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Abstract. In this paper we consider the first exit problem of an overdamped Lévy
driven particle in a confining potential. We survey results obtained in recent years
from our work on the Kramers’ times for dynamical systems of this type with Lévy
perturbations containing heavy, and exponentially light jumps, and compare them
to the well known case of dynamical systems with Gaussian perturbations. It turns
out that exits induced by Lévy processes with jumps are always essentially faster
than Gaussian exits.

1 Introduction

Dynamical systems subject to small random perturbations play an important role both in the
physics and mathematics literature. Many interesting questions relate to the problem of the first
exit from and the corresponding problem of transition between their domains of attraction of
stable equilibria. Random noise makes stable equilibria become meta-stable and largely deter-
mines their asymptotic dynamic properties. The study of perturbations by white Gaussian noise
has the longest history (see e.g. [1,2]), and richest bibliography. The standard mathematical
reference on this subject is [3].

Recently non-Gaussian, in particular jump Lévy noise has been receiving increasing atten-
tion in the study of many systems of sciences and economics. Lévy noise with heavy tails (Lévy
flights) is observed for instance in Greenland ice core measurements (see [4]), and therefore
used to model important qualitative features of paleo-climatic processes by low-dimensional
dynamical systems. In biology Lévy flights are observed for example in the behavioral pattern
of certain species such as albatrosses [5] or anchovies [6]. They are used to account for the
uncertainties in price fluctuations in dynamical models of financial markets [7]. Lévy flights
also naturally appear in particle evolutions along polymer chains [8,9].

In this paper we give a purely probabilistic description of a noisy Lévy particle in an external
potential. More precisely we investigate equations of motion of overdamped particles perturbed
by small discontinuous noise processes. In the limit of small noise intensity we describe the exit
law from a potential well, the analogue of Kramers’ law for Gaussian diffusions. The main results
presented in this paper account for a complete description of exit time rates for equations driven
by Lévy processes with heavy-tailed (polynomial) and light-tailed (sub- or super-exponential)
jump measures.

We observe different patterns of exit. For algebraic or sub-exponentially light jumps, the exit
coincides with one big enough jump by which the particle penetrates through the barrier. For
super-exponentially light jumps, the particle makes finitely many smaller jumps that add up
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to trigger the exit. Opposite to the Gaussian case, the logarithmic rates of the exit times turn
out not to depend on the height of the potential barrier, but only on the distance between the
location of the stable minimum and the boundary of its domain of attraction. Our results specify
the dependence of the mean first exit time both on the small parameter and the geometry of
the domain.

2 Object of study

We consider the following one-dimensional Langevin equation with additive Lévy noise:
dX; = -U'(X{)dt +edly, X5=xz, t>0. (2.1)

We make the following assumptions on the components of this equation.

x € [—a,b], 0 < a,b < oo

— U is smooth enough and has ‘parabolic’ form, that is zU’(z) > 0, U'(z) = 0 iff z = 0,
U”(0) >0, U'(—a),U"(b) # 0;

— ¢ > 0 is the noise intensity;

L is a symmetric Lévy process with characteristic function

2

EeirLe :exp[it(gz%Jr/(emy,lf 1fy2)y(dy)>], t>0. (2.2)

2 and an independent pure jump

process governed by a jump measure v satisfying the usual conditions fR —221/(dy) < 00

1~14J~y
and v({0}) = 0.

It is a sum of a Brownian motion with the variance o

Examples of Lévy processes:

1. If v =0and o = 1, then L is the standard Brownian motion.
2. fo =0, € (0,2), and
dy
v(dy) = P #0, (2.3)

then L is a Lévy flights process (symmetric a-stable Lévy process). In this case, the char-
acteristic function has the form

Eeirle — eftc(a)\/\l“’ A ER, (2.4)

with the normalizing constant (o) =2 [ 1;ffzy dy.

3. For v(dy) = $(6_1(dy) + 61(dy)), o = 0, the process L is a Poisson process with symmetric
jumps of size +1.
4. Let W be a symmetric random variable with a distribution function F(z) = P(W < z),
P(W =0)=0.Let ¢ >0 and
v(dy) = cdF(y). (2.5)

Then with 0 = 0, L is a compound Poisson process with jumps distributed according to F’
and the exponentially distributed inter-jump times with intensity c:

Ee* ot = exp (C/(ei)‘y -1) dF(y)) (2.6)

If 0 # 0 then L is a so-called jump diffusion, that is a sum of a compound Poisson process
and an independent Brownian motion.
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The solution X¢ of the SDE driven by €L is also a jump process with the same jumps as
eL and a deterministic drift force towards the stable point 0 given by the gradient —U’. We
consider the problem of the first exit of X¢ from the interval [—a, b] in the limit of small noise
€ — 0. More precisely, we define the first exit time by

oo(e) =inf{t >0: X:(x) ¢ [~a,b]}. (2.7)

For Gaussian forcing, the paths of X¢ are continuous. In this case we can speak about the first
hitting time of the level —a or b, whence Xg(s) = —aqaor Xg(s) =b. If L is a pure jump process,
X¢ hits the boundary —a and b with probability zero, and either Xi(a) < —a or Xg(s) >b. In
our study of the first exit problem, we focus on the dependence of exit times on the heavyness
of the tails of the jump measure v. Our goal consists in description of the characteristic time
scales (Kramers’ times) which correspond to the following types of tails of the jump measure
v.

1. v = 0: here we recover the classical Kramers’ exit time theory for diffusions;

2. vlu,400) & =, a € (0,2): this is the case of the first exit of jump diffusions driven by Lévy
flights;

3. v]u,+00) = $7 r > 0: this is the first exit of jump diffusions driven by Lévy processes
with power heavy jumps, in particular Lévy flights and the so-called weakly tempered Lévy
flights (see [10,11]) with jump measure

dy
I/(dy) - |y|1+a(1+y2)5/2a

ae(0,2), B>0. (2.8)

These processes have jumps as small as a Lévy flight of index «; their big jumps have index
r = a+ § > 0. In particular, such processes have all moments up to order r: E|L;|7 < oo
forall 0 <y <r,t>0.

4. vlu,+00) = e ", a € (0,1): this describes the case of sub-exponentially light jumps;

viu, +00) & e~ ", a > 1: this is the case of super-exponentially light jumps.

6. The case of a Lévy process with bounded jumps can be considered as the limiting case
o = +00.

ot

Note that although the jump measure v determines the law of L, for all ¢ > 0, the tails of the
probability density function of L; do not always coincide with the tails of v. Indeed, if L is a
Brownian motion, then v = 0 but P(L; > z) ~ %6712/(20. However, for Lévy processes with
regularly varying tails of the jump measure one can prove the relation P(L; > z)/v([z, 0)) — 1
as x — oo (see [12]).

3 Hierarchy of exit times
3.1 Kramers’ times

If L is a standard Brownian motion, then Eq. (2.1) is a classical Langevin equation driven
by Gaussian white noise. The small noise limit of this equation has been studied in numerous
mathematical [13,14,3,15-17] and physical [18,2] papers.

The results on the first exit time from a potential well of Gaussian diffusions in the small
noise limit can be summarized as follows. Assume for brevity, that the potential barrier at the
right end b of the interval is lower than at the left end, i.e. U(b) < U(—a). Then the mean exit
time from the interval in the small noise limit, known as Kramers’ time, is determined by the
height of the potential barrier the Gaussian particle has to overcome, and is exponentially large
in the small intensity parameter . Formally, we have

ey 2U (b)
U’ (b),/U"(0) exp( g2 >’ e—0. (3.1)

Eo,(e) =
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Furthermore, the normalized first exit time is exponentially distributed in the limit of small
noise:

P(E;:fz) > t) et >0, 0. (3.2)

To exit, the diffusion overcomes the lowest potential barrier. Unpredictable exponentially
long exit times depend on the potential’s energy landscape, on the curvature of the potential
at the stable equilibrium of the dynamical system, and on its slope at the point of the most
probable exit.

3.2 Lévy flights and general heavy tails

The exit pattern becomes quite different if we consider Langevin equations driven by white
Lévy noise with heavy tails. Assume that the Lévy measure has fat tails, i.e. with some r > 0
we have v([u, +00)) ~ u~", u — +o00. The case r € (0,2) corresponds to the well known case
of L évy flights.

The asymptotics of the first exit time was studied mathematically about thirty years ago
in [19], then in [20,4] in the context of paleo-climatic modelling as well as in [21,22,7?]. Recent
mathematical results can be found in [23-25]. In the case of power heavy tails the mean exit time
is governed by the index r and the distance between the stable equilibrium of the deterministic
system and the boundaries of the interval. Formally, we have

Eo,(¢) ~ g[ai + bl} - (3.3)

The probability law of the normalized first exit time is again exponential in the limit of small
noise:

0s(e) _
P ( t) t, 0. 3.4
Eo (o) >t) —e €— (3.4)
The jump diffusion exits with a single big jump. Unpredictable polynomially long exit times
depend only on the horizontal diameter of the considered domain.

3.3 Sub-exponential tails

Consider now Lévy forcing with essentially lighter sub-exponential big jumps governed by
the Lévy measure v([u,00)) =~ exp(—u®) with 0 < o < 1. This and the subsequent super-
exponential case have been treated in [26]. Assume that b < a.

In this setting, the exit pattern is similar to the one for jump measures with polynomial
tails. We have

ba
Eo,(e) o exp (;), (3.5)

where o’ stands for the logarithmic equivalence, i.e. we have ¢® In Eo,.(¢) — b*. Unfortunately
we were not able to determine the pre-factor in this asymptotic relationship. Furthermore, the
law of the first exit time is also exponential in the following sense: for any § > 0 and & small
enough the estimates

exp(—CL7%t) < P(o,(e) > t) < exp(—CH7%t), (3.6)

hold for all ¢t > 0 with C. = e™*"/¢".
Similarly to the heavy—tail case, exits occur via one big jump.
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3.4 Super-exponential tails

Finally, we consider the Lévy forcing with super-exponentially light tails for the jump measure,
where we have v(u, 00) & exp(—u®), a > 1. As before, assume that b < a. The mean exit time
now has a quite different asymptotic behavior. It turns out that

1 1 -3
Eo.(g) x exp (b ca(a— 1)5_1%). (3.7)

It is interesting to notice that in the super-exponential case the dependence of the exponent of
the mean exit time on the shortest distance b between the exit point and the stable equilibrium
of the dynamical system becomes linear. Although the pre-factor in the formula for the first
exit time is not known, the following estimates hold for its distribution:

exp(—=D!7%%) < P(o,(e) > t) <exp(—D:°t), t>0, §>0,
(3.8)

|Ingl'~=
D, = exp(f b ala— 1)711—1?)’

The exit now is due to a big but finite number of relatively small jumps ‘climbing’ in one
direction towards the point of exit b.

4 Heuristic derivation of the mean exit times for sub- and
super-exponential jump tails

A detailed and rigorous proof of the derivation of the asymptotic behavior of the first exit time
can be found in [26].

The backbone of the proof consists in the decomposition of the driving process L into two
Lévy processes. Indeed, for ¢ > 0 let ¢ = g. > 0 be a threshold. We consider the big jump
process 1° consisting of jumps of L, the absolute values of which are bigger than g.:

77;: = ZALS 'H(|AL3| > gs)a t>0. (4.1)

s<t
We denote the small jump process by
& =L—n;, t>0. (4.2)

The processes 11° and £° are independent Lévy processes with characteristic functions

b el [ (01 2]
lyl<ge (4.3)
Ee™M: = exp {/ (e — l)u(dy)], t>0, AeR.
|y\295
The process 7° is a compound Poisson process with the jump intensity 5. := 2v([ge,00)) =
2e~95 and jump sizes W;, i > 1, with probability distribution function
1 w
PWi<w)= - [ 1sl 2 gv(dy), we R (4.4)
€ — 00

The threshold g. will be chosen later; at the moment we impose the condition that g. — oo and
€ge — 0 as € — 0. Under this condition it can be shown that the process €£° can be seen as a
small perturbation of the deterministic system & = —U’(x), and its impact on the exit behavior
of the system can be neglected. We will mainly deal with the compound Poisson process £n°.
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Assume that we know the asymptotic behavior of the probability p. ~ P(o,(e) < T) for
some T which does not depend on €. Although this probability depends on the initial point
x, it is clear that for € small and T large enough, the process X¢ spends most of the time in
a small neighborhood of the stable equilibrium of the dynamical system. So we can assume
pe = P(0¢(e) < T). Then the mean exit time Eo,(¢) is obtained as follows:

Eo.(c) <Y KTP((k— )T < 04(¢) < kT) ZkT 1—p)kt EZZ, (4.5)
Pe
k=1
= > T(1—p) T
Bou() > 3 (k— DIP((k — V)T < 0y(e) < kT) = 3 (k — DT(1 - po)¥lp. = TP o T
h—1 =1 Pe Pe
(4.6)

and therefore all we have to do is determine the logarithmic rate of the probability pe.

4.0.1 Estimate from below

At this point, we argue that the exit occurs due to big jumps of the compound Poisson process
en®. The number N7 of such jumps on the interval [0, T] is Poisson distributed with parameter
Be. Assume that b < a. We can show that the main contribution to the exit probability comes
from the event on which the sum of big jumps in the direction of b arising in the interval [0, T
exceeds b. Formally, for £ > 1 and arbitrary x%, . .. ,J;’,j > 0 such that z% +- - —|—sc’,§ = b we have

Nt

(ZsWizb) ZPNTfk (st >b‘NT:k)

=1 =1

&
2
'ﬁ

P(Np = E)P(eWy > 2k, ... eW), > aF)

1 "

Tk b
-7 exXp ( — Z (max{g67

k

),

Since this inequality holds for & > 1 and arbitrary a%, ... ,xz > 0 such that of +--- + x’,: =0,
we conclude that

Tk k 2k \a
— min max{g., — ) )
k! ( k+-»-+z§:b; ( {ge 5 }

k

; p(~ min_ 3 (max(o Z}))

k+...+xk_ i—1

oz
2
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4.0.2 Estimate from above

The estimate from above is technically more complicated. However it can be shown that

< i (ZEW > b’NT - k)P(NT = k)
k=1

k

< > = > .
_kslg}gigaP(Z;sW b‘NT k:) (Np = k) +P(Np > ko + 1) (4.9)
" N
< i i >
ke e Mnax C(e, k:) o exp( ’f+-I-I-IJ1rI;:’,§:b ;Zl ( 6 ) ) +P(Np > k. +1)

with some factors C(g, k) that increase only sub-exponentially fast and do not matter on the
logarithmic scale on which our estimate is obtained. The threshold k. is also chosen to be an
algebraic function of 1/e, so that P(Nr > k. +1) — 0 faster than the first term in the estimate,
whence the term will be neglected.

4.1 Optimization problem

To estimate p. we therefore have to solve a maximization problem. Omitting the sub-exponential
pre-factors T, C(e, k) and k., let us consider the main component of the estimates, namely

k
1 . xf o
II?S{({H exp ( - zler.I.I.lJlrI;ﬁ:b; <?> )} as € — 0. (4.10)
Let us first calculate the minimum in the exponent:
k k b
i a4 >0, i:,}. 411
min { ; xd oy > ; i = - (4.11)

Due to the concavity of the function = — z® for « € (0,1), and its convezity for o > 1 we
obtain

. o : b (2) +0-(k—1) = (), for a € (0,1)
mm{Zmi.xizO,;xi:}:{k(&) - (Q) for o> 0. (4.12)

This solution can be obtained by the method of Lagrangian multipliers which reduces the
minimization problem with constraint to a minimization in z1,-- -,z of the function

k k
f(xl,...,xk,)\)2233?—)\(2%—2), (4.13)
=1 =1

where A is the Lagrange multiplier. The global minimum of a continuous function is attained
either in an inner point of its domain of definition, or on its boundary. The coordinate of the
extremum in the interior of the domain is a solution of the system of equations

4.14
a%f(xl,...,xk,)\):Zf:lxi—b:O, 1<i<k. (4.14)

€

{ a%,if(xlwuwk,)\)zozxf‘_l—)\:()’

Solving this system gives the coordinate of the extremum z} = &, 1<i<k.
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In case a@ > 1, the function x — x® is convex, and the interior point given by 27 = .-+ =
Ty = % is a global minimum of the optimization problem with the minimal value k(%)o‘. If
a € (0,1), the function x — z® is concave, and its minimum attained on the boundary of the
domain, namely at one of the points given by z; = g, x; =0, j # 1. The minimal value in this
case is given by lg’—z

To determine the maximum (4.10) we will have to consider the cases o € (0,1) und o > 1
separately. Different estimates for this maximum will lead to quite different asymptotics of
mean exit times for sub- and super-exponential tails.

4.2 Mean exit time, 0 < a < 1

For any § > 0 and ¢ small we obtain the following estimates. According to Eq. (4.8) we have

xS en (- S ) 2o (B S zeo(-0008)

x’f+~~-+z§:b i1
(4.15)

which together with Eq. (4.6) gives the lower bound for the mean exit time.
On the other hand, according to Eq. (4.9), and recalling the negligibility of the terms related
to C(e, k) and the second sum, we get

Tk k {Ek « be
: [
pe< ke max Cle)qrom (= min, 32(%) )+ POVr = ket 1) <ewp (- (1-0) ).
(4.16)

With the help of Eq. (4.5) this entails the upper estimate for the mean exit time.

The solution of the optimization problem has a clear interpretation. The exit from the
interval occurs in one jump of the process €L of size bigger than b. All other exit patterns with
higher numbers of smaller jumps are essentially less probable in the small noise limit.

4.3 Mean exit time, o > 1

According to Eq. (4.8) we have

pzdren(K(E) ) zm oo (H(E)) @
On the other hand,
pe < ke 151%);5 C(e, k)j];—f exp ( — k;(kig)a) +P(Np > k. +1). (4.18)

Again we do not discuss the contributions of the negligible components 7%, C(k, ¢) and k., and

maximize the function ) .
— exp ( — k(—) ) (4.19)

k! ke
over positive integer k. Recalling that \/%ek(lnkfl)’%k = \/ﬁ (%)k < k! < EF =PIk oand

again only retaining the leading term on the logarithmic scale, it is enough to minimize the
exponent

klnk+k(k%)a (4.20)

in k in the small noise limit € — 0. Let

fly) =ylny +e Y7,y >0. (4.21)
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Fig. 1. Typical exit paths of the solutions of the Eq. 2.1 in case of sub-exponential tails of the jump
measure, a € (0, 1), (1.) and super-exponential tails, o € (1,00) (r.).

To estimate the infimum of this function carefully, we introduce the new variable y = . In
these terms
-« 1 b
f) =2+ (2) 0= (s e + )
e € € € z (4.22)
\lns|( Inz+ |Ine| b ) '
= z .
€ [Ine| 22~ 1Ine|
The factor % converges to 1 uniformly in z < o(| ln¢]). Thus in the limit € — 0 we obtain
|Ine| ( b )
~ . 4.23
£ ~ 22 (= i (4:23)
Minimizing the right-hand side yields the optimal exponent in the mean exit time:
1y |net-% 4.24
R (4.24)

We conclude that for any § > 0 and ¢ small we obtain the estimates

) <pe < exp(* (1 =d)bafa — 1)571%)

(4.25)
which together with Egs. (4.6) and (4.5) give the asymptotic bounds for the mean exit time. It is

bla—1) ) /e

-3
exp ( — (14 §)ba(a — 1)571%

instructive to notice that the minimum of the function f above is obtained at y ~ 1 (

e\ |Ing]

This means that the most probable exit path of the process X consists of k = O(e ™| Ine|~1/®)
jumps of the size eW; = O(e|Ing|/®) in the direction of b.

5 Conclusion

For dynamical systems perturbed by small Lévy noise, exits from domains of attraction induced
by jumps are always faster than those induced by diffusive behavior. More formally, any non-
Gaussian Lévy forcing of the form eL(t) induces exit times of the asymptotic size of

c|lne c
Eo,(e) < exp (%) < exp (?) (5.1)
No forcing of the type €L can fill the essential gap between non-Gaussian and Gaussian exit
time scales. Note that the jump intensity is not included in our scaling. For example, for the
Poisson process e L() with the jump measure

Vo (dy) = 5= (5-(dy) + 3.(dy)) (52)
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exp(—u®)
v([u,00)) = i, r>0 Gaussian
ur 066(0,1) 056(1700) o = 00
-1 o _1)=-1 -1
Boo(@)oc | =[+2] |ew <i> exp (ba<a Do ing] ) exp <b|1na\) ; ( )
e” La” br e e c

Table 1. The hierarchy of mean exit times for a process X° defined by Eq. (2.1) from the domain
[—a,b], b < a, in dependence on the tails of the jump measure v. For the Gaussian forcing we assume
that U(b) < U(a) and U(0) = 0.

the central limit theorem implies the convergence of ¢ L(%) to a Brownian motion. For a stochastic
perturbation of this form exit times would become similar to Kramers’ times ([3]).

In the following diagram we summarize the different scenarios of the asymptotic behavior of

exit times in the small noise limit € — 0 corresponding to jump measures v with different tails
v([u,00)),u — oo. The limiting case & = oo of the Lévy noise with exponentially light jumps
corresponds to the case of bounded jumps.

P.I. and I.P. thank DFG SFB 555 for financial support.
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