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Task 1: If two natural integers a, p ∈N have no common divisor, then the extended euclidean

algorithm provides euclidean coefficients s, t ∈ Z with s a + t p = 1. In the remainder

arithmetics modulo p this implies s a ≡ 1 mod p. Thus in the remainder class ring

Zp = Z/(pZ), the class [s]p is the multiplicative inverse of the class [a]p.

Compute the inverse of a) 29 modulo 19, b) of 625 modulo 1103 and c) of 1234 modulo 6 pts.

10009.

Task 2: Let p ∈N be a prime number.

Prove that all binomial coefficients (p
k), k = 1, . . . , p− 1 are divisible by p. 4 pts.

(a)(b) Conclude that for any a, b ∈N the relation (a + b)p ≡ ap + bp mod p holds. 2 pts.

(c) Further conclude that ap ≡ a mod p, and that even ap−1 ≡ a mod p if a is no 4 pts.

multiple of p.

(d) The last relation, the “little theorem” of Fermat, has as interpretation that ap−2 is

the inverse of a in Zp = Z/(pZ). This number can be computed by repeated

squaring and reduction mod p.

Use this method to compute the inverses for the same examples as in task 1. Com- 9 pts.

pare the numbers of multiplications under the assumption that the long division

has the same cost as two multiplications.

Task 3: The chinese remainder theorem also applies to univariate polynomials with coeffi-

cients in a field F. Let z1, z2, . . . , zn ∈ F be pairwise different numbers.

(a) Compute the inverse of (X− z2)(X− z3) . . . (X− zn) modulo (X− z1). 4 pts.

(b) Determine the reconstruction formula for the chinese remainder problem p(X) ≡ 4 pts.

yk mod (X − zk), k = 1, . . . , n, with y1, . . . , yn ∈ F given. Compare this formula

with the Lagrange interpolation formula.



(c) Estimate the operation count for determining the coefficients of p(X) in the naive 6 pts.

way (directly from the interpolation formula, without precomputed results).

(d) Devise a “divide and conquer” method for a faster computation of these coeffi- 8 pts.

cients, again without precomputed results.

Task 4: Let n, B ∈N and coefficients a0, . . . , an, b0, . . . , bn ∈ Z with |ak| < B, |bk| < B be given.

Furthermore, let c = ab be the product of both polynomials a = a0 + a1x + · · ·+ anxn

and b = b0 + b1x + · · ·+ bnxn.

(a) Find a tight bound on the coefficients ci in terms of n and B. 2 pts.

(b) Give an algorithm for the computation of c using modular arithmetics modulo a 8 pts.

sufficient number of small primes and reconstruction using the chinese remain-

der theorem. (It may contain a size bound leading to an “overflow error”.)

(c) Trace the steps of the algorithm on the computation of the product of 6 pts.

a = 261 x3 + 458 x2 + 204 x− 696 and b = 602 x3 − 756 x2 + 53 x− 771 .
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