
X ispathconnected CX is the cone of X i e

x Xx 0113
X x 0.1

Also notice that
any space X is a subspace of its cone

via the identification X E Xx E E e CX

Thus we can talk about the relative homotopygroups
TK CX X Xo We have the following long exact sequene

for relative homotopy groups

o o Tn X xo I In Cox Xo In CX X Xo In X x

fi
Tn exXix Tn CX ix

The cone CX is always contractible
i.e ithas the hom

type of a point
you can prove this as follows

het H X x oil x oil Xx on be definedby
HC exit D X i s t Clearly His continuous

H X O s x o and H exits o x t

H x t 1 X o

so we get an induced map I Cx x oil CX s t

T exit s X C e t Note that I x it o



X it and I x it I 1 x io Xx 09

and hence H is the required homotopy btw idexto the

point Xx909 mi ex This should also be intuitively clear

203
as you

are contracting ex to the point exo

CX is contractible D Tn Cx Xo O ans lie

we have an isomorphism

TK CX X E Ta X

for the secondpart we know from the first part that

T2 CX X IT x So all we need to do

is to prove that given
a finitely presentedgroup

G F

X w IT X E G But this is just an applicationof

the van Kampen theorem

Suppose G Ga ap
where gases are the

generators and upSpey are the relations

To construct X we first take wedgeof
circles toget

the generators of the group 1
To take care of the

relations we attach 2 cells e a 2 cell is just



the interiorof a polygon by the loops specified by
words

9ps A similar discussion took place when
we explicitly

computed the fundamentalgroups of compactsurfaces

Bond
we have the following

comm diagram
w exactrows

A to Az Az Ay As

If 2 If 2 It I fu Ifs

B Y Bay BI Ba T Be

This exercise is an example of what
is known as

diagram chasing
Let me do some of the

exercise

Want conditions on f fa fy fs n t 3 is

i injective

Let aze A s t Az E Kertz soby commutativity

5373 as fy i 3 93 0

Do y we want a relation
b w az and her is then we

need fy to be injective
Thus if fy is injective

them



we get iz as 0 D Az E Ker iz D byexactness

F AaE Az s t 12 Az 93

There is only one thing we cando now in order to get fits

into picture and that
is to use commutativity Using

that

we get
fz is as fz as ja 2192 0

fa as e Ker ja and so again we can only

do one thing and
that is to use the exactnessof the

bottom row So I b e B s t

j bi 2 as

To get f into picture we can only use
bi from the

previousequation
so we assume that f is surjective

Thus F q E A s t b fi ai

j f ai 2 as

But again using commutativity
we have

J F ai fa as 2 i ai

So we assume that fa is injective to get

92 2 as

But if Az e im i p by exactness Az e
Ker iz



12 az O and from az 121927 0

emo hence f is injective Thus the conditions required

one fa fy injective

f surjective

ni fz is surjective

We want to prove
that given bat Bz F some element

a e As sit f al by emo want
to find conditions

On firs i 3 which make
this happen

Even if we want
to use commutativity

or exactness

we have to reach
the top row from the bottom row

Now 1343 e By
so to get to the top

row we assume

that fy is surjective
Thus I 94EA y s t

4 ay jz by

Now by exactness jz by
E Im 13 0 53 b3 Ekerjy

j4jz b3 0 j4f4 94 fgiy at bycommutativity

Thus 5 141947 0

so we assume that fs is injective to get



141947 0 D ay E Ker it 0 Age im iz

50 F Aze A 3 w i3 az At

So we have two elements in Bz bz and 3 as

we have

jz bz Fz Az 13 b 3 1353193

fy ay fy iz as

fy ay fu ay 0

Thus by fz as e Kaj so by exactness
F baeB2

w j b2 bz 73193 or bz fz as 1262

so we can already see a glimpseof how
to get a s t

bz f ca We have one element fz as
so

somehow we need to write galba in im 3

So we assume that 2 is surjective
Then

F ALE Aa s t 2
as be

Thus fz Azt iz az f 3 as faiz az

fz as t ja 2 as

fz az ja bz

by

Thus Azt 12 az a oms f is surjective So the

requirements are



fa f y surjective and fs injective

Ii bijective

If youhave
understood the previous parts then you

should really attempt
this part on your own

x x


