central series

G=T1(G)2Iy(G)D---2Ty(G)D---,
where I'y11(G) = [[4(G),T'1(G)]. The lower central ranks of G are defined as the quantities

¢q(G) =1k grq(G) =1k I';(G) /T 4+1(G).

In general computing the ranks ¢,(G) is difficult and it is only in rare instances that commutative
algebra, or algebraic geometry can contribute to directly determining these invariants.

In order to make the problem more manageable, one passes instead to the metabelian quotient
of G. We denote by G’ := [G, G] the commutator subgroup of G and set G” := [G',G']. Then
the metabelian quotient of G is the quotient group G/G”, fitting into the exact sequence

(14) 1 — G/ — G/ — G/G — 1,
where we note that both groups G/G’ =: Gy, and G'/G” =: G/, are abelian.

Definition 4.1. The Chen invariants of a group G are defined as
0,(G) = gbq(G/G").

Example 4.2. One has surjective morphisms gr,(G) — gr,(G/G"), which is an isomorphism
for ¢ < 3. It follows that 6,(G) < ¢4(G), with equality when ¢ < 3.

The invariants 6,(G) were introduced by Chen in [Chl], who later in [Ch2] provided several
ways to compute them in principle. To offer one way of understanding his work, we introduce
the Alexander invariant, following [PS1]:

Definition 4.3. The Alexander invariant of the group G is defined as B(G) := G'/G" regarded
as a module over the group ring Z[G/G’], with the action being given by conjugation via the
sequence (14).

The Alexander invariant B(G) admits a filtration with respect to the powers of the augmen-
tation ideal I := Ker{deg: Z|G/G'] — Z}. Massey [Mas] showed that one has the following
identification

gr,B(G) =19 B(G)/I"" - B(G) = gr, ,(G/G").

In particular, the Chen ranks of G can also be computed via the Alexander invariant, which

being a module over a commutative ring is more amenable to computations. The very definition

of the Koszul module W(G) of the group G is an algebraization of the rational holonomy Lie
algebra of Chen [Ch2].

Putting together work of Dimca—Hain—Papadima [DHP], Massey [Mas| and Papadima—Suciu
[PS2], one obtains a surjection W(G) — gr B(G)c, which implies the inequality

(15) 04+2(G) =1k gr,B(G) < dim W,y (G),

with equality if the group G is 1-formal in the sense of Sullivan [Sul]. Informally, a space X is
1-formal if its rational homotopy type is determined by its cohomology algebra. Kéher groups,
or hyperplane arrangement groups are all known to be 1-formal, see again [PS1] and references
therein. Note that in this topological setting G = 7 (X).
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Example 4.4. Suppose G = F,, is the free group on n generators. Then
04(F) = dim Wy_o(H:(F,,C),0).
Using (3), we find 04(F,) = (¢ — 1)("+g_2). This formula appears first in Chen’s paper [Chl].

4.1. Vanishing Chen invariants. Using the concepts introduced above, one has the following
topological reformulation of Theorem 2.3, see also [AFPRW2, Theorem 4.2]:

Theorem 4.5. Let G be the fundamental group of a compact Kihler manifold with n = b1 (G).
If G/G" is nilpotent, then 04(G) =0, for ¢ > n — 1.

Assume X is a compact Kihler manifold and set G = 71(X). Then HY(G,C) = H'(X,C)
and the resonance R(X) := R(m1 (X)) does not vanish if and only if there exist non-proportional
holomorphic forms wy,ws € HY(X, Qx) such that wiUws = 0 € HY(X, Q?X) By the Castelnuovo-
de Franchis Theorem [Cat] this is equivalent to the existence of a surjective map f: X — ¥,
over an algebraic curve of genus g > 2. In this case, one says that X is fibred. In fact, one has
the following set-theoretic description of the resonance, see [DPS, Theorem C]J:

R(X)= |J fFH(Z0C).
[ X=X
The resonance R(X) is clearly linear and each such fibration f: X — ¥, induces a surjection
fe: m(X) — m(2,) and a 2g-dimensional linear component f*H!(3,,C) C H'(X,C) of the
resonance variety.

We record the following consequence of Theorem 4.5, see [AFPRW2, Theorem 4.16]:

Corollary 4.6. Let X be a non-fibred compact Kahler manifold. If m(X)/m1(X)" is nilpotent,
then its nilpotency class is at most 2q(X) — 2, where ¢(X) = h'(X, Ox) is the irreqularity of X.

In particular, Corollary 4.6 provides an upper bound for the Chen ranks of Kéhler groups
depending on the irregularity of the corresponding Kéahler variety. Further important applica-
tions of Theorem 4.5 concern the Torelli group T, which measures from a homotopic-theoretic
point of view the difference between the moduli space of curves and that of principally polarized
abelian varieties. Denoting by Mod, the mapping class group of genus g, then T} is defined by
the following exact sequence

1 — Ty — Mod, — Spy,(Z) — 1.

Due to fundamental work of Johnson [J1], [J2], it is known that one has an isomorphism

3
HY(T,,Q) = )\ H/H,

where H := H{(X4, Q) is the first homology of a smooth algebraic curve of genus g. As explained
in [AFPRW2], all the hypothesis of Theorem 4.5 are satisfied and one concludes that for g > 4
the metabelian quotient T, /T, is nilpotent and its nilpotency class is at most

by(T,) — 2 = (239> —2g—2.

Remark 4.7. Campana [Caml] produced examples of Kéhler groups of nilpotency class 2. We
are not aware of examples of higher nilpotency class, and constructing them is probably hard.
On the other hand, Delzant [Del] showed that solvable Kéhler groups are virtually nilpotent.
Finally, we mention the connection to a well-known conjecture of Kollar [Ko, Conjecture 4.16]
stating that the fundamental group of a smooth projective variety of Kodaira dimension zero
is virtually abelian. This is known to hold in dimension at most 4, see [GKP]. More generally,
Campana [Cam2| conjectured that the fundamental group of any special smooth projective
variety is virtually abelian.
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4.2. Suciu’s conjecture for hyperplane arrangement groups. The fundamental groups of
hyperplane arrangement groups represent a central class of groups for which the Chern ranks are
particularly well understood and display deep connections to combinatorics. There are several
good surveys on this topics, for instance [Su2], [Yuz] and we shall concentrate on those recent
developments that fit the other topics treated in this paper.

Let A be an arrangement of hyperplanes in C™ and let

MA):=C™\ |J H
HeA
be the complement of the arrangement. We set G(A) := 7 (M(A)) and refer to this as the
group of the arrangement.

The intersection lattice L(A) of the arrangement is the set of al non-empty intersections of A
reverse ordered by inclusion. We also refer to L(.A) as the matroid of A. Brieskorn and Arnold
gave a description of the cohomology of M (A) in terms of the lattice L(.A), which we now recall.
Let E(A) be the exterior algebra over C generated in degree 1 by elements {e} e4. We choose
an ordering on the set of hyperplanes in A and define a differential 0: E(A) — E(A), by setting

S
Aej, A...Nej,) = Z(—l)kilejl N NEj N+ Nej,.
k=1
We denote by I(A) the ideal of E(A) generated by the elements of the form d(ej, A---Aej, ),
where codim(Hj1 Nn...N Hjs) < 8. The Orlik-Solomon algebra of A is then the quotient
A(A) := E(A)/I(A). As shown in [OS], one then has an isomorphism of graded algebras

H*(M(A),C) = A(A).

Note that from Brieskorn’s work it also follows that G(.A) is a formal group. A consequence
of this is that both sets of invariants ¢4 (G(A)) and 6,(G(A)) are combinatorially determined.
A presentation of the fundamental group of G(.A) has been given in [Sal]. On the other hand,
Rybnikov [Ryb] constructed examples of arrangements with isomorphic combinatorial structures,
yet having non-isomorphic fundamental groups.

Remark 4.8. A prominent example is given by the arrangement A,_1 in C™ with hyperplanes
H;j : {#z = zj}. The complement M (A,,_1) is the configuration space of n points on C and the
fundamental group m; (M (An71)) =: P, is the pure braid group on n strands.

The components of the resonance variety were described by Falk—Yuzvinsky [FY] in terms of
elegant combinatorial structures called multinets.

Definition 4.9. A k-multinet on an arrangement A consists of a partition M of A into k
subsets A1, ..., Ag, together with an assignment of multiplicities, m: A — Z~g, and a subset
X C Lo(A), called the base locus of M, such that the following are satisfied:

(1) There is an integer d such that Yy 4. my =d, foralli=1,... k.

(2) For any two hyperplanes H and H' in different classes, HN H' € X.
(3) For each X € X, the sum Y pc 4 nx~pg ™u s independent of i.

(4) For eachi=1,...,k, the space (UHeAi H)\ X is connected.

This definition packages in combinatorial terms the notion of a pencil of plane curves with
totally degenerate fibres, built out of an arrangement of lines in P2. Given a multinet M as
above, for i = 1,..., k, we introduce the vectors

w; = Z my - ey € H' (M(A),C)
HeA;
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and set Prg = (ug —uy, ..., up—u1) € H'(M(A),C). It is shown in [FY, Theorem 2.4] that P,
is an isotropic (k — 1)-dimensional component of the resonance R(A)). Furthermore, if B is a
subarrangement of A and N is a multinet of B, then Py C H'(M(A), C) is still a component of
R(A). In fact all the components of the resonance appear in this way and one has the following
set-theoretic equality

(16) R(A) = | U  PvcH'(M(A),C).
BCA ANmultinet on B

Components of R(.A) coming from multinets on A itself are called essential, the other, of the
form Ppr, where B C A are called non-essential. The simplest multinets are provided by a flat
X of A lying at the intersection of at least three hyperplanes in A. In this case, we introduce
the subarrangement Ax of all hyperplanes in 4 containing X and consider the multinet with
k = | Ax| blocks, each consisting of a single hyperplane, where we set all the multiplicities equal
to be equal to 1. The components Px of R(A) arising in this way are called local components.

Remark 4.10. The (k,1)-multinets on an arrangement A correspond precisely to the local
components of R(A). Falk and Yuzvinsky [FY] showed that non-local (k,¢)-multinets can exist
only when k € {3,4}. Whereas there are plenty of examples of (3, ¢)-multinets for every ¢, there
is only one known example of a (4, ¢)-multinet, namely the Hesse (4, 3)-multinet obtained from
the 9 flex points of an elliptic curve. It is conjectured that this is the only (4, ¢)-multinet, see
for instance Yuzvinsky’s survey [Yuz, Conjecture 4.3]

In this shown in [CS] that all essential components of R(.A) are strongly isotropic. The same
conclusion holds for all local components, respectively for all arrangements having at most triple
points, see [AFRS2, Proposition 9.8, Theorem 9.9 ]. We have the following result from [AFRS2].

Theorem 4.11. Let A be an arrangement such that one of the following conditions hold.

(1) All components of R(A) are either local or essential.
(2) A has no 2-flats of size greater than 3.

If hy, is the number of components of R(A) of dimension m, then

(17) 0,(G(A)) =(¢—1)- Z P - <m—|—q—2>’ forall q>|A|-1.

m>2 q

Suciu [Sul] conjectured that the Chen rank formula (17) holds for every hyperplane arrange-
ment A for ¢ > 0. Theorem 4.11 is an optimal effective version of Suciu’s Conjecture for
arrangements having strongly isotropic resonance.

As pointed out in [AFRS2], Theorem 4.11 can be applied to all graphic arrangements. Pre-
cisely, to a simple graph I' = (V| E) on a vertex set V = {1,...,m}, we define the arrangement
Ar consisting of those hyperplanes H;j : {#; = z;} in C™, when {4, j} € E. Denoting by x, the
set of (complete) K,-subgraphs of T, then it is shown in [AFRS2, Corollary 9.15] that the Chen
rank of group G(Ar) are given by the formula

04(G(Ar)) = (¢ — 1)(ks + ka), for all g > kg — 1.

Question 4.12. Via the interpretation (5), we have that 8,(G(A)) = dim¢Tor)” ; (A(A),C) _q.
One can ask whether there is an explicit combinatorial formula, similar to Suciu’s Conjecture
(Theorem 4.11) for the LCS ranks ¢¢(G(A)). It has been shown by Falk and Randell [FR] that
one has a formula

8

(18) (1— tq)qu(G(A)) — Zbi . ti’
=1

1

q



14 G. FARKAS

where b; := dim Tor l-A(A) (C,C)—y, if and only if A(A) is a Koszul algebra. This covers several
important cases, but Peeva [Pe] showed that the formula (18) could not possibly hold for all
arrangements A. This invites the question whether one can find a combinatorial formula for the
ranks ¢q(.A), at least for ¢ > 0, in the same spirit as Suciu’s Chen Ranks Conjecture?

5. KOSzZUL MODULES AND GREEN’S CONJECTURE

We now discuss how, somewhat surprisingly, Koszul modules led to a new proof of Green’s
Conjecture on the syzygies of a general canonical curve in characteristic zero and to a proof of
this conjecture in positive characteristic. There are several good surveys on Green’s Conjecture
[EL1], [AF2] and [F1] and we will try to take here a complementary view, focusing on the paper
[AFPRW1] and on the connections between syzygies and Koszul modules.

To fix notation, we start with a projective variety X defined over an algebraically closed field
k and with a globally generated line bundle L on X. Set 7 = (L) := h°(X, L) — 1 and denote
by ¢r: X — P" = PHY(X, L)V the morphism induced by the linear system |L|. We introduce
the symmetric algebra S := Sym H%(X, L) = ko, ...,x,]. For every coherent sheaf 7 on X,
we form the twisted coordinate S-module

Ix(F,L):=PH(X,Fo L)

One writes down the twisted Koszul complex on X
AP~V HO(L) @ HO(F @ Lo~ YT AP HO(L) @ HO(F @ L9) 2% AP~YHO(L) © HO(F @ LI+,
and define the Koszul cohomology group
Kpg(X, F, L) :=Ker(dp,q) /Tm(dp41,4-1)-
Then,
dim Kpq(X, F, L) = dim Tory (Px(F, L),k) , = bpq(X, F, L)

are the dimensions of the spaces of p-syzygies of weight ¢ of the S-module I'x (F, L).

When F = Ox, then I'x (L) := I'x(Ox, L) is the section ring of X under the map . Then
we set by (X, L) := by 4(X,Ox, L) and refer to these quantities as the Betti numbers of the pair
(X, L).

As pointed out by Green [Gr], the Koszul cohomology groups are ordinary cohomology groups
of certain syzygy vector bundles on X. Precisely, given L, we introduce the kernel bundle

My, = ker{ev: H'(X,L) ® Ox — L}
also considered in the sequence (11). One has then the following canonical isomorphisms
p+1 P
(19) K, 4(X,F, L) = Coker{ N H(X,L) ® H (X, F© L") — H(X, A\ M, © F © L) }
where the map in (19) is the one induced from the short exact sequence
p+1 p+1 D

(20) 0— A\M,— \H(X,L)®Ox — A\M,®L—0,

after tensoring with the sheaf F® L9~! and taking cohomology. Computing Koszul cohomology
of groups is generally difficult and for this reason in this paper we largely concentrate on the
case when X is a smooth curve.
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5.1. Green’s Conjecture. The research on the geometric theory of syzygies on curves in the
last four decades has largely been inspired by three major conjectures appearing in the influential
paper [GL1] of Green and Lazarsfeld. They all concern the structure of the Betti diagram of a
smooth curve X « PH?(X, L)V embedded by a very ample line bundle L.

The most famous of these conjectures is undoubtedly Green’s Conjecture, first posed in [Gr],
which deals with smooth canonically embedded curves X C P9~! that is, with the case L = wx.
To be able to formulate it, we recall that the Clifford indezx of the curve X is defined as the
following non-negative quantity

Cliff(X) := min{deg(L) —2h%(X, L) +2:|L| is a linear system with h°(X, L), h*(X,L) > 2}.

It is known that for a general k-gonal curve X of genus g, one has Cliff(X') = k — 2, whereas
for a general curve Cliff(X) = L%J The Clifford index thus measures the complezity of the
curve in its moduli space, regarding hyperelliptic curves, that is, those for which Cliff(X) = 0,
as being the simplest curves of genus g.

Green’s Conjecture predicts the following equivalence for every curve X:
(21) Kpo(X,wx) =0<«= p < Clff(X).

The statement K,o(X,wx) # 0 if p > Cliff(X) follows easily from the Green-Lazarsfeld
Non-Vanishing Theorem [Gr]. The non-trivial implication is the vanishing K 2(X,wx) = 0, for
all p < Cliff(X). The major challenge here lies in realizing the abstractly defined Clifford index
in the algebra of the canonical embedding of X, as the smallest index of a non-linear syzygy.

Green’s Conjecture remains wide open for arbitrary smooth curves. Voisin [V1], [V2] estab-
lished Green’s Conjecture for general curves of every genus (in characteristic zero), using in an
essential way the geometry of K3 surfaces. Her work has been essential for subsequent devel-
opments like Aprodu’s Brill-Noether-theoretic sufficient condition for Green’s Conjecture [Ap],
the proof that all curves on K3 surfaces verify Green’s Conjecture [AF1], or the work on the
Prym-Green Conjecture [FK1], [FK2], [FK3]. It is important to point out that for curves of
maximal Clifford index Cliff(X) = nglj, the vanishing (21) predicted by Grren’s Conjecture
is enough to determine entirely the Betti table of X, that is, the values of the Betti numbers
bpq(X,wx) for all p and g. This is because via the description (19) of the Koszul cohomol-
ogy groups K, 4(X,wx), the difference between the Betti diagrams on each diagonal are fixed,
precisely

(22) bp1 (X, wx) — by_12(X, wyx) = (g—2p—1)(g—p—1) <g _ 1))

p+1 p—1
for p>1 and g > 3. By Serre duality one also has via (21) that by 2(X,wx) = bg—p—21(X,wx),
for all p. This fact, together with the vanishing by, 2(X,wx) = 0 for p < 97_1 predicted by (21),
show that for each such curve we have b,_1 2(X,wx) - b, 1(X,wx) = 0, that is, the formulas (22)
determine all non-zero values of the Betti table of (X,wx).

To make the discussion more concrete, we record the Betti table of a general canonical curve
of odd genus g = 2i + 3:

1 2 || e—=1 ¢ |i4+1|e+2]...] 2
bl,l b271 e bi_171 bi71 0 0 - 0
010 [...] 0 | O [bitia]|birzz|..-|b2io

The values of all non-zero Betti numbers are computed by using the formulas (22).
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5.2. Green’s Conjecture via the tangent developable. To prove Green’s Generic Conjec-
ture it suffices to exhibit a single smooth curve X of genus g and Clifford index CLff(X) = L%J
satisfying the condition

(23) K o1 5(X,wyx) = 0.

To produce such a curve, even prior to Voisin’s papers [V1], [V2], there has been a simple
yet very appealing proposal of using the linear sections of the tangent developable variety to
a rational normal curve in PY. This proposal is documented in Eisenbud’s paper [Eisl] (who
attributes it to Buchweitz—Schreyer) and we shall now describe it. With the novel perspective
provided by Koszul modules, this strategy could finally be implemented in the paper [AFPRW1].
For the sake of simplicity, we shall concentrate on the case of characteristic zero, even though
it is one of the main results of [AFPRW1] that this argument can be carried out in positive
characteristic as long as p = char(k) > %, therefore providing an answer to Green’s Conjecture
for generic curves in positive characteristic.

We start with a rational normal curve I' C P¢ and consider its tangential variety
T C PY.
The surface T has a simple affine parametrization
A% — A9, (z,t) > (z,2%, .., 29) +t(1, 22,322, ... gz ).

Then T is a projectively normal surface of degree 2g — 2 with wy = O and in fact 7 can be
regarded as a limit in P9 of smooth K3 surfaces of genus g, though this fact plays no direct role
in what follows. The construction of T follows by considering the jet bundle J = J (OP1 (g)) on
P'. We denote by U = k? = HO(P', Op:1(1)) and we identify SymyU = H°(P', Op1(g)). There
is an exact sequence on P!

(24) 0 — Sym?2U ® Op1(—2) — Sym?U ® Op1 —% J — 0,

where the Taylor morphism Ta associates to a section its first order expansion around zero. In
particular, from (24) we obtain an inclusion Sym?U C H*(P',J) = H*(P(J), Op(7)(1)). This
inclusion induces a morphism:

|Sym9U|
—

(25) v: P(J) PY

The tangential developable T is precisely the image of v and this map is the normalization of
T. Furthermore, one also has an exact sequence of sheaves on 7

(26) 0 — O7 — 1:.0p(g) — wr — 0.

The linear section of 7 are g-cuspidal rational curves X := TNH C H = P91 and the g-cusps
correspond to the points of intersection of the hyperplane H with the rational normal curve I'.
It follows from the fundamental work of Eisenbud and Harris [EH] on limit linear series that
all g-cuspidal rational curves are general from the point of Brill-Noether theory, in particular
any of their smoothing will be a curve of genus g of maximal Clifford index nglj. This fact,
which remarkably, holds irrespective of the position of the g cusps was one of the reasons which
made the tangential developable particularly attractive for trying to attack the Generic Green’s
Conjecture. Furthermore, since Koszul cohomology obeys a form of the Lefschetz Hyperplane

Principle [Gr, Theorem 3.7.b], one has isomorphism

In order to establish (23), it suffices therefore to compute the Koszul cohomology groups
K, 2(T,07(1)). We now describe the strategy for carrying this out.
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From the exact sequence (26) we obtain after twisting and taking cohomology exact sequences
0— HO(T, Or(n)) — HO(’T, V*Op(j)(n)) — HO(I‘,wF(n)) — 0,

for each n. This sequence translates into an exact sequence of Koszul cohomology groups

(27) Kit11 (T, V*Op(j), (97—(1)) — Kit11 (F, wr, Or(l)) — Ko (T, 07'(1)) — 0,
where the surjectivity of the last map in (27) follows because K; 2 (T, v Op(7), (’)7(1)) =0, see
[AFPRW1, Propsition 5.6].

It is easy to show that using (19), one has the following identification

4 i+2 i+2

(28) Kis11 (T, wr, Op(1)) = Ker{SymZ+2U ® /\ Sym?'U — A SymgU}.
The map above is the one obtained after taking cohomology of a suitable twist of the exact
sequence (20) written on the rational curve I'.

Using the Kempf-Weyman geometric method for constructing minimal free graded resolu-
tions recalled in [AFPRW1, §4.3], we then construct an explicit resolution of the S-graded ring
D,>0 H 0 (’T, v Op () (n)), which in particular yields that

' i+2
(29) Kip11 (T, 0p(7), O7(1)) = Sym* U ® /\ Sym?*U.

Understanding the maps in the presentation (27) via the identifications (28) and (29) looks
challenging. The situation becomes transparent once we apply Hermite reciprocity to both
spaces appearing on the right hand sides of both (28) and (29). Somewhat miraculously, after

these identifications the sequence (27) becomes something recognizable as a particular Koszul
module, which we introduce in what follows.

Definition 5.1. We consider the Clebsch—Gordan decomposition

2
/\ Sym'?U = Sym?* U @ Sym? 2U @ Sym* U @ - - - .
The Clebsch—Gordan module is the Koszul module corresponding to this decomposition, that is,
W (Sym'™2U, Sym*2U).

Hermite reciprocity is a relatively elementary functorial isomorphism in characteristic zero

(30) He: Symd<SymiU> = /\(Symd+i_1U),

where we recall that U = k?. As explained in [AFPRW1, Remark 3.4] Hermite reciprocity in
characteristic zero can be regarded as a manifestation of the isomorphism Sym’(P!) = P?. It is
an important result of [AFPRW1, §3.4] that a characteristic free version of Hermite reciprocity
is provided, which takes the form Sym? (DiU ) & /\i(Symd“_lU ), where DU is the space of
divided powers, which is isomorphic to Sym‘U only in characteristic zero.

Applying Hermite reciprocity to (28), we have
Kiv1a (F, wr, Or(l)) = Ker{Sym”QU ® SymJ 2 (Symi”U) — Sym9 ! (Sym”zU) }

A priori it is not clear that the map appearing in this identification is the multiplication map
91 appearing in the definition (2) of the Koszul module W(Sym”QU, SmeHQU), though this is
eventually proven in [AFPRW1]. Furthermore, the identification (29) yields an isomorphism

be: Kz‘+1,1(T, v.O0p (1), (’)T(l)) =, Sym2+2U @ Symg_i_S(Symi+2U)_
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Theorem 5.2. We have the following canonical identification of the Koszul cohomology of T :
(31) Kio(T,07(1)) = W,_s_; (Symi“U, sym2i+2U) :

In what follows, we explain identification (31). We have the following diagram in which the
first horizontal arrow is an isomorphism provided by Hermite reciprocity, whereas the second is
an isomorphism onto the subspace Ker(d):

Ki1 (T, v:0p (), O7(1)) fre Sym2+2U © Sym¢—i—3 (Symi+20)
| ]
(32) Kit1 (I, wr, Or (1)) 2 Sym 20U ® Sym9—~2(Sym’+2U)
| Y
Ko (T,07(1)) Sym¢~i~1 (Symi*2U/)

From this diagram, assuming the compatibility of the identifications provided via Hermite
reciprocity between the Koszul cohomology groups in the left column, and via the projection of
the Koszul complex on the right column respectively, one can define a morphism
Ker(él)
Im(52)
The existence of this map and the fact that this map is an isomorphism are the main results of
[AFPRW1]. The proof is essentially representation-theoretic.

Kio(T,07(1)) — = Wy_i_s(Sym™2U, Sym2+2U)).

Note that Theorem 5.2 displays some striking features. It turn out that for each ¢ > 1, one
Koszul module, namely W(Sym“‘QU, Sym?*+2U ) encodes in its various degree components the
Koszul cohomology of general curves of different genera! This phenomenon, already observed
in [Eisl] of mixing the genera of the syzygies of general curves in one algebraic object remains
very mysterious.

Question 5.3. Can one interpret the identification (31) involving general curves of various gen-
era as a geometric operation at the level of the stable moduli space of curves Mo, = limg oo M7
When asking this question, we are guided by the numerous stabilization results in the cohomol-
ogy of the moduli space of curves, in particular by the solution by Madsen and Weiss [MW] of
Mumford’s Conjecture on the cohomology H* (M, Q).

Note that Theorem 5.2 admits a characteristic free interpretation given in [AFPRW1, Theo-
rem 1.7] and which is ultimately responsible for the solution to the Generic Green’s Conjecture
in positive characteristic.

Theorem 5.4. The Generic Green’s Conjecture holds for curves of genus g > 3 defined over
an algebraically closed field k of characteristic zero, or when char(k) > QTH.

Proof. In the interest of simplicity we explain this only in characteristic zero. We use the
identification (31) coupled with Theorem 2.3. The Koszul module W(Sym“'QU, Sym2i+2U) has
vanishing resonance, therefore by applying Theorem 2.3, since dim Sym‘™2U = i + 3, we obtain
that Wi(Sym”zU, Sym2i+2U) = 0. But taking g = 2 4 3, this implies via (31) that

Kio(T, 07 (1)) =0,

which is precisely the vanishing (23) required for the Generic Green’s Conjecture.

If g = 2i + 4 is even, then (23) requires the vanishing K; o(7,O7(1)) = 0. But
Kio(T,O7(1)) & Wis1,1 (Sym™ U, Sym*2U) = 0,
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where the last vanishing is a consequence of the fact that for a Koszul module if W,(V, K) =0,
then also Wy41(V, K) = 0. O

Schreyer observed computationally that Green’s Conjecture fails for every curve in low char-
acteristic, the first counterexamples being for ¢ = 7 and char(k) = 2, respectively for ¢ = 9
and char(k) = 3. Eisenbud and Schreyer [ES| conjectured that the Generic Green’s Conjec-
ture should hold whenever char(k) > % and Theorem 5.4 not only provides an alternative
proof of the Generic Green’s Conjecture in characteristic zero, but also (essentially) answers the

Eisenbud—Schreyer Conjecture.

Question 5.5. Can one determine all characteristics p = char(k) < g%l, for which Green’s
Conjecture fails for every smooth curve X of genus g7 Is there a connection between this
question and the results in [RV, Theorem 7.1], where one establishes the surprising non-vanishing
result Wa,_g(V, K) = k, for any k-vector space V of dimension n = 3 + p%, with p = char(k),
and for every (2n — 3)-dimensional subspace K C A?V such that R(V, K) = 0? Note that this
connection, even if it exists, cannot be provident by the tangential surface 7 used in [AFPRW1].

Remark 5.6. As already mentioned, for an arbitrary Koszul module W (V, K) the vanishing
Wy(V, K) = 0 trivially implies that W,,1(V, K) = 0. In this sense, the identification (31) shows
that the Generic Green’s Conjecture in even genus is an immediate consequence of the Generic
Green’s Conjecture in odd genus, when indeed, the non-vanishing locus

{[C] € Maiys : Kin(Cwe) # 0}

is a divisor in Mag;13. This is stark contrast to Voisin’s original approach using curves on
(smooth) K3 surfaces, when the even and the odd genus case required two largely independent
papers [V1] and [V2].

Question 5.7. The Prym-Green Conjecture [CEFS] predicts the shape of the resolution of a
general line bundle L € Pic?72(X) on a general curve X of genus g. The conjecture remains
unknown for even genus, in which case it reduces to one single vanishing statement

K%_M(X, L) =0, for a general L € Pic?2(X).

The conjecture has been completely solved for odd genus, see [FK2|, [FK3].

By analogy with [AFPRW1] we can ask whether there is a degeneration of such an embedded
L
curve X <|—l P972, such that for this degenerate curve the Prym-Green Conjecture turns into a

statement on a particular Koszul module. What should this Koszul module be?

5.3. Latest developments. After the new approach via Koszul modules to the Generic Green
Conjecture was put forward around 2019, several other proofs appeared soon after. Following
the strategy of using the tangential developable, Park [Pa] geometrized the part of Theorem 5.4
that uses Hermite reciprocity and Koszul modules and thus produced a proof of the Generic
Green’s Conjecture (in characteristic zero), entirely in the realm of the Koszul cohomology of
varieties. Kemeny [K1] in a remarkable paper found a massive simplification of Voisin’s strategy
[V1], [V2] relying on computing the Koszul cohomology of a polarized K3 surface (S, Og(H))
with Pic(S) = Z- H, where H? = 2g — 2, and thus offering a direct proof of the Generic Green’s
Conjecture in characteristic zero.

Raicu and Sam [RS] in a very interesting paper developed a bigraded version of the theory
of Koszul modules and found a bigraded version of the vanishing Theorem 2.3. Precisely, one
considers two k-vector spaces V; and Vs, sets V = V| @ V5 and considers a subspace K C V.
Then one defines a bigraded Koszul module W (V, K) over S = Sym(V; @ V2), where the bidegree
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(d,e)-part of S is equal to Sym? (V1) @ Sym®(Vz). In a way broadly reminiscent of Theorem 2.3,
Raicu and Sam show that

(33) Waim(vs)—2,dim(v;)—2(V; K) = 0 <= K+ C V)Y ®Vy contains no rank two tensors.

The condition on the left hand side of (33) can be rephrased as asking that the linear subspace
P(K+) C P(VY®Vy') be disjoint from the Segre variety P(V}")xP(V,'). Compared to the single
graded setting of Koszul modules in Theorem 2.3, the role of the Grassmannian G = Gra(V")
is played by the Segre variety.

A striking application of the equivalence (33) is a proof of the Generic Green Conjecture using
ribbons, which works when char(k) = 0, or char(k) > %. Note that this is the same bound
as the one in Theorem 5.4, except when g = 2p + 1, with p being a prime and char(k) = p, in
which case the bound in [RS] is better by one than the one in [AFPRW1]. Putting these results
together, one has a full solution to the Eisenbud—Schreyer Conjecture [ES].

Question 5.8. What is the topological counterpart of the equivalence (33) in [RS]? Is there a
bigraded version of the theory of Chen invariants of topological objects?

6. THE SECANT CONJECTURE, THE GONALITY CONJECTURE AND RELATED TOPICS

The Green—Lazarsfeld Secant Conjecture [GL1] is a generalization of Green’s Conjecture to
the case of non-special line bundles on a curve X. It predicts that as long as the degree of a line
bundle L € Picd(X ) is not too small, the syzygies of L are accounted for by a uniform secant
construction. Precisely, assuming that L is non-special such that

deg(L) > 2g + p + 1 — ClLiff(X),

then K, 2(X,L) # 0 if and only if L is (p + 1)-very ample, that is, every effective divisor of
degree p 4+ 2 on X imposes independent conditions on |L|. If d > 2g + p + 1, then Green [Gr]
showed that K, 2(X,L) = 0, so the conjecture automatically holds in this case. We may thus
assume d < 2g + p.

Denoting for positive integers a,b by X, — X; C Pic“_b(X) the difference variety consisting
of line bundle Ox (D, — E}), where D, and Ej} are effective divisors of degree a and respectively
b on X, the Secant Conjecture can be reformulated as the following equivalence for line bundles:

(34) Kp’Q(X, L) 75 0<—= L —wx € Xp+2 — X29—d+p-

Writing deg(L) = 2g 4+ p+ 1 — ¢, the conjecture is known to hold for an arbitrary curve when
¢ =1, see [GL3]. Agostini [Ag] recently proved the Secant Conjecture when ¢ = 2 and X is
not bielliptic. Note that unlike the Green Conjecture, the Secant Conjecture depends both on a
curve and on a line bundle on it, therefore there are various degree of genericity in which one can
formulate it. The Generic Secant Conjecture is proved in [FK1], and we summarize the results:

Theorem 6.1.

(1) The Secant Conjecture holds for a general curve X of genus g and a general line bundle
L € Pict(X).

(2) The Secant Congecture holds for every smooth curve of odd genus g and for every line
bundle L € Pic*(X).

Another case recently treated in [F2] concerns the case when condition appearing in the
left hand side of (34) describes a divisor in the Jacobian variety Pic?=29%2(X), which happens
precisely when d = g + 2p + 3.

Theorem 6.2. Let X be a smooth curve of genus g, and fix {9%3-‘ <p<g-—3. Assume

dim W;_i_g(X) =2p—g+2.
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One has the following equivalence for a line bundle L € PicdT2P3(X):
Kp72(X, L) =0 < L—wyx ¢ Xp+2 — Xg_p_g.

A consequence of Theorem 6.2 is that when d = g + 2p + 3, the Secant Conjecture holds for
a general curve of genus g.

6.1. The Gonality Conjecture. From the Green—Lazarsfeld Non-Vanishing Theorem [Gr],
it follows that for a non-special line bundle L on X, one has K, (1)_gon(x),1(X, L) # 0. The
Gonality Conjecture put forward by Green and Lazarsfeld in [GL1] is the statement

(35) KhO(L)—gon(X),l(Xa L) =0.

The condition (35) is equivalent to the vanishing K, 1(X, L) = 0, for all p > h%(L) — gon(X).
The Gonality Conjecture therefore asserts that one can recognise the gonality of a curve in a
precise way from the Betti diagram of any line bundle of sufficiently high degree.

Using the interpretation of Koszul cohomology groups in terms of tautological bundles on
symmetric products of curves, Ein—Lazarsfeld [EL1]| showed that the Gonality Conjecture holds
for every curve X and for every line bundle of degree deg(L) > 0. Rathmann [Rat] showed that
(35) still holds when deg(L) > 4g — 3, thus providing an effective version of (35). It has been
showed in [FK4, Theorem 0.1] that for a general k-gonal curve X of genus g one has that

(36) Kpory—k1(X,L) =0, for every L with deg(L) >2g +k — 1.

This degree, 2g + k — 1 is the smallest for which such a statement could hold. On each k-gonal
curve X there exist line bundles L € Pic?*%=2(X) for which the condition (35) does not hold.

Niu—Park [NP] solved the Effective Gonality Conjecture for arbitrary curves. Precisely, if X
is a k-gonal curve of genus g which is not a smooth plane curve, then (36) holds for every line
bundle L such that deg(L) > 2g + k — 1. Their result is implied by a more general vanishing
theorem, see [NP, Theorem 1.3]. Assuming L and B are line bundles on X and B is p-very
ample, then if h'(X,L ® BY) < r(B) —p — 1, then K, (X, B,L) = 0. Just like in [EL1], the
proof of this result relies on interpreting the Koszul cohomology groups as geometric objects on
symmetric products of X.

6.2. The Betti diagram of a general k-gonal curve. Let us consider a general k-gonal
curve X of genus g. From Green’s Conjecture, which is known in this case [Ap], we have

Kp1(X,wx)=0 ifandonlyif p>g¢g—k+1,

therefore determining the length of the linear of both rows of the resolution of X. Assume now

that X has non-maximal gonality, that is, gon(X) < %. In this case, Green’s Conjecture

predicts the following resolution:

1 2 ... |k=3|k=2|...lg-k|g—k+1]...]g9g—2
b171 6271 e bk_371 bk_g’l .. bg—k,l 0 . 0
0 1 0 || 0 |bizsl| - |bynel| byrrie |- | by2s

We observe in this Betti table that byy1.1(X,wx) - bp2(X,wx) #O0fork—2<p<g—k—1.
A general k-gonal curve X is endowed with a cover f: X — P! of degree k. This induces a
(k — 1)-dimensional scroll Z C PY"! containing the canonically embedded curve X C P9~}
The Betti numbers of (Z,Oz(1)) are well known, being computable via the Eagon-Northcott
complex [Schl]. Since X C Z C P91, it follows
p+1

(37) byt (X, wx) > bp1 (Z,02(1)) = p- <g k4 1>'
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One may have guessed that the inequality (37) is an equality, but Bopp [Bo| showed that for a
general 5-gonal curve of genus g > 0, if m := [%], then by, 1 (X, wx) > bym1(Z,0z(1)).

Question 6.3. What are the values b, 1(X,wx) for a general k-gonal curve of genus g7 It is
shown in [FK4, Theorem 0.4] that

bg,k,l(X, wX) =g — k.
This answers positively a conjecture of Schreyer’s [SSW]. For the Betti numbers b, 1(X,wx)
with k — 1 <p < g—k — 1 there seems to be at the moment not even a prediction.

6.3. Frobenius semistability and Green’s Conjecture in positive characteristic. Sup-
pose X is a smooth algebraic curve over k, when char(k) = p > 0. Set ft: k — k to be the
Frobenius morphism and X; := X xj Spec(k). Intuitively, X; is the curve obtained from X
by raising all coefficients of the defining polynomials of X to their pth power. We consider the
relative Frobenius morphism

F: X — Xy,

which is a cover of degree p. Following Raynaud [Ray], we define the bundle of locally exact
differentials on X7 by the exact sequence

0 — Ox, — F,Ox — B —0.

Note that B is a vector bundle of rank p — 1 and via the Cartier operator one constructs an
anti-symmetric pairing B x B — wx,, in particular B & BY ® wx,. The number h%(X7, B) is
called the a-invariant of X and satisfies the inequality h?(X7, B) < g — f, where f is the p-rank
of the Jacobian of X. For a general curve X, we have h°(X;, B) = 0. Ekedahl [Ek] and Re [Re]
studied the Brill-Noether properties of B, for instance if h°(X1, B) = g, then g < @. We
are however far from having a complete picture.

It is proved in [Ray, 4.1.1] that B has a theta divisor in the sense of Raynaud, in particular it

is stable. On the other hand, B is not strongly stable, that is, its Frobenius pullback destabilizes
it and in fact F*(wx) has a Harder—Narasimhan filtration

0CB,CB,1C...C B =F"B,
with B;/Bit1 2w, fori=1,...,p—1.
In a related direction, Farkas-Larson [FL, Theorem 1.4] showed that the kernel bundle M,,,
of a wvery general curve of genus ¢ is strongly semistable, that is, the Frobenius pullbacks
(F°)*(M,, ) are semistable, for all e > 1. Note that even in genus 3 it is clear that there

exist smooth curves X C P? of genus 3 for which M, is not strongly semistable, for instance
the Fermat quartic in infinitely many characteristics, see [FL, Remark 3.8].

Question 6.4. Can one characterize in Brill-Noether-theoretic ways (also involving the vector
bundle B) those curves X for which the kernel bundle M, is strongly stable? Can one formulate
in such terms a version of Green’s Conjecture that should hold for all smooth curves of genus g?
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