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Local existence, uniqueness and smooth dependence for nonsmooth
quasilinear parabolic problems

JENS ANDRE GRIEPENTROG AND LUTZ RECKE

Abstract. We prove local existence, uniqueness, Holder regularity in space and time, and smooth depen-
dence in Holder spaces for a general class of quasilinear parabolic initial boundary value problems with
nonsmooth data. As a result the gap between low smoothness of the data, which is typical for many applica-
tions, and high smoothness of the solutions, which is necessary for the applicability of differential calculus
to abstract formulations of the initial boundary value problems, has been closed. The theory works for any
space dimension, and the nonlinearities in the equations as well as in the boundary conditions are allowed to
be nonlocal and to have any growth. The main tools are new maximal regularity results (Griepentrog in Adv
Differ Equ 12:781-840, 1031-1078, 2007) in Sobolev—Morrey spaces for linear parabolic initial boundary
value problems with nonsmooth data, linearization techniques and the Implicit Function Theorem.

1. Introduction

This paper concerns initial boundary value problems for quasilinear second order
parabolic equations in divergence form with nonsmooth data and for weakly cou-
pled systems of such equations. Here nonsmooth data means that the domain can be
nonsmooth (but has to be a set with Lipschitz boundary), that the coefficients of the
equations and the boundary conditions may be discontinuous with respect to the space
and time variables (but have to be smooth with respect to the unknown function u),
and that the boundary conditions can change type (mixed boundary conditions, where
the Dirichlet and the Neumann boundary parts can touch). The coefficients in the
equations as well as in the boundary conditions may be local or nonlocal functions
of u, they can have any growth with respect to u, and the space dimension can be
arbitrary. Typical applications are transport processes of charged particles in semicon-
ductor heterostructures, phase separation processes of nonlocally interacting particles,
chemotactic aggregation in heterogeneous environments as well as optimal control by
means of quasilinear elliptic and parabolic PDEs with nonsmooth data.

Main results: The main results are Theorem 4.1 about regularity and smooth
dependence, Theorem 4.2 about local in time existence, Theorem 4.3 about uniqueness
and Theorem 4.5 about Holder continuity of the first time derivative of the solution.
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Here regularity and smooth dependence means that the solutions are Holder contin-
uous in space and time and depend smoothly on the data in parabolic Holder space
norms over the space—time cylinder. So the door is open to apply the powerful the-
orems of differential calculus (principle of linearized stability, analytic bifurcation
theory, existence and persistence of smooth invariant manifolds, enabling a reduction
of the study of the long-time dynamics to finite dimensions) to those initial boundary
value problems. In particular, Theorem 4.1 shows how to apply the classical Newton
iteration procedure with quadratic convergence rate in parabolic Holder space norms.

Remark that here in the introduction we formulate the results in the language of
Holder spaces, which is satisfactory for most of the applications. But it turns out that
the proofs cannot be done by working in Holder spaces or in Sobolev spaces because
the linearized diffential operators do not have the maximal regularity property between
such spaces in the case of general nonsmooth data and arbitrary space dimension.

Main techniques: We work in parabolic Sobolev—Morrey—Campanato spaces. Those
spaces for functions are known (but much less used than Sobolev spaces) since 40
years, but for functionals almost unknown and not used. Concerning the delicate
questions about embedding theorems, traces on Lipschitz hypersurfaces and behavior
under Lipschitz transformations and pointwise multiplication, which appear necessar-
ily in the analysis, there existed only a few results, and those mainly under unrealistic
high smoothness assumptions on the data. In [19] a general theory was developed for
parabolic Sobolev—Morrey—Campanato spaces on domains with Lipschitz boundary
and Lipschitz hypersurfaces as well for functions as for functionals. In [20] it was
shown that a general class of linear second order parabolic differential operators has
the maximal regularity property between such spaces. Now, in the present paper we
show that these maximal regularity properties together with linearization techniques
and the Implicit Function Theorem give local existence, uniqueness, regularity and
smooth dependence for a general class of quasilinear parabolic initial boundary value
problems with nonsmooth data.

Remark that the authors together with GROGER realized the same program for quasi-
linear elliptic boundary value problems with nonsmooth data: applications of differen-
tial calculus to nonlinear problems [23] via maximal regularity in Sobolev—Morrey—
Campanato spaces for linear problems [18] after investigation of the needed properties
of the spaces [17,22].

Related work: Let us close this introduction by some remarks concerning the so far
existing literature about quasilinear parabolic initial boundary value problems.

As far as we know up to now there did not exist any results about smoothness (at
least continuous differentiability) of the data-to-solution-map for quasilinear parabolic
initial boundary value problems with nonsmooth data.

What concerns local existence, uniqueness and continuous dependence for quasi-
linear parabolic initial boundary value problems, we learned a lot from the work of
AMANN [2-6]. There the main tool is maximal L? regularity of the corresponding
linear operators. The smoothness assumptions on the data are slightly, but, from the
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point of view of applications, essentially stronger than ours: the leading order coeffi-
cients of the elliptic differential operator have to be continuous in space and time, and
the Dirichlet and Neumann boundary parts in the mixed boundary conditions are not
allowed to touch. On the other hand, AMANN’s assumptions on the possibly nonlocal
coefficient functions are weaker than ours: he includes time delay, we do not. Remark
that [3, Theorem 4.1] gives Gateaux differentialbility of the data-to-solution-map on
Fréchet spaces of coefficient functions, which is a first step to smoothness.

What concerns nonsmoothness of the data, the assumptions in [10,24,25] for local
existence and uniqueness for quasilinear parabolic initial boundary value problems
are as weak as ours. In particular, some domains, which are not Lipschitz domains in
the commonly used sense (like two crossing three-dimensional cuboids) are allowed
as well as nonlinear Robin or Neumann boundary conditions. Further, in [10,24,
25] as well as in our paper the concept of GROGER’s regular sets, see [21], is used,
which enables to handle mixed boundary value problems with touching Dirichlet and
Neumann boundary parts. In [10,24,25] the assumptions concerning the space dimen-
sion (they suppose n < 3) and the allowed discontinuities in the leading order coeffi-
cients are slightly more restrictive than ours (we suppose only L in space and time),
but general enough for most applications.

The idea, to use maximal regularity properties together with linearization techniques
and the Implicit Function Theorem in order to get solution regularity is known in the
case of problems with sufficiently smooth data, see, for instance [8,11,12]. Also, in
the case of problems with sufficiently smooth data there exist proofs of local existence
results for nonlinear parabolic problems using classical (see [27]) as well as hard (see
[26]) Implicit Function Theorems.

What concerns strongly coupled systems with nonsmooth data, it is known that
Holder regularity of the solutions cannot be expected in the case n > 3, in general.
Similarly, it turns out that one cannot expect smooth dependence in the case of non-
smooth data, in general, if the equations contain terms which are not affine with
respect to the spatial gradient of the solution. Therefore we consider only equations
and boundary conditions, which are affine with respect to the spatial gradient. For
equations, which are nonlinear with respect to the spatial gradient, even the question
of uniqueness is much more difficult, see, for instance [1,14-16].

Organization of the paper: In Sect. 2 we introduce some notation and results about
parabolic Sobolev—Morrey—Campanato spaces, mainly summarizing results from [19].
Further, we introduce the nonlinear operators which are needed for the rigorous state-
ment of the abstract quasilinear parabolic problem (2.7).

Section 3 is devoted to the formulation and the proof of a maximal regular-
ity result for abstract linear parabolic problems with nonsmooth data in Sobolev—
Morrey—Campanato spaces. There we use results from [20] and generalize them (from
scalar equations to weakly coupled systems and from local to nonlocal operators).

In Sect. 4, we formulate and prove our main results concerning abstract quasilinear
parabolic problems. There we use the maximal regularity result from Sect. 3.



344 J. A. GRIEPENTROG AND L. RECKE J. Evol. Equ.

Finally, in Sect. 5 we present classes of nonlinear differential operators, defined
in the domain or on the Neumann boundary part, which lead to abstract quasilinear
parabolic problems of the type considered in Sect. 4.

2. Notation and setting

Let us introduce some notation. Throughout this text we assume S = (o, 1) to be
a bounded open interval in R. For r > 0 we define the set of subintervals

S,z{Sﬂ(t—rz,t):teS}.

The symbol | | is used for both the absolute value and the maximum norm in R". We
denote by

0r(x)={5 eR": 1§ —x| <r}

the open cube with center x € R” and radius r > 0. For subsets ¥ of R" we write
Y°,Y and 3Y for the topological interior, the closure, and the boundary of Y, respec-
tively. For r > 0 and subsets ¥ C R" we use the corresponding calligraphic letter to
introduce the set

Vr={¥YNnor(y):yerj

of intersections. Let A" be the n-dimensional Lebesgue measure on the o-algebra of
Lebesgue measurable subsets of R”.

2.1. Parabolic Morrey—Campanato spaces

Let X C R" be some bounded open set. The following definition goes back to DA
PRATO [9] and CAMPANATO [7]: for w € [0, n 4 2] the Morrey space LS (S; LZ(X))
consists of all u € L%(S; L?(X)) such that

(]2 0 . 120y, = SUP sup r‘“//lu(s)|2dk"ds
Ly&:L2x0) r>0 (1,Y)eS, x X, 1Jy

remains finite. The norm of u € L5 (S; L?(X)) is defined by

2 _ 2 2
lelzg siz200) = 1lias 200y T 1Ly 52000

Let HO1 (X) € H C H'(X) be some closed subspace equipped with the usual scalar
product of H'(X). For @ € [0, n + 2] we introduce the Sobolev—Morrey space

LY(S; H) = {u € L*(S; H) 1 u € LY(S; L*(X)), |Vu| € LY(S; LZ(X))},
and we define the norm of u € LS (S; H) by

2 2 2
||u||L%>(S;H) = ”u”L‘ﬁ’(S;LZ(X)) + ”|VM|HL§(S;L2(X))'
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Note that the spaces L5 (S L?(X)) are usually denoted by L%“(S x X). Apart from
these, later on we use further Morrey-type function spaces. Hence, we have decided
to use a different but integrated naming scheme. The set L°°(S x X) of bounded
measurable functions is a space of multipliers for L5 (S; L3(X)).

Analogously, we consider function spaces on Lipschitz hypersurfaces in R”. Here,
a subset M of R" is called Lipschitz hypersurface in R" if for each point x € M there
exist a neighborhood U of x and a Lipschitz transformation & from U onto the cube
01(0) suchthat o[U N M]={y e R": |y| < 1, y, =0} and ®(x) = 0.

Let M be a compact Lipschitz hypersurface in R" and Ay the (n — 1)-dimen-
sional Lebesgue measure on the o -algebra £, of Lebesgue measurable subsets of M,
see [13]. For x € [0, n + 1] and relatively open subsets K of M we define the Morrey
space L% (S; L*(K)) as the set of all u € L(S; L*(K)) such that

wl?, > = sup sup r*”//|u(s)|2d)»Mds
Ly (S:L5(K)) r>0 (I,1)eS, xIK, 1JUr

remains finite, and we introduce the norm of u € L5 (S; L%(K)) by

2 _ 2 2
el 5. 2k00) = N2 gs; 2y + 0520k
The set L(S x K) is a space of multipliers for L% (S; L?(K)).

2.2. Regular sets

For our investigations on global regularity we use a notion of regular sets G C R",
which is equivalent to the version introduced by GROGER, see [21]. Being the natural
generalization of sets with Lipschitz boundary it allows the proper functional ana-
Iytic description of elliptic and parabolic problems with mixed boundary conditions
in nonsmooth domains. For x € R" and r > 0 we introduce the halfcubes

0, () ={6 eR": |§ —x| <7, —x, <0},

Qj(x) = {";: eER" | —x| <71, & —xy SO},

QF(x)={t € Qf(x): & —x1 >00r& —x, <0}.
A bounded set G C R”" is called regular if for each x € G we find some neighbor-
hood U of x in R” and a Lipschitz transformation ® from U onto Q1(0) such that
®[U N G] € {07 (0). 0F (0). 0 (0)} and (x) = 0.

From now on throughout the paper we fix a regular set G C R” and we use its

representation as a disjoint union

G=XUTl with X=G° and T =G\ X. 2.1
2.3. Parabolic Sobolev—Morrey—Campanato spaces of functionals
We define function spaces associated with relatively open subsets Y of the regular
set G C R". By H(} (Y) we denote the closure of
CY) ={ulY®:u e CFMR"), suppw) N (Y \Y) =}
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in the space H L(y®), and we write H~1(Y) for the dual space of Hé (Y). In particular,
HO1 (G) is the subspace of the classical Sobolev space H L(X) of all functions which
vanish on 3G \ T in the sense of traces. That is why dG \ T and I" usually are called
Dirichlet and Neumann boundary parts of G. Especially, if I" is empty, that means
G = X, then the just introduced notation coincides with the classical notation HOl (G)
of all H'(X)-functions which vanish on dG in the sense of traces, and if ' = 3G,
which means G = X, then HOl (G) = H'(X).

Let I C R be an open subinterval of S. If Zg : Hj(Y) — Hj(G) is the zero
extension map, then we define Zg ¢ : L*(I: HOI(Y)) — L%(S; HO1 (G)) by

Zgu(s) ifsel,

foru € L>(I; HL (Y)).
0 otherwise, 0

(Zs,cu)(s) = H

Note that Zg ¢ is a linear isometry from L3(I; H(} (Y)) into L2(S; Hé (G)).

In the same spirit as the well-established Morrey spaces of functions, in [19] we
have constructed a new scale of Sobolev—Morrey spaces of functionals as subspaces
of L2(S; H~1(G)).

To localize a functional f € L2(S; H~!(G)) we define the assignment f +— Ls g f
from L2(S; H~1(G))into L2(1; H~'(Y)) asthe adjoint operator to the zero extension
map Zs.G : L2(I; HO1 (Y)) — L%(S; H(} (G)):

(Lryf w>L2([;H(}(y)) =(f, ZS,GU)>L2(5;H(}(G)) for w € L2(1§ H(; ¥)).

Here and in what follows we denote, as usual, by (, ) dual pairings. Using the isometric
property of Zgs g, we get

ILry fllzas -y < W le2es;n-1Gy forall f e L(S; H™H(G)).

For w € [0, n + 2] we define the Sobolev—Morrey space L% (S; H —1(G)) as the set
of all elements f € L%(S; H~'(G)) for which

[f]zm e = sup sup fw/ll(ﬁl,yf)(S)||2 “1(yy ds
LySHZG) 00 (1,Y)eS, Gy I H=M)

has a finite value. We introduce the norm of f € L§(S; H -1G)) by

2 _ 2 2
”f”L%’(S;H_I(G)) - ”f”LZ(S;H_l(G)) + [f]L(é)(S;H_](G))'

The assignment (g, go, gr) — Y(g, go, gr) defined by

(‘Il(gvg()’ gr), (p>L2(S;HO'(G))=// g(s)'Vgo(s)dA”ds
SJX

+//go(s)<p(s)dknds
SJX

+//gr(s)go(s)d)»p ds (2.2)
SJT
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for ¢ € L3(S; HOl (G)), generates a linear continuous operator

W LY(S; L2(X; R") x LYT2(S; L2(X) x LY™1(S; LA(D)) — LY(S; H-1(G)),
(g, 8o, gr) — ¥(g, 8o, &r),
(2.3)

and its norm depends on n and G, only, see [19, Theorem 5.6].

2.4. Parabolic Sobolev—Morrey—Campanato spaces of functions

Based upon the preceeding definitions, in [19] we have constructed new function
classes suitable for the regularity theory of second order parabolic boundary value
problems with nonsmooth data, see [20]. Here, we present a version being adequate
for systems of equations with m € N unknowns. In particular, for the modeling of
instationary drift-diffusion problems we are interested in dealing with nonsmooth
capacity-like coefficients a', ..., a” € L>(X), which are supposed to be §-definite
with respect to X and é € (0, 1], that means, we assume that

3 <essinfa“(x), esssupa®(x) <
xeX xeX

foralla € {1, ..., m}. 24

SO

We consider the linear continuous operators E L ., E™ from H'(X) into H~1(G)
being defined by

(E*w, ) g1 () = / a“wed\" for ¢ € H}(G), (2.5)
X

the corresponding linear continuous operator £ = (E!, ..., E™) from H'(X;R™)
into H~1(G; R™) and, associated with S and E, the linear continuous map £ =
(EY, ..., &™) from L2(S; H'(X; R™)) into L?(S; H~'(G; R™)) being defined as

(€0 = 2, L6, 060 g0 2.6)
a=1

for ¢ € L2(S; HOI(G; R™)). Forw € [0,n 4+ 2] and o € {1, ..., m} we introduce the
Sobolev—Morrey space W, (S; H(X)) as the set of all functions v € L5 (S; HY(X)),
such that the weak time derivative (£%v)’ of £%v € L*(S; H™'(G)) exists and belongs
to LY(S; H1(G)). We define the norm of v € W, (S; H'(X)) by

2 2 2
”v“W}Sa (S;H](X)) = ”U”L‘é’(S;Hl(X)) + “(gotv) ”L’f(S;H_l(G))’
and consider the following closed subspaces:
Wi (5 HY(G)) = [v e Wea(S: H' (X)) 1 v € L(S; HY (G},

W (S HL(G)) = {v € W2 (S; HL(G)) : v(t) = 0}.
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In the definition of W« (S; Hy (G)) it is used that the spaces Wi, (S; Hy (G)) are
continuously embedded into C (S; L*(X)). Finally, as a natural generalization, we set

WR(S; H' (X;R™)) = Wi (S; HN (X)) x -+ x Wi (S H' (X)),
Wg(S; Hy (G R™)) = W (S5 Hy (G)) x -+ x W (S: Hy (G)).
Wi (S; Hy (G R™) = W (S Hy(G)) x «++ x Wipn (S: Hy (G))

and equip these spaces with the maximum norm of the components, respectively. For
o = 0 we drop superscripted indices.

Note that for o € (n,n + 2] and B = (@ — n)/4 the space Wg,(S; H'(X)) is
continuously embedded into the space C 0.8(S: C(X))NC(S; C*2P(X)) of functions,
which are Holder continuous is space and time, see [19, Theorems 3.4, 6.8]. For every
parameter 0 < 8 < (w — n)/4 this embedding is completely continuous.

From now on throughout the paper the coefficients a* with (2.4) as well as the
corresponding operators E“ an E are given and fixed.

2.5. Formulation of the problem

Let U be an open subset in C(E; C (Y; R™)), A a Banach space, and V an open
subset in A. We look for solutions

.2 = @' € (UN WS H (X R™)) x V
of weakly coupled systems of quasilinear operator equations
Eu*Y + BAY(u, 1), u®) = F*u, r), ael{l,...,m}, 2.7)

where A € V plays the role of a control parameter, which includes, for instance, inho-
mogeneities of the problem. The linear continuous operator

E=(E",...,EM  L*(S;: H'(X;R™) — L*(S; H(G; R™))

was already defined in (2.6) via 8-definite leading order coefficients a', ..., a" e
L*>(X), see (2.4) and (2.5). The bilinear continuous map

B:L®(S x X; R™™) x L2(S; H'(X)) — L*(S; HTY(G))
is given by
(B(A, ), ) 1251} (G)) = /s/ AVu(s) - Vo(s) dr" ds (2.8)
X
for ¢ € L%(S; HO1 (G)). Concerning the nonlinearities we suppose that

A% € C1 (U x V5 L=(S x X; R™™)), (2.9)
Fec! (U X Vi LY(S: H’I(G))), (2.10)

where wgy € (n, n + 2] is a common Morrey exponent for all ¢ € {1, ..., m}.
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Moreover, we suppose that the operators A% and F“ are Volterra operators with
respect to u, which means that for all € S = (¢, #1) and (u, A), (w,A) € U x V it
holds

A% (u, W10, 1) x X) = A% (w, M|((to, 1) x X),
Fu, M(to, 1) = F*(w, M(t0, 1),

whenever u|(fg, t) = w|(ty, t). Here, as usual, u|(fg, t) denotes the restriction of the
function u on the subinterval (zg, t) of S, A%(u, A)|((tp, 1) x X) is the restriction of
the function A% (u, A) on (ty, 1) x X, and F%(u, A)|(tg, t) denotes the restriction of
the functional F* (u, 1) on (fo, t), which is defined by

(fa(us )")|(IO7 t)s u))Lz((l(),t);H(% () = <fa(u, )\.), wa)Lz(S;H(% (G))

for w € L2((to, 1); H}(G)), where Z; : L*((to,1); Hj(G)) — L*(S; H}(G)) is
the zero extension operator. Note, that for all (u, A) € U x V the linear continuous
operators

aa“f (u, 1) : C(S; C(X; R™) — L(S x X; R™"My), (2.11)
a: (u, 1) : C(S; C(X; R™)) — L5°(S; H'(G)), (2.12)

have the Volterra property, too.
2.6. Homogenization of initial and Dirichlet boundary conditions

Let W be an open subset in Wg)o (S; H'(X; R™)) containing regular inhomoge-
neities we are interested in. Here wg € (n,n + 2] is the Morrey exponent from
assumption (2.10). Further, let Uy, be a neighborhood of zero in C (S; C(X; R™)) such

that the inclusion {u; + w : uj € Uy, w € W} C U holds true. We define nonlinear
Volterra operators

Aj e c! (Uh x W x V; L®(S x X;R"X")),
Frec! (Uh X W x Vi LY(S: H*‘(G)))
by setting

A (up, w, 1) = A% (up +w, 1),
Fi(up, w,A) = Fup +w, 1) — BA* (up + w, 1), w*) — (E%w®),

for (up, w,X) € U, x W x V and o € {l, ..., m}. These have the same mapping
properties as A% and F¢, respectively, where the old control parameter » € V has to
be replaced by the new control parameter (w, A) € W x V. Moreover, if

(i, w, 1) € (Uh N Wor(S; H (G R’"))) x W x V
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is a solution to the system
(E%u)) + BAG (un, w, 1), ujy) = Fyf (up, w, 1), a €{l,...,m},

then the pair (u,A) = (up + w, X) € (U NWg(S; HY(X; R’”))) x V solves prob-
lem (2.7). Hence, for given inhomogeneities w € W, we can restrict ourselves
to look for homogeneous solutions (u,1) € (U N Wog(S; H} (G;R™))) x V of
problem (2.7).

2.7. Linearization

In addition to the nonlinear operator equation (2.7) we also consider solutions
v € Wop(S; H}(G; R™)) of its linearization

(EV") + B(A* (ug, 1), v¥)
(w0, ko) v — B (aaA

u u

o

(ug, Xo) v,u%), acil,...,m}, (2.13)

at (uo, ko) € (U N Woe(S; Hj(G;R™))) x V. Further, we investigate the linear
operator equations, determining the sequence of Newton iterations ux4; € U N
Wor(S; Hy (G; R™)) for given uy by

o

dA
(5“u‘;f+1)/ + B (A* (ug, ko), uf ) + B (W(“k, 20) (g1 — Ug), ug)

oF«
ou

= F%ug, ro) + (U, Ao)(Mgg1 —ug), oe{l,...,m}. (2.14)

3. Maximal Sobolev—Morrey regularity for abstract linear parabolic problems

Recall that S = (79, #1) is the fixed time interval, G C R" is a fixed regular set, and
that we use the notation (2.1).

The following maximal regularity result for linear parabolic boundary value
problems in Sobolev—Morrey spaces will serve as the main tool of our considerations.
It generalizes the results [20, Theorems 6.8 and 7.5] to weakly coupled systems of
linear parabolic equations including nonlocal operators.

Analogously to the notion of §-definiteness with respect to X and § € (0, 1] of
scalar coefficient functions a € L°°(X), see (2.4), a matrix valued coefficient func-
tion A € L°(S x X; R™") is called §-definite with respect to S, X, and § € (0, 1]
if

6&-& < essinf A(s,x)€-&, esssup A(s,x)&-& < %é &, (3.1

seS, xeX seS, xeX

holds true for all £ € R".
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THEOREM 3.1. Assume that
N% . C(S; C(X; R™)) — LLZ‘)O(S; H_l(G)), aefl,...,m}, (3.2)

are linear continuous Volterra operators having the Morrey exponent wg € (n, n + 2]
in common. Suppose that for all @ € {1, ..., m} the leading coefficients a® € L*°(X)
and A® € L*°(S x X; R"™™) are §-definite with respect to S, X, and § € (0, 1].

Then there exists @ € (n, wol, depending on § and G only, such that for every
w € (n, ®) the assignment

Vi ((51v1)’ +BAL oY + N, L (Em0™Y + BA™, v™) +N”’v) (3.3)
is a linear isomorphism from W (S; H& (G: R™)) onto L3 (S; H~Y(G; R™)).

Proof. 1. In view of the maximal regularity result in [20, Theorem 6.8], there exists
some exponent @ = w(8, G) € (n, wp] such the linear parabolic operator

v > ((511;‘)’ +BA WY, . (EMY + B(A™, u’"))

is an isomorphism from Wg; (S; H(} (G;R™)) onto LJ(S; H~1(G; R™)) for every
€ (n,®). Due to the completely continuous embedding of W (S; H(} (G; R™))
into C(S; C(X; R™)), see [19, Theorem 6.9], N’ maps Wi (S; H(} (G; R™)) com-
pletely continuous into L% (S; H~Y(G)) fora {1, ..., m}. Hence, the map defined
in (3.3) is a Fredholm operator of index zero from W (S; H(} (G;R™)) into
LY(S; H ~1(G; R™)). For the assertion of the theorem, it suffices to prove the in-
jectivity of this map.

2. Suppose that v € W% (S; HO1 (G; R™)) is a solution to the system of homoge-
neous initial boundary value problems

EVY +BAY v+ N =0, aec|l,...,m}. (3.4)

For fixed r € S we consider the subinterval (7y, t) of S and the restrictions v|(fg, t) €
Wi (o, 1); Hy (G; R™)) and (N®*)[(10,1) € L§((10,1); H'(G)). Due to [20,
Remark 6.2] we get estimates

|IU|(IO’ t))”W(‘)”E((to,t);H(; (G;RmY) <c; Ssup ”(NO[U)KIO’ t)”L;’((tO,z);Hfl(G))a (35)

1<a<m
where the constantc¢; > 0 may depend on S but not on ¢. To estimate the right hand side
of (3.5) we arbitrarily choose * € S with t* > ¢ and some cut-off function 9 € C*°(R)
with
0<v <1, v()=1 foralls <t, 0(s)=0 foralltr>rt*.
The Volterra property of the maps N'* : C(S; C(X; R™) — L5(S; H~1(G)) and
the definition of the norm in L5 (S; H™Y(G)) forall « € {1, ..., m} yield that
(N v)| (10, f)||LfZU(([0,,);H—1(G)) = [W*(@v))l(to, l‘)||L;J((zO,t);H—I(G))
< IN*@W) g (s.a-16)
=< C2||l9v||c(§;c(Y;]Rm))s (3.6)
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where
¢y = sup {”Naw”L(;(S;H—l(G)) Mwlleg.camm < 1 @ € (1, m}}
is the maximum of the operator norms of N, ..., N, In view of the continuity of

the embedding from W, (S; Hj (G; R™)) into the Hélder space C%#(S; C(X; R™))
for B = (w — n)/4, forall s € [r, t*] we get

”U(S)”C(Y;Rm) < llv(s) — U(t)”C(Y;Rm) + ||v(t)||C(Y;Rm)
< (- f)ﬂ||v||c0,ﬁ(§;c(Y;Rm)) + llvllzo, t]“C([to,t];C(Y;Rm))’

and, hence,

”ﬁU”C(f;C(Y;Rm)) = (t* - t)ﬁ”U”cO,ﬁ(E;C(Y;Rm)) + [lv[%0, t]”C([tO,t];C(Y;Rm))'
Together with (3.6), for all @ € {1, ..., m} this leads to
[N v)] (to, DLy .0y m-1(G)) = o (t* —1)f vl co.8(5:c(x:Rm))
+ea|lvllro, 1] ”C([to,t];C(Y;R’"))'

Since t* € S, t* > t was arbitrarily fixed at the beginning, we arrive at

sup ”(Nav)'(t()vt)”L(ﬁ’((tO,[);H*I(G)) = C2||U|[t0’t]”C([Io,t];C(Y;]R’”))' (37)
1<a<m
To estimate the left hand side of (3.5) we consider the interval (t +fy —t1, t), which
contains (fp, #) and has the same length than S, and we define the zero extension
vy € Wi ((t + 19 — 11, 1); H(}(G; R™)) of v|(tp, t) to (t + 19 — 1, 1) by

v(s) ifs e [to, 1),
vo(s) = _
0 ifse({+1t—1t,t].

Using the continuity of the embedding from Wy, ((t+10—11, to); H(} (G; R™)) into the
Holder space COP ([t 4 to — 11, to]; C(X; R™)) for B = (w — n) /4, and the definition
of the norms in Morrey and Holder spaces, the above construction yields

ollto, t1llcos . rr:cxrmy) = Wvollcor (s -1 coemm)

IA

eslvollwe (r+to-11,0); 1l (G Rmy)

IA

c3llv(to, )l W{)')E((lo,t):H& (G;Rm))»

where the constant c¢3 > 0 may depend on S but not on ¢. Together with (3.5) and (3.7)
this leads to the key estimate

lvi[zo, t]||C0v/5([to,t];C(Y;R’”)) < calvl[to, t]”C([zo,t];C(Y;]R’")) forallr € §, (3.8)

where the constant ¢4 = cjcac3 > 0 does not depend on ¢ € S.
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3. Set
k
Sk =1to+ Z(tl —19) forke{0,1,...,¢},
where £ € N, £ > 1 is large enough to satisfy the condition
2e4(t) — 19)P < £P. (3.9)
We prove that for every k € {1, ..., £} it follows that v(s) = 0 forall #p < s < s¢,
whenever v(s) = 0 holds true for every #yp < s < s;_1: indeed, applying (3.8) to the

case t = sy, condition (3.9) ensures that for all s € [s;_1, s¢] we obtain

lv(s) — U(Sk—l)”C(Y;Rm) <(s- Sk—l)ﬁ||v|[sk—l, Sk]“Co’ﬂ([sk,l,sk];C(Y;R’”))

IA

(s = sk=1)P 1v1l0, 5k1 0.8 1 10 (K-

IA

1
5 [lvilo, sl ”C([l(),sk];C(Y;Rm))’

Since v(sx—1) = 0 this leads to v(s) = 0 for every s € [tg, si].

Because for k = 1 the initial condition v(fyp) = O is satisfied, we inductively
apply the last argument to prove that v vanishes on the whole interval S = (fo, #1).
Hence, v = 0 is the unique solution of the homogeneous problem (3.4) in the space
Wik (S; HO1 (G; R™)). Due to Step 1 the proof is finished. O

4. Abstract quasilinear parabolic problems

In this section, again, S = (fo, t1) is the fixed time interval, G C R” is a fixed reg-
ular set, and we use the notation (2.1). Moreover, we suppose the Volterra operators
A% and F* with (2.9) and (2.10) to be given and fixed. Recall that the operators A%
and F¢ are defined on U x V, where U is an open subset of C (S; C(X; R™)) and V
is an open subset in a Banach space A.

4.1. Regularity and smooth dependence

We prove regularity and smooth dependence of solutions to the nonlinear prob-
lem (2.7) nearby a known solution (g, Ag) € (U N Woe(S; HO1 (G; R’"))) x V.

THEOREM 4.1. Let (ug, Ag) € (U N Woe(S; HO1 (G; R’”))) x V be a solution
to (2.7) and suppose that there exists some constant § € (0, 1] such that a® € L*°(X)
and A%(ug, Ag) € L°°(S x X; R"™™) are §-definite with respect to S and X for all
aell,...,m}

Then we find some w € (n, wol, depending on § and G only, and a neighborhood
Uo of ug in C(S; C(X; R™)) with Uy C U such that the following holds true:

1. There exists a neighborhood Vy of Ao in A with Vo C V and a solution map
@ e C! (Vo3 Wi (S; H) (G; R™))) such that (u, 1) € Uy x Vq is a solution to (2.7)
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if and only if u = ®(A). In particular, for each solution (u, 1) € Uy x Vy to (2.7) we
getu € WS(S; H) (G; R™)).
2. If forallx € {1, ..., m} the maps

o

;,t (u, ho) € Z (C(S; C(X; R™)); L™(S x X; R™M)),

i S
(k) € £ (C(S: CORRM): LY (5: H™'(G)).
u
are locally Lipschitz continuous, then for each uy € Uy N WL (S; Hé (G; R™)) the
Egs. (2.14) define a sequence of Newton iterations uy € Uy for k € N, k > 2, which
converges to ug in Wgp(S; H(} (G; R™)) for k — oo.

uelm—

uelU—

Proof. 1. Let us prove the first assertion. Since the leading coefficients A% (ug, Ao)
are supposed to be §-definite with respect to S and X foralle € {1, ..., m}, the coef-
ficients A% (u, A) are §/2-definite with respect to S and X for all u, which are close
to ug in C(S; C(X; R™)), all A, which are close to Ag in A, and all @ € {1, ..., m}.
Hence, Theorem 3.1 yields that there exists an exponent w € (1, wp], depending on
6 and G only, and neighborhoods Uy of ug in C(E; C(Y; R™)) with Uy C U and
Vo of Ag in A with Vy C V such that for all solutions (1, A) € Uy x Vp to (2.7) we
getu € Wi (S; H(; (G:R™)), in particular, we obtain ug € Wy, (S; H(; (G; R™)).
Hence, close to the solution (uq, A¢) it is equivalent to look for solutions (u#, A) €
(Uo N W (S; H) (G; R™))) x V of problem (2.7). To do so, we will apply the clas-
sical Implicit Function Theorem.

Because of w > n the space Wy, (S; H(} (G; R™)) is continuously embedded
into C(S: C(X; R™)). Therefore, the set Uy N Wik (S; HOl (G;R™)) is open in
W (S; Hy (G; R™)). Since

B:L®(S x X; R™™) x LY(S; HH(G)) — LY(S; H-Y(G))
is a bilinear continuous map, see (2.2) and (2.3), forevery o € {1, ..., m} the operator
(, 1) = P, ) = (E%u®) + BCA" (u, 1), u®) — F*(u, 1)

is a C'-map from (Up N W, (S; Hy (G; R™))) x Vp into LY (S; H~1(G)). Its partial
derivative with respect to u at the solution (u¢, Ao) is the linear continuous map from
W (S; Hy(G; R™)) into LY (S; H~'(G)) given by

o

ou

o

dA
(uo, Ao) v = (EXv*) + B(A* (ug, 1o), v*) + B (

” (1o, Mo) v, ug)

o

ou

(o, Ao) v

for ve Wi, (S; HOI(G; R™)); it corresponds to the linearization (2.13). Applying
Theorem 3.1, the derivative

P! AP
V> (_3 (o, X0), .- ., (o, /\0)) , 4.1)
u ou
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is a linear isomorphism from Wg,(S; H& (G;R™)) onto L§(S; HY(G:R™)),
because the map N defined by

0.A%
ou

o

oF
(1o, o) v, MS‘) -

5 (1o, Ao) v forv e C(S; C(X: R™)),
u

N"‘v:B(

is a linear continuous Volterra operator from C(S; C(X; R™)) into LS(S; H -1(G))
foreverya € {1, ..., m}, see (2.2), (2.3), (2.8), (2.11) and (2.12). Hence, the Implicit
Function Theorem, see [28, Theorem 4.B], works for the first assertion.

2. Finally, we prove the second assertion of the theorem. Remembering (2.14), the
sequence of Newton iterations is defined by

o

A
(E%uft )"+ B (A% (ux, 20). uflyy) + B ( du

Uk, A0) U415 u?)
o
ou
o

a.AY oF
=B ( Uk, Mo) u, u%)-l-]:“(uk, Xo)— 3

ou u

(g, o) Ugs1

(i, o) uk, a€{l,...,m}.

4.2)

Starting the iteration with k = 1 and u; € U N W (S; H(} (G; R™)), the right hand
side of (4.2) belongs to LS (S; H~Y(G)). Since we have

o 0.A” oF”
(1, 10) v=(E*V)" + B(A*(u, 20), v*)+B ( A (u, o) v, M“) - (u, Lo) v
u ou ou
forall v € Wy (S; Hol(G; R™)) and a € {1, ..., m}, the derivative
P! aP™
V> i(u,)»o),..., P (u, 2o) ), 4.3)
ou ou

is close to the isomorphism defined by (4.1) with respect to the operator norm
in the space £ (W, (S; Hy (G; R™)); LY (S; H~'(G; R™))) and, therefore, an iso-
morphism from W} (S; HO1 (G; R™)) onto L5 (S; H~Y(G; R™)), too, whenever u is
sufficiently close to ug in W (S; HO1 (G; R™)). Hence, if u is sufficiently close to ug
in Wi (S; HOl (G; R™)), then the new iteration u, is uniquely defined by (4.2), belongs
to Wi (S; H(} (G; R™)) and is close to ug in Wy (S; HOl (G; R™)). Now, the classi-
cal Newton iteration procedure, see [28, Proposition 5.1], works for problem (2.7),
since the norm of the map (4.3) in .% (W, (S; Hy (G; R™)); LY (S; H~1(G; R™)))
depends even Lipschitz continuously on u in a neighborhood of ug in the space
W (S; Hy (G; R™)). O

4.2. Local existence

One cannot expect that solutions (u, A) € (U N Woe(S; HO1 (G; R"’))) x V to prob-
lem (2.7) exist on arbitrarily long time intervals S = (f, #1) without imposing further
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structural or growth conditions on the nonlinear operators A% and F¢. Setting
U ={ulS; :u e U},

our next assertion deals with the fact, that in the case (0, A) € U x V we can always
find a solution (u,,A) € (Ut N Woe (St; H(% (G; R’”))) x V to the problem (2.7)
restricted to the subinterval

S = (to, 10 +7)

of S, whenever we choose 7 € (0, #; — tp] small enough. This restricted problem is of
the type

(E7u7) + Be (Af (e, ), uf) = F (e, 3), €l om), (44)

where, for indices @ € {1, ..., m} and leading order coefficients a® € L°°(X) and
A% € L*°(S; x X; R"™*"), the linear continuous operator

& = (55, . ..,5;") L L2(Sy; HU(X; R™) = L2(Sy; H-Y(G; R™))
associated with S; and E as well as the bilinear continuous map
By i L®(S; x X; R™") x L2(Sy; H' (X)) — L*(Se; H1(G))

are defined analogously to (2.6) and (2.8). Furthermore, using the Volterra property
of A% and F* with respect to u, both the nonlinear operators

A% € C1 (U, x V5 L®(S; x X; R™™),
Fre ! (Unx Vi LY (S HT'(G)),

are uniquely defined by the identities
AT WSz, 1) = A% (u, MI(Se x X),  F7lSe, ») = F*(u, 1)|Sx,

for (u,\) e U x Vanda € {1, ..., m}.

THEOREM 4.2. Assume that (0, Lo) belongs to U x V, and let § € (0, 1] be a
constant such that a* € L (X) and A*(0, Lg) € L°°(S x X; R"™") are §-definite
with respectto S and X foralla € {1, ..., m}.

Then we find a parameter v € (n, wpl, depending on § and G only, some T €
(0, t1 — to] and a neighborhood Vy in A of Ag with Vo C V such that for all A € Vjy
there exists a solution u; € Uy N Wi (Se; HO1 (G; R™)) to (4.4).

Proof. 1. Due to Theorem 4.1 it suffices to find some w € (n, wp], depending on §
and G only, and some t € (0, #; — #p] such that there exists a solution u, € U; N
Wig (St; H(} (G; R™)) to (4.4) with . = A¢. Hence, from now on A = A is fixed.
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2. Because F¥(0, Ag) € L(;O(S; H~'(G)) holds true for every o € {l,...,m},
Theorem 3.1 implies that there exist some w = @(§, G) € (n,wp] such that the
solution v € Wog(S; HO1 (G; R™)) of the linear auxiliary problem

(E¥V™Y + B(A%*(0, rg), v¥) = F*(0, o), o €{l,...,m}, 4.5)

belongs to W, (S; Hi (G; R™)).

3. We choose two neighborhoods Uy and Wy of zero in C(S; C(X; R™)) such that
the inclusion {# + w : (u, w) € Uy x Wy} C U holds true. Now, we look for solutions
(u, w) € (Up N Wog(S; Hj (G; R™))) x Wy of the nonlinear auxiliary problem

Eu®) + BAG (u, w), u®) = F§ (w, w), aefl,...,m}, (4.6)

where the nonlinear Volterra operators Aj € C 1 (Uo x Wp; L*°(S x X; R”X”)) and
F§ € C' (U x Wo; LG (S; H™1(G))) are defined by

AG (u, w) = A%(u + w, Lo), 4.7
Fu,w) = (F¥u+w, o) — F(0, 1))
—B (A% (u 4+ w, Ag) — A%(0, Ao), v%), (4.8)

for (u,w) € Up x Wp and a € {1,...,m}. Since Ag(0,0) = A%, ro) and
F§(0,0) = 0 hold true, the pair (u, w) = (0,0) € Uy x Wy is a solution of (4.6).

In view of Theorem 4.1 we find a parameter v € (n, @], two neighborhoods U}
and W, of zero in C(S; C(X; R™)) satisfying Uy x W C Uy x Wy and a solution
map ¢ € c! (Wl; Wi (S; Hol(G; R’"))) such that (u, w) € U; x W is a solution
of (4.6) if and only if u = ®(w). In particular, for each solution (1, w) € U; x W;
of (4.6) we getu € W (S; Hj (G; R™)).

4. Next, we make use of the fact that the solution v € Wg)E(S; HO1 (G; R™)) of (4.5)
is small in the norm of C(S;; C(X;R™)) on subintervals S, = (to, 7o + t) of S,
whenever ¢ € (0,# — tp] is small enough: indeed, due to the continuous embed-
ding of WE(S; H}(G; R™)) into COA(S; C(X; R™)) for B = (& — n)/4, see [19,
Theorems 3.4, 6.8], for all r € (0, t; — fp] and s € [19, o + 1] we get

() = v legrmy < 6 = 0P 1Vl cosscmmy < 1t Illyacs i G:mmy):

where the constant ¢; > 0 does not depend on ¢. Because v(fy) = 0 holds true, we
can find some 7, ¢t € (0, f; — fo] with T < ¢ and a cut-off function ¥ € C*®°(R) with

0<v <1, 9@G)=1 foralls <ty+71, V(s)=0 foralls >ty +1t,

such that 9v € C(S; C(X; R™)) belongs to W;. Hence, choosing w = #v in (4.6)
we get that u = ®(w) = ®(Fv) € Wgi(S; HO1 (G; R™)) solves (4.6) with w = Jv.
Because of (4.5), by (4.7) and (4.8) we arrive at

E* W +vY)) +BAY(u + w, o), u®* + ) =F*u+w, ), «aef{l,...,m}.
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Note, that u; = (u + w)|S; = (u + v)|S; belongs to W (S¢; HO1 (G; R™)). Hence,
restricting the functionals on both sides of the last identity to the subinterval S, the
Volterra property of the maps £, A%, B, F* and the definition of their restrictions &,
A%, By, F¥ to S; yield that (1, Ag) is a solution of problem (4.4). O

4.3. Uniqueness

This section is to prove the following

THEOREM 4.3. Let . € V be fixed, let u, v € U N Wyg(S; Hol(G;R’")) be
solutions to (2.7), and suppose that there exists a constant § € (0, 1] such that a* €
L*®(X) and A*(u, 1), A%(v, A) € L*°(S x X; R"™") are §-definite with respect to S
and X foralla € {1, ..., m}.

Then we have u = v.

Proof. 1. Because of the continuous embedding of the space Wk (S; HO1 (G; R™)) into
C(S; L2(X; R™)) and since u(fo) = v(t9) = 0 holds true we can define t* € S =
[t0, 1] by
t*=sup{reS:us)=v(s) foralltg <s <t}.

We have to show that t* = 1.

Suppose, to the contrary, that t* < ¢;. Consider T € (¢*, t1) and the corresponding
subinterval S; = (tp, 7). Obviously, the restrictions u; = u|S; and v; = v|S; are
solutions to the restricted problem (4.4). We are going to show that, if 7 is sufficiently

close to t*, we have u; = v; and, hence, a contradiction to the definition of ¢*.
2. Since U is open in C(S; C(X; R™)) there exists ¢ > 0 such that

v+w e Uforallw € C(S; C(X; R™M) with [|wl|¢5.0x.mm)) < &-

Because of Theorem 4.1 we find w € (n, wp] such that u, v € Wg,(S; HO1 (G; R™)).
Using the continuous embedding from Wz (S; HO1 (G; R™)) into C*A(S: C(X; R™))
for B = (w — n)/4, see [19, Theorems 3.4, 6.8], and the fact that u(s) = v(s) holds
true for all 7y < s < t*, forall s € [t*, 1;] we get

lu(s) = v®llepmy < 6 = Pl = vllcoss.cxmm)
< (S — t*)ﬂ”M - v”WE(S;H(%(GQRm))’

where the constant ¢; > 0 does not depend on ¢* or 7. Hence, we can choose 7,
t € (t*, 1) with T < ¢ and a cut-off function 9 € C*°(R) satisfying

0<d® <1, v@G)=1 foralls <71, 9(s)=0 foralls >¢,

such that for ® (u — v) € C(S; C(X; R™)) we have [|9 (4 — )l ¢ (5.0 (x.jemy) < €- This
implies v + o9 (1 — v) € U and, consequently,

ve +o(ur —vy) € Up = {w|S; : w e U} forallo € [0, 1].
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Therefore we can use the Mean Value Theorem to write the right hand sides of the
system

(¢ (e —v%)) + By (A% (ur, 1), u® — v%)
= (fg(“ra A) — ff(vr, )\)) - B; (A?(u‘[a A) — A‘:(va A), Ug) s
aell,...,m},

in the form

(02

1

0

/ ]:T (cur + (1 —o0)ve, M) do (ur — )
0 ou

0A% o
—B; o (cur + (1 —0o)ve, A)do (ue — ve), vy
0

In other words, the difference w; = u; —v; € Wy (Se; HO1 (G; R™)) solves the linear
system

(E2w?) + B, (A%, w?) = Now,, acfl,...,m), (4.9)

Here the coefficient functions AY € L*(S; x X;R"™") are defined by A? =
A% (ur, 1), and the linear continuous Volterra operators

N C(Se: C(X:R™) — LS (Se; H'(G))

are given by

ou
1

9.AY
—B; / 8ur (our + (1 —o)ve, A)do w, vy
0

laf'a
New =/ L(our + (1 —0o)ve, A)dow
0

for w € C(S;; C(X;R™)). Applying Theorem 3.1 to problem (4.9) we get w, =
u; — vy = 0, which contradicts to the definition of #* and, therefore, to the assump-
tion * < 1. O

4.4. Additional temporal regularity
In this section, we formulate assumptions on the nonlinearities (2.9) and (2.10),
which ensure that the time derivatives of the solutions to (2.7) are Holder continuous

on I x G for any compact subinterval I C S. To do so, we consider C*-isotopies
T :X xS — S,where ¥ = (—o1, 07) is an open interval. Introducing the notation

T,(t) =T(o,t) foroc € Tandr € S,
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we assume that both the families {75 },<x and {Ta_l}gez of monotone diffeomor-
phisms from S onto itself have uniformly bounded derivatives of arbitrary order.
Moreover, we suppose that Ty : S — S is the identity.

In the following, for 0 € ¥ we consider maps, which assign abstract functions
w : § — H with values in a Hilbert space H to its temporal transformation

teSr w(Ty(t)) € H.

As a simple consequence of the change of variables formula and the uniform properties
of the above families, these maps generate linear isomorphisms

’];0 from L2(S; LZ(X)) onto itself, ’];,F from L2(S; Lz(F)) onto itself,
7T, from L*(S; HO1 (G)) onto itself, M, from L*(S x X; R"™") onto itself,

as well as their adjoint operators,

7y from L*(S; L*(X)) onto itself, 77 from L*(S; L*(I")) onto itself,
T° from L(S; H1(G)) onto itself, M? from L?(S x X; R™") onto itself.

Obviously, ’Z:P maps C(S; C(X)) isomorphically onto itself. Moreover, we get

LEMMA 4.4. Forw € [0,n+ 2], x € [0,n + 1], and 0 € X the following holds
true:

79 and 1y map L5 (S; L%(X)) isomorphically onto itself.

TF and 17 map L3 (S; L?(I")) isomorphically onto itself

1, maps L5 (S; H& (G)) isomorphically onto itself.

T7 maps L5 (S; H~Y(G)) isomorphically onto itself.

Let E* € £ (H'(X); H'(G)), &% € £ (L*(S; H'(X)); L*(S; H™'(G))) be
defined as in (2.5) and (2.6). Then, T, maps W, (S; H(} (G)) isomorphically onto
itself, and for all w € W, (S; HO1 (G)) we have the identity

MRS

T (ET,w) = (E%) . (4.10)

6. My and M map L*°(S x X; R"™") isomorphically onto itself. Furthermore,
we get the transformation rule

T°B(A, Tow) = BIM? A, w) (4.11)

forall A e L™(S x X; R"™") and w € L§(S; H(; (G)).

Proof. Suppose that L > 1 is a Lipschitz constant for both the transformations 7,; and
7.-!. Since the map T, and its inverse T, ! have the same differential and topological
properties, for the above isomorphism results it is enough to prove the continuity of
the operator under consideration or the continuity of its inverse.
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For the proof of the desired results in Morrey spaces we arbitrarily fix some radius
r > 0 and corresponding subsets

S, e [Sﬂ(t—rz,t):teS}, X, € (XN 0, (x):x € X},
T, e{lNO,(x):xel), G, elGNO(x):xeG)

Setting § = Lr we can always choose suitable intersections

Ss € [Sﬂ(t—az,t):teS}, X5 € (XN 0s(x) : x € X},
I'se{lNQsx):xeTl}, Gs e {GNQOsx):x € G},

with S, C T,[Ss5], X, C X5, C I's, and G, C Gs. In the following we only derive
the essential estimates on these intersections. As usual, the final step to get estimates in
Morrey spaces consists of multiplying both sides of the inequality under consideration
with radial weights and of taking the suprema over all these radii and intersections on
both sides of the inequality.

1. By a change of variables for u € LS (S; L*(X))and v € L% (S; L*(I)) we get

T (s) ( dknds<L// ()2 dA" dt,
Ss J Xs

//‘ (s) dkrdst/ (@2 dAr dr,
Ss J s

which yields the continuity of the map (’]:,O)_l from L5 (S; L?(X)) into itself and of
the map (7))~ from L%(S; L?(I")) into itself.

2.Foru € L9 (S; LZ(X)) and ¢ € L3(S; LZ(X)), which satisfy ¢|(S\ S,) = 0 and
@(s)|(X \ X,) =0 for almost all s € S, we obtain

// T” (s)cp(s)dk” ds —// u) (s) p(s) dA" ds
://u(t) 7;,%) (1) A" dr
sJx

- / / u(t) (T09) (1) dA" dr,
Ss J Xs

which leads to the estimate

// (s)| dA"ds<

where ||7;0|| is the norm of the operator TUO mapping L>(S; L*(X)) into itself.
Consequently, 7 is a linear continuous operator from L5 (S; L2(X)) into itself.

lu()|* dA™ ds,

Ss J Xs
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For all u € L%(S; L>(I")) and ¢ € L*(S; L*(I)) satisfying ¢[(S \ S;) = 0 and
o(S)|(I'\ T';) = 0 for almost all s € S, we have

//(Tlfu)(S)w(S)d)»r dS=//(Tr"u)(S)<p(S)dkr ds
s, Jr, sJr

- / / u(t) (T 9)(0) dir- i
SJI

= / / u(t) (T, @) (1) dir dt,
Ss J s
which leads to the estimate

// (T2 u)(s) dxrdssnzfnz/ () dip ds.
S, JT, Ss JTs

where ||’Z:,F || is the norm of the operator ZTF mapping L?(S; L*>(I")) into itself. Hence,
77 is a linear continuous operator from L5 (S; L%(IM) into itself.
3. Due to a change of variables for all u € L5 (S; HO1 (G)) we obtain

// ’Vu (Ta—l(s))‘2 d)u”dst// |Vu(t)|2dkndt_
Sr JGr Ss JGs

Together with Step 1 this proves the continuity of 7:;1 from L3 (S; HO1 (G)) into itself.
4.Forall f € LY(S; H-'(G)) and v € L?(S,; H}(G,)) the properties of the zero
extension map Zs ¢ and the localization operators Rs;, G, and Lg; G, ensure that

/ (L5,.6,T7 1)), 06 gy ds

Sr

= [T 61 @06 gy 85 = [ (FO (T 256000 gy 1
S S

:/s ((Ls5,65 1)), (Rs5,65T5 Z5.6V) (1) g (G5 A1
8

holds true, which yields the estimate
2 2
/S 15,6, T N1, ds = 1T 12 /S [s1.6, N O 16, 4
r S

where || 7, || is the norm of the operator 7, mapping L2(S; HO1 (G)) into itself. Hence,
77 is a linear continuous operator from L5 (S; H ~1(G)) into itself.
5.Mu =Tow € W (S; H}(G)), then w = 7 'u belongs to LY (S; Hy (G)) due

to Step 3. Furthermore, for all 9 € C3°(S) and ¢ € HO1 (G) we have

d
/<d—(€“’];w)(t), (17<P)(Ta(t))> dr
s \dar

HJ(G)

. dv oT
= —/<(5 w)(T5 (1)), d—(To(f))(0> —— (o, 1) dt

dy
= —/S<(5“w)(S), —(S)<p> ds.
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Hence, Step 4 yields the identity (£%w)" = 77 (E*T,w)" € L§(S; H~'(G)) and,
therefore, w € Wg. (S; HO1 (G)) with a corresponding norm estimate. If, in addition
to that, we have u(f9) = 0, this implies w(#y) = 0.

6. Clearly, the operator M, maps L*°(S x X; R™*") into itself. Using a change of
variables, for matrix functions A € L®(S x X; R"") and B € C(S x X; R"") we
obtain the estimate

/S/ A (MoB) D" dr < Al (Mo B)ll1 < L[| Alloo 1B]]1-
X

Here we denote by ||A|ls and ||B|; the norms of A and B in L®°(S x X; R"*")
and L' (S x X; R"™"), respectively. A density argument shows that M? is a linear
continuous operator from L% (S x X; R"*") into itself.

7. By definition for all A € L*(S x X; R""), w € LY (S; Hol(G)), ¥ € CG°(S)
and v € C3°(G) we get the identity

(B(A,Taw),Tg(z?v))Lz(S;H(;(G))=// A M, (Vw @ V(9v)) dA" di
SJX
://(M"A) :(Vw ® V(9v))dr" ds
SJX
= (B(M”A, u))7 ﬂv)Lz(S,HOl(G))'

Using a density argument, we see that (4.11) holds true. g
Let W be some neighborhood of u € U in C(S; C(X; R™)) such that

(Tgowl,...,’faowm) €U foralwe Wando € X.

For A € V the linear isomorphisms introduced above generate transformations

AY W x T — L2(S x X; RV,
FEiWx E — LY(S; HY(G))

of our nonlinearities A% and F¢ by setting

A (w, 0) = MCANTPw!, ..., TOw™, 1), (4.12)
Fl(w,0) = T°FY(T2w, ..., T2w™, ) (4.13)
for (w,0) € W x ¥ and @ € {1,...,m}. The operators A and F}' are Volterra

operators with respect to w because A% and F* are so. Moreover, A and F}" are con-
tinuously differentiable with respect to w because of assumptions (2.9) and (2.10) and
Lemma 4.4. In the following theorem we suppose that A{ and F}* are continuously
differentiable also with respect to o, which means that

A e CY (W x Z5 L¥(S x X; R™™M)), (4.14)
Fec! (W x T LY(S: H*I(G))). (4.15)
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In the following assertion we claim the fact that, under assumptions (4.14) and (4.15),
any solution u to (2.7) has the property that the time derivative of the map

oT
t—> — 0, Hu(r)
do

belongs to Wy, (S; HOl (G; R™)). Note that, in general, (Eu)’ exists as a weak derivative
in LY(S; H -1 (G; R™)) only and, even worse, that u’ only exists in the distributional
sense as an element of the space .Z (C5°(S); HJ (G; R™)).

THEOREM 4.5. Let (u,2) € (UNWoe(S; Hj(G;R™))) x V be a solution
to (2.7) and assume that there exists a constant § € (0, 1] such that a® € L*°(X)
and A%(u, ) € L*®(S x X; R"™ ™) are §-definite with respect to S and X for all
a € {1,...,m}. Suppose that A and F' are continuously differentiable with respect
to o, too.

Then we can find a parameter o € (n, wy), depending on & and G only, such that
the time derivative of the map t — g—Z(O, Hu(t) belongs to Wy (S; HO1 (G; R™)).

Proof. 1. Because the temporal transformation 7, is close to identity in the norm
of C(S; C(X;R™)) for small o € X, from u € W it follows that there exists a
neighborhood X of zero in R with ¥; C X, such that the temporally transformed
function

Wy = (Ta_lul, e ’Ta_lum) belongs to W N Wog(S; HOI(G; R™)) for every o € Z;.
If we apply the adjoint operator 7 to the functionals on both sides of
(Eu®) + BA%(u, A), u®) = F*(u, »), a€fl,...,m},

then, following Lemma 4.4 and the transformation rules (4.10) and (4.11), for all
ocecXiando € {1,...,m} we get

(e"wg)' + B (M7 A (z,w},, L Towl ), wg)
=T(E U + T B(AY(u, ), u*) = T F*(u, 1)
=T F (Tywl, ..., T,w™, ).

Hence, the pair (wy, 0) € (W N Woe(S; HO1 (G; R’"))) X %1 solves the transformed
problem

Ew*) + B (A (w, 0), w*) = Fy(w,0), ae{l,...,m} (4.16)

Note, that the pair (w,, o) = (u, 0) is a solution of both the problems (2.7) and (4.16).
In view of (4.14) and (4.15) we apply Theorem 4.1 to find some Morrey exponent
w € (n, wo] and a neighborhood Wy of u in C(S; C(X; R™)) with Wy C W such that
the following holds true: there exists a neighborhood Xy of zero in R with ¥y C X
and a solution map ® € C! (Xo; W, (S: Hj (G; R™))) such that (w, o) € Wy x X
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is a solution to (4.16) if and only if w = & (o). Because of the above construction this

yields ®(0) = w, = (7, 'u!, ..., 7 1u™) forall o € .
2.Foreverya € {l,...,m},0 € ¥pand ¥ € C(‘)’O(S) we obtain

d / ol / o 0 ( oT )
— [ u® (T, ()P (s)ds = [ u (t)— 9 (T, (t))—(a, t)) dr
do S S

- /S u“(r)(—(r <r)) (a r) (o 0

82
+ ﬁ(Ta(t))aoat(a, t)) dt
and, furthermore,
o e —1 al —1 dj
/ (t) (T (z)) (o t) (a 1) dt /S (T, (s)) P (0, T, (s)) i (s) ds.

Spec1fy1ng o = 0, from both identities it follows that

82
/S(—( )()— (0 f)u(f)) V(1) dt =/M(f) o, f)—(l‘)dl

forall ¥ € C8°(S). In other words, the map
2

e 2 0, 0u = Loy
™ aear MY T g :

which belongs to W7 (S; HOl (G; R™)) due to Step 1, equals to the weak derivative of
the map ¢ — %(0, Hu(t). O

Note that, because of T (o, ty) = ty and T (o, t1) = t; holds true for all 0 € X, the
derivative t g—g (0, ) vanishes in the endpoints of the time interval S. Nevertheless,
as the following example shows, there exist functions 7 : ¥ x § — R, for which
the derivative ¢ +— g—Z(O, t) is bounded from below by a positive constant on every
compact subinterval of S.

EXAMPLE. Let o1 > 0 satisfy the condition 207 (f; — fy) < 1. Given an open
interval ¥ = (—o7, 1) of parameters, we consider the polynomial 7 : & x § — R
and the corresponding family of temporal transformations 7T, : § — R defined by

T,(t)=T(o,t) =t +0(t —1o)(t; —t) foroc € ¥ andt € S. 4.17)
Since we have the uniform estimate

13 — _
—(a t)—l+c7((t1—t)—(t—t0))€(2 2) forallo € Y and ¢ € S,

every transformation 7}, is a monotone diffeomorphism from S onto itself and all deriv-
atives of the families {7, },cx and {Tﬂ_l}oeg are uniformly bounded. Obviously, Ty
is the identity, and

T _
a—(a,t):(t—to)(tl—t) foro € X andr € S.
o
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COROLLARY 4.6. Let (u, 1) € (U N Wog(S; H& (G; Rm))) x V be a solution of
problem (2.7). Suppose that the assumptions of Theorem 4.5 are satisfied with respect
to the family {Ty }scx given by (4.17).

Then, the weak derivativeu’ : S — HO1 (G; R™) exists as a locally integrable func-
tion. Moreover, there exists some w € (n, wy), depending on § and G only, such that
the map

t > (t—10)(t — ' (1)

is an element of W (S; HOl (G; R™)). In particular, on every compact subinterval 1
of S the restriction of u’ to I belongs to Wg(I; H& (G; R™)).

Proof. Due to Theorem 4.5 the function t +— (¢t — fg) (¢ —t)u(¢) has a time derivative
v e Wi (S; HOl (G; R™)), where w € (n, wg] depends on § and G only. Hence, for
all ¥ € C§°(S) we get the identity

/ o) — 2D g /(t—t Yo —nup L 2O
t—t)t —1) 0 dr (t — 10) (11 — 1)
(t1 —1) —(t —19)

s (@ —19)(t —1)

o
u(t)ﬁ(t)dt—/su(t)a(t)dt.

Consequently, the function given by

H;v(t)_(ll—t)—(t—to)u(t)’
(t—1)t —1) (@t —1)(t —1)

coincides with the weak derivative u’ : S — Hé (G; R™), since it is locally integra-
ble. Because of u, v € Wy, (S; HOI(G; R™)), the restriction of u’ to every compact
subinterval / C S belongs to Wg (I; Hé (G; R™)). Additionally, the map

> (t—1o)(t — ' (1) = v(t) — (1 — 1) — (t — 10))u(?)

is an element of W (S; HO1 (G; R™)), too. O

5. Examples of nonlinear operators

In this section, we indicate some classes of nonlinear operators, which are candi-
dates for the leading order coefficient maps .A% and the right hand sides % occurring
in the operator equations in Sects. 2 and 4.

5.1. Leading order coefficients
In place of the maps A% and A of Sect. 4 we consider superposition operators

A, M)(t,x) = A, x,u(t,x),A) foralmostall (r,x) € Sx X, 5.1
Clu, r,0)(t,x) = A(Ty(t), x,u(t,x),r) foralmostall (r,x) € SxX. 5.2)
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Here, A : § x X x Q2 x V — Ris the function, generating the superposition operators,
€2 is an open subset in R, and V is an open subset of the Banach space A. Introduced
in Sect. 4, we consider the family of diffeomorphisms 7,, : § — S with uniform
properties with respect to 0 € ¥ = (—o1, 01). In view of applications to parabolic
systems we will consider vector valued functions u : § x X — R™.

We define U as the subset of all u € C(S; C(X; R™)), for which we can find a
compact set F' C €2 such that u(¢, x) € F for all (£, x) € S x X. Obviously, U is
open in C (§; C (Y; R™)). Next, we state conditions on the function A, which ensure
that A € C1 (U x V; L®(S x X))andC € C' (U x V x £; L®(S x X)):

THEOREM 5.1. We formulate the following C'-Carathéodory conditions on A:
(Cl) (&,1) — A(t,x,&, 1) belongs to C'(Q x V) for almost all (t,x) € S x X,

and (t, x) — %(r, x, &, A and (t, x) — %(t, x, &, )) are measurable for all
E,rM)eQxV.
(C2) Forall » € V and compact sets F C 2 there exists 0 > 0 such that

(t,x,§, ?»)’ H (t,x, &, 1)) +IAC x5 M =0

%

for almost all (t,x) € S x X andallé € F.
(C3) Forall . € V, compact sets F C Q2 and ¢ > 0 there exists § > 0 such that

9
‘as(txék)—g(txnu)‘ —(tx?§?~) (txnu)

+A(t, x,E,A) — A(t,x,n, w)| < e,

A*

A*

for almostall (t,x) € Sx Xandallé € F, (n,u) € F x V with |§ —n| +
A — ulla < 6.
(C4) Forall A € V and compact sets F C 2 there exists L > 0 such that

‘—(f x,8,0) — (t x,1,0)| = LI§ —nl,

5

for almost all (t,x) € S x X and all&, n € F.

(C5) t — A(t, x, &, 1) belongsto C'(S) foralmostallx € X and all (€, 1) € QxV,
and x +— %(l, x, &, \) is measurable for all t € S and E,N)eQxV.

(C6) Forall » € V and compact sets F' C 2 there exists o > 0 such that

d0A
‘—(t,x,é,k) <o
as

foralmost all x € X, allt € S and & € F.
(C7) Forall » € V, compact sets F C Q2 and ¢ > 0 there exists § > 0 such that

A
(IX§X)——(sxnu)’ ‘ —(,x, &, A A(s,x,n,u)

'% G

+ ‘g(tv-X?é’ )") - g(s’xa n, /J/)‘ + |A(t,X,§,)\) - A(S9x5 n, H’)l <é&

A*
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foralmostall x € X, all s, t € S and allé € F, (n, u) € F x V, which satisfy
the conditions |s —t| < § and |& — n| + |2 — nlla < 6.

1. If conditions (C1), (C2), and (C3) are satisfied, then the operator A defined
by (5.1) belongs to C' (U x V; L®(S x X)). Moreover, we have

(%(u, A) v) (t,x) = %(t, x,u(t,x), A)v(t, x), (5.3a)
ou o0&
(%(M,A) M) (t,x) = %(t,x,u(t,x),)») ", (5.3b)

for almost all (t,x) € S x X, all (u,r) € U x V, v € C(S; C(X; R™)), and
n e A.

2. If, additionally, (C4) holds true, then u +— %(u, M) is locally Lipschitz contin-
uous from U into £ (C(E; C(X;R™)): L®(S x X)) forall . €V.

3. Ifconditions (C1), (C2), (C3), and (CS5), (C6), (C7) are satisfied, then the oper-
ator C defined by (5.2) belongs to C' (U x V x £; L®(S x X)), and we get

(8C ) 0A
— W, A, 0)v) (¢, x) = —(T5(t), x, u(t, x), 1) vz, x), (5.4a)
ou &
oc A = o4 T. A 5.4b
(ﬁ(ua ,O—) l’l’) (t7'x) - a( (T(t)ﬂxvu(tv-x)a )I’Lv ( . )
aC 0A oT
— U, A, 0)t,x) = —(Ty(t), x,u(t,x), ) —(o,1), (5.4¢)
do as do

for almost all (t,x) € S x X and all (u,r,0) € U xV x X, v €
C(S; C(X;R™)), and i € A.

Proof. For the sake of simplicity we denote by || ||¢ the norm in C(S; C(X; R™)).
1. From the definition of the set U and from conditions (C1) and (C2) it follows
that A maps U x V into L*°(S x X).
In order to prove (5.3a) we fix apair (u, A) € U x V and ¢ > 0. Again, the definition
of U and conditions (C1) and (C2) yield that the operator, which assigns v to

0A
(t, x) — g(t, x,u(t,x), A)v(t, x),

is a linear continuous map from C(S; C(X; R™)) into L>(S x X). Since U is an open
subset of C(S; C(X;R™)), we can choose a compact set F C € and some § > 0
such that for all v € C(S; C(X; R™)) with |lv]lc < § we have both u(z, x) € F and
(u+v)(t, x) € F foralmostall (¢, x) € S x X. Taking é small enough we can assume
that this § corresponds to A, F and e with respect to condition (C3). Hence, for all
v e C(S; C(X; R™)) with ||v|lc < 8 and almost all (¢, x) € S x X we obtain
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'A(t, x, (u+v)t,x),A) — A, x,u(t,x),A) — %(r, x,u(t,x), A)v(t, x)

= | aAt t A aAt t A) ) dro(t <
—/(E(,x,(u‘i‘fv)(,x), )_g(v-x?u(sx)v )) TU(,)C) _8||U||C,
0

which proves (5.3a) and the differentiability of A in U x V with respect to u.

To show that (5.3b) holds true, we fix a pair (u, A) € U x V and ¢ > 0. From the
definition of the set U and from conditions (C1) and (C2) it follows that the operator,
which assigns u to

0A
(t’ x) H ﬁ(t’ 'x’ u(t’ 'x)’ A‘) I'L’

is a linear continuous map from A into L°°(S x X). We choose F C 2 such that
u(t, x) € F for almost all (¢, x) € S x X. Additionally, we take § > 0 small enough
such that A + p € V holds true for all © € A with ||u|[o < é and we suppose that
this § is suitable for A, F' and ¢ > 0 from condition (C3). Then, for all © € A with
lmlla < & and almost all (7, x) € S x X we get

0A
A(t, X, l/l(t,.x), A + /’L) - A(tvxa l/l(t,.x), )‘*) - a_)\,(t’ X, M(t, -x)v )")M’

—/ O o utt, 0 A+ ) — B w0, ) ) dr el < el
- 9N , X, ull, x), (2% N , X, ull, x), TH| = E|K]A

which leads to (5.3b) and the differentiability of A in U x V with respect to A.

2.Inorder to prove that %‘ and %‘ are continuous maps, we fixapair (u, A) € UxV
and some ¢ > 0. Because U is open in C(S; C(X; R™)), we can find a compact set
F C Q and some § > 0 such that for all v € C(S; C(X; R™)) with |v]c < § we
have both u(¢, x) € F and (u + v)(t, x) € F for almost all (¢, x) € S x X. Taking §
small enough we ensure that this § corresponds to A, F' and e with respect to condition
(C3) and that & + p € V holds true for all u € A with ||u]la < 8. Hence, for all
veC(S; C(X;R™)and u € A with [v||c+|ulla < 8, forallg € C(S; C(X; R™))
and x € A and almost all (z, x) € S x X, condition (C3) yields

‘(M(u +v, A+ pu) e — a;‘l(bt,)\)go) (t,x)
ou ou

A JdA
= ‘(B_(taxv (M+U)(t,x),)¥+,u) - —(t,x,u(t,x),k)) (p(tv-x) = 8”()0”Ca
§ 0§
and
0A dA
‘(BT(M+U,A+M)X—B—A(u,k)x)(t,x)
|04 . 9A D)l
- (a(l‘,x,(u*kl))(t,x), +M)_a(t7‘x7u(t7x)ﬂ )) X —SHX”Aa

QA and 24

in other words, 5 and 55 are continuous on U x V.
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3. Next, we show that u — % (u, A) is locally Lipschitz continuous, whenever all
the conditions (C1), (C2), (C3), and (C4) are satisfied. To do so, we fix (u, L) € U x V,
and, again, we choose a compact set I C €2 and some § > 0 such that for all
v e C(S; C(X; R™)) with ||v||c < 8 we have both u(f, x) € F and (u+v)(r,x) € F
for almost all (r, x) € S x X.Let L > 0 be the Lipschitz constant, which corresponds
to A and F in condition (C4). Then, for all v € C(S; C(X; R™)) with |Jv]c < 8, for
all p € C(S; C(X; R™)) and almost all (¢, x) € S x X, we arrive at

‘(?(u +v, M) — ait(bt, A) w) (,x)

d A
‘(ag (t,x, w+v)t, x),1) — (t,x,u(t,x),k)) e, x)| < Llvlclelc,

0
9§
which leads to the local Lipschitz continuity of u +— %‘ (u, A).

4. Analogously to Step 1, we can use the definition of the set U and conditions (C1),
(C2), (C3), (C5), (C6), and (C7) to show that C maps U x V x X into L>°(S x X), that
C is differentiable with respect to u and A in U x V x X, and that (5.4a) and (5.4b)
are the corresponding derivatives.

5. To prove the remaining assertions, we make use of the uniform properties of the
family of temporal transformations: We take M > 0 such that ‘g—z(a, t)’ < M for all
teSando € X.

In order to show that and Ty )L are continuous operators, we fix a triple (u, A, o) €
UxV x Xande > 0. Smce U is an open subset of C(S; C(X; R™)), there exists
a compact set F C € and some § > 0 such that for all v € C(S; C(X; R™)) with
lvllc < § wehavebothu(z, x) € F and (u+v)(t, x) € F foralmostall (7, x) € Sx X.
We choose § small enough such that it corresponds to A, F and ¢ with respect to con-
dition (C7) and that A+ € V and o +« € X hold true forall u € A with |||l <8
and all k € R with || < % Consequently, for all v € C(S; C(X; R™)), u € A, and
k € Rwith [[v]lc + |lulla < §and || < %,forallgo e C(S; C(X;R™)and x € A,
and almost all (¢, x) € S x X, we obtain

0A
%_ (TO'(I)s x’ u(t’ x)9 )“)) ¢(l, -x)

‘(BE(TO'—H((I) X, (u+ ), x), A+ p) —
=el¢lic.

0A 0A
‘87(T0+K(t)7x7 (M+U)(t, .X), )\'+/’L) X_a_)\.(TG(t)’ X, u(tsx)v )") X‘ SSHX”Av

which means,

=< ellellc,

aoC aC
—wu+v,r+pu,0+K)e— —W, A o))t x)
du ou

<ellxla-

v rtmo+0x—Carorx)
2y VA o i) = ok 0) ) ) (1 X

Hence, W and %€ 95 are continuous on U x V.
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6. For the proof of (5.4c) we fix atriple (4, A,0) € U x V x X and ¢ > 0. Because
of conditions (C1), (C2), (C5), and (C6) the function

(tv-x) = E;_A(To'(t)axv u(t,x), )") a_T(Uﬂ t)a
s do

belongs to L*°(S x X). We choose a compact set F C 2 such that u(z, x) € F for
almost all (#,x) € S x X and some bound o > 0 corresponding to A and F with
respect to (C6). Furthermore, we can find some § > 0 such that for all « € R with
k| < & we have both o + k € T and |Ty 4, (1) — Tp (1) — 550, 1)k| < e|k| for
every t € S. Simultaneously, we take 8 small enough such it corresponds to A, F
and ¢ from condition (C7). For all £ € F and ¥ € R with || < % and almost all
(t,x) € S x X this leads to

JdA aT
A(T(T-'rl((t)’ X, é:, )") - A(T(T(t)v X, gﬂ )") - E(To’(t)v X, é:ﬂ )") a_o_(aﬂ t)K

/ 0A oT
=/ — ((1=) T )+t Ty (1), x, €, A) dT (T0+K(t) - Tg(l‘)—g(ﬁ, t)K)

1
T
+ (— (=) T (Ot T 44 (1), x, &, ?»)——(T (1), x, 8§, /\)) 20 (0, )k,

0

which yields

A oT
‘C(u, Ao +k)t,x)—Clu, r, o), x)— K(Tg(t), x,u(t,x),A) E(o, t)k

8
< (0o+ M)elk| forall k € R with |x| < M and almost all (¢, x) € § x X.

This proves (5.4c) and the differentiability of Cin U x V x X with respect to .

7. Finally, we show that € is continuous: We fix a triple (u,A,0) e U x V x ¥
and some ¢ > (. Because U is open in C(S, C(X, R™)), we can find a compact set
F C € and some § > 0 such that for all v € C(S; C(X; R™)) with |v|lc < 8 we
have u(t, x) € F and (u +v)(¢, x) € F for almost all (¢, x) € S x X. In view of (C6)
we take some bound ¢ > 0 depending on A and F, and we choose § small enough
such that it corresponds to A, F' and & with respect to condition (C7), that A +u € V,
o+k € Xand |g—£(a + K, t) — (0 t)| < e hold true forall © € A with ||u|ja < §
all «k € R with |k] < i , and allt es. Consequently, forall v € C(S; C(X; R™)),
W e AN,andk € RWlth lvllc+llnlla < dand |k| < 57, and almostall (¢, x) € §x X,
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we get

aC aC
(M+U7A+M70+K)_ (u’)"aot) (t5~x)
do ao

<

JdA
(X(TG-FK(t)?xs (M + U)(t’-x)s A + M)

0A ) aT
- —(Ts@®), x,u(t,x),A) ) — (0 +«k,1)
as do

0A oT oT
+ ‘—(Ta(t),x,u(t,x),/\) (—(0 +x,1) — —(o, t)) < (M + o)e,
as foled foled

which finishes the proof. O
5.2. Right hand sides

In this section, we consider operators F € c! (U x V; L9 (S; H_I(G))), which
are candidates for the right hand sides F* of problem (2.7). Please, remember that the

notation G = X U I indicates the decomposition of the regular set G C R” into its
interior X C R” and its Neumann boundary part I' C 9G, as introduced in (2.1).

THEOREM 5.2. If w € [0, n + 2] and
Gl e C! (U X Vi LY(S; Lz(X))),
¢ e c' (U x Vi Ly L20)).
Grec! (U x Vi LO7N(s; LZ(F))),

are Volterra operators for £ € {1, ..., n}, then the following statements hold true:
1. The map F, defined by

- 9
(F 1), 0) 120511 6)) Z/S/ngz(u,k)(s)a—f;(s)dk” ds
=1

+//go(u,)»)(S)<p(s)dA"ds
SJX

+ / / G (1, 1)(s) p(s) dir ds 5.5)
SJIr

for (u, ) eUxV and p € L*(S; Hy (G)), belongsto C' (UxV; L§(S; H™'(G)))
and admits the Volterra property.
2. If, forcertain . € Vandall £ € {1, ..., n} the maps

8Q£ < V. Om w 2
nelm “Cwired (C(S; C(X: R™)); LY(S; L (X))), (5.62)

ago <. .My, JO—2/¢. 72
ueU > —= (k) ef(C(S,C(X,R ); LE72(S; L (X))), (5.6b)

agf‘ = < m w—1 2
uel a—u(u, Ne” (C(S; C(X;R™); LY (S5 L (F))), (5.6¢)
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are locally Lipschitz continuous, then the operator
el win e (CE: R LIS HTG), (D)

is also locally Lipschitz continuous.
3. Let W be an open set in C(S: C(Y; R™)) such that (7;011)1, e, 'Z;me) eU
holds true for every w € W and o € X, and assume that for some A € V and

all € € {1, ..., n} the assignments
(w,0) = TZGHT !, ..., Tow™, ), (5.8a)
(w,0) — T¢GN (T w!, ..., TOw™, 1), (5.8b)
(w, o) ~ T2GV(TPw!, ..., TOw™, 1), (5.8¢)

generate continuously differentiable operators
Gl e C! (W x T LY(S; L2(X))),
G e ' (W x =5 L5725 LA(X))),
grec! (W x T LY7(S:; LZ(F))),

respectively. Then the map (w, o) +> T"]—'('Z;Owl, A T;me, A) defines a
Volterra operator F), € C! (W x Xy LY(S; H_I(G))).

Proof. 1. Due to (2.2), (2.3) the assignment (g, go, gr) — Y (g, 8o, gr), defined by

(‘I’(g,go,gr)JP)Lz(g;HOI(G))Z//g(S)'Vw(S)d)»ndS
SJX

+//g0(s)<p(s)dknds
SJX

+//gr(s)go(s)d)»p ds 5.9)
SJr

for ¢ € L2(S; HO1 (G)), generates a linear continuous operator

W LY (S; L2 (X5 RM) x LY2(S; L2(X)) x Ly~ (S; LA(T) — LY(S; H™'(G)),
and its norm depends on n and G, only. Since (5.5) holds true, we obtain

Flu, )= (gl(u,x), G, 1), GO, ), gr(u,x)) forall (u, ») € U x V.

Hence, as a superposition of continuously differentiable operators, the map F
belongs to C! (U x V; LY(S; H™'(G))). Moreover, for all (u,1) € U x V and
v e C(S; C(X; R™)) we get the identity

1 n 0 r
a;7:(14, D=V (g(u, Mu, ..., g(u, M, g(u, M, g(u, L) v) .
ou ou ou ou ou

(5.10)
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2. If for some A € V and all £ € {1,...,n} the maps u %(w,)\), U
%(w, A),and u — %(u, A) are locally Lipschitz continuous in the sense of (5.6),
then it is an easy consequence of (5.10) that the operator u +— % (u, 1) given by (5.7)
is locally Lipschitz continuous, too.

3. Because of (5.8) and (5.9) for all (w,0) € W x X we obtain

Fro(w,0) =W (Qi(w, 0)y...,GH(w, o), g)?(w, o), Q{(w, a)) .

As a superposition of continuously differentiable maps, the operator 7 belongs to
Cl (W x =; LY(S; HT1(G))). O
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