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Abstract. This text is devoted to maximal regularity results for second
order parabolic systems on Lipschitz domains of space dimension n > 3
with diagonal principal part, nonsmooth coefficients, and nonhomoge-
neous mixed boundary conditions. We show that the corresponding class
of initial-value problems generates isomorphisms between two scales of
Sobolev—Morrey spaces for solutions and right-hand sides introduced in
the first part [12] of our presentation. The solutions depend smoothly
on the data of the problem. Moreover, they are Holder continuous in
time and space up to the boundary for a certain range of Morrey ex-
ponents. Due to the complete continuity of embedding and trace maps
these results remain true for a broad class of unbounded lower-order
coefficients.

1. FORMULATION OF THE REGULARITY PROBLEM

Many instationary drift-diffusion problems are formulated in terms of second
order parabolic boundary-value problems with nonsmooth data. To prove
existence and uniqueness results or further qualitative properties like regular-
ity or asymptotic behaviour of solutions it is useful to get apriori estimates
for solutions of the original or at least of some auxiliary linear parabolic
problem in spaces of bounded or Holder continuous functions.

In the first part [12] of our presentation we introduced and discussed in de-
tail new classes of Sobolev—Morrey spaces allowing a satisfactory treatment
of the regularity problem for second order linear parabolic boundary-value
problems

(Eu) + Au+Bu=f € L*(S;Y*), u(ty) =0, (1.1)
of drift-diffusion-type on regular sets G C R™ with Lipschitz boundary. The
natural choice for the Hilbert space Y in the functional analytic formulation
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of elliptic and parabolic problems with mixed boundary conditions is the
Sobolev space Y = H}(G) and its dual Y* = H~1(G), see also Groger,
Rehberg [16, 17, 18], and Griepentrog, Recke [10, 14].

In (1.1) the operator €& € L%(S;Y) — L?(S;Y*) is associated with the
bounded open time interval S = (to,t;) and the map E € L(Y;Y™) via
(Eu)(s) = Bu(s) for s € S, u € L?(S;Y). Here, E € L(Y;Y™) is defined by

(Ev,w)y = / avwd\"  for v, w €Y.
G

The nonsmooth capacity coefficient a € L*°(G°) satisfies
1
e <essinfa(x), esssupa(x) < —
zeGe zeG° €

for some constant ¢ € (0,1]. Moreover, we consider nonsmooth diffusivity
coefficients A € L*>(S x G°;S") with values in the set S™ of symmetric
(n x m)-matrices, and we assume that for all £ € R” we have

ellgll* < essinf A(s,z)€-€  esssup A(s,2)€-€ < - ||s|!2
(s,x)eSxG° (s,x)eSxG°
With regard to problem (1.1) the principal part A : L?(S;Y) — L%(S;Y*)
is of the form

(Au,w) 25,y = //AVU ) - Vw(s)d\"ds for u, w € L*(S;Y).

Given lower-order coefficients
be LS x G°%R™), bype L>®(SxG°), bpelL>®(SxTI),

which describe drift and damping phenomena, we define B : L?(S;Y) —
L?(S;Y*) by

(Bu, w) r2(5:v) = // s)b- Vw(s) + bou(s)w(s)) dA" ds
+/S/FbFKFU(S)KFw(S) d\r ds

for u, w € L?(S;Y). Here, I' = OG is the Lipschitz boundary of the regular
set G C R", and Kt € L(H}(G); L*(T")) denotes the trace map.

Using Groger’s functional analytic framework for evolution equations, dis-
cussed in detail in [15] and the first part [12] of our presentation, we get
unique solvability and well-posedness of problem (1.1) in the Hilbert space

Wg(S;Y) = {ue L*(S;Y): (u) € L*(S;Y*)}.
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Theorem 1.1 (Unique solvability). The solution operator associated with
problem (1.1) is a linear isomorphism between the spaces L*(S; H™1(G)) and
{u e Wg(S; Hj(G)) : u(ty) = 0}.

Proof. As we will see it suffices to show that the bounded linear Volterra
operator M = A + B + a€ : L*(S;Y) — L?(S;Y*) is positively definite
whenever o > 1 is large enough. Due to our assumptions for all u € L?(S;Y)
we obtain

(A+al)u,u) 25y > € |ullfz(syy + el = Dl[ullZ2(s.02 g0y

For the trace map Kr € £L(H{(G); L?(T')) the multiplicative inequality [12,
Eq. (3.1)] holds true: We find some constant cg > 0 such that

I Kroll72my < callvll gy llvllzzey  for all v e Hy(G).
Applying Young’s inequality for all u € L?(S;Y) and 6 > 0 this yields

6L(cg+ 1) cg+1
[(Bu,w) 2o | < =5 lullfags,y) + L (25 1) llullze(sic2(ce))-

Here, L = max {||]| 1o (sxqomnys [100]l oo (5o, or [ Loesxry} > 0 s the
common bound of the lower-order coefficients. If we choose § > 0 small
enough and « > 1 large enough such that

5L(CG + 1) ca+1
i St S A < _

5 <e, L 55 +1) <ela—1),
then M = A+B+a€ : L2(S;Y) — L?(S;Y*) is positively definite. Using [12,
Theorem 2.4] the solution operator associated with problem (1.1) maps
L?(S; HY(G)) isomorphically onto {u € Wg(S; H{(G)) : u(ty) = 0}. O

Following the theory of Ladyzhenskaya, Solonnikov, Uraltseva [21] it is
true that the solution u of problem (1.1) is Holder continuous in time and
space up to the boundary provided that f € L(S;W~YP(G)) and ¢ > 2,
p > n with 2/qg+n/p < 1. But in contrast to the case n = 2 it has turned out
that for n > 3 it is not possible to find ¢ > 2, p > n satisfying 2/q+n/p < 1
such that maximal regularity

we LI(S;WHP(G?)), (&) € LI(S; W 1P(Q)),
holds true for every f € L4(S;W~1P(Q)) without further assumptions on
the smoothness of the data, see also Groger, Rehberg [16, 17, 18].
Fortunately, we have found alternative function spaces for solutions and

right-hand sides meeting both the requirements of Holder continuity and
maximal regularity in the case n > 3. The main goal of this text is to prove
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the following maximal regularity result: For a certain range of parameters
0 < w < w:(G) with @w.(G) > n the class of problems (1.1) generates linear
isomorphisms between two scales of Sobolev—Morrey spaces {u e WE(S;Y):
u(to) = 0} and L§(S;Y™) of solutions and functionals, respectively. Here,
the function space

WE(S;Y) ={ue L§(S;Y) : (Eu) € LS (S;Y*)} € Wg(S;Y)
is embedded into a space of Hélder continuous functions for w > n, where
LY(S;Y) C L*(S;Y), LS(S;Y") C L*(S;Y™),

are suitably chosen Sobolev—Morrey spaces. We refer to the first part [12]
for the theory of the above function spaces.

As the starting point for our regularity theory we consider the case B = 0.
In the first step we are interested in local estimates for solutions of (1.1)
restricted to families of time intervals I,.(t) = (t — 72,¢) C S, and cubes
Qr(x) = {y € R" : |y — x| < r} C G, regardless of initial or boundary
conditions, see Section 2. Here, t € S and x € G are fixed, whereas the
radius 0 < r < 1 varies in a certain range. One advantage of considering
solutions in the function space Wg(S;Y) is that we can completely avoid
the technique of Steklov averages. Instead of this method we use integration
by parts formulae which can be found in Section 1 and Appendix B of the
first part [12] of our presentation.

We carry over results well-known for the case of constant capacity co-
efficients, see Moser [23, 24], Ladyzhenskaya, Solonnikov, Uraltseva [21],
Aronson, Serrin [3], Trudinger [29], and Lieberman [22]. Note, that in the
case of nonsmooth capacity coefficients a comprehensive regularity theory
for (fundamental) solutions of Cauchy’s problem can be found in the work
of Porper, Eidelman [25, 26] generalizing classical results of Aronson [1, 2].

Based on energy estimates for solutions, in Section 3 we obtain local
boundedness results using the Moser iteration technique. As a byproduct,
we fill some gap in the proof of Porper, Eidelman [26, Theorem 2| arised
from an illegal extension of local solutions to solutions of Cauchy’s problem.

Combined with Harnack-type inequalities, see Section 4, this paves the
way to estimate the oscillation of solutions which leads to the Campanato
inequality for the spatial gradients of solutions on concentric cubes, see Sec-
tion 5. To do so, we generalize methods introduced by Kruzhkov [19, 20] and
used by Hong-Ming Yin [30] to the case of nonsmooth capacity coefficients.
In addition to that, we apply some special variant of the Poincaré inequality
contained in Appendix A of the first part [12] of this presentation, see also
Struwe [27].



MAXIMAL REGULARITY IN SOBOLEV-MORREY SPACES 1035

To prove the global regularity result, in Section 6 we define a suitable
class of admissible sets consisting of all regular sets G C R™ for which the
desired regularity in Sobolev—Morrey spaces holds true for the case B = 0.
The invariance of this concept with respect to the principles of localization,
Lipschitz transformation, and reflection has already turned out to be suc-
cessful in the elliptic regularity theory, see Griepentrog, Recke [10, 14]. To
show that every regular set is admissible, therefore, it remains to prove the
admissibility of some standard cuboids. For that purpose, we use the Cam-
panato inequality for the spatial gradients of solutions on concentric cubes,
see Section 5.

Finally, in Section 7 we end up our considerations with isomorphism
properties for parabolic operators. For bounded lower-order coefficients the
solution operator associated with problem (1.1) maps the Sobolev—Morrey
space L% (S;Y™) of linear functionals isomorphically to the Sobolev-Morrey
space {u € Wg(S;Y) : u(to) = 0} of solutions for all Morrey exponents
0 < w < w:(G), where w.(G) > n depends on n, ¢, S, and G, only. The
solution depends smoothly on the coefficients A, b, bg, bp.

Note, that for w € (n,n + 2] the embedding and trace operators from
W (S;Y) into spaces of Holder continuous functions are completely contin-
uous. As a consequence, for n < w < @w,(G) all the results remain true if the
operator B contains unbounded lower-order coeflicients

be L5(S; LA (G%R™Y), by € Ly >(S;LA(G°)), bp € Ly~ (S; L*(I),

belonging to well-known Morrey spaces. Moreover, all the assertions can
be generalized to weakly coupled systems, that means, to problems with
principal parts & and A of diagonal structure and operators B containing
strongly coupled lower-order terms.

This allows to prove the unique solvability and regularity of second or-
der drift-diffusion problems with linear diffusion terms and nonlinear drift
terms which describe, for instance, transport processes of charged particles
in semiconductor heterostructures, chemotactical aggregation of biological
organisms in heterogeneous environments, or phase separation processes of
nonlocally interacting particles, see Gajewski, Skrypnik [4, 5, 6] and Griepen-
trog [11].

In these applications the drift coefficients b are proportional to the spatial
gradients Vv of interaction potentials v which are solutions to similar qua-
sistationary elliptic or parabolic subproblems having exactly the required
regularity Vv € LY (S; L?(G°;R™)). Hence, in the case n > 3 our approach
avoids artificial assumptions on the smoothness of the data which are in
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general necessary to prove that, for instance, Vo € L4(S; LP(G°;R™)) holds
true for some ¢ > 2, p > n satisfying 2/q+n/p < 1.

2. LOoCAL MODEL PROBLEM

Assuming that B = 0, we are looking for local estimates for solutions of
problem (1.1) restricted to families of time intervals I,.(t) = (t —r2,t) C S,
and concentric cubes Q,(x) = {y € R" : |y — x| < r} C G, regardless of
initial or boundary conditions. Here, ¢t € R and x € R" are fixed, and the
radius 0 < r < 1 varies in a certain range. Hence, if there is no fear of
misunderstanding we shortly write I, and Q,, respectively.

Our local model problem describes, for instance, a heat conduction process
during the time interval I, inside a cube ), which contains an inhomoge-
neous material. Its thermal properties are described by a nonsmooth heat
capacity coefficient a € L>°(Q,) which satisfies

e <essinfa(y), esssupa(y) <
yeQr yeQr

)

m | =

and a nonsmooth heat conduction coefficient A € L*®(I, x @Q,;S™) with
values in the set S™ of symmetric (n x n)-matrices satisfying

. 1
ellg® < essinf A(s,y)6 & esssup A(s,y)¢- €< = €]
(87y)617'><QT‘ (Svy)e[rXQ'r €

for all £ € R™ and some ellipticity constant 0 < ¢ < 1.

For the functional analytic formulation we choose Hilbert spaces Y, =
H}(Q,) and X, = HY(Q,). The space H, = L?*(Q,) is equipped with the
weighted scalar product defined by

(vlw)m, = / vwdA, for v, w € H,,
where A\ is the weighted Lebesgue measure defined as
A (92) = / ad\" for Lebesgue measurable subsets Q C Q.
Q

We consider the completely continuous embedding K, € £(X,; H,) of X,
in H,. Note that the restriction K,|Y; € £(Y;; H,) has a dense range K, [Y;]
in H,. In addition to that, we introduce &, : L?(I,; X,.) — L?(I,;Y,*) as the
linear operator associated with I, and E, = (K,|Y;)*Ju, K, € L(X,;Y).

The next three sections are dedicated to the local regularity properties of
functions v € W, (I,; X,,)NC(I,; H,) satisfying the homogeneous variational
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problem
/ (&) (8),w(s))y, ds + / AV(s) - Vw(s)d\" ds = 0, (2.1)
I I JQr

or the inhomogeneous variational problem
/ (&) (), w(s))y. ds + / / AVo(s) - Vu(s) dA" ds
I I JQr
— [ty s 22)

I

for all test functions w € L?(I,;Y;) and exterior heat sources f € L%(I,;Y,*).
3. CACCIOPPOLI INEQUALITIES AND LOCAL BOUNDEDNESS

Energy estimates. We start our regularity theory with the proof of the
local boundedness of solutions to the homogeneous problem (2.1). To do so,
we use the following energy estimates:

Lemma 3.1 (Caccioppoli inequalities). Let ¢ € C?(R) satisfy ', /" € BC(R)
and assume that 1"t € BC(R) is nonnegative. For all0 < § <r <1 and
every solution v € Wg, (I; X)) N C’(Ir; H,) of (2.1) the estimates

sup/ lu(s)]? dA™ < // (8)2 d\" ds, (3.1)
SEL; T_ Ir ™
// | Vu(s) |]2d)\”ds< // (5)[2 dA\" ds, (3.2)
[5 Q& _6 I r

hold true for the composition u = tov € L*(I; X,) N C(I; H,.).

Proof. 1. Let 0 < § < r <1 and 7 € I be fixed. Now, we choose a cut-off
function ¢ € C§°(R™) such that for all y € R™

2 - 0 lfyeRn\Qra
r—24 C(y)_{l if y € Qs,

and some cut-off function ¥ € C*°(R) such that for all s € R we have

0<((y) <1, V¢ <

0<d(s) <1, [#(s)] <

2 0 ifs<t—r?
1 ifs>t—46%
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2. Suppose that v € Wg, (I,; X,) N C(I,; H,) solves the variational equa-
tion (2.1). Because of (:?)” = 2(:"v + |//|?) € BC(R), the function

w=C X2 9 (P) ov e LI Y)
is an admissible test function for (2.1). The chain rule [12, Lemma B.1,

Eq. (B.1)] yields

/ (E50) (), w(s))y, ds

I

_ C2|u(7)|2ad)\”—2/T 29(s)9 (5)|u(s) |2 a dA™ ds
t—r2 J Q-

Qr
4
Z&/ u72d/\”—// u(s)|? d\" ds.
[ wnray - g [ )

3. In addition to that, a straight-forward calculation leads to
/ AVu(s) - Vw(s) d\" ds
. JQ,

=2 /T C29%(s) AVu(s) - Vu(s) d\" ds
t—r2 JQr

+2 /tT o C292(s) " (v(s))e(v(s)) AVu(s) - Vu(s) d\" ds

+4 / ’ 92(s) Cu(s) AVC - Vu(s) dA™ ds.
t—r2 Qr

Due to the nonnegativity of //+ € BC(R), Young’s inequality, and the posi-
tive definiteness of A this yields

/ AVu(s) - Vw(s) d\" ds

I?“ QT
> / C29%(s) AVu(s) - Vu(s) d\" ds
t—r2 JQ,
- 4/ 92(s)|u(s)|? AV - VCdA™ ds,
t77.2 Qr

and hence,

/ AVu(s) - Vw(s) d\" ds
L Q.
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>5/ /Hvu ||2d)\”ds— // (5)[* dA™ ds.
t—62 Q5 T_ I r

4. Summing up the results of the preceeding steps we arrive at

/\u(r>\2w+/ / Vu(s)|[2 A" ds
Qs t—62 JQs
< // (5)[*dA™ ds.
(r—29 I JQr

Because T € I was arbitrarily fixed at the begmnmg, we end up with the
inequalities (3.1) and (3.2). O

Remark 3.1. The function ¢ € C?(R) defined as +(z) = z for z € R, is an
admissible composition function in Lemma 3.1. Hence, the solution v itself
satisfies the Caccioppoli inequalities (3.1) and (3.2).

Local boundedness. To prove the local boundedness of solutions to the ho-
mogeneous problem (2.1) we use the Moser iteration technique, that means,
a recursive application of Caccioppoli inequalities to suitable powers of the
solution, see Moser [23, 24].

Theorem 3.2 (Local boundedness). Let the conver function + € C*(R) be
nonnegative on supp(t”) which is assumed to be compact in R. Then there
exists some constant ¢ = c¢(n,e) > 0, such that for all 0 < r <1 and every
solution v € Wg,_(I; X,) N C(I,; H,) of (2.1) the estimate

esssup  |u(s,y)* < c][ ][ (8)|2 d\" ds (3.3)
(Say)elr/2XQr/2 r

holds true for the composition u = tov € L*(I; X,) N C(I; Hy).

Proof. 1. Let @ € L?(I,; X,) N C(I,; H,) be given and set » = 1+ 2/n.
Then for all 0 < § < r <1 Holder’s inequality yields

/ / )2 dA™ ds
Is JQs
(n—2)/n x—1
< / < / a(s)y%/(”—?)dx”) ( / ya(s)FdA”) ds.
Is Qs Qs

Due to the Sobolev inequality we find a constant ¢; = ¢1(n) > 0 such that

(n—2)/n
(/ |w\2"/<“>dA”> <o / ('52 +|!un2>cw
Qs
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for all w € X5 = H'(Qs), which yields

/ / (5)[2* d\™ ds
Is JQs
<2<esssup/ |a( \zd)\"> // (s)|* dA\™ ds
o s€ls Qs 15 Qs
+c esssup/] (5)[*a\" // [Va(s)||* dA™ ds.
s€ls Qs 15

If o € L?(I; X,) N C(I,; H,) satisfies the Caccioppoli inequalities

sup/ [a(s)|? dA™ < // (5)[* dA™ ds,
s€ls Q_ I, 4

// | Vii(s) ||2d)\”ds< // (5)|2d\" ds
Is JQs *(e— 5 I,

for all 6, o > 0 with § <6 < o <r <1, then we obtain

// (5)[** dA™ ds
Is JQs
2 2 *
c1e%(0 — 90) / / 2 dxn
<l — .
< < 92052 —1—01) ( TEDE s)|ZdA\" ds

Dueto 0 < § <0 <o <7 <1and nx=n+2 we have
4(0 _ 5)2 < r2 < 4527 Q(n+2) < p2rtnt2 o (26)2;{4_”4_27

and we find some constant ¢y = ca(n,e) > 0 such that

52% x
)P dA" ds < / / )2d\vds | .
5n+2 / /Q§ | (Q 2;4 n+2 ] |

2. In the following we make use of this estimate for shrinking radii

T
T]g:*—kﬁ forkGN.

Obviously, for all kK € N we have

r

r
5 <Tht1 <7k <7, Tk =Tkl = Sa

2
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and, hence,

cory”
% < 4k, < c§+1 for all kK € N,
(re — Ti+1)

where c3 = c3(n,e) > 0 is some constant. Setting § = 711, 0 = ry for all
k € N this yields

— (s)[** d\" ds

Tk+1 "’k+1
|a(s)2dA"ds) . (34)

3. We construct a sequence of smooth functions approximating the convex
function ¢, € C(R) defined by t4(2) = |2|*" for z € R, k € N. To do so, for
k, £ € N we define nonnegative convex functions L?, LE, L%, Lfe € C(R) by

if z < @ if 2 <
L?(Z):{Ok if 2 <0, L%(z):{bk(Z)k ) if z </,

2 0 <z, Pl -0+ 07 i<z,

and
Oz = 127 if 2 <0, S(2) = SO )+ 0 i 2 < o,
00 if0<z T 2(2) if —0 <z

Let ¢ € C§°(R) be some nonnegative function which satisfies
supp(p) € (~11), [ pe)dz =1, p(-2)=p(z) forallz€R
R

Moreover, for £ € N we define ¢y, p7 € C5°(R) by
of (z) = Lo(lz — 1), 7 (2) =Llp(lz+1) for z €R.

For k, ¢ € N we consider convolutions o}, o, € C*°(R) given by

o(2) = /Rb%( — s)gy (s) ds, a,?g(z):/RL?f(z—s)cp?(s)ds for z € R.

By construction, for £ — oo and fixed k € N the sequences (0,2) and (ake@)
converge monotonously to L? and L?: For all k, / € N, and z € R we have

Ukz( z) < LM( z) < L?(z), KIEEOU%(Z) = [’?(z)a

U,?Z(z) < LM(Z) < L?(z), eliﬁngo U,?Z(z) = Lf(z).
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Both the nonnegative and convex functions vy = i, + ¢, € C(R) and
oo = o5y + opy € C°(R) approximate ¢ = ¢ + 1) € C(R) for fixed k € N:
For all k, ¢ € N, and z € R we have

F(2) = tp1(2),  orke(2) < ge(2) < g(2),  lm oge(z) = tp(2),

{—00
and o}, € C§°(R). Because of « € C%(R) and the compactness of supp(¢”)
in R We get oge ot € C%(R), (oge o) = (o}, 01) € BC(R), and
(ope0t)” = (ohp0t) " + (o, 0u)|/|> € BC(R) for all k, £ € N.
Due to our assumption ¢ is nonnegative on supp(s”). Together with the
monotonicity of oy on [0, 00) and the nonnegativity of +” and o}/, we obtain
that (oggot)” is nonnegative, too. Hence, for every k, £ € N the nonnegative

function ojp00 € C%(R) is an admissible composition function in Lemma 3.1,
that means, the compositions

U = oo vow € L3I, X,) N C(I; H,)

satisfy the Caccioppoli inequalities (3.1), (3.2). Consequently, from (3.4) it
follows that for all k, £ € N we have

2 n
Ugp(S d\" ds

rp1 Y @ryp iy
k+1< . / / luge(5) d)\”ds) . (3.5)

i+1

4. To prove that for all i € N we obtain higher integrability |u|*
L?(I,, ; H,.. ) together with the estimate

rivr Hrigy

e / / ()] A" ds
Z+1 Irz+1 Qr1+l
z+1< o) / / (s)> d)\”ds) ., (3.6)
I,

we proceed by induction: Due to the assumptions on ¢« € C%(R) the com-
position u = towv € L?(I,; X,) N C(I,; H,) satisfies the Caccioppoli in-
equalities. Hence, for i = 0 the result follows directly from (3.4). Next,
we suppose that (3.6) holds true for ¢ = k — 1. Because of (3.5) and

Uge = opeou < 1 ou = |u[* this yields the estimate
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— / / luge(s)|?* AN ds
Tkt1 Irj1 Qrygy
k+1< n+2/ / ‘2% dAndS>

Due to the monotonous convergence of (ox¢) to v and ¢ff = t441 we apply
Fatou’s lemma to the left-hand side and pass to the limit £ — oo. This
proves (3.6) for the case i = k.

5. Applying the estimates (3.6) for ¢ € {0,...,k — 1} recursively, we get

k

= (s)>" dA”d,s<cp’“(”)<n / / deA“ds)
+2/ /Q 2 1y Ja,

for all k € N, where we have introduced the polynomial

k-1
pe(2e) =) (k—i)s' for keN.
i=0
Because of the property
k-1 . k . )4
() = ) (k—i)= " = Zi%_z < =12 for all k € N,
% —_—
i=0 i=1

we find some constant ¢4 = ¢4(n,e) > 0 such that

( n+2/ / (s) d/\nd5> < rn+2/ / (s)|? d\" ds,

Finally, passing to the limit k¥ — oo we end up with

esssup  |u(s,y)| <C5][][ (5)[>d\" ds,
(Svy)elr/QXQr/Q I r

where ¢5 = ¢5(n,€) > 0 is some constant. O

Remark 3.2. Note that the function ¢ € C?(R), given by (z) = 2 for z € R,
is an admissible composition function in Theorem 3.2. Hence, the solution v
itself is locally bounded and satisfies (3.3).
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4. HARNACK-TYPE INEQUALITIES

To estimate the oscillation of solutions we need not only local boundedness
but also Harnack-type inequalities concerning level sets of nonnegative solu-
tions to the homogeneous problem (2.1), see Kruzhkov [19, 20] for the case
of constant heat capacity coefficients.

Let Q@ C R™ be open and w : © — R be some Lebesgue measurable
function. Then for every value z € R we introduce the level set

N (w, Q) ={y € Q:w(y) > z}.
Lemma 4.1 (Measure estimate). There exist constants 0 < Ki,ke,0 < 1

depending onn and €, only, such that for all0 < r <1 and every nonnegative
solution v € Wg, (I; X,) N C(Iy; Hy) of (2.1) which satisfies

1
F A (es),Qn)) ds = 5 @) (1)
the following pointwise estimate holds true:
1
A (No(v(7), Qrgr)) > 1 A (Qryr)  forall T € I, . (4.2)

Proof. 1. Let 0 < k1 < % be some constant. Assume, that for each s €
(t — 2t — k2r?) the inequality

1_ .2
N (N1(0(s), @) < 25 Ni(Qr)

holds true. Then by integration over I, we get the relation

2,2

/::1 A (Ni(v(s), Qr) ds+/

t—n%r

t
NN (0(3), Q) ds

t—n%'rZ 1 _ ﬁ% 1
< [T R N@ds Q) = 5 @)

2 1— k7

which is a contradiction to (4.1).
Therefore, we have proved that for every constant 0 < k1 < % there exists
some 11 € (t — 72t — k2r?) such that

1_ .2
N (N1 (0(71), Qr)) > 2 ,@% A (Qr). (4.3)

2. Let 0 < 6 < % be some constant which will be fixed later. We con-
struct a sequence of smooth functions approximating the nonnegative convex
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function ¢ € C(R) given by

—5—Ind if 2<0,
Wz)=q¢—In(z+60) if0<z<1-6,
0 if1—-0<z.

To do so, let ¢ € C§°(R) be some nonnegative function which satisfies

supp(y) C (—1,1), / p(2)dz=1, @(—2z)=¢(z) forall z€R.
R
For k € N we define ¢, € C§°(R) by
or(z) = kp(kz+1) for z € R,

and we introduce nonnegative convex functions ¢, € C*°(R) by
w(2) = / Wz —s)pr(s)ds for z e R, keN.
R
By construction, for k — oo the sequence () converges monotonously to .
Moreover, for all k € N we have ¢} € C§°(R) and
0 <u(z) <ilz) < lng forall z >0, «(z) =1(z)=0 forall z> 1.

Calculating the derivatives

/ __1 > _/Z Sok(s)
1(2) = 5/ vr(s)ds - 9)z+9—sds’

L”ZZ(,Dk;Z— 1—6 _|_/ (pki(s)ds,
=t [ B
and using Holder’s inequality, for all £ € N and z > 0 we obtain

(2 ’/ z+9—s“r
([ o) ([,

’ ¢i(s)
S/Z()(Z—f—e—s) ds ()

3. Let 0 < k1 < % and 0 < ko < 1 be given constants which will be fixed
later. We choose a cut-off function ¢ € C§°(R") such that for all y € R”

2 C(y):{oifye]R"\Qr,

0sc) =1 IVEWIl = =5 1 ify € Q-
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Furthermore, let 7'1 € (t —r%t—k2r?) and 7 € I, be fixed. Because

v, € C*°(R) and ¢} € C§°(R) holds true, for all k € N the function
Wy = C *X[r1,m] L;g ovE L2(Ir; Y;“)

is an admissible test function for (2.1). Using the chain rule [12, Lemma B.1,
Eq. (B.1)] for all kK € N we get

/I (&) (s), w5y s = /Q Culo(m) ¥ - /Q Cu(oln) X

4. Additionally, by a straight-forward calculation for all £ € N we obtain

[ [, 49t -Funioavas
/ / i (v(s))AV(s) - Vo(s) dA™ ds

™
+ 2/ CAVC( - V(1 0v)(s) dA\" ds.
T1 Qr

Applying the relation ¢} > |¢}|* on [0,00) and the positive definiteness of A,
for all kK € N we get

/ 0 AVu(s) - Vwg(s) dA\" ds
> /TQ/Q AV (1 0 0)(5) - V(i 0 v)(s) dA™ dis
n JQr
+ 2/72 Ve V(1 0 0)(s) dA" ds.
Hence, Young’s inequality yields some ccl)nsta;t c1 = ¢1(g,n) > 0 such that
/ AVu(s) - Vwg(s) dA\" ds

T2 T2
z;/ /C2||V(Lkov)(s)||2d)\"ds—cl/ / IVC|2 A" ds.
T1 Qr T1 r

5. Summing up the results of the preceeding steps and using the properties
of the cut-off functions we find some constant co = ca(e,n) > 0 such that for
all £ € N we have

2 d)\n 2 o Qd)\nd
| cuten il [ Emee e ads
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< 21 (v(T d)\Z—l—Ciz
- QTC (v(n)) K5 (1 — k2)?

Neglecting the second integral term on the left-hand side, we pass to the
limit £ — oo in the two remaining integrals: The monotone convergence of
(1) to ¢ on [0,00) yields

lim / Cup(v(m)) dN = / Cu(v(m)) dA?
k—o0

/QHQT\NB( (12), QHQT)

Aa(Qror). (4.4)

t(v(ma)) dAy.

Because v(m2) + 6 < 20 < 1 and, hence, ¢(v(72)) > Ing; > 0 hold true
Ar-almost everywhere on Qu,r \ No(v(72), Qryr), it follows

1

fim [ ) AN 2 (@ \ No(0(m). Q) gy (15)

Using the same argument as above, we get

lim/ o (v(m) d)\”—/ Cu(v(ry)) dA?

k—00

/ J(v(m)) AN,
QT\Nl (U(Tl)vQT‘)

Note, that A-almost everywhere on @, we have ¢(v(r1)) < In 4. This yields

lim / Cu(v(rr)) dNr < (NHQy) — A (N1 (v(m1), Qr))) ln%. (4.6)

k—o0 Q

Passing to the limit k£ — oo in (4.4) we use (4.5) und (4.6) to get

)‘Z (QHZT \ N@(U(TQ)a QKZT)) In ?19
1 Co

< ()\ZLL(QT) - )‘Z(Nl(v(Tl)v Qr‘))) In 5 + m )‘Z(ngr)'

In view of (4.3) for every 0 < k1 < % there exists some 71 € (t —r?,t — k3r?)
such that

1

N (Qﬁzr \ Ny(v(72), Qﬁzr)) In 20

1 co
Sm a(@r)Ing + —————
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Due to e < essinf, 5 a(y) and esssup . a(y) < 1/e we obtain

n
1_,{/2

3@ < (14 5t ) M@

which yields

AZ (Q@T \ NH(U(TQ)a Qngr)) <

C2

A (@rar)

K5 (1 = k2)?In o5

1 1— kY 1 In2
1 2 —+ — |\ .
7 — K2 ( * €2k ) (2 * 2111210) 2(@rar)

Here, we fix constants 0 < k1 < % and 0 < k9 < 1 such that

1 13\ 9
1+ <:
1— k3 e2KY 8

After that, we choose 0 < 0 < % such that both

In2 1 Co 1
Sy and <o
2lng; — 18 K5(1—k2)?Ing; — 8

Indeed, we have found three constants 0 < ki1, k2,0 < 1 depending on &
and n, only, such that for all 7 € I,;,, the estimate

3
)\Z (QKQT \ NG(U(72)7 QKQT)) < 1 )\Z(Qngr)
holds true, which proves the desired result. O
Theorem 4.2 (Harnack-type inequality). We find constants 0 < v < % and
0<k< % depending on n and e, only, such that for all 0 < r <1 and every
nonnegative solution v € Wg, (I; X,.) N C(I,; H,) of (2.1) satisfying

£ ). @0) ds > 5 @),

T

the following estimate holds true:

essinf  v(s,y) > . (4.7)
(S,y)elanQnr

Proof. 1. In view Lemma 4.1 and estimate (4.2) we find 0 < k1, k2,0 < 1
depending on ¢ and n, only, such that

AN (Np(0(7), Qrar)) = %W(Qw) forall 7 € I, (4.8)
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2. Let v > 0 be some constant with 2 < % which will be fixed later. We

take a sequence of smooth functions approximating the nonnegative convex
function ¢ € C(R) defined as

—,y%—hﬂ;’ if <0,
1(z) = —ln# if0<2z<6—+2,
0 if  — 42 < 2.

To that end, let ¢ € C§°(R) be some nonnegative function which satisfies

supp(¢) C (—1,1), /ch(z) dz=1, ¢(—2)=p(z) forall ze€R.

For k € N we define ¢y, € Cg°(R) by
or(z) = kp(kz+1) for z € R,
and we construct nonnegative convex functions ¢, € C*°(R) by
t(z) = / (z—s)pr(s)ds for ze R, keN.
R

By construction, for & — oo the sequence (1) converges monotonously to ¢.
Furthermore, for all £ € N we have ¢} € C5°(R) and

0 <u(z) <i(z) < lm%2 for all 2> 0, «(z)=1x(z) =0 forall z> 6.
Using the same arguments as in Step 2 of the proof of Lemma 4.1 we get
|1}, (2)? < (2) for all k € N and z > 0.

3. We choose some cut-off function ¢ € C§°(R™) such that for all y € R”
0 ifyeR"\Q,,
1 ify € Qryr.

Moreover, let 71 = t — k2r? and 75 € I, be fixed. Since 1, € C*®°(R) and
v} € C§°(R) holds true, for all k € N the function

wy = - X[ri,m] LoV € LZ(IT; Yr)

0<Cy) <1, Ve < (12) (ly) = {
K2 )T

is an admissible test function for (2.1). Following exactly the same arguments
as in Step 3 and 4 of the proof of Lemma 4.1, we get an estimate analogous
o (4.4): We obtain

2 n, €7 2 2 \n
| CuoEnai+y [© ] CIvGon@)Eards

< | Cuwr)dw+ -

Q W (L — rg)? 2o (Qrar)  (49)
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for some constant ¢; = ¢1(n,e) > 0.
Due to the fact that ¢x(z) < In % holds true for all z > 0 and k € N, we

estimate the first term of the right-hand side by

Cur(o(m)) dNL < A(Q)) In 2.
Qr Y

Neglecting the first term on the left-hand side of (4.9), this yields
30
/ / [V (e 0 0)(8)[|? N ds < cor™ In — (4.10)

for all k£ € N, where ¢z = c2(n,e) > 0 is some constant.
In view of (4.8) we apply a weighted version of the Poincaré inequality [12,
Lemma A.2, Eq. (A.1)] to find a constant ¢z = c3(e,n) > 0 such that

/Inlr /Cv?fcy"

2
d\" ds

w(u(s)) — ]{V O

< C3(H2T)2/ / |V (e 0 0)(5)||> A" ds.
INl'I‘ QHQT

Using the fact, that for all s € I,;,, we have v(s) > 6 and, hence, tx(v(s)) =0
A"-almost everywhere on Ng(v(s), Qx,r), the mean value in the integrand of
the left-hand side vanishes. Remembering (4.10) this yields some constant
¢4 = c4(n,€) > 0 such that

30

/ / |t (v(s)) |2 dN" ds < g™ In —- (4.11)

4. For every k € N the nonnegative convex function ¢, € C*°(R) satisfies
v} € Cg°(R). Due to Theorem 3.2 we find a constant ¢5 = c5(n,e) > 0 such
that for k£ = 1 min{r1, Ko} and all k € N we obtain the estimate

esssup  |us(v(s,y)))? < 65][ ][ |ui(v(s)) |2 AN ds.
(s)y)EIanqur Iokr 2KkT
Hence, applying (4.11) and using the monotone convergence of (i) to ¢ on
[0,00), we arrive at
2 30
esssup  [¢(v(s,y))]" < ceIn —, (4.12)
(S7y)€I)€T‘XQKT‘ v

where cg = cg(n,e) > 0 is some constant.
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In view of the properties of logarithmic and quadratic functions we fix
some constant v > 0 depending on n and €, only, such that

7% < min {3,92}, c6 (In360 — 1n'72) < (Inf —In~)2
Using (4.12) for all s € I, this yields

0 2 30 0\?
lni2 SCGlnﬁS In —
v(s) + 7y Y Y

A"-almost everywhere on Q- \ Ny_2 (v(s), Qur). Therefore, for all s € I,
we obtain v(s) > y—~% > 0 A"-almost everywhere on Qe \ Ny_-2(v(s), Qur)-
Note, that by definition for all s € I, we get v(s) > 6 —~2 > 0 A\"-almost
everywhere on Ny_.2(v(s), Qxr),

Finally, by setting v* = min {9 — 2,y - 72} we have got two constants
0<~v k< % depending on n and e, only, such that the desired estimate

essinf  v(s,y) >+*
(87y)eIN7><QK}T

holds true. U

5. CAMPANATO INEQUALITIES

Using both local boundedness and the Harnack-type inequality we prove the
De Giorgi-Moser-Nash inequality to estimate the oscillation of solutions.
The proofs use ideas of Troianiello [28] and Hong-Ming Yin [30].

Theorem 5.1 (De Giorgi-Moser—Nash inequality). There exist constants
0<v<1andc>0 depending on n and €, only, such that for all0 < § <
r <1 and every solution v € Wg,_(I; X,) N C(I; H,) of (2.1) the following
estimate holds true:

5 2v
esssup lv(s,y) —v(5,9)* <ec <> ][ ][ lu(s)|*d\"ds. (5.1)
(S,y)7(§7g)615/2XQ5/2 r I JQr

Proof. 1. Let 0 < ¢ < 5 be given and consider an essentially bounded
function v € Wg, (I,; X,) N C(I,; H,) which satisfies

/ ((Eov) (), w(s))y, ds + / AVu(s) - Vw(s)d\" ds =0 (5.2)
I, I, JQp
for all w € L?(1,;Y,). We define the bounds m., m* € R by

my = essinf o(s,y) < esssup w(s,y) =m". (5.3)
(5,9)EloxQ, (,9)€L1eXQp
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In the following step we prove that there exist constants 0 < v,k < %
depending on n, €, only, and M,, M* € R such that both
M, < essinf w(s,y) < esssup v(s,y) < M* (5.4)
(s7y)EIKQ><QKQ (S7y)eIKQ><QKQ
and
M* — M, < (1—7)(m" —my) (5.5)
holds true:

2. In the case my, = m™* the statement is obviously true. Hence, assume
that m, < m* and let z, € [m., m*] be the supremum of all z € [m,, m*]
which satisfy

F (e Qo vty <)) ds < 5 Q)

4

Introducing the level sets

Fi(s) = {y € Qo :v(s,y) < 2 — £},

F(s) = {y €Q,:vu(s,y) < z*},
for all s € I, and k € N we get Fj(s) C Fyi1(s) and U Fi(s) = F(s)
which yields

F Aur) ds = Jim  AHFL) ds < 5 NQ0),

o k—o00 Ig
In other words, we have

e Qi vlsy) < =) ds < 5 N@0) (56)

IQ
Analogously, introducing the level sets
Gi(s) ={y € Qo1 v(s,y) < 2 + 1},
G(s) = {y €Qp:vu(s,y) < z*},
for all s € I, and k € N we get Ggi1(s) C Gi(s) and N2, Gi(s) = G(s)
which yields

# G ds = Jim f N(Gu)ds = 5 AQ).

k—o0 Ig

Hence, we also get

£ Ay e Quiolony) > 2} ds < 5 Q) (5.7)

I,
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2.1. In the case m, < z, the nonnegative function
v—m _
v, = ——— € Wg,(1p; X,) N C(1,; Hy)

Zx — My

solves (5.2) as well as v. By construction, from (5.6) we get the estimate

F e Qoo = 1)) ds = S (@)

I,

Applying Theorem 4.2 there exist two constants 0 < v,k < % depending on
n and e, only, such that the Harnack-type inequality (4.7)

essinf  wv.(s,y) >
(5,9)€lkoX Qo

holds true. Hence, setting
M, =mu 4+ v(ze —ma) = 26 — (1 — ) (26 — M),

we get,
M, < essinf  v(s,y),
(8,9)€lkoXQre
which remains true in the case z, = m, due to (5.3).
2.2. Analogously to Step 2.1, in the case z, < m* the nonnegative function

. m*—w _
v :mEWEQ(IQ’XQ)ﬂC(IQ7HQ)

solves (5.2), too. From (5.7) we obtain

£ e Qi) = 1)) ds = 5 A0(Qu),

14
and Theorem 4.2 yields

essinf  v*(s,y) >,
(8:9)€1ko X Qre

where the constants 0 < v,k < % are the same as in Step 2.1. Therefore,
setting
M* =m" —y(m" = z.) = z. + (L =) (m" = 2),
we get
esssup  v(s,y) < M¥,
(5,9) €Lk X Qo

which remains true in the case z, = m* because of (5.3). Summing up the
results of Step 2.1 and 2.2 we have shown both (5.4) and (5.5).
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3. For 0 < o < 5 we define the oscillation of v with respect to I,, Q, by

o(p) = esssup lv(s,y) —v(8,79)|.
(sry)v(grg)GIQXQQ

A recursive application of (5.3), (5.4), and (5.5), see Step 1, to shrinking
radii o = %/#r yields

ofbir) < (1-7)of3) foralli €N

For every pair of radii 0 < § < r we choose i € N such that k' Tlr < § < klr.
In the case 0( ) > (0 we obtain

1 1 In(l- 0
an(%)—an(g)§1n1—7+(i+1)1n(1_7)Slnl—'er n(lnnw1 r

Setting v = =7 ¢ (0,1), we get

=20t

which holds true also in the trivial case 0(2) = 0. Hence, due to Remark 3.2
concerning the local boundedness of v, for all 0 < § < r <1 we end up with

2v
esssup lv(s,y) — v(s, )|2<c< > ][][ (5)]2 dA™ ds,
(S,?J),(@Q)EL;/QXQ(;/Q

where ¢ = ¢(n,e) > 0 is some constant. O

S
S

Campanato inequalities. Due to the De Giorgi-Moser—Nash inequality
we get the Campanato inequality for the spatial gradients of solutions to the
homogeneous problem (2.1).

Lemma 5.2 (Campanato inequality). There exist constants ¢ > 0 and @ €
(n,m + 2) depending on n and €, only, such that for all0 < 6 <r <1 and
every solution v € Wg, (I; X,,) N C(I,; H,) of (2.1) we have

// V(s sz/\”ds<c(> // Vu(s)||? dA™ ds.
Is / Qs 1, JQ,

Proof. 1. First, we consider the case 0 < J < 7. Setting

v—][ ][ v(s) dA\" ds,
I35 9 Q2s



MAXIMAL REGULARITY IN SOBOLEV-MORREY SPACES 1055

the difference v — v € Wg, (I,; X)) N C(I,; H,) satisfies (2.1) as well as v.
In view of the Caccioppoli inequality (3.2) and the local boundedness, see
Remark 3.1 and 3.2, this leads to the estimate

|Vo(s)||? d\" ds < // s) — o2 d\" ds
// 6262 Iz5 J Q25

<6 esssup  |u(s,y) — ),
(5,9)€l26 X Q2s
where ¢; = ¢1(n,e) > 0 is some constant. Due to the relation
essinf  w(s,y) <v < esssup  w(s,y),
(5,9)El25% Q25 (5,y)€l25 X Q2s
this yields
[ [ Ivesiavas s s o) - s aP 65)
15 Qs (5,9),(3,9)€I25 X Q25

2. Introducing the mean value

@:][][ v(s) d\" ds,
I r

again we make use of the fact, that v — ¥ satisfies (2.1) as well as v. We
apply the De Giorgi-Moser—Nash inequality (5.1) to the function

v—10 e Wg, (I; X,) N C(I; Hy)

to estimate its oscillation: We find two constants ¢co > 0 and 0 < v < 1
depending on n and ¢, only, such that for all 0 <6 < 7

2v
esssup lv(s,y) —v(5,9)* < ¢ <6) ][ ][ lv(s) — 0* dA™ ds.
(8 y) (é g)EIQS X Q25 r I r

Together with (5.8) for 0 < § < 7 we obtain

// |Vo(s)||? dA™ ds <() // s) — 0|2 dA" ds,
I§ Q5 I T

where w =n + 2v € (n,n + 2) and ¢ = c3(n,e) > 0 are constants. Hence,
using the Pomcare inequality, see [12, Theorem A.3], we find some constant
¢4 = c4(e,m) > 0 such that

// V(s ||2d)\"d3<04<> // Vo (s)||? d\" ds
ve () JCRICTY
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Since v € Wg, (I; X,,) N C(I,.; H,) satisfies the variational equation (2.1), for
all 0 < ¢ < 7 we arrive at the sought-for estimate

// V(s |2d)\”d8<05<> // Vo (s)||? dA™ ds,
15 Q6 I 3

where ¢5 = ¢5(e,n) > 0 is some constant. Obviously, a relation of this type
holds true in the case 7 < <, too. O

We conclude our local regularity theory with the Campanato inequality
for the spatial gradients of solutions to the inhomogeneous problem (2.2).
This estimate serves as the starting point of our global regularity theory for
second order parabolic boundary-value problems in Lipschitz domains with
nonsmooth coefficients and mixed boundary conditions in Sobolev—Morrey
spaces.

Theorem 5.3 (Campanato inequality). We find constants n < w < n + 2
and ¢ > 0 depending onn and €, only, such that for all0 < § < r <1, every
functional f € L?(1,;Y¥), and every solution w € Wg, (I,; X,) N C(I,; H,)
of the variational equation (2.2) we have

/15 /Q V)| ds
gc(i>w/h/rHVu(s)]2d/\"ds+c/IT 1F)2. ds. (5.9)

Proof. 1. Let ug € Wg,y,(I,;Y;) be the function which solves (2.2) and
satisfies ug(t — r2) = 0, see Theorem 1.1. Using w = ug as a test function
and having in mind the Sobolev—Friedrichs inequality

/ o ()2 A" < 47"2/ Vuo(s)|2dN" for s € I,
Qr Qr

we apply Young’s inequality to obtain the following estimate

. /I /Q o) ds < /Ir<f<s>,uO<s>>yr ds
<o [ W5 [ [ Ivuoeaas

where ¢; = ¢1(e,n) is some constant. Consequently, we get

9
// I Vuo(s)||? dA™ ds <61/Hf

3. ds. (5.10)
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2. Let u € Wg (I,;X,) N C(I; H,) be a solution of (2.2). Then the
difference v = v — ug € Wg,(I; X;;) N C(I,; H,) solves the homogeneous
problem (2.1). Due to Lemma 5.2 and v = u —up, for all 0 <6 <r <1 we
obtain the estimate

// [Vo(s)|[? dA" ds < ¢ (6> // Vo (s)||? d\" ds
Is JQs r I T

<20 (2) [ [ (9l + 9w 1?) o s

where @ € (n,n + 2) and ¢z > 0 are two constants depending on n and e.
In view of u = up + v and estimate (5.10) this yields the existence of some
constant ¢z = c3(n,e) > 0 such that the desired inequality holds true. O

6. GLOBAL REGULARITY FOR A MODEL PROBLEM

Let S = (to,t1) be a bounded open interval, G C R"™ a regular set, and
0 < & < 1 some constant. To formulate our model problem we consider the
following type of parabolic operators.

Definition 6.1 (Parabolic operator). 1. The pair of leading coefficients
(a, A) is called e-definite with respect to S and G° if a € L*>°(G°) fulfills

1

e <essinfa(y), esssupa(y) < -

yeG° yeG®° €

and A € L>®(S x G°;S™) satisfies the ellipticity condition

. 1
ell€l* < essinf A(s,y)€ €, esssup A(s,y)€- €< — |||
(s,y)ESXG® (s,y)ESXGe €

)

for all £ € R™. Here S™ is the set of symmetric (n x n)-matrices.

2. Let the pair (a, A) of leading coefficients be e-definite with respect
to S and G°. Consider the operator E € L(H(G); H Y(G)) associated
with a and introduce its time-dependent counterpart & : L%(S; H}(G)) —
L*(S; H71(@)) as usual by (€u)(s) = Eu(s) foru € L*(S; H}(G)) and s € S.
Moreover, for u, w € L?(S; H}(G)) we define the bounded linear operator
A L(S; Hy(G)) — L*(S; H-H(G)) by

(Au, w) 285186y = / / AVu(s) - Vw(s) d\" ds.
SJG
3. We define the parabolic operator
P:{ue Wg(S; Hi(G)) : u(ty) =0} — L*(S; H1(Q)),
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associated with the maps € and A, by setting
Pu = (Eu) +Au  for u € Wg(S; HY(G)) with u(ty) = 0.
We formulate the model problem to find a solution u € Wg(S; H} (G)) of
Pu=f e L*S;HQ)), u(ty)=0. (6.1)

Applying Theorem 1.1 the operator P is an isomorphism between the
Hilbert spaces {u € Wg(S; Hj(G)) : u(ty) = 0} and L*(S; H '(G)): For
every f € L?(S; H 1(Q)) the initial-value problem (6.1) admits a uniquely
determined solution u € Wg(S; H}(G)). This section is dedicated to the
maximal regularity properties of the parabolic operator P. To that end we
introduce the concept of admissibility for regular sets G C R":

Definition 6.2 (Admissible sets). Let € € (0,1], G C R™ be a regular set
and F' C R™ be a regular subset of G.

1. We denote by w:(F,G) € [0,n + 2] the supremum of all w € [0,n + 2]
such that for every w € [0,w), all bounded open intervals S = (to, 1), every
functional f € L§(S; H1(G)), and all coefficients (a, A) being e-definite
with respect to S and G°, for the solution u € Wg(S; Hi(G)) to the model
problem (6.1) the estimate

1Rs pullg s oy < 1 (1 g s + lellwpsiaon)

holds true, where ¢; > 0 is some constant which depends on n, €, w, S, G,
and F, only. In the case F' = G we set w.(G) = w:(G, G).

2. The set F' is called admissible with respect to the set G, if and only if
we(F,G) > nforalle € (0,1]. We call G admissible, if and only if @.(G) > n
for all e € (0,1].

Theorem 6.1. If G C R" is admissible, then for every 0 < w < @.(G)
the restriction P, of the parabolic operator P associated with the coefficients
(a, A) being e-definite with respect to S = (to,t1) and G° is a linear isomor-
phism from {u € Wg(S; Hy(G)) : u(to) = 0} onto L5 (S; H(G)).

Proof. Let G C R"™ be admissible and 0 < w < @:(G) be some given
parameter. In view of the above definition, for every f € L§(S; H 1(G)) the
solution u € Wg(S; H}(GQ)) of problem (6.1) belongs to L% (S; H}(G)) and
satisfies the estimate

lull Ly (s;m3(ay) < €1 (HfHL‘Q“(S;H*l(G)) + HUHWE(S;H(}(G))) ; (6.2)

where ¢; > 0 is some constant depending on n, ¢, w, S, and G, only. Us-
ing [12, Remark 3.2, Theorem 5.6] this yields Au € L§(S; H 1(G)) and,
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hence, maximal regularity (Eu) = f — Au € L§(S; H '(G)) with a norm
estimate

1(&w) | Ly (551 < €2 (Hflng(s;H—l(G)) + HUHWE(S;H(%(G))) ,  (6.3)

where co > 0 is some constant depending on n, ¢, w, .S, and G, only.

Since the operator P~! maps L?(S; H~(G)) continuously into the space
Wg(S; H(G)), see Theorem 1.1, and LY (S; H1(G)) is continuously em-
bedded into L?(S; H~1(G)), the above estimates (6.2) and (6.3) leads to

Hﬂ)_lfHWg(s;Hl(Go)) <3|\ fllpgesim-1(qy for all f € LS (S; HH(@)),

where ¢3 = c3(n,e,w, S, G) > 0 is some constant.

From the theory of functions spaces LY (S; H~(G)), see [12, Theorem 5.6,
it follows that the restriction P, of the parabolic operator P is a bounded
linear operator from {u € Wg(S; Hj(G)) : u(to) = 0} into Lg(S; H1(G)).
Combining both results, we have proved the isomorphism property. O

Remark 6.1. We want to emphasize that for admissible sets G C R"™ in
the case n < w < @.(G) the solution u = P~1f € £5+%(S; L*(G°)) is Holder
continuous in time and space up to the boundary, see [12, Theorem 3.4,
Theorem 6.8]. Hence, the aim of this section is to prove the admissibility of
all regular sets G C R"™.

Invariance principles for admissible sets. In the following we prove
that the concept of admissibility is invariant with respect to localization,
transformation and reflection.

Lemma 6.2 (Localization). Let G C R™ be a regular set and {Uy,...,Upn},
{Vi, ..., Vi} two open coverings of G such that for everyi € {1,...,m} the
inclusion V; C U; holds true, and V; NG s admissible with respect to U; NG.
Then the set G is admissible.

Proof. 1.Let e € (0,1] and take a smooth partition {x1,..., xm} C C°(R™)
of unity subordinate to the open covering {Vi,...,V;,} of G. We choose
some ¢ > 0 such that Qs(x) C V; holds true for every x € supp(y;) and
i€ {l,...,m}. Since V; NG is admissible with respect to U; N G we choose
w € (n,n + 2] satisfying

w<w(VinG,U;NG) forallie{l,...,m}.

2. Let the coefficients (a, A) be e-definite with respect to S and G°. For
every i € {1,...,m} we define the restriction a; € L>®(U; N G°), the asso-
ciated operator E; € L(H}(U; N G); HY(U; N G)), and the bounded linear
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map A; : L2(S; HY(U; N G)) — L2(S; H-1(U; N G)) by
(Aiv, w) 25,11 (U:nG) = / / AVu(s) - Vw(s) d\" ds
S JU,NG

for v, w € L*(S; HY(U; N G)).
3. Let w € (0,w] be fixed. For every functional f € L§(S; H (G)), the
corresponding solution u € Wg(S; H(G)) of the problem

(Eu) + Au=f, wu(ty) =0,
and every ¢ € {1,...,m} we define the function
u; = Rsv,na(xiu) € W, (S; Hy(U; N G))
and the functional fy; € L*(S; H-Y(U; N G)) by

(foir w) 25,13 (UnG)) = /s/ - u(s)AVx; - Vw(s) dA" ds

- // w(s)AVu(s) - Vx; d\" ds
S JUNG

for w € L*(S; HY(U; N G)). Using [12, Lemma 6.2, Lemma 6.3] we obtain
((€5ui)" + Aiui — foi, w) p2(s;mwinay) = (EW)' + Au, Zsa(Xiw)) 12511 ()
= (f, Zs,a(xiw)) L2(s:m1 (@)
for all w € L?(S; H}(U; N G)). Thus, setting
fi= foi+ fri fui=Lsuina(af) € L2(S;H (U N G)),

for every i € {1,...,m} the function u; € Wg,(S; H}(U; N G)) solves the
localized problem

(&iw) 4+ Aiu; = fi,  ui(to) = 0. (6.4)

4. Due to the continuous embedding of Wg(S; H} (GQ)) in L3(S; L*(G®)),
see [12, Theorem 3.4, Theorem 6.8], we get

[uAV ;|| € L3(S; L*(G®)), —AVu-Vy; € L*(S; L*(G?)),

see [12, Remark 3.2]. Using [12, Theorem 5.6] for ;1 = min{w, 2} we obtain
foi € LE(S; HY(U; N G)), and we find some constant ¢; > 0 depending on
g, GG, and the above partition of unity such that

1 foill L (s;-1vingy) < e llullwys;maay  foralli e {1,... m}.
Due to [12, Lemma 5.2, Lemma 5.3] we get f1; € L5(S; H*(U; N G)) and

[ frilles.m-1winay) < 2 1 fllssa-1qy) foralli € {l,...,m},
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where the constant co > 0 depends on the partition of unity.

In view of the admissibility of V; N G with respect to U; N G there exists
some constant ¢z > 0 depending on n, €, i, S, G, the coverings {Uy, ..., Up},
{Vi,...,Vin}, and the partition of unity, only, such that for every i €
{1,...,m} the solution u; € Wg,(S; H}(U; N G)) to the localized prob-
lem (6.4) satisfies the estimate

1Rs el suamyviney < s (1 s + lullwaesmey) -
In view of [12, Remark 3.3] we arrive at
m m
u = inu = Z Zs.qui € LY(S; HY(G))
i=1 j=1
together with the estimate
llull Lo (513 () < 4 (HfHLg‘(S;H*l(G)) + ||u||WE(s;H5(G))) :

where ¢4 > 0 is some constant depending on n, €, u, S, G, d, the partition
of unity, and the coverings {Uy,...,Upn}, {V1,..., Vin}.

5. We complete the proof using iterative arguments: Since Step 4 and [12,
Theorem 5.6] yields

(eu)' = f — Au € LL(S; H™H(G)),

and the embedding of Wi (S; Hi(G)) into 2‘2‘+2(S; L?(G®)) is continuous,
see [12, Theorem 6.8], there exists some constant cs, ¢g > 0 depending on n,
e, i, S, G, the partition of unity, and {Uy,...,Up}, {V1,..., Vin} such that

il siamgen < o (1 lg s ey + Iullwpssnon ) -

lullgp2(s.p2(gey) < 6 (HfHLg(S;H*l(G)) + HU||WE(S;H5(G))) :

Using [12, Theorem 3.4] for p = min{w,4} and every i € {1,...,m} we
obtain

luAVxi|l € LE(S;LA(G®)), —AVu- Vi € Ly7*(8; L2(G°)).

Applying [12, Theorem 5.6] we get fo; € L5(S; H-1(U; N G)) for every i €
{1,...,m} together with a constant ¢; > 0 depending on n, ¢, u, S, G, the
partition of unity, and {Uy,...,Upn}, {V4,..., V;n} such that

Vfoill g suar—rwiney < er (I lgesan—s ey + lullwpsaamon ) -
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Using [12, Lemma 5.2, Lemma 5.3] we see that fi; € LY(S; H-1(U; N G))
and

1 frill e (ssm-1wingy) < esllfllesia-1qy foralli € {1,...,m},

where cg > 0 depends on the partition of unity. Asin Step 4 the admissibility
of V; N G with respect to U; N G yields u € LY(S; H}(G)) and

lull L (s;m2 (@) < €0 (”f”Lé‘(S;H*WG)) + ||U”WE(S;H3(G))) ;

where cg > 0 is some constant depending on n, ¢, u, S, G, 4, the partition
of unity, and the coverings {Uy,...,Un}, {Vi,...,Vin}. Repeating these
arguments, after a finite number of analogous steps we arrive at u = w,
which proves the admissibility of G. O

Lemma 6.3 (Transformation). Let F' C G C R" be two regular sets and T
some Lipschitz transformation from an open neighborhood of G into R™.
Then Fy, = T[F| is admissible with respect to G, = T|G|, if and only if F is
admissible with respect to G.

Proof. 1. Let L > 1 be a Lipschitz constant of T and e, € (0,1]. We
consider coefficients (a., Ax) being e,-definite with respect to S and G3 and
the map F, € L(H(G.); H 1(G,)) associated with a,. Moreover, we define
the bounded linear map A, : L2(S; H}(G.)) — L*(S; H 1(G.)) by

(A, ) 25,013 (G)) = / AV, (s) - Vs (s) N ds

S JGx
for vy, w, € L?(S; HY(G.)).
Due to the properties of the Jacobi matrix DT and its determinant JT

the pair (a, A) of transformed coefficients

a=|JT| Teas, A=|JT|-((DT)"H*(T.A.)(DT)™,

is e-definite with respect to S and G° with ¢ = 5*/L”+2. We introduce the
operator E € L(H(G); H™Y(G)) associated with a and the bounded linear
map A : L?(S; H} (G)) — L*(S; H-Y(Q)) by

(Av, w) 12(5.11(G)) = /S/GAVU(S) -Vw(s)d\" ds

for v, w € L?(S; H}(G)). Due to the chain rule and the change of variable
formula we have both &, = T*E€T, and A, = T*AT,.

2. Suppose that F' is admissible with respect to G and fix the parameter
0 < w < @.(F,G). For every functional f* € L§(S; H !(G.)) the problem

(8*U*)I +-A>ku* - f*7 u*(tO) = 07
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admits a uniquely determined solution u, € Wg,(S; H}(G4)). Using the
invariance of the Morrey spaces with respect to Lipschitz transformations,
see [12, Lemma 5.4, Lemma 6.4], the functions u = T.u, € Wg(S; H}(G))
and f € L§(S; H1(Q)) defined by T*f = f* satisfy
<(8u)/ —+ AU, T*w*>L2(S';H3(G)) = <‘J’*(8{I*u*)/ + ‘J'*AT*U*, w*>L2(S;H(}(G*))

= <(8*u*)/ + Ay, w*>L2(S;H6(G*))

= (i Tw) 2(simy )
for all w, € L*(S;H}(G4)). Applying [12, Lemma 4.4] we obtain, that
u = Tuux € Wg(S; H(G)) solves the transformed problem

(Eu) + Au=f, wu(ty) =0.

3. Due to the admissibility of F' with respect to G we find some constant
c1 > 0 depending on n, €, w, S, F, GG such that

1Rs pul g sim oy < e (11l -1y + Ielwigcsmga) -

In view of the invariance of the Morrey spaces with respect to Lipschitz
transformations, see [12, Lemma 4.4, Lemma 5.4, Lemma 6.4], we end up
with the estimate

|Rs, 7wl Ly ;11 (o)) < 2 (Hf*||Lg(s;H—1(G*)) + HU*HWE*(S;HOI(G*))) :

where the constant co > 0 depending on n, €, w, T', S, F', G. This proves the
admissibility of Fy with respect to G.. The proof of the inverse statement
can be done in the same manner. O

Lemma 6.4 (Reflection). If Q, is admissible with respect to Q for some
0 < o <1, then Q) and Q, are admissible with respect to QF and Q~,
respectively.

Proof. 1. Let 0 < e < 1. We consider coefficients (a~, A™) being e-definite
with respect to S and Q= and the map E~ € L(HF(Q7); H Q7)) as-
sociated with a~. Furthermore, we define the bounded linear map A~
L2(8; Hy(Q™)) — L2(S; H™H(Q™)) by

(A7u™ w™) 20511 (0)) // A"Vov(s) - Vw™ (s)d\"ds

for u=, w™ € L?(S; HH(Q)).
The pair (a, A) of reflected coefficients

a=Rta™, A=RTA",



1064 JENS A. GRIEPENTROG

is e-definite with respect to S and Q. Let E € L(H}(Q); H Y(Q)) be
associated with a and the bounded linear operator A : L?(S; H}(Q)) —
L*(S; H1(Q)) defined as

(Av, w) r2(s:m3 Q) = /S /Q AVu(s) - Vw(s) dA" ds

for v, w € L*(S; H}(Q)). Note, that the properties of the reflection ensure
both the relations ER™ = R7E™ and AR™ =R~ A"

2. Assume that @, is admissible with respect to @) for some p € (0,
let 0 < w < @:(Q,, Q) be fixed. For every functional f~ € Ly (S; H !
the problem

1] and
(@)
(Eu ) +Au =f, u (to) =0,
has a uniquely determined solution u~ € Wg-(S; H}(Q7)). In view of
the invariance of the Morrey spaces with respect to antireflection, see [12,
Lemma 5.5, Lemma 6.5], the function u = R™u~ € Wg(S; H}(Q)) and the

functional f = R~ f~ € L% (S; H1(Q)) satisfy the identity
((€w)" + Au,w) 25,11 () = ((ERTWT) + AR U™, w) 12(5.11(Q))
= <R7(87U7)/ + Ri./qi’ui, w>L2(S;H%(Q))
= <:R7f77 w>L2(S;H01(Q))

for all w € L%(S; HY(Q)). Thus, u = R u~ € Wg(S; H}(Q)) solves the
reflected problem
(u) +Au=f, wu(ty) =0.
3. The admissibility of ), with respect to ) yields some constant ¢; > 0
depending on n, €, w, o, S such that

1Rs,Q.ull Ly (s:51(q,)) < (HfHL‘é’(S;H*l(Q)) + HUHWE(S;H(%(Q))> -

Consequently, the invariance of the Morrey spaces LY (S; H~1(Q7)) under
antireflection, see [12, Lemma 4.5, Lemma 5.5, Lemma 6.5], leads to the
estimate

1Rs,0;u e (ssm1 gy < €2 (”f7||Lg(s;H—1(Q—)) + HU7HWE,(S;H5(Q—))> ;

where the constant cy > 0 depends on n, €, w, ¢, and S. This yields the
admissibility of @, with respect to ~. Analogously, we prove that Q‘Q" is
admissible with respect to Q. O
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Admissibility of regular sets. To prove the admissibility of all regular
sets G C R", we begin with the unit cube @ and the half-cubes Q*, Q~,
and Q*. In a first step we show that the cube @, is admissible with respect
to the unit cube @ for every 0 < o < 1. We use the Campanato inequality
for the spatial gradient of solutions on concentric cubes, see Theorem 5.3.

Lemma 6.5. For 0 < p <1 the cube Q, is admissible with respect to Q.

Proof. 1. Let ¢ € (0, 1]. We consider coefficients (a, A) which are e-definite
with respect to S and Q, the operator E € L(H}(Q); H 1(Q)) associated
with a, and the bounded linear map A : L*(S; H}(Q)) — L*(S; H1(Q))
defined by

(Av, w)r25,m1(q) :/S/QAVU(S)'VUJ(S) d\" ds

for v, w € L*(S; H}(Q)). Let u € Wg(S; H(Q)) be the solution of the
problem
(Eu) + Au=f, wu(ty) =0,

where f € L?(S; H1(Q)) is some given functional.

We define e-definite coefficients (a, Ag) with respect to Sy = (to — 1,t1)
and @ by setting
A(s,y) if (s,y) € S x Q,
(0i5) otherwise,

Ap(s,y) = {
and extensions ug € Wg(So; H3(Q)), fo € L?(So; H1(Q)) by
uo(s) = {U(S) oes, Jo(s) = {f(S) foe s,

0 otherwise, 0 otherwise.
Then ug € Wg(So; Hi (Q)) solves the extended problem
(Eouo)" + Aouo = fo, u(to—1)=0,

where the operator &y : L?(So; HE(Q)) — L*(So; HY(Q)) is associated
with Sy and E € L(H(Q); H1(Q)), and the bounded linear map Ag :
12(S0; HY(Q)) — L2(Sot H-1(Q)) is defined by

(Aov, w) £2(50:11(Q)) = /S /QAOVU(S) -Vw(s)d\" ds
0
for v, w € L*(So; HL(Q)).

2. In the next steps we make use of the local regularity properties of
up € Wg(So; Hi(Q)): Let 0 < o < 1 be given. We fix t € S, z € Q,
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arbitrarily, and we consider radii 0 < § < 1 — o. Furthermore, we introduce

the operator €5 : L2(Is(t); HY(Qs(x))) — L*(Is(t); H 1 (Qs(x))) associated
with I5(t) and E5 € L(HY(Qs(z)); H 1 (Qs(z))) which is defined by

(Esv, W) f1.(Qs(x)) = /Q ( )avw d\" for v e HY(Qs(x)), w € HY(Qs(x)).
s(x

Then for all t € S, z € Q,, and 0 < § < 1 — p the restriction
v =Ry, 0,05 00 € Wiy (Is(t); H (Qs(x))) N C(I5(t); L*(Qs(2)))

of ug satisfies the localized variational equation

/ ((E5v) (5), w(s)>H&(Q6(m)) ds + / / AoVo(s) - Vw(s) d\" ds
I5(t) I5(t) / Qs(x)

=/ (LQs(x) fo(8)s w($)) g1(Qs () 45
Is(t)
for all w € L*(I5(t); H3(Qs(x))).

3. Using the Campanato inequality (5.9), see Theorem 5.3, we find con-

stants @ € (n,n + 2] and ¢; > 0 depending on n and ¢, only, such that for
allt e S,z € Qp,and 0 <6 <r <1—p we have

(5 w
/ / Vo (s) |2 dA" ds < e () / / Vo (s)|? A" ds
lé(t) Qé(x) r Ir(t) Qr(x)

T /I ol

Let w € [0,@) be fixed and f € L§(S; H1(Q)). For all t € S, z € Q,, and
0<d<r<1-pweobtain

/ / [Vuo(s)||* dA™ ds
I5(t) J Qs ()

a\* / / 2 2
<c |- Vug(s)||*dN" ds + c17[f]Fw(c. 17— )
(3) N R\ U B s

Note, that the integral on the left-hand side is a nonnegative and nondecreas-
ing function of the radius 0 < § <1 — p. Hence, forall0 < <r <1—p
the application of an elementary inequality yields

// [ Vuo(s)||* dA™ ds
I5(t) /Qs(x)
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<CQ<> /1 / )HVUO( ? ™ ds + c26” [ f1Fs 5.1y (6:5)

where the constant ca > 0 depends on n, ¢, w, @, g, see Giaquinta [7, 8|.
After specifying r = 1 — o and dividing by §“ we take the supremum over
all0 <6 <1—p,te S, and z € Q, to estimate the Morrey seminorm

[||V5RS,QQU||]3;«2v(s;L2(Qg)) <c3 <||VU(3)|\%2(S;L2(Q;Rn)) + [ﬂ%;’(é‘;H*WQ))) )

where c3 > 0 depends on n, €, w, @, g, only.
4. Applying the Poincaré inequality to v = Ry;),0,(x)%0, see [12, Theo-
rem A.3], forallt €S, 2 € Q,, and 0 < § <1 — p we get

/ / v(s —][ ][ T)d\" dt
L; Q5 15 Qé

ScéZ/ (/ Vu(s)||2d\" + || Lo, ) (Esv )ds,
O o s Vo (s)]| 1L () (E60) ()11 (2))

where ¢4 = c4(n,e) > 0. Since the restriction v = Ry ).0,(z)t0 solves
the localized variational equation, see Step 2, we find some constant c5 =
cs(e,m) > 0 such that

/ / e ][ ][ )\ dr
I(; Q5 16 Q(S

< esd” /Is(t) (/Qm) IVuo()I* X" + ”LQé(“)fo(S)”%—l(cza(xw) o

holds true for all t € S, v € Q,, and 0 < 6 < 1 — p. Remembering esti-
mate (6.5) for r = 1 — p this yields

/ / uo(s —][ ][ T)d\" dt
I5(t) Y Qs(z Is(t)J Qs(z

cedW T2 n
SML/Q|’VU(3)||2dA dS+C65w+2[f}%§(S;H’1(Q))’

where the constant cg > 0 depends on n, €, w, @, o, only. After applying
the minimal property of the integral mean value to the left-hand side and
dividing by 672 we take the supremum over all 0 < 6 <1 —p, t € S, and
x € (), to obtain an estimate of the Campanato seminorm

2
d\" ds

2
d\" ds

2
d\" ds

[Rs.0,ulgw2 (5,120, < O (||V“(S)||i2(s;L2(Q;Rn)) +1f E;(S;H*l(@)) )
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where ¢; > 0 depends on n, €, w, @, g, only.

5. Using [12, Theorem 3.4] and the estimates for the seminorms of Rg g, u,
see Step 3 and 4, we find some constant cg > 0 depending on n, €, w, @, o,
only, such that

1Rs.@,ullzs st @ < es (Ifllzs sy + lullzzsiman ) -
Consequently, @, is admissible with respect to ) for every 0 < p < 1. O
Lemma 6.6. The unit cube QQ is admissible.

Proof. Since Q is a regular set, we find an atlas {(T1,Uh), ..., (Tm,Un)}
for @, see [12, Lemma 4.2], and radii 0 < ¢’ < ¢ < 1 such that the systems
{V{,...,;V)} and {V1,...,V,,} defined by

Vi=T7'Qy], Vi=T7'Q,] forie{l,...,m},

are open coverings of ). Using Lemma, 6.5 the cube Q@ is admissible with
respect to Q,. Applying Lemma 6.4 the half-cube Q; is admissible with

respect to Q, . Lemma 6.3 yields the admissibility of VN @ with respect to
ViNnQ for every i € {1,...,m}. Due to Lemma 6.2 the result follows. d

Lemma 6.7. The half-cubes Q1, Q~ and QF are admissible sets.

Proof. Because of Lemma 6.4 and 6.6 both the half-cubes QT and Q~ are
admissible. Note, that there exists a Lipschitz transformation from R™ onto
R™ which maps Q1 onto QF, see Griepentrog, Hoppner, Kaiser, Rehberg
[9, 13]. Hence, Lemma 6.3 yields the admissibility of Q<. O

Theorem 6.8 (Maximal regularity). For every regular set G C R™ there
exists some parameter W.(G) € (n,n + 2| such that for every 0 < w < w.(G)
the restriction P, of the parabolic operator P associated with the coefficients
(a, A) being e-definite with respect to S = (to,t1) and G° is a linear isomor-
phism from {u € Wg(S; H}(G)) : u(to) =0} onto L (S; HH(G)).

Proof. Since G is regular, we find an atlas {(Tl, U1), ..., (T, Um)} for G,
see [12, Lemma 4.2], and ¢ € (0, 1) such that the system {V1,...,V;,} defined
by
Vi =T,Q, foric{l,....,m},

is an open covering of the closure G. Applying Lemma 6.7, all the half-
cubes Qg, @, , and Q;t are admissible sets. Using Lemma 6.6 the cube
Q, is admissible, too. Hence, Lemma 6.3 yields the admissibility of the
intersection V; NG for every i € {1,...,m}. Due to Lemma 6.2 we arrive at
the admissibility of the set G. In view of Theorem 6.1 this yields the desired
isomorphism property for P,,. O
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Remark 6.2. Let S = (tg,t;) be some bounded open interval. Due the
above result for every 0 < w < @.(G) we find some constant ¢; > 0 depending
on ¢, n, w, G, and S such that for all coefficients (a, A) being e-definite
with respect to S and G°, and every f € L§(S; H !(G)) the solution u €
Wg(S; H}(G)) of problem (6.1) satisfies the estimate

lullwe s,y < il fllegs;m-1(6))- (6.6)

We fix some ¢; € S and consider the subinterval S; = (¢g,¢1) of S. In the
following we show that estimate (6.6) remains true with the same constant
c1 > 0 when both the solution v and the functional f are restricted to
up € W¥(S1; HY(G)) and f1 € LY (S1; H-Y(G)), respectively. To do so, we
introduce the interval Sy = (t1 + to — tg,t1) which contains S; and has the
same length than S. We introduce e-definite coefficients (a, Ag) with respect
to Sp and G° by setting

A(s,y) if (s,y) € S1 x G°,
(0i5) otherwise,

A0(87y) - {
and define extensions uy € W¥(So; Hi (G)), fo € L§(So; HY(G)) by
uo(s) = {u(s) it s € 5y, fols) = {f(s) it s € 5y,

0 otherwise, 0 otherwise.

Then ug € W¥(So; Hi(G)) solves the extended problem
(Eou())/ + Aoug = fo, u(t() + 1t — tg) =0,

and satisfies estimate (6.6) with the same constant ¢; > 0. Because of
the construction of the extensions and the definition of the norm in the
corresponding Morrey spaces we obtain the desired estimate

lullwe sy @y = l1vollwe (s @)

< aillfolly (so;-1(c)) = il fill e (sym-1(@))-

7. MAXIMAL REGULARITY FOR PROBLEMS WITH LOWER-ORDER TERMS

In this section we conclude with isomorphism properties of second order lin-
ear parabolic operators with lower-order terms. Suppose that ¢ € (0,1],
G C R" is a regular set, and I' = OG denotes its Lipschitz boundary.
Throughout this section we assume that the parabolic operator P is associ-
ated with the pair of leading coefficients (a, A) being e-definite with respect
to some bounded open interval S = (o, t7) and G°.
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Bounded lower-order coefficients. In order to generalize the isomor-
phism result for P, see Theorem 6.8, we consider bounded linear operators
generated by lower-order terms:

Definition 7.1. Given a set of lower-order coeflicients
be LS x G%R™), byge L>®(SxG°), bpelL>®(SxT),
we define the bounded linear map B : L?(S; H}(G)) — L?(S; H-Y(G)) by

(Bu, w) 25,11 (q)) = /S/G (u(s)b- Vw(s) + bou(s)w(s)) dA" ds

+//prpu(s)pr(s) dAr ds
SJT

for u, w € L*(S; H}(Q)).

Using Theorem 1.1 the operator P + B is a linear isomorphism from
{u € Wg(S;HJ(G)) : u(ty) = 0} onto L*(S;H Y(G)): For every f €
L%(S; H}(@G)) the initial-value problem

Pu+Bu=f, wu(ty) =0, (7.1)

admits a uniquely determined solution u € Wg(S; H}(G)). We show that the
isomorphism property between the corresponding Sobolev—Morrey spaces
carries over from P to P + B:

Lemma 7.1 (Continuity). For every w € [0,n + 2| the restriction B,
of B to {u € WE(S;H}(G)) : u(to) = 0} is a bounded linear map into
Lg(S; H™H(@)).

Proof. The embedding from W¥(S; H}(G)) into £572(S; L?(G°)) and the
trace map from W(S; H}(G)) into £571(S; L?(T)) are continuous, see [12,
Theorem 6.8, Theorem 6.11]. Due to [12, Remark 3.2, Remark 3.5] and [12,

Theorem 3.4, Theorem 3.6, Theorem 5.6] the continuity of the map B,, from
{ue Wg(S; H}(G)) : u(ty) = 0} into L§(S; H(G)) follows. O

Theorem 7.2 (Maximal regularity). Let 0 < w < w.(G) be given. For every
pair (a, A) of leading coefficients being e-definite with respect to S and G°
and all lower-order coefficients

be L¥(S x G%R™), bye L¥(S x G°), bpe L(S xT),

P+ By, is a linear isomorphism from {u € Wi (S; Hj(G)) : u(to) =0} onto
15(5; H-(G)).



MAXIMAL REGULARITY IN SOBOLEV-MORREY SPACES 1071

Proof. 1. First, we prove the surjectivity of P,+B,: Let f € LY (S; H Y(G))
be given and u € Wg(S; Hi(G)) be the unique solution of problem (7.1).
Consequently, u € Wg(S; H} (GQ)) solves the model problem

Pu=(Eu) + Au= f —Bu, wu(ty) =0.

Due to [12, Theorem 6.8, Theorem 6.11] we know that both the embedding
operator from Wg(S; H}(G)) into £2(S; L?(G°)) and the trace map from
Wg(S; Hi(G)) into £3(S; L*(T')) are bounded. Using [12, Theorem 3.4, The-
orem 3.6] we get u € L3(S; L*(G®)) and Kgru € L3(S; L*(T")). Applying [12,
Theorem 5.6] for 4 = min{w,2} we obtain f — Bu € L4(S; H 1(G)), which
leads to u € Wh(S; H}(G)), see Theorem 6.8.

We apply a bootstrap argument: The embedding from W (S; H}(@Q))
into 25”(5; L*(G°)) and the trace map from W(S; H}(G)) into the space
2’5“(5; L3(T')) are continuous, see [12, Theorem 6.8, Theorem 6.11]. Us-
ing [12, Theorem 3.4, Theorem 3.6] for p = min{w,4} we obtain u €
LK (S; L2(G°)) and Kgru € LY (S; LA(T)). Therefore, by [12, Theorem 5.6]
and Theorem 6.8 this yields f—Bu € L5(S; H~Y(G)) and u € Wh(S; HL(G)).
After a finite number of analogous steps we arrive at ;1 = w which yields the
surjectivity of P, + B,,.

2. In view of Lemma 7.1 the operator By, is a bounded linear map from the
space {u € W¥(S; H}(G)) : u(ty) = 0} into L§(S; H'(G)). By definition
the same holds true for P, and, therefore, for the sum P, + B, too. The
unique solvability of the problem (7.1), and the surjectivity, see Step 1,
yields that the operator P, + B, maps {u € Wg(S; H}(G)) : u(to) = 0}
onto LY (S; H1(G)). Therefore, by the Inverse Mapping Theorem it is a
linear isomorphism between these spaces. ]

Theorem 7.3 (Continuous dependence). Let € € (0,1] and 0 < w < @.(Q)
be given constants. Then for every pair (a,A) of leading coefficients being
e-definite with respect to S and G° and all lower-order coefficients

be L®(S x G°R™), bye L(S x G°), bpreL®(SxT),

the assignment (A,b,by,br) — (P + B)~! is a continuous map from the
metric space of admissible coefficients equipped with the metric d defined by

d((A7b7 bo,br), (A7ba bO7QF)) = HA _A”L‘X’(SXGO;S”) + ”b _QHL‘X’(SXGO;R")
+ 1160 = boll oo (sx ey + 1br = brll oo (51

into the Banach space L(LY(S; H™HG)); W¥(S; HY(Q))) of solution maps
corresponding to problem (7.1).
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Proof. We consider the operators P, B, P, and B associated with the sets
(a, A,b,bo,br), (a,A,b,by,br) of admissible coefficients, respectively. Using
the same arguments as in the proof of Lemma 7.1 for all u € W¥(S; H}(G))
we obtain

[Pu+ Bu — Pu — Bul g (s,m-1(0))
< c1d((A, b, bo, br), (4,0, by, bp)) [ullwe(s,mi ey, (7-2)

where ¢; = ¢1(n,e,w,S,G) > 0 is some constant. Therefore, for every fixed
set (A,b,by,br) of admissible coeffcients we find some constant 6 > 0 such
that for all admissible coefficients (A, b, by, br) which satisfy

d((A,b,bo,br), (A,b, by, br)) <0, (7.3)
the following relation holds true
2[[(2+ B) Mewgwi) |1P+B =P —B) |l ey < 1.
Using the identities

P+B=P+B)(I-(P+B) ' (P+B-P-B)),
(P+B) ' —(P+B)'=(P+B)(P+B-P-B)(P+B),

for all admissible coefficients (A, b, by, br) which satisfy (7.3) the above esti-
mates and the von Neumann expansion leads to

1P+ B) leswe) <212+ B) Mo we)

and, consequently,

(P + 3)_1 —(P+ @)‘1”5@5;%’)
<2@+B) gy 12+ B~ P = Bllewgg)-

Applying (7.2) we end up with the desired estimate

(P + 3)_1 —(P+ @)‘1”5@5;%’)
S QCld((A7 b) bOv bF)? (A7b7 bO’bF)) ||(2+@)_1H%(L;}7Wg)

for all admissible coefficients (A, b, by, br) which satisfy (7.3). O
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Unbounded lower-order coefficients. It turns out that for the most
interesting range of parameters n < w < @w.(G) the above results for the
parabolic operator P 4+ B remain true under weaker assumptions on the
lower-order coefficients. Corresponding to [12, Theorem 5.6] it is sufficient
to suppose that

be L§(S;LA(G%R™), bo € LyT*(S;L3(G®)), br € Ly (S5 LA(T)).
Lemma 7.4 (Complete continuity). For every w € (n,n+ 2| the restriction
B, of B to {u € W (S; Hy(G)) : u(to) = 0} is a completely continuous map
into L (S; HY(@Q)).

Proof. Let w € (n,n + 2] be fixed and take o € (n,w). Then the embed-
ding from W¥(S; H} (G)) into £572(S; L2(G®)) and the trace map X from
W (S; HY(G)) into £511(S; L2(T)) are completely continuous, see [12, The-
orem 6.9, Theorem 6.12]. Following [12, Remark 3.2, Remark 3.5] and [12,
Theorem 3.4, Theorem 3.6, Theorem 5.6] this yields that the operator B,
is a completely continuous map from {u € W¥(S; H}(G)) : u(to) = 0} into
LY (S; HH(@Q)). O

Theorem 7.5 (Maximal regularity). Let ¢ € (0,1] and n < w < @-(G) be
given constants. For every pair (a, A) of leading coefficients being e-definite
with respect to S and G° and all lower-order coefficients

be Ly(S; L*(G%R™), by € Ly >(S; L*(G)), br € Ly~'(S; L*(I)),

P+ By, is a linear isomorphism from {u € Wi (S; Hj(G)) : u(to) =0} onto
LY(S; H1(G)).
Proof. 1. Let n < w < w.(G) be given. Since P,, is an isomorphism between
{u e Wg(S; Hi(G)) : u(ty) =0} and L§(S; H'(G)), see Theorem 6.8, and
B, is completely continuous from {u € Wg(S; H}(G)) : u(tg) = 0} into
LY (S; H1(G)), see Lemma 7.4, the sum P, + B,, is a Fredholm operator of
index zero between these spaces. Hence, it suffices to prove the injectivity
of the linear operator P, + B,,.

2. Suppose, that u € W¥(S; H}(G)) is a solution of the homogeneous
initial-value problem

Pu+Bu=0, wu(ty)=0. (7.4)

For fixed t; € S we consider the subinterval S; = (to,t1) of S, the restriction
up € W¥(S1; HY (G)) of u and the restriction f1 € L§(S1; H Y(G)) of Bu €
L% (S; H1(G)). Due to Remark 6.2 we get

lutllwe s;m2@y < allfillysia-1@)): (7.5)
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where the constant ¢; > 0 may depend on S but not on t1. To estimate the
right-hand side of (7.5) we use [12, Theorem 6.8, Theorem 6.11] and [12,
Remark 3.2, Remark 3.5, Theorem 5.6] to find a constant ca = c2(n,G) > 0
such that

1f1llLy (si;m-1(6) < c2esllurllc@ro@): (7.6)
where cg > 0 is given by

C% = HbH%g(S;L%GO;R”)) + HbOHi‘;*Q(S;LQ(GO)) + HbFHi;*I(S;LQ(F))'

To estimate the left-hand side of (7.5) we consider the interval Sy =
(t1 + to — tg, t1) which contains S; and has the same length than S, and we
define the zero extension ug € W¥(So; HY(G)) by

{u(s) it s € 5y,

up(s) =
o(s) 0 otherwise.

In view of the continuity of the embedding from W¥(Sp; H}(G)) into the
Holder space C%(Sp; C(G)) for a = (w —n)/4, see [12, Theorem 3.4, The-
orem 6.8], and the definition of the norms in the corresponding Morrey and
Hoélder spaces, the above construction yields

lurllcos@mo@) < luollcos@re@)
< C3||U0||Wg(SO;H3(G)) = C3|\U1||Wg(sl;H3(G)),
where the constant c¢3 > 0 may depend on S but not on ¢;. Together
with (7.5) and (7.6) this leads to the key estimate
lrllcoosrie@y < cllmllesmoe) (7.7)

where the constant ¢4 = c1coc3es > 0 does not depend on #7.
3. Because t; € S was arbitrarily fixed at the beginning we may choose

ty =to+ E(tg —to) forke{l,...,0},
where ¢ € N, £ > 1 is large enough to satisfy the condition
264(254 — to)a < £, (78)
Furthermore, for &k € {1,...,¢} we introduce the intervals Sy = (tx—1,%)
and the restrictions uy, € W (Sk; H} (Q)) of u € WE(S; HY (G)).
We prove that for every k € {1,...,¢—1} from u(tx_1) = 0 it follows that

u(s) = 0 for all s € Sg. To do so, we proceed by induction: Starting from
k =1 and using (7.7), condition (7.8) ensures that for all s € S; we have

[[u(s) — U(tO)HC(é) <(s— to)“Hcho,a@c@) < %”Ul“c(ﬁ;c(é))'
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Since u(tp) = 0 this leads to u(s) = 0 for all s € 5.
Assuming that u(tx—1) = 0 holds true for some k € {1,...,/ — 1}, we
apply (7.7) and (7.8) to u, € W¥(Sk; HH(GQ)) to get

lu(s) = ulti-Dllo@) < (5 = te-1)llurllcos @) < zlurlosgom)

for all s € Si. Therefore, u(tx_1) = 0 yields u(s) = 0 for all s € Sj.

Hence, we have proved, that « = 0 is the unique solution of the homoge-
neous problem (7.4) in the space W(S; H}(G)). Following Step 1, the linear
operator P, + B, is an injective Fredholm operator of index zero and, con-
sequently, a linear isomorphism between {u € W (S; Hj(G)) : u(tyg) = 0}
and LY (S; H1(Q)). O

Theorem 7.6 (Continuous dependence). Let € € (0,1] and n < w < @-(Q)
be given constants. Then, for every pair (a,A) of leading coefficients being
e-definite with respect to S and G° and all lower-order coefficients

be LY (S;L* (G R™)), by € Ly7*(S;L*(G®)),  br € Ly~ (S; L*(I)),
the assignment (A,b,by,br) — (P + B)~! is a continuous map from the
metric space of admissible coefficients equipped with the metric d defined by

d((A7 b7 bUa bl“), (A) bu b07bf))

= [|[A = Al Lo (sxgesn) + b — bl Ly (s:22(Gorn))
+ ||bo - QOHLg_Q(S;L?(GO)) + HbF - QFHL;_l(S;L?(F))’
into the Banach space L(LY(S; H™H(G)); WE(S; HY(Q))) of solution maps
corresponding to problem (7.1).

Proof. Consider the maps P, B, P, and B that are associated with the sets
(a, A,b,bo,br) and (a, A,b,by, br) of admissible coefficients, respectively. By
the same arguments as in the proof of Lemma 7.4 for all u € W¥(S; H}(G))
we get,

[Pu+ Bu — Pu — Bul zy(s.m-1(0))
S Cld((A7 b7 b07 bF)) (A) ba bO7QF)) HUHWE(S,H&(G))v

where ¢; = ¢1(n,e,w,S,G) > 0 is some constant. Hence, for every fixed set
(A,b,by, by) of admissible coefficients there exists a constant § > 0 such that
for all admissible coefficients (A, b, by, br) which satisfy

d((A7b7 vabF)7 (A7b7 b07QF)) <9, (79)
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the relation
2[|(2 + 2)71HL(L5;W;§)”:P +B -2 —B)|lgwyzy) <1

holds true. Now we repeat exactly the same arguments as in the proof of
Theorem 7.3 to get the estimate

I(P+B)" = (2+ 2)‘1”5@;;%)
< 2c1d((A, b,bo, br), (A, 5,9, br)) |2+ B) "7 o)
for all admissible coefficients (A4, b, by, br) which satisfy (7.9). O

Remark 7.1. All the results can be generalized to weakly coupled systems,
that means, to problems with principal parts € and A of diagonal structure
and operators B containing strongly coupled lower-order terms.

Remark 7.2. One problem left open is the continuous dependence of the
solution u € W¥(S; Hi(G)) to problem (7.1) on the e-definite capacity co-
efficient a. Since the space W (S; Hj(G)) depends highly sensitive on that
coefficient, a result in the spirit of Theorem 7.6 cannot be true in general.
Nevertheless, it would be interesting to know whether the quantity

[(Eu)" — (@)IHLg(S;Hfl(G)) + [Ju — MHL;(S;H&(G))

can be estimated in terms of ||f — flrw(s;1-1(c)) and the modified distance

d((aa A7 ba b07 bl“); (Q7 Av b7 b[)a QI‘))
= |la = allLeo (o) + [|A = Al Lo (sxcogsny + (10— bl Ly (s:02(Go R
+ ||b0 - Q(J”Lg—Q(s;]ﬂ(Go)) + HbF - QFHL;J—l(s;LZ(F))v
defined for admissible coefficients (a, 4,b,bo, br), (a, A, b, by, br). Here, u €
Wg(S; Hy(G)) and u € Wg(S; Hy(G)) are solutions to the problems
(&u) + Au+Bu = f € I§(S; HY(G)), ulto) =0,
(ew) +Au+Bu— f € L(S:H (@), ulto) = 0.
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