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Abstract

As an extension of the Doob-Meyer decomposition of a semimartingale
and the Fukushima representation of a Dirichlet process, we introduce a
general Doob decomposition in continuous time, where a square-integrable
process is represented as the sum of a martingale and a process with
“vanishing local risk”. For a probability measure Q on Wiener space, we
discuss how entropy conditions on Q formulated with respect to Wiener
measure P are connected with the Doob decomposition of the coordinate
process W under Q. The situation is well understood if the relative en-
tropy H(Q|P ) is finite; in this case the decomposition is classical and
yields an immediate proof of Talagrand’s transport inequality on Wiener
space. To go beyond this restriction, we consider the specific relative en-
tropy h(Q|P ) on Wiener space that was introduced by N. Gantert in [11].
We discuss its interplay with the Doob decomposition of W under Q and
a corresponding version of Talagrand’s inequality, with special emphasis
on the case where W is a Dirichlet process under Q.

1 Introduction

Since the Sixties, the interplay between potential theory and the theory of
Markov processes has been a rich source of inspiration for the general theory of
stochastic processes. In particular, the Riesz decomposition of a superharmonic
functions has its general counterpart in the Doob-Meyer decomposition

X = M +A (1)

of a supermartingale. This has led to the general notion of a semimartingale
X, defined by a Doob-Meyer decomposition (1) into a local martingale M and
a predictable process A with paths of bounded variation. The canonical role
of semimartingales is emphasized by the Bichteler-Dellacherie theorem, where
they are characterized as general stochastic integrators.
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M. Fukushima was the first to show that there are good reasons to go beyond
the conceptual framework provided by the theory of semimartingales. Indeed,
for a function F in the Dirichlet space of a symmetric Markov process Z, the
process X = F (Z) may not be a semimartingale, and thus may not admit a
Doob-Meyer decomposition. However, M. Fukushima showed that X admits a
decomposition of the form (1), where M is a square-integrable martingale and
A is a process of “zero energy”; cf. [10]. This Fukushima decomposition has
motivated the general notion of a Dirichlet process X; cf. [7] and [2].

But, as shown by S. E. Graversen and M. Rao in [14], representations of
the form (1) have an even wider scope. In Section 2 we introduce a version
that is convenient for our purpose. For a square-integrable adapted process
X = (Xt)0≤t≤1 on a filtered probability space and any N ≥ 1, we consider its
Doob decomposition

X = MN +AN

in discrete time along the N -th dyadic partition of the unit interval. Assuming
L2-convergence of the random variables MN

1 , we are led to a Doob decomposition
in continuous time of the form (1), where M is a square-ingrable martingale and
A is “predictable” in the sense that the sum of the local prediction errors along
the N -th dyadic partition converges to 0 as N increases to ∞. To avoid confu-
sion with the standard notion of predictability, which is defined as measurability
with respect to the predictable σ-field, we will say that A has vanishing local
risk. Any process with zero energy has this property, and so our Doob decom-
position in continuous time may be viewed as an extension of the Fukushima
decomposition, and in particular of the Doob-Meyer decomposition. On the
other hand, a process A with vanishing local risk is orthogonal to any square-
integrable martingale. Thus, the Doob decomposition in continuous time may
be viewed as a special case of the general decomposition obtained in [14]; cf.
also the discussion of “weak Dirichlet processes”in [3] and [13].

In Section 3 we consider probability measures Q on the path space C0[0, 1].
We denote by Q the class of all Q such that the coordinate process W admits
a Doob decomposition W = M + A in continuous time under Q. Our aim is
to understand the impact of entropy bounds on Q ∈ Q with respect to Wiener
measure P on the Doob decomposition of W under Q.

If the relative entropy H(Q|P ) is finite then Q is absolutely continuous with
respect to P , and the Doob decomposition takes the classical form

W = WQ +BQ,

where WQ is a Wiener process under Q, and where the paths of the process BQ

belong to the Cameron-Martin space H. In this case, the decomposition yields
an immediate proof of Talagrand’s transport inequality

WH(Q,P ) ≤
√

2H(Q|P ), (2)

where WH denotes the Wasserstein distance induced by the Cameron-Martin
norm; cf. [16] and [9], or Corollary 15 below.
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To go beyond the absolutely continuous case, we consider the specific relative
entropy

h(Q|P ) := lim inf
N↑∞

2−NHN (Q|P ),

where HN (Q|P ) denotes the relative entropy of Q with respect to P on the σ-
field generated by observing the path along the N -th dyadic partition of the unit
interval. The notion of specific relative entropy on Wiener space was introduced
by N. Gantert in her thesis [11], where it serves as a rate function for large
deviations of the quadratic variation from its ergodic behaviour; cf. also [12].
In our context, it allows us to prove a version of Talagrand’s inequality of the
form

WD(Q,P ) ≤
√

2h(Q|P ), (3)

where the Wasserstein distance WD is defined in terms of quadratic variation.
This involves a careful analysis of the specific relative entropy, and in particular
the inequality

2h(Q|P ) ≥ EQ
[
M2

1 − 1 +H(λ|q(·))+ < A >1

]
, (4)

where q(ω, dt) is the random measure on [0, 1] whose distribution function is
given by the quadratic variation of the martingale M , λ denotes the Lebesgue
measure on [0, 1], and < A > is the quadratic variation of A. For a martingale
measure Q, inequality (4) with A = 0 is proved in [9]; in the special case where
q(·) is absolutely continuous, it was already shown in [11]. Here we extend it
to a large class of measures Q ∈ Q. As a corollary we obtain our version (3) of
Talagrand’s inequality for measures Q ∈ Q such that W is a Dirichlet process
under Q.

2 Doob Decomposition in continuous time

Let (Ω,F) be a measurable space endowed with a right-continuous filtration
(Ft)0≤t≤1, and let Q be a probability measure on (Ω,F). In the sequel, the
measure Q will vary, and so we do not assume that the filtration is completed
with respect to Q.

Throughout this paper, the index N will refer to the N -th dyadic partition
of the unit interval, that is,

DN = {i2−N |i = 1, . . . , 2N},

and for fixed N ≥ 1 we use the notation ti = i2N . For any square-integrable
adapted process Z = (Zt) on (Ω,F , (Ft)0≤t≤1, Q), defined for t ∈ [0, 1] or at
least for t ∈ DN , we denote by

∆N,iZ = Zti − Zti−1

the increments of Z along the N -th dyadic partition, and by

ζ2
N,i = EQ[(∆N,iZ)2|Fti−1

]−
(
EQ[∆N,iZ|Fti−1

]
)2

(5)
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their conditional variances given the past. Note that ζ2
N,i can be viewed as the

conditional prediction error if the increment ∆N,iZ is predicted by its condi-
tional expectation under Q.

Definition 1. For each N ≥ 1, the sum

RN (Z) :=

2N∑
i=1

ζ2
N,i ∈ L1(Q)

will be called the local risk of the process Z along the N-th dyadic partition. We
will say that the process Z has vanishing local risk if

lim
N↑∞

RN (Z) = 0 in L1(Q). (6)

For two square-integrable adapted processes Z and Z̃ we denote by

CVN (Z, Z̃) :=
1

2

(
RN (Z + Z̃)−RN (Z)−RN (Z̃)

)
the sum of the conditional covariances of the increments along the N -th dyadic
partition, and we say that Z and Z̃ are orthogonal if

lim
N↑∞

CVN (Z, Z̃) = 0 in L1(Q). (7)

Let us now fix an adapted right-continuous processX on (Ω,F , (Ft)0≤t≤1, Q)
such that

X = (Xt)0≤t≤1 ⊂ L2(Q).

For any N ≥ 1, consider its Doob decomposition

Xt = MN
t +ANt , t ∈ DN (8)

in discrete time along the N -th dyadic partition. Thus, the process AN =
(ANt )t∈DN

is defined by AN0 = 0 and the increments

∆N,iA
N = EQ[∆N,iX|Fti−1

],

and MN = (MN
t )t∈DN

is a square-integrable martingale in discrete time with
initial value MN

0 = X0.

Remark 2. The process AN is “predictable” in discrete time, that is, ANti is
Fti−1-measurable for each ti ∈ DN . Equivalently, this property can be expressed
in terms of actual predictions. Indeed, if we predict the increments of AN by
taking conditional expectations given the past, then the local prediction errors,
defined as the conditional variances (αN )2

N,i of the process AN , are all equal to
0, i.e.,

RN (AN ) =

2N∑
i=1

(αN )2
N,i = 0 Q− a.s..
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In this sense the process AN carries no local risk. In fact, the local risk of the
process X along the N -th dyadic partition is fully captured by the martingale
MN , that is,

RN (X) = RN (MN ), (9)

since the conditional variances are the same for X and for MN . This alterna-
tive interpretation of “predictability” in discrete time motivates our definition
of vanishing local risk and the following version of the Doob decomposition in
continuous time.

Theorem 3. 1) The following two properties of the process X with respect to
Q are equivalent:

i) The random variables (MN
1 )N=1,2,... in (8) form a Cauchy sequence in L2(Q),

ii) X admits a Doob decomposition in continuous time of the form

X = M +A, (10)

where M = (Mt)0≤t≤1 is a square-integrable right-continuous martingale such
that M0 = X0, and where the process A = (At)0≤t≤1 has vanishing local risk.

2) The decomposition (10) of X into a square-integrable martingale M and a
process A with vanishing local risk is unique.

Proof. 1) Suppose that (MN
1 )N=1,2,... is a Cauchy sequence in L2(Q), hence

convergent in L2(Q) to a random variable M1 ∈ L2(Q). We denote by M =
(Mt)0≤t≤1 a right-continuous version of the square-integrable martingale given
by the conditional expectations EQ[M1|Ft]; cf. [6] or [4], Ch. VI.5. Then the
process A = (At)0≤t≤1 defined by A = X −M is right-continuous, adapted,
and square-integrable. For N ≥ 1, the increments of A along the N -th dyadic
partition satisfy

∆N,iA− EQ[∆N,iA|Fti−1
] = ∆N,iX −∆N,iM − EQ[∆N,iX|Fti−1

]

= ∆N,iM
N −∆N,iM

= ∆N,i(M
N −M).

Thus, the conditional variance of ∆N,iA is given by

α2
N,i = EQ[(∆N,i(M

N −M))2|Fti−1 ]. (11)

Since MN −M is a square-integrable martingale along DN with initial value
(MN −M)0 = 0, we obtain

EQ[

2N∑
i=1

α2
N,i] = EQ[

2N∑
i=1

(∆N,i(M
N −M))2] = EQ[(MN

1 −M1)2].

This implies

lim
N↑∞

EQ[

2N∑
i=1

α2
N,i] = 0, (12)
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and so we have shown that the process A has vanishing local risk.

Conversely, if X admits a decomposition (10) then the preceding equation (12)
holds again, and so (6) implies that (MN

1 )N=1,2,... is a Cauchy sequence in
L2(Q).

2) To check uniqueness of the decomposition (10), suppose that

X = M +A = M̃ + Ã,

where M and M̃ are square-integrable martingales, and A and Ã are processes
with vanishing local risk. For any N ≥ 1 we obtain

EQ[(M1 − M̃1)2] =

2N∑
i=1

EQ[(∆N,i(M − M̃))2] =

2N∑
i=1

EQ[(∆N,i(Ã−A))2]

≤ 2

2N∑
i=1

EP [α̃2
N,i + α2

N,i], (13)

denoting by α̃2
N,i and α2

N,i the conditional variances of Ã and A; in the last step
we use the fact that

EQ[∆N,iÃ|Fti ] = EQ[∆N,iA|Fti ],

since both terms are equal to EQ[∆N,iX|Fti ]. For N ↑ ∞ the right hand side

of (13) converges to 0, and this implies M1 = M̃1 Q-a.s., hence M = M̃ and
A = Ã.

Lemma 4. Let A = (At)0≤t≤1 be a square-integrable, right-continuous, and
adapted process on (Ω,F , (Ft)0≤t≤1, Q), and consider the following properties
of A:

i) A has continuous paths of bounded variation, and the total variation process
|A| satisfies |A|1 ∈ L2(Q).

ii) A has “zero energy” in the sense that

lim
N↑∞

EQ
[ 2N∑
i=1

(∆N,iA)2
]

= 0, (14)

iii) A has vanishing local risk,

iv) A is orthogonal to any square-integrable martingale L.

Then we have
i) =⇒ ii) =⇒ iii) =⇒ iv).

Proof. Since α2
N,i ≤ EQ

[
(∆N,iA)2|Fti

]
, the process A has vanishing local risk

as soon as it has zero energy. As to the first implication, note that

EQ
[ 2N∑
i=1

(∆N,iA)2
]
≤ EQ

[ 2N∑
i=1

CN |∆N,iA|
]

= EQ
[
CN |A|1

]
, (15)
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where CN := maxi |∆N,iA| ≤ |A|1. Property i) implies limN↑∞ CN = 0 and
CN |A|1 ≤ |A|21 ∈ L1(Q). By Lebesgue’s theorem, the right hand side of (15)
converges to 0, and so A has energy 0. As to the last implication, note that

CVN (A,L) ≤ RN (A)1/2RN (L)1/2,

hence
EQ
[
CVN (A,L)

]
≤ EQ

[
RN (A)

]1/2
EQ
[
(L1 − L0)2

]1/2
.

Remark 5. Suppose that X admits a continuous Doob decomposition (10).
1) The preceding implication iii) =⇒ iv) shows that this can be viewed as a
special case of the decomposition derived in [14]; see also the discussion of “weak
Dirichlet processes” in [3] and [13].

2) Applying property iv) to the martingale M in (10), we see that

lim
N↑∞

RN (X) = lim
N↑∞

RN (M) in L1(Q),

that is, in the limit the local risk of X is carried by M . This can be seen as the
continuous-time version of equation 9.

Definition 6. Let us say that X is a Dirichlet process if it admits a Doob
decomposition (10) such that A is a process with zero energy. In this case, (10)
is also called the Fukushima decomposition of X.

The preceding lemma shows that the notion of vanishing local risk has a wide
scope. Combined with the uniqueness of the decomposition (10), it implies the
following corollary.

Corollary 7. The class of processes X that admit a Doob decomposition of the
form (10) includes

i) a large class of semimartingales, and in that case (10) reduces to the Doob-
Meyer decomposition of X,

ii) the class of Dirichlet processes, and in that case (10) reduces to the Fukushima
decomposition of X.

Remark 8. Suppose that X admits a Doob decomposition (10) under Q. Then
X is a Dirichlet process if and only if

lim
N↑∞

EQ[

2N∑
i=1

(∆N,iA
N )2] = 0. (16)

Indeed, the weaker condition (16) is in fact equivalent to condition (15) as soon
as A has vanishing local risk.

The following equivalence was stated in [7], where condition (17) is taken as
the definition of a Dirichlet process.
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Theorem 9. The process X is is Dirichlet process if and only if the processes
AN appearing in the discrete Doob decompositions (8) satisfy the condition

lim
N↑∞

sup
K≥N

EQ
[ 2N∑
i=1

(∆N,iA
K)2

]
= 0. (17)

Proof. We include a proof, since the proof in [7] contains several typos.

For each L ≥ N , we obtain

EQ
[
(AL1 −AN1 )2

]
= EQ

[ 2N∑
i=1

(∆N,iA
L −∆N,iA

N )2
]

≤ 2
(
EQ
[ 2N∑
i=1

(∆N,iA
L)2 + EQ

[ 2N∑
i=1

(∆N,iA
N )2

)
≤ 4 sup

K≥N
EQ
[ 2N∑
i=1

(∆N,iA
K)2

]
,

since AL − AN = MN −ML is a martingale in discrete time along DN . Thus,
condition (17) implies that (AN1 )N=1,2,..., and hence (MN

1 )N=1,2,..., is a Cauchy
sequence in L2(Q). It also implies condition (16). In view of Theorem 3 and
the preceding remark, it follows that X is a Dirichlet process.

Conversely, since

∆N,iA
K = ∆N,iA

N + ∆N,i(M
N −MK),

we obtain

EQ
[ 2N∑
i=1

(∆N,iA
K)2 ≤ 2

(
EQ
[ 2N∑
i=1

(∆N,iA
N )2] + EQ

[
(MN

1 −MK
1 )2]

)
≤ 2

(
EQ
[ 2N∑
i=1

(∆N,iA
N )2] + sup

L≥N
EQ
[
(MN

1 −ML
1 )2]

)
for any K ≥ N . Thus, condition (17) is satisfied as soon as X is a Dirichlet
process.

3 Entropies and Couplings on Wiener space

From now on, the underlying measurable space will be the path space

Ω = C0[0, 1]

of all continuous functions ω on [0, 1] with initial value ω(0) = 0. We denote
by (Ft)0≤t≤1 the right-continuous filtration on Ω generated by the coordinate
process

W = (Wt)0≤t≤1
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defined by Wt(ω) = ω(t). We set F = F1, and we denote by P the Wiener
measure on (Ω,F).

Let H denote the Cameron-Martin space of all absolutely continuous func-
tions ω ∈ Ω such that the derivative ω̇ is square integrable on [0, 1]. For ω ∈ Ω
we write

||ω||H =

{
(
∫ 1

0
ω̇2(t)dt)1/2 if ω ∈ H

+∞ otherwise.

Definition 10. We denote by Q the class of all probability measures Q on
(Ω,F) such that the process W admits a Doob decomposition (10) under Q with
continuous paths, that is,

W = M +A,

where M is a square-integrable continuous martingale under Q, and where A is
a continuous adapted process with vanishing local risk under Q. For Q ∈ Q we
will write

• Q ∈ QM if A = 0, that is, Q is a martingale measure,

• Q ∈ QH if A satisfies EQ
[
||A||2H

]
<∞,

• Q ∈ QS if A has continuous paths of bounded variation, and the

total variation process |A| satisfies |A|1 ∈ L2(Q),

• Q ∈ QD if A has zero energy, that is, W is a Dirichlet process under Q.

Lemma 4 shows that

QM ⊂ QH ⊂ QS ⊂ QD ⊂ Q. (18)

For a given measure Q ∈ Q, we are now going to study the impact of entropy
bounds on the Doob decomposition (10) of the process W under Q. These
bounds will be formulated in terms of relative entropies with respect to Wiener
measure P .

Remark 11. Recall that, for two probability measures µ and ν on some mea-
surable space (S,S), the relative entropy of ν with respect to µ is defined as

H(ν|µ) =

{∫
log dν

dµdν if ν � µ,

+∞ otherwise,

and that H(ν|µ) ≥ 0, with equality if and only if µ = ν. Moreover,

lim
n↑∞

Hn(ν|µ) = H(ν|µ) (19)

if (Sn)n=1,2... is a sequence of σ-fields increasing to S and Hn(ν|µ) denotes the
relative entropy of ν with respect to µ on (S,Sn). Note also that equation (19)
extends to the case where ν or µ is a non-negative finite measure on (S,S).
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First we review the case where Q has finite relative entropy H(Q|P ) with
respect to Wiener measure P . The following proposition is well known; cf., for
example, [8] or [9].

Proposition 12. For any probability measure Q on (Ω,F),

H(Q|P ) <∞ ⇐⇒ Q� P and Q ∈ QH.

In this case, the Doob decomposition (10) takes the form

W = WQ +BQ, (20)

where WQ is a Wiener process under Q and the process BQ has paths in H,
and the relative entropy is given by

H(Q|P ) =
1

2
EQ
[
||BQ||2H

]
.

Remark 13. The process bQ := ḂQ will be called the intrinsic drift of Q. Note
that equation (20) can be read as

dWt = dWQ
t + bQt (W )dt.

Thus, any measure Q on path space such that H(Q|P ) <∞ can be viewed as a
weak solution of the stochastic differential equation

dX = dZ + bQt (X)dt,

where Z is required to be a Wiener process, and its relative entropy takes the
form

H(Q|P ) =
1

2
EQ
[ ∫ 1

0

(bQ)2
tdt
]
.

As first observed by J. Lehec in [16], Proposition 12 yields an immediate
proof of Talagrand’s inequality on Wiener space, which relates the relative en-
tropy H(Q|P ) to the Wasserstein distance WH(Q,P ) defined in terms of the
Cameron-Martin norm.

Definition 14. For any probability measure Q on (Ω,F), we define the Wasser-
stein distance WH(Q,P ) between Q and P as

WH(Q,P ) = inf
γ∈Γ(P,Q)

∫
||ω − η||2Hγ(dω, dη)1/2, (21)

where Γ(P,Q) denotes the class of all probability measures γ on the product
space (Ω× Ω,F × F) with marginals P and Q.

Equivalently, we can write

WH(Q,P ) = inf Ẽ[||X̃ − Ỹ ||2H]1/2, (22)
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where the infimum is taken over all couples (X̃, Ỹ ) of Ω-valued random variables
on some probability space (Ω̃, F̃ , P̃ ) such that X̃ and Ỹ have distributions P
and Q, respectively. Such a couple, and also any measure γ ∈ Γ(P,Q), will
be called a coupling of P and Q. We refer to [18] for a thorough discussion of
Wasserstein distances in various contexts.

Corollary 15. Any probability measure Q on (Ω,F) satisfies Talagrand’s in-
equality

WH(Q,P ) ≤
√

2H(Q|P ). (23)

Proof. If H(Q|P ) < ∞ then the processes WQ = W − BQ and W , defined on
the probability space (Ω,F , Q), form a coupling of P and Q such that

EQ
[
||W −WQ||2H

]
= 2H(Q|P ). (24)

Thus, (23) follows from the definition of the Wasserstein distance WH(Q,P ).

Remark 16. Inequality (23) on Wiener space was first stated by Feyel and
Üstunel in [5]. However, using the Lévy-Ciesielski representation of Brownian
motion in terms of Schauder functions, it can also be seen as a direct translation,
for n = ∞, of Talagrand’s original inequality in [17], where Q is a probability
measure on Euclidean space Rn with n ∈ {1, . . . ,∞}, P is the product of stan-
dard normal distributions, and the Wasserstein distance is defined in terms of
the Euclidean norm; cf. [9].

Remark 17. Note that the coupling (WQ,W ) of P and Q, defined on the
filtered probability space (Ω,F , (Ft)0≤t≤1, Q), is adaptive in the sense that both
processes are adapted and the first is a Wiener process with respect to the given
filtration. As shown by Lassalle in [15], (WQ,W ) is in fact the optimal adaptive
coupling of P and Q. Thus, equation (24) shows that Talagrand’s inequality
reduces to the equality

WH,ad(Q,P ) =
√

2H(Q|P ),

if the left hand side is defined as in (22), but taking the infimum only over the
adaptive couplings of P and Q; cf. [15] or [9]. For a systematic discussion of
the optimal transport problem (22) under various constraints we refer to [1].

Let us now go beyond the case where Q has finite entropy with respect to
Wiener measure P . For any N ≥ 1, consider the discretized filtration

FN,t = σ({Ws|s ∈ DN , s ≤ t}), 0 ≤ t ≤ 1

on Ω = C0[0, 1]. We set FN = FN,1 = σ({Ws|s ∈ DN}), and we denote by
HN (Q|P ) the relative entropy of Q with respect to P on the σ-field FN . Since
the σ-fields FN increase to F , we have

H(Q|P ) = lim
N↑∞

HN (Q|P ).
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From now on we assume that the finite-dimensional marginals of Q are such
that

HN (Q|P ) <∞, N = 1, 2, . . . (25)

and we focus on the case H(Q|P ) =∞. It is then natural to rescale the finite-
dimensional entropies HN (Q|P ) in order to obtain meaningful results.

The following concept of specific relative entropy on Wiener space was intro-
duced by N. Gantert in her thesis [11], where it plays the role of a rate function
for large deviations of the quadratic variation from its ergodic behaviour; cf.
also [12]. In our context, it will allow us to extend Talagrand’s inequality on
Wiener space beyond the absolutely continuous case Q� P , and to throw new
light on the Doob decomposition in continuous time.

Definition 18. For any probability measure Q on (Ω,F), the specific relative
entropy of Q with respect to Wiener measure P is defined as

h(Q|P ) = lim inf
N↑∞

2−NHN (Q|P ) (26)

To illustrate the role of specific relative entropy h(Q|P ), and in particu-
lar its connection with Dirichlet processes, we first consider the particularly
transparent case where the coordinate process W is square-integrable and has
independent increments under Q. Then the increments are normally distributed
under Q, there are functions a and β in C0[0, 1] such that

EQ[Wt] = a(t) and varQ(Wt) = β(t),

and the function β is strictly increasing due to our assumption (25). In this
case, let us write

Q = Qa,β .

Note that Qa,β ∈ Q, and that the Doob decomposition (10) under Qa,β takes the
form W = M +A, where M is a Gaussian martingale with quadratic variation

<M>t = β(t),

and where the deterministic process A given by At(ω) = a(t) clearly carries no
local risk.

Let q denote the finite measure on [0, 1] with distribution function β, and
denote by

q(dt) = qs(dt) + σ2(t)dt

its Lebesgue decomposition with respect to Lebesgue measure λ on [0, 1], where
qs denotes the singular part and σ2(·) is the density of the absolutely continuous
part.

Proposition 19. For Q = Qa,β, the specific relative entropy h(Q|P ) is given
by

h(Q|P ) =
1

2

(
β(1)− 1 +H(λ|q) + lim inf

N↑∞

2N∑
i=1

(∆N,ia)2
)
. (27)
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In particular, H(λ|q) < ∞ implies that h(Q|P ) exists as a finite limit if and
only if the function a has “finite energy”, that is,

h(Q|P ) = lim
N↑∞

2−NHN (Q|P ) <∞ ⇐⇒ ∃ <a>1:= lim
N↑∞

2N∑
i=1

(∆N,ia)2 <∞.

In this case,

h(Q|P ) =
1

2
qs([0, 1]) +

∫ 1

0

f(σ2(t))dt+
1

2
<a>1, (28)

where f is the convex function on [0, 1] defined by f(x) = 1
2 (x − 1 − log x). In

particular,

Q ∈ QD ⇐⇒ h(Q|P ) =
1

2
qs([0, 1]) +

∫ 1

0

f(σ2(t))dt, (29)

that is, W is a Dirichlet process under Q iff h(Q|P ) only depends on β and
not on a.

Proof. For two normal distributions N(m,σ2) and N(m̃, σ̃2) on R1, the relative
entropy is given by

H
(
N(m̃, σ̃2)|N(m,σ2)

)
= f(σ̃2/σ2) +

1

2

(m̃−m)2

σ2
. (30)

Since the increments ∆N,iW along the N -th dyadic partition are independent
under both Q and P , with distribution N(∆N,ia,∆N,iβ) under Q and N(0, 2−N )
under P , we get

HN (Q|P ) =

2N∑
i=1

H
(
N(∆N,ia,∆N,iβ)|N(0, 2−N )

)
=

2N∑
i=1

f(2N∆N,iβ) +
1

2

2N∑
i=1

2N (∆N,ia)2.

Thus,

2−NHN (Q|P ) =

∫ 1

0

f(ϕN (t))dt+
1

2

2N∑
i=1

(∆N,ia)2,

if we denote by ϕN the density of the finite measure q on [0, 1] with respect to
Lebesgue measure λ on the discrete σ-field BN generated by the N -th dyadic
partition. Note that ϕN > 0 since β is strictly increasing. Denoting by
HN (λ|q) =

∫
logϕ−1

N dλ the relative entropy of λ with respect to q on BN ,
we can write

2−NHN (Q|P ) =
1

2

(
q([0, 1])− 1 +HN (λ|q) +

2N∑
i=1

(∆N,ia)2
)
. (31)

13



Since q([0, 1]) = β(1), and sinceHN (λ|q) increases toH(λ|q), we obtain equation
(27). If we assume H(λ|q) <∞ and the existence of a finite limit < a >1, then
equation (27) reduces to (28) since

β(1) = qs([0, 1]) +

∫ 1

0

σ2(t)dt.

In particular, we obtain the characterization (29) of a measure Q = Qa,β ∈ QD.

Let us now consider the general case Q ∈ Q. Thus, the coordinate process
W admits a continuous Doob decomposition

W = M +A (32)

under Q, where M is a continuous square-integrable martingale and A is a
square-integrable, continuous and adapted process with vanishing local risk.
Consider the continuous quadratic variation process <M > of M and the cor-
responding finite random measure q(ω, dt) on [0, 1] with distribution function
<M>(ω), and denote by

q(ω, dt) = qs(ω, dt) + σ2(ω, t)dt (33)

its Lebesgue decomposition into a singular and an absolutely continuous part
with respect to Lebesgue measure λ on [0, 1]; cf. [9] for an explicit construction.
Our aim is to show how the specific relative entropy h(Q|P ) depends on the
Doob decomposition (32), and in particular on the random measure q(·, dt).

For N ≥ 1 and i = 1, . . . , 2N , we denote by νN,i(ω, ·) the conditional distri-
bution of the increment ∆N,iW under Q given the σ-field FN,ti−1

, by

aN,i = EQ
[
∆N,iW |FN,ti−1

]
= EQ

[
∆N,iA|FN,ti−1

]
its conditional mean, by

σ̃2
N,i = EQ

[
(∆N,iW )2|FN,ti−1

]
− a2

N,i

its conditional variance, and by

σ2
N,i = EQ

[
(∆N,iM)2|FN,ti−1

]
= EQ

[
<M>ti − <M>ti−1

|FN,ti−1

]
(34)

the conditional variance of the martingale increment ∆N,iM .

Lemma 20. The finite-dimensional entropy HN (Q|P ) can be decomposed as
follows:

HN (Q|P ) = HN (Q|QN ) + EQ
[ 2N∑
i=1

f(2Nσ2
N,i)

]
+

1

2
2NEQ

[ 2N∑
i=1

a2
N,i

]
+

1

2
EQ
[ 2N∑
i=1

(σ̃2
N,i − σ2

N,i)(2
N − σ−2

N,i)
]

(35)
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where f is the function defined in Proposition 19, and where QN denotes the
probability measure on (Ω,FN ) such that the increments ∆N,iW have condi-
tional distribution N(aN,i, σ

2
N,i) given the σ-field FN,ti−1

.

Proof. Since

HN (Q|P ) =

2N∑
i=1

EQ
[
H
(
νN,i(ω, ·)|N(0, 2−N

)]
,

and since

H
(
νN,i|N(0, 2−N )

)
= H

(
νN,i|N(aN,i, σ

2
N,i)

)
+ f(2Nσ2

N,i)

+
1

2
2Na2

N,i +
1

2
(σ̃2
N,i − σ2

N,i)(2
N − σ−2

N,i),

we obtain equation (35).

Let us first look at the asymptotic behavior of the second term on the right
hand side of equation (35). We denote by Q ⊗ q the finite measure on Ω̄ =
Ω× [0, 1] defined by (Q⊗ q)(dω, dt) = Q(dω)q(ω, dt). On the σ-field

PN := σ({At × (t, 1] | t ∈ DN , At ∈ FN,t}),

the measure Q⊗q is absolutely continuous with respect to the product measure
Q⊗ λ, and the density is given by

σ2
N (ω, t) :=

2N∑
i=1

2Nσ2
N,i(ω)I(ti−1,ti](t).

The σ-fields PN increase to the predictable σ-field P on Ω̄, generated by the
sets At × (t, 1] with t ∈ [0, 1] and At ∈ Ft, and we denote by

H(Q⊗ λ|Q⊗ q) = EQ[H(λ|q(·))]

the relative entropy of Q⊗ λ with respect to Q⊗ q on P.

Lemma 21.

lim
N↑∞

2−NEQ
[ 2N∑
i=1

f(2Nσ2
N,i)

]
=

1

2

(
EQ[q(·, [0, 1])]− 1 +H(Q⊗ λ|Q⊗ q)

)
=

1

2
EQ[qs(·, [0, 1])] + EQ

[ ∫ 1

0

f(σ2(·, t))dt
]
. (36)

Proof. Since

EQ
[ ∫ 1

0

σ2
N (·, t)dt

]
= EQ

[
< M >1

]
= EQ

[
q(·, [0, 1])

]
15



for any N ≥ 1, we can write

2−NEQ
[ 2N∑
i=1

f(2Nσ2
N,i)

]
= EQ

[ ∫ 1

0

f(σ2
N (·, t))dt

]
=

1

2

(
EQ[q(·, [0, 1])]− 1− EQ[

∫ 1

0

log σ2
N (·, t)dt]

)
=

1

2

(
EQ[q(·, [0, 1])]− 1 +HN (Q⊗ λ|Q⊗ q)

)
,

where HN (Q ⊗ λ|Q ⊗ q) denotes the relative entropy of Q ⊗ λ with respect to
Q⊗ q on PN . Since PN increases to P, these entropies increase to

H(Q⊗ λ|Q⊗ q) = EQ
[ ∫ 1

0

log(σ−2
N (·, t))dt

]
,

and this yields equation (36).

For a martingale measure Q ∈ QM with absolutely continuous quadratic
variation, the following proposition is due to N. Gantert in [11]. Here we extend
it to the case where the quadration variation may have a singular component;
see also [9].

Proposition 22. For a martingale measure Q ∈ QM,

h(Q|P ) ≥ 1

2

(
EQ[q(·, [0, 1])]− 1 +H(Q⊗ λ|Q⊗ q)

)
=

1

2
EQ
[
qs(ω, [0, 1])

]
+ EQ

[ ∫ 1

0

f
(
σ2(ω, t)

)
dt
]
. (37)

If h(Q|P ) <∞ then we have H(Q⊗ λ|Q⊗ q) <∞, and in particular

σ2(·, ·) > 0 Q⊗ λ− a.s. . (38)

Moreover, equality holds in (37) if and only if Q is “almost locally normal” in
the sense that

lim
N↑∞

2−NHN (Q|QN ) = 0. (39)

Proof. For Q ∈ QM we have A = 0, hence aN,i = 0 and σ̃2
N,i = σ2

N,i. Thus,
equation (35) implies

2−NHN (Q|P ) = 2−NHN (Q|QN ) + 2−NEQ
[ 2N∑
i=1

f(2Nσ2
N,i)

]
,

and so inequality (37) as well as the condition for equality follow from Lemma
21. Due to (37), h(Q|P ) <∞ impliesH(Q⊗λ|Q⊗q)

)
<∞, henceQ⊗λ� Q⊗q,

and in particular (38).
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Let us denote by

α̃2
N,i = EQ[(∆N,iA)2|FN,ti−1 ]− a2

N,i (40)

the conditional variance of ∆N,iA with respect to FN,ti−1
⊂ Fti−1

, and recall
the definition of α2

N,i in (11). Since α̃2
N,i is defined with respect to the smaller

σ-field, we have
EQ[α2

N,i] ≤ EQ[α̃2
N,i] ≤ EQ[(∆AN,i)

2]. (41)

This shows that the condition

lim
N↑∞

EQ
[ 2N∑
i=1

α̃2
N,i

]
= 0 (42)

strengthens our assumption on Q ∈ Q that A has vanishing local risk, and that
it is satisfied as soon as A has energy 0 under Q.

Remark 23. Note that we have α̃2
N,i = α2

N,i as soon as Q is Markovian, that
is, if W is a Markov process under Q. Thus, condition (42) is satisfied for any
Markovian Q ∈ Q.

Definition 24. We denote by QE the class of all probability measures Q ∈ Q
such that

i) Q satisfies condition (42),

ii) the process A has “finite energy”under Q, that is,

∃ < A >1:= lim
N↑∞

2N∑
i=1

(∆N,iA)2 in L1(Q). (43)

Thus, the chain of inclusions in (18) can be extended as follows:

QM ⊂ QH ⊂ QS ⊂ QD ⊂ QE ⊂ Q.

In [9], Proposition 22 for a martingale measure Q ∈ QM is extended to a
large class of semimartingale measures Q ∈ QS . Here we go two steps further
and consider the case Q ∈ QE , and in particular the case Q ∈ QD where W is
a Dirichlet process under Q.

Theorem 25. Let Q ∈ QE be such that the variance σ2(·, ·) in (33) is bounded
away from 0. Then

h(Q|P ) ≥ 1

2

(
EQ[q(·, [0, 1])]− 1 + EQ

[
H
(
λ|q(·)

)]
+

1

2
EQ[< A >1]

=
1

2
EQ
[
qs(·, [0, 1])

]
+ EQ

[ ∫ 1

0

f
(
σ2(·, t)

)
dt
]

+
1

2
EQ[< A >1].(44)

If h(Q|P ) <∞ then equality holds if and only if Q satisfies condition (39). In
that case,

Q ∈ QD ⇐⇒ h(Q|P ) =
1

2
EQ
[
qs(ω, [0, 1])

]
+ EQ

[ ∫ 1

0

f
(
σ2(ω, t)

)
dt
]
. (45)
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Proof. Equation (35) can be written as

2−NHN (Q|P ) = 2−NHN (Q|QN ) + EQ
[ ∫ 1

0

f(σ2
N (·, t)dt)

]
+

1

2
IN

+
1

2
EQ
[ 2N∑
i=1

δN,i(1− 2−Nσ−2
N,i)

]
, (46)

where

IN := EQ
[ 2N∑
i=1

a2
N,i

]
and δN,i := σ̃2

N,i − σ2
N,i.

Note that

IN = EQ
[ 2N∑
i=1

(∆N,iA)2
]
− JN ,

where

JN := EQ
[ 2N∑
i=1

α̃2
N,i

]
.

Since Q ∈ QE , we obtain

lim
N↑∞

IN = EQ[< A >1],

Let us now show that the last term in (46) converges to 0 as N ↑ ∞. Since

δN,i = α̃2
N,i + 2EQ

[
(∆MN,i)(∆AN,i)|FN,ti−1

]
satisfies

|δN,i| ≤ α̃2
N,i + 2σN,iα̃N,i, (47)

we get

EQ
[ 2N∑
i=1

|δN,i|
]
≤ EQ

[ 2N∑
i=1

α̃2
N,i

]
+ 2

2N∑
i=1

EQ
[
σ2
N,i

]1/2
EQ
[
α̃2
N,i

]1/2
≤ JN + 2EQ

[
M2

1

]1/2
J

1/2
N ,

hence

lim
N↑∞

EQ
[ 2N∑
i=1

|δN,i|
]

= 0, (48)

due to condition (42). Moreover, if σ2(·, ·) ≥ c Q⊗ λ-a.s. for some c > 0 then

2N∑
i=1

2Nσ2
N,i(ω)I(ti−1,ti](t) = σ2

N (ω, t) ≥ EQ⊗λ
[
σ2|PN

]
≥ c Q⊗ λ− a.s.,
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and this implies

lim
N↑∞

EQ
[ 2N∑
i=1

|δN,i|2−Nσ−2
N,i

]
≤ c−1 lim

N↑∞
EQ
[ 2N∑
i=1

|δN,i|
]

= 0. (49)

Thus, the last two terms in equation (46) converge to 0. In view of Lemma 21,
this completes the proof.

Remark 26. The proof shows that, instead of requiring that σ2(·, ·) is bounded
away from 0, it is enough to assume that the conditional variances σ2

N,i and

α̃2
N,i of M and A under Q ∈ QE satisfy the condition

lim
N↑∞

EQ
[
2−N

2N∑
i=1

α̃2
N,iσ

−2
N,i

]
= 0. (50)

This includes the case of a martingale measure Q ∈ QM, and also the case
where the process A is locally deterministic in the sense that α̃2

N,i = 0 for large
enough N .

Theorem 25 allows us to prove an extension of Talagrand’s inequality on
Wiener space beyond the absolutely continuous case Q � P . For Q ∈ QS we
refer to [9] for an extension that covers Talagrand’s inequality (2) as a special
case. Here we focus on the case Q ∈ QD and consider the following Wasserstein
distance WD(Q,P ), where the cost function is defined in terms of quadratic
variation.

Definition 27. The Wasserstein distance WD(Q,P ) between Q ∈ QD and
Wiener measure P is defined as

WD(Q,P ) = inf
(
Ẽ
[
<Ỹ − X̃ >1

])1/2
, (51)

where the infimum is taken over all adaptive couplings (Ỹ , X̃) of Q and P on
some filtered probability space (Ω̃, F̃ , (F̃t)0≤t≤1, P̃ ) such that Ỹ is a Dirichlet

process on (Ω̃, F̃ , (F̃t)0≤t≤1, P̃ ).

For a martingale measure Q ∈ QM, the following corollary is proved in
[9]. For Q ∈ QD, the proof is essentially the same, and so we just sketch the
argument and refer to [9] for further details.

Corollary 28. For a probability measure Q ∈ QD that satisfies condition (50),

WD(Q,P ) ≤
√

2h(Q|P ). (52)

Proof. We may assume h(Q|P ) < ∞. As shown in [9], this implies that there

is a Wiener process WQ = (WQ
t )0≤t≤1, defined on the filtered probability space

(Ω,F , (Ft)0≤t≤1, Q), such that the coupling (WQ,W ) of P and Q is optimal for
the Wasserstein distance WD, that is,

W 2
D(Q,P ) = EQ

[
<W −WQ>1

]
. (53)
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Moreover,

EQ
[
<W −WQ>1

]
= EQ

[ ∫ 1

0

(
σ(·, s)− 1

)2
ds+ qs(·, (0, 1])

]
.

Since
(σ − 1)2 ≤ σ2 − 1− log σ2 = 2f(σ2),

we obtain

EQ
[
<W −WQ>1

]
≤ 2EQ

[ ∫ 1

0

f
(
σ2(·, s)

)
dt+

1

2
qs(·, (0, 1])

]
≤ 2h(Q|P ), (54)

where the second inequality follows from Theorem 25, and so we have shown
inequality (52).
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