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CHERN’S CONJECTURE FOR SPECIAL AFFINE MANIFOLDS

BRUNO KLINGLER

ABSTRACT. An affine manifold X in the sense of differential geometry is a differentiable
manifold admitting an atlas of charts with value in an affine space, with locally constant
affine change of coordinates. Equivalently, it is a manifold whose tangent bundle admits a
flat torsion free connection. Around 1955 Chern conjectured that the Fuler characteristic
of any compact affine manifold has to vanish. In this paper we prove Chern’s conjecture in

the case where X moreover admits a parallel volume form.
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1. INTRODUCTION

Let X be a connected topological manifold of dimension n. Following Klein’s Erlangen
program one may study X by asking if it supports a locally homogeneous geometric struc-
ture: a system of local coordinates modeled on a fixed homogeneous space G/H such that
on overlapping coordinate patches, the coordinate changes are locally restrictions of trans-
formations from the group G. Klein noticed that we recover as special cases all classical (i.e.
euclidean, spherical or hyperbolic) geometries. This program, known as uniformization, has
been highly successful for n = 2 and more recently for n = 3. We refer the reader to [ ]

for a nice survey on locally homogeneous geometric structures.

1.1. Affine structures. In this paper we are interested in particularly natural locally
homogeneous structures, namely affine structures, which are surprisingly very poorly under-
stood. An affine structure on X is a maximal atlas of charts (Us, 0q : Us — @a(Us) C V),
where V' denotes the real affine space of dimension n with underlying real vector space
V ~ R", such that:
- each U, is open in X =, Uq;
- Yo : Uy — ¢a(Uy) C V is a homeomorphism;
- for every non-empty connected open set U C U, N Ug the change of coordinates
(Pq © SOEl)IsOa(U) 0p(U) — 9o (U) is the restriction of an element g(U, o, 3) of the
affine group Aff(V) ~ GL(V) x V.
Equivalently, fixing xg a point of X and using the monodromy principle, one easily shows
that an affine structure on X is the datum of a group morphism h : w1 (X, z9) — Aff(V)
and a local homeomorphism D : X — V, where X denotes the universal cover of X, which
is h-equivariant: ¥V v € m(X,z0), Vo € X, D(y-x) = h(7)- D(z) . The developing map
D is obtained by glueing the local charts (¢4), and the holonomy h is obtained by piecing
together the transition functions (g(U, av, 3)).

Notice that an affine structure on a topological manifold X defines canonically a C°-
structure on X. Hence without loss of generality we will from now on assume that X is
a C>-manifold (we will just say manifold) and work in the differentiable category. In this
setting one obtains a third equivalent definition of an affine structure on X, namely a flat
torsion-free connection on the tangent bundle T'X.

1.2. Chern’s conjecture. Around 1950 Chern tried to understand which topological
constraints an affine structure imposes on a connected closed n-manifold. He apparently
proposed the following;:

Conjecture 1.1. (Chern, 1955) Let X be a connected closed manifold. If X admits an
affine structure then its Euler characteristic x(X) vanishes.
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Notice that the Euler characteristic is multiplicative under passage to a finite covering
space. Hence without loss of generality we can and will assume in Conjecture 1.1 that
X is oriented. In this case, x(X) := x(TX) =< e(TX),[X] >, where ¢(TX) € H¥*(X,7Z)
denotes the Euler class of the real oriented tangent bundle T'X of X, the non-negative integer
dx denotes the dimension of X, and [X| € Hy, (X,Z) denotes the fundamental class of X.
As the Euler class of any odd rank real oriented vector bundle is killed by 2 (see | ,
property 9.4]), Conjecture 1.1 trivially holds true for odd-dimensional manifolds.

We now explain why Conjecture 1.1 is non-trivial.

We first recall that the existence of a flat connection on an oriented vector bundle does not
imply the vanishing of its real Euler class: while Chern-Weil theory (see [ , Appendix C])
says that the real Pontryagin classes p; g(E) € H¥(X,R) of an oriented real vector bundle E
on X can be computed using the curvature form of any GL(r, R)"-connection V on F, hence
vanish if V is flat, the real Euler class eg(E) € H"(X,R) can be computed from the curvature
form of V only if V is an SO(r)-connection on E. Indeed, the following easy construction
provides oriented R2-bundles E admitting a flat connection but with non-zero Euler number
on the closed oriented surface ¥ of genus g, g > 2. Fix a complex structure on ¥ and consider
the induced hyperbolic uniformization ¥ ~ I'\H, where H denotes the Poincaré upper half-
plane and 71(X) ~ T' C PSL(2,R) is a cocompact torsion-free lattice. The group PSL(2,R)
acts naturally on the projective line P!(R) hence the S*-bundle  := I'\(H x P!(R)) over X
can be seen as a bundle with structural group PSL(2,R) with the discrete topology. Notice
that n is nothing else than the tangent circle bundle to 3, hence has Euler number 2 — 2g.
It is easy to check that n admits a square root 7: namely the inclusion ¢ : I' < PSL(2,R)
lifts to ¢ : I' < SL(2,R). The 2-plane bundle E associated to ¢ has structural group SL(2, R)
with discrete topology (hence admits a flat connection) and has Euler number 1 — g (see
[ , p-313-4] for details).

Remark 1.2. Notice however that the real Euler class of the oriented real vector bundle
underlying a complex vector bundle of complex rank r identifies with its r-th real Chern
class, hence vanish by Chern-Weil’s theory. In particular Chern’s conjecture holds true for

complez affine manifolds.

Hence Conjecture 1.1 is not a general statement on flat vector bundles. One could nev-
ertheless ask if it is a statement on flat, not necessarily torsion-free, connection on tangent
bundles. In | | Benzécri proved Chern’s conjecture for closed 2-manifolds: among them
only tori admit affine structures. In | ] Milnor proved his celebrated inequality:

Theorem 1.3 (Milnor). An oriented R%-bundle E over the closed oriented surface X, of
genus g > 2 admits a flat connection V if and only if |x(E)| < g.

This implies in particular the following stronger version of Benzécri’s result: the tangent
bundle of a closed connected surface X admits a flat, not necessarily torsion-free, connection
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if and only if x(X) = 0. Milnor asked if this result can be generalized in all dimensions.
However in | | Smillie showed the following:

Theorem 1.4 (Smillie). For any n > 2 there are examples of closed 2n-dimensional man-
ifolds X with non-vanishing Euler characteristic x(X) whose tangent bundle TX admits a
flat connection with non-zero torsion.

Hence Chern’s conjecture is really a question on affine structures, not on flat connections
on tangent bundles.

1.3. Results. The simplest examples of affine manifolds are the complete ones, namely the
ones for which the developing map D : X — V is a global diffeomorphism (equivalently, the
ones which are geodesically complete). In this case X is a quotient of V' by a subgroup I' C
Aff(V) acting freely discontinuously on V. After the results of Benzécri, Milnor and Smillie
we mentioned, Kostant and Sullivan | | proved Conjecture 1.1 in the case where the affine
structure on X is moreover complete. Their proof in that case is an ingenious argument on
the monodromy, which can not be generalized. In | | Hirsch and Thurston proved
Conjecture 1.1 when the image of the holonomy homomorphism & : 71 (X, zg) — Aff(V) is
built out of amenable groups by forming free products and taking finite extensions (a simpler
proof when the holonomy is solvable was obtained by Goldman and Hirsch | D).
Recently, Bucher and Gelander proved Conjecture 1.1 for varieties which are locally a product
of surfaces, see | ].

In this paper we deal with special affine structures, i.e. affine structures whose holonomy
lies in the special affine subgroup SAfi(V) ~ SL(V)x V of Aff(V) ~ GL(V)x V. Equivalently,
special affine structures are the affine structures admitting a parallel volume form. Markus
conjectured in 1960 that a closed affine manifold is complete if and only if it is special affine
(see | ]). This conjecture is largely opened, a significant step being Carriere’s result
[ ] that any closed flat Lorentzian manifold is complete.

Our main result in this paper is the proof of Chern’s conjecture for special affine manifolds:

Theorem 1.5. If X is a connected closed special affine manifold then x(X) = 0.

Notice that if X is a connected closed manifold with vanishing first Betti number, then
any multiplicative character x : m1 (X, xg) — R* takes value in +1, thus any affine structure
on (the oriented cover of) X is special affine. Hence:

Corollary 1.6. Suppose X is a connected closed affine manifold with vanishing first Betti
number. Then x(X) = 0.

1.4. Strategy of the proof of Theorem 1.5. Let us now describe the strategy of the
proof of Theorem 1.5. While most previous results build on group-theoretic arguments and
generalized versions of the Milnor-Wood inequality, our approach relies on the geometry of
the total space £ of the tangent bundle of an affine manifold.
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The following classical proposition, which we recall in the Appendix A, follows from the
very definition of the (real) Euler class of an oriented real vector bundle and reduces its study
to the study of the differential forms on the total space of the bundle:

Proposition 1.7. Let X be a connected oriented closed n-manifold and E an oriented real
vector bundle on X of rank r > 0, with total space €. The Euler class eg(E) € H"(X,R)
vanishes if and only if the natural morphism between cohomology with compact support and
usual cohomology

R~ H!(E,R)— H"(E,R)~ H'(X,R)

vanishes.

Remark 1.8. Proposition 1.7 is Poincaré dual to the following homological statement, which
might be more intuitive: the Euler class eg(E) € H"(X,R) is zero if and only if the natural
morphism

H,(E,R) =R - [X] — HPM (£ R)
vanishes (where [X] denotes the fundamental class in € of the zero section of E, and HPM
denotes the Borel-Moore homology). Loosely speaking: if and only if the cycle X of £ is a
boundary in the complex of locally finite chain with non-compact support of £.

We study differential forms on £ using the geometry of £&. When E is a mere bundle,
the only natural geometric structure on £ is the foliated structure given by the projection
m: & — X. If in addition we assume that the bundle F is endowed with a flat connection
V, the total space £ has a natural local product structure in the sense of Definition 2.1, the
additional foliation being given by the flat leaves of V.

For any manifold M endowed with a local product structure, the De Rham complex of
sheaves of real differential forms (2%, d) is enriched with a natural bigrading (Qg°,d’,d”), d’
being the differential in the “horizontal” direction and d” the one in the “vertical” direction.
This bigrading defines two filtrations ,F* and ,, F'®, on H?(£,R) and also on H*(E,R). As
usual the graded pieces of these filtrations are computed by spectral sequences d,E:" and
d,,E:’° (both in the compact support case and the usual one). I don’t know how to compute
these filtrations for a general local product structure.

On the other hand when M is the total space £ of a flat bundle £ on X, one can compute
these filtrations with the exception of ,, F'* on HZ(E,R), see Proposition 3.2 and Proposi-
tion 3.4.

The morphism H?(E,R) — H*(E,R) we want to study is induced by a morphism of spec-
tral sequences <,0:’°: d,,E;’: — d,,E:" and the relation between the local product structure

on & and the vanishing of e (F) is given by the following refinement of Proposition 1.7:

Proposition 1.9. Let X be a connected oriented closed n-manifold. Let E be an oriented
flat real vector bundle on X of rank r > 0 with total space £ and projection m : € — X.
The Euler class er(E) € H"(X,R) vanishes if and only if the map

SOCO;OT : GI'O FcHg(g,R) = d”E(CLgo — d//Eggn = GI"O F.HT(S,R) =R
J" s a’
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vanishes.

We will be mainly interested in the case n = r. In this case the local product structure on
€ is called a para-complex structure on €. The bigrading (Q°,d’, d") is formally similar to
the bigrading of the complex analytic De Rham complex on a complex manifold, except that
there is no involution of (Q%,d) exchanging d' and d” (like the conjugation in the complex
setting).

Suppose now that the vector bundle F is the tangent bundle TX. Any linear connection
V on T'X defines a natural almost complex structure I on €. Moreover Dombrowski | ]
proved that [ is a complex structure if and only if V is flat and torsion-free, i.e. X is an affine
manifold. This complex structure was further studied by Cheng and Yau | .

The interplay of this complex structure on £ and the natural para-complex structure on &£
is our main tool for studying the vanishing of eg (7'X): the total space & of the tangent bundle
of an affine manifold acquires a very rich para-hypercomplez structure (see Definition 4.1), a
notion analogous to an hypercomplex structure in complex geometry. In particular, and this
will be crucial for us, the standard para-complex structure on & is the value at @ = 0 € [0, 27|
of an S'-family of para-complex structures, induced by a canonical SO(2)-action on TE. Such
an S'-family simply does not exist if V is flat but has non-trivial torsion. Notice moreover
that for @ # 0 mod 7/2, the para-complex structure on £ corresponding to 6 does not come
from a flat bundle structure on T'X.

For each 0 € S! the corresponding para-complex structure defines, as above, a filtration
dgF.v on H?(E,R) and on H*(E,R). It satisfies d'e':oF. = »F*® and d’g’:w/gF. = yF°. The
main idea in the proof of Theorem 1.5 is that while the filtrations , F'® and ;, F'® are unrelated
when £ is the total space of a mere flat bundle, the S'-family of para-complex structures on
the total space £ of the tangent bundle of an affine manifold induces an S*-family of filtrations
interpolating between them. Technically speaking, we construct a spectral sequence in the
category of sheaves over S', obtaining a morphism

07 . 07 0»
90007?51 : d”gc,go — d”goon
of sheaves over S'. The subtle relation between this spectral sequence of sheaves, and the
spectral sequence we are interested in at the point 8 = 0, lies in the existence of a canonical

factorisation (see Lemma 4.10) of the morphism oo as

()

0, ~ 0, 00,5/ 9=0 0, 0,

e s e (e, e e e
= =0

Let us warn the reader that the canonical morphism ( d,,Sgg">0 . — d,,Egé," relating the

stalk of the sheaf ;,£3" at the point 6 = 0 to 4, EX" in the factorization (1) is a priori neither
injective nor surjective.

A crucial feature of the sheaves d,,é‘?;& and d,,ggg” on S' is their constructibility, as they
are quotients of the constant sheaf Rg1. Suppose now that X is special affine. We use this
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constructibility, the fact that ,,  F*® = ,F* and the existence of an affine volume form on
6

=m/2
X to show that the sheaf d,,e&? is identically zero (see Proposition 4.13). It follows from (1)
that the morphism @25” vanishes. By Proposition 1.9, this finishes the proof of Theorem 1.5.

1.5. Notations. From now on manifolds are connected and oriented. If Y is a manifold
one denotes by Shy the Abelian category of sheaves of real vector spaces on Y, by C3° € Shy
its sheaf of infinitely differentiable real functions and by (€5, d) its De Rham complex of
sheaves of real differential forms. One denotes by Ry € Shy the constant sheaf of rank one.
More generally if A denotes a 71(Y')-module we denote by Ay the locally constant sheaf on Y
defined by A. The notation T*Y denotes either the cotangent bundle of Y or the associated
sheaf on Y.

We refer to | , chap. II] for a survey on sheaves and their properties. In particular,
given f : X — Y a morphism of manifolds one denotes as usual by f~! : Shy — Shy,
f« : Shx — Shy and f; : Shx — Shy the pull-back functor, direct image functor and
direct image with proper support functor. If F is a C§°-module the notation f*F denotes
the C¥-module C¥ Qf-10 F.

1.6. Acknowledgments. This work was done while I was a Member at the Institute for
Advanced Study, Princeton. I thank the Institute, in particular the Ellentuck Fund and
the Charles Simonyi Fund, for their support. I also thank Burt Totaro for providing the
argument of the proof of Proposition 3.4.

2. DIFFERENTIAL FORMS ON SPACES WITH A LOCAL PRODUCT STRUCTURE

2.1. Spectral sequence associated to a foliation. Recall that a foliation F of dimension
r on a manifold M of dimension n + r is the datum of an atlas of charts (Vy, 0 : Vo —
va(Va) € R™ x R") such that the change of coordinates (¢, o @El)wﬁ(vtxmvﬁ) t (Vo N
Vi) = 0a(Va NVj) is a diffeomorphism of open subsets of R x R” of the form ¢,s(z,y) =
(gaaﬁ(x), cpiﬁ(:c,y)). The connected components of the sets x = constant in a chart V,, are
called plaques. Let F' C T'M be the (integrable) subbundle of vectors tangent to the plaques.
The exact sequence of vector bundles

0—F —TM —Q:=TM/F —0
defines the dual sequence
0—Q"—T*M —F*"—0 .

This 1-step filtration of T*M induces a filtration F'®* on the De Rham complex of sheaves
(Q3, d) hence spectral sequences zEV? = HPT4(M,R) and zEV) = HPT(M,R). We won't
need a precise description of these spectral sequences for general foliations, see | , chap.4]
as we consider only spaces with a local product structure (two foliations).
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2.2. Local product structures and para-complex structures.

Definition 2.1. Let n and r be two positive integers. A local product structure of type
(n,7) on a manifold M of dimension n+r is the datum of an atlas of charts (Vy, 0o : Vo —
©va (Vo) C R xR") such that the change of coordinates (goaogofgl)wﬁ(vamyﬁ) tp(VaNVg) —
va(Va N'V3) is a diffeomorphism of open subsets of R™ x R" of the form

(2) as(1,y) = (Pap(), Pas¥)) -

Remark 2.2. Recall that an almost product structure on a manifold M is an endomorphism
J € EndTM such that J2 = 1. Let TM* C TM (resp. TM~ C TM) be the subbundle
eigenspace of I associated to the eigenvalue +1 (resp. —1) of I. Hence TM = TM T @®TM ™.
The almost product structure J is said of type (n,r) if TM ™ is of rank n and T M~ of rank r.
Equivalently an almost product structure of type (n,r) is a (GL(n,R) x GL(r, R))-structure
on M. A local product structure of type (n,r) is the same thing as an integrable almost

product structure of type (n,r). We refer to [ ] for details.
In this paper we will essentially be concerned with the special case n = r:

Definition 2.3. A para-complex structure on a manifold M of dimension 2n is a local

product structure of type (n,n).

We refer to | ] for a survey on para-complex geometry.

2.3. The bigraded De Rham complex of a local product structure. A pair of
supplementary foliations 7' and F” on a manifold M gives rise to two pairs of spectral
sequences as in Section 2.1. In the case of a local product structure, these spectral sequences
are the two spectral sequences associated to a bigraduation of the De Rham complex of M,
as we now show.

Let M be a manifold with a local product structure of type (n,r), and (Vu,pq : Vo —
R™ x R") an atlas of charts for the local product structure. Let p/ : R x R" — R" and
p” : R" x R" — R" be the two natural projections. The map ¢, induces a decomposition

of the sheaves of differential forms on V:

(3) O e LT

ptq=l

(4) O = o (P g @z, 0" OQhe)

R™ xR"

The shape (2) of the change of coordinates guarantees that these local decompositions

glue together and one obtains a canonical decomposition of sheaves

(5) Oy = @ o4 .

ptaq=l
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Moreover the decomposition dgn+r = dn +df. of the differential on R™*" induces a canonical
decomposition of d : Qf, — Q;\jl into the sum of two differential operators d = d’ + d”
where
d:Qy — Q' and 47 QY — ot
satisfy
d/2 — d//2 — d/d// + d//d/ — 0

Hence the bigraded C§y -algebra Q3] carries two natural derivations d’ and d” of type

(1,0) and (0, 1) respectively. Considering the double complex Q37 of sheaves on M

00_d 10 _9 d’ 0
(6) Q ) Q ) “ e an
M
d// d// d// d//
0.1 d’ d’ d’
Q ’ Q]wl e Qn71
M
d/l d/l d// dll
d’ . d’ . d’
d// d// d/l d//
one obtains an identification:
. oo i

Remark 2.4. The situation is formally similar to the decomposition of the sheaves of complex
differential forms on a complex manifold, except there is no real involution exchanging sz}[q
with QF.

Definition 2.5. Let M be a manifold with a local product structure. We define the sheaves

LP and L'"P, p € Z7°, on M as L'P := Ker(d" : QZ]’\Q[() — Qﬁ}[l) and L"P := Ker(d' : Q(])\}f —
Qpp).

2.4. Cohomological properties of the bicomplex Q;w.

Lemma 2.6. Let M be a manifold with a local product structure. Then Ry — (L'*,d')
and Ry — (L"*,d") are resolutions of the constant sheaf Ryy.

Proof. Let (Vo,pa @ Vo — R™ x R") be a chart of the local product structure M. Then
(L, d) v, = (' 0 pa) H((Wn,d)). As Regn — (O, d) is a resolution and the functor
(¥ 0 pa)”!
This proves that Ry; — (£'*,d’) is a resolution. Similarly, replacing £’ p’ and d' by £, p”

is exact, one obtains a quasi-isomorphism Ry, = (p' 0 o) 'Rgn =~ (L£'*,d’ V-

and d” respectively, one obtains that Ry; — (£”*,d") is a resolution. O

Recall the following classical definitions:
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Definition 2.7. Let A be an Abelian category and K a complex of objects of A. The
(decreasing) filtration béte F*K of K is defined as

0 ifn <
(8) (FPK)" = P
K" ifn>p.

Definition 2.8. We denote by , EP? the classical hypercohomology spectral sequence asso-
ciated to the filtration béte F* on the complex of sheaves ((L')®,d') on M:
(9) JEL = HI(M, (') = HP(M,R) .
We denote by ,F*® the associated filtration on H*(M,R).

Similarly, we denote by ., EP9 the spectral sequence obtained by replacing L' and d' by L"
and d" respectively:

(10) s EVT=HY (M, (L"P) = HTY(M,R) .

We denote by ,,F'® the associated filtration on H*(M,R).
Replacing cohomology with compactly supported cohomology we obtain the two spectral

Sequences
(11) Bl = HI(M, (L)) = HE(M,R) .
(12) o BV = HI(M, (L")P) = HEIYI(M,R) .

We still denote by ,F* and ,, F'® the two associated filtrations on HZ(M,R).

Remark 2.9. These spectral sequences are first quadrant spectral sequences and hence con-
verge. However I don’t know if they always degenerate in Es.

Remark 2.10. Notice that the sheaves Q4 are fine sheaves on M. Hence both LP —
(QF7,d") and L"P — (Q3F,d’) are acyclic resolutions for the functors I'(M, ) and Te(M, -).
Thus the spectral sequences we defined above are nothing else than the two spectral sequences
of the double complexes of real vector spaces obtained by applying I'(M, ) and I'.(M,-) to
the double complex of sheaves (6). Once more the situation is formally similar to the Hodge
to De Rham spectral sequence for complex manifolds.

Remark 2.11. In view of Remark 2.10, the language of sheaves in not really needed at
this step. However the use of sheaves will be unavoidable in the heart of the proof (see
Section 4.3).

3. THE CASE OF FLAT BUNDLES

Let X be a manifold of dimension n. Let E be a real oriented vector bundle on X of rank
r > 0, with total space £ and projection 7 : £ — X. The bundle structure on £ defines
a “trivial” foliation of dimension r on &, with closed linear leaves. Suppose from now on
that the bundle E is endowed with a flat connection V associated to a linear representation

—

p:m(X,z9) — GL(V). Then the manifold £ has a natural local product structure given
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by the fibers of m and the leaf of the flat connection V. In the description of Definition 2.1
the maps cpiﬁ are moreover linear. In this situation the complex (£'*,d’) and (£"*,d") are
easier to describe.

3.1. The complex (L£'*,d'). Notice that the sheaf £? is nothing else, by definition, than
710k and the complex (£'*,d’) coincides with the complex (771Q%, 7 1dx), which is well
defined for any (not necessarily flat) vector bundle E on X.

Proposition 3.1. There is a canonical isomorphism

— . 0 if i #0;
H'(E,m Q%) = H'(QP*(€),d") =
(&7 0) = HHE), ) P(X) ifi=0.

Similarly, considering cohomology with compact support:

HI(E,77\0%) = HI(QL (). ") = fitr
QUX) ifi=r.

Proof. Let us give the proof for the compactly supported cohomology, the proof for ordinary
cohomology is similar. Consider the Leray spectral sequence for
EY = H(X, Rim(n 1% ) = HIY (&, 77 10%) .
By the projection formula: Rm (7105 ) = Rm(R) ® Qf = Q& [—7].
As QF is a fine sheaf (hence I'.-acyclic):
Eé’j: 0‘ if ¢ #£ r;
QUX) ifi=mr;

Hence the Es-page has only one non-zero column at ¢ = r, the Leray spectral sequence
degenerates in Fy and we get the result. O

Hence the first page ,E} is given by

OP(X) if q=0 :
JEUT = e n o) - { )
0 if ¢ # 0.

It coincides with the usual de Rham complex of X on the line ¢ = 0, thus the spectral
sequence , [ degenerates in Ey (not in £ as in the compact Kahler case!) and we recover
(in a complicated way...) the isomorphism

2B = Gr’ JHP(€,R) = H(€,R) ~ H'(X.R) .
For the compactly supported cohomology we get:
W(X) ifg=r;

EPY = HI(E, n 10k =
¢el X 0 if g #r.
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Hence the E1-page of the spectral sequence j, E. is the compactly supported global de Rham
complex for X on the line ¢ = 7, the spectral sequence , E. degenerates in Ey and we recover
(a version of) the Thom isomorphism (see Appendix A):

g BV, = Grz PHPY(E,R) = HPT(E,R) ~ HP(X,R) .
Hence we have proven:

Proposition 3.2. Let X be a connected oriented n-manifold. Let E be an oriented flat real
vector bundle on X of rank r > 0 with total space £ and projection w: E — X. Then

s BP0 =GP LHP(E,R) = HP(E,R) ~ HP(X,R), and
d/

yEoL =GP LHPTT(E,R) = HP'"(E,R) ~ HP(X,R) .
d/

3.2. The complex (L£"*,d") for flat bundles. The cohomology of the sheaves (L)1,
0 < g < r, is not as simple as the one of the 77_19’)’(, 0 < p < n. We will interpret it
directly in terms of the monodromy representation p : m1(X,z9) — GL(V) defining the
flat structure on E. This 71 (X, 2)-module structure on V induces a natural structure of
71(X, z9)-module on the infinite dimensional real vector spaces Q4(V) and Q4(V), 0 < ¢ < r,
which makes (Q2*(V),d) and (Q2(V),d) complexes of (X, zg)-modules.

Recall (see Section 1.5) that if A is a 71(X)-module we denote by Ay the corresponding
local system on X. Hence we obtain the following resolutions in the category of infinite

dimensional local systems on X:
(13) Ry =~ (2°(V))x,d")  and  Rx[-r] = ((Q2(V))x,d") .

Proposition 3.3.
H(E, L") = H'(Q4*(£),d") = H'(X, (2Y(V))x) and

—

H (&, L") = Hy(Q7*(€),d") = Hy(X, (4(V))x) -
Proof. We give the proof for the compactly supported cohomology, the other case is similar.
Consider the Leray spectral sequence:

Ey) = H(X, RIm L") = HFI(E, L") .

As 7 is a locally trivial fibration the sheaf R/m£"4 is nothing else than the locally constant
sheaf (HL(V, Q%))X. The sheaf Q% is fine and hence is T'c-acyclic on V. Thus HZ(V, Q'é) is
zero for j # 0 and

g _ 0 it j#0;
HY(X, (Q4V))x) if j=0.
The spectral sequence degenerates trivially in Ey and the result follows. O

Although the cohomology of the sheaves (£”)?, 0 < ¢ < r, is not as simple as the one of
the 77_19’;(, 0 < p < n, we can still show that the filtration , F is trivial on H*(&,R):
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Proposition 3.4. Let X be a connected oriented n-manifold. Let E be an oriented flat real
vector bundle on X of rank r > 0 with total space £ and projection w : &€ — X. For any
integer p, the natural map

HP(E,R) ~ HP(X,R) — B = Gr° HP(E,R)
d//
18 an isomorphism.

Proof. It follows from Proposition 3.3 that the spectral sequence d,,E’f’q = HYE, L) =
HPT4(E R) is canonically isomorphic, via the isomorphism 7* : H*(X,-) — H*(E,-), to the
spectral sequence E)'f = H7(X, (QP(V))x) = HPTI(X,Ry) associated to the filtration béte
of the resolution Rx ~ (2°(V))x. Notice that the natural morphism of (X, z¢)-modules
R — Q%(V) is split injective: the splitting is defined by associating to f € Q°(V) its value
£(0). Hence the edge map HY(X,Rx) — HYI(X, (Q2°(V))x) of our spectral sequence is
injective for all ¢, hence the map HP(£,R) — GrS//FHp(E, R) is an isomorphism. O

Notice that similarly the spectral sequence ,, Ep{ = HZ(E,L"P) = HPT(E,R) is canoni-
cally isomorphic, via the Thom isomorphism ® : H?(X,R) — H2™"(£,R), to the spectral
sequence Ef,’g’l = HI(X,(QP(V))x) = HPM(X,Rx[—r]) associated to the filtration béte
of the resolution Rx[—7r] >~ (22(V))x. This time the morphism QL(V) — R of m (X, zo)-
modules given by integrating over V does not split anymore and I don’t know how to compute

the filtration ,, F' on H?(&,R).

Definition 3.5. We denote by ¢ : jwE. — 1 E the canonical morphism of spectral se-
quences defined by the morphism of functors H2(E,-) — H*(E,-).

3.3. A criterion for the vanishing of the Euler class of a flat bundle : proof of
Proposition 1.9. From now on we assume that X is closed.

Proof. Let E be a flat oriented real vector bundle of rank r > 0 with total space £ and
projection m : € — X. Let w € QL(£) be a Thom form for E, see Definition A.6. In
particular the n-form w is d-closed. By Lemma A.4 the Euler class of E can be computed
as:
e(X)=1i"w] € H"(X,R) |,

where i : X — £ denotes the zero section.

Let us now relate the form w to the spectral sequence ;,,E.. Decompose the form w into
types: w =Y 1_ow" ¢, with w7 € Q" (E). As w is d-closed we obtain:

(14) A i, 0 < 7 < T, d/wi,r—i _ _d,/wi+17T—i—1 ‘

In particular: d'w™® = 0. As L7 — (Q¢”,d') is a fine resolution, the spectral sequence
d”EZ,(II = H{(E, LP) = HY taig ,R) coincides with the double complex spectral sequence:

Bl = HYQ2P(E),d) = HIT(E,R) .

Hence the d’-closed form w™? defines a class [w™] € d//E(C):I. Notice that the sub-quotient
duEgg of duE(l)’r is in fact a subspace of duE(l)’r as " =0 for p < 0.
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Lemma 3.6. The class W] belongs to y EXh.

Proof. By definition d; : d//ES:I — d,,Ei:; maps [w"%] to the class of d’w™? in d//Ei:I =
H™(Q21(€),d'). From Equation (14) we get d’w™® = d'(—w"51) hence dy[w™°] = 0 and
[w"9] belongs to duEzg.

More generally it follows by induction on i that [w"°] belongs to d,/E(C):: and that d;[w""]
coincides with the class of d”w™ "1~ in d,,Ei’:_iH, which vanishes as d’w"thi=1 =
d/(—wr_i’i).

The lemma follows. g

We now prove the proposition. Suppose first that gog;f : d,,EB;;O — d,,Egg vanishes and
let us show that egr(e) = 0. As the diagram

0 0
d’ Ec:go s "’ ECVI

0,
W&Tl i% "

0, 0,
d//EOOTCH d"EC,I
commutes, it follows from Lemma 3.6 that go(l)’r([wr’o]) = 0. This means that w™? is d’-exact
in (Q*0(€),d'): there exists a € Q""10(€) such that w™® = d'a. Hence

e(X) = [i*w] = [i*w™] = [i*(d'a)] = [d(i*a)] = 0 € H"(X,R) .

Conversely suppose that cpgg : d,,ES;; — duEgg does not vanish. Consider the commu-
tative diagram:

HE(E,R) — 4BV = GrhHI (€, R)

0,r
Poo \L

H(E,R) —> , EX = Gr'%H"(&,R).

As H"(£,R) ~ H°(X,R) ~ R (Thom isomorphism) the non-vanishing of ¢% implies that
the quotient map R = H](E,R) — d,,EE;g is an isomorphism and that the map H] (£,R) —
H"(&,R) is injective. As the Thom class [w] € H. (€, R) generates H] (£, R), this implies that
its image eg(e) is non-zero in H" (&, R). O

4. THE CASE OF AFFINE MANIFOLDS

Let X be a closed n-manifold whose tangent bundle F := T'X admits a flat connection. As
explained in Section 3 the flat structure on T'X endows the total space £ of T'X with a para-
complex structure, which we call its standard para-complex structure and Proposition 1.9
provides a criterion for the vanishing of x(X).

Suppose now that X is affine i.e. the flat connection on T'X is torsion-free. In that case
and in that case only, the standard para-complex structure on TX can be upgraded to a
much richer structure: a para-hypercomplex structure (see Section 4.1).
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Any para-hypercomplex manifold M admits a canonical GL(2,R)-action on its tangent
bundle, whose restriction to SO(2) defines an S!-family of para-complex structures on M.
Hence when X is affine the space £ is canonically endowed with an S*-family of para-complex
structures, the para-complex structure at & = 0 being the standard one.

The main idea in the proof of Theorem 1.5 is that this S*-family of para-complex structures
on & induces an S'-family of spectral sequences, interpolating in a subtle way between the
spectral sequence y E. and the much better understood spectral sequence ,E. (resp. between
o F and yE). This will enable us to show that the Proposition 1.9 is satisfied for special
affine manifolds.

4.1. Para-hypercomplex structures.

4.1.1. Definition. Let n be a positive integer. The canonical isomorphism R” ® R? ~ R??
induces an embedding

(15) GL(n,R) xg+ GL(2,R) C GL(2n,R).

Definition 4.1. Let M be a differential manifold of dimension 2n. A para-hypercomplex
structure on M is an integrable GL(n,R)-structure on M (for the embedding of GL(n,R) in
GL(2n,R) defined by (15)).

Equivalently | | a para-hypercomplex structure on M is the data of a complex struc-
ture I € End (T'M) and a para-complex structure J € End (T'M) satisfying IJ = —JI.

Para-hypercomplex manifolds are for para-complex manifolds what hypercomplex mani-
folds are for complex manifolds. This analogy is explained in detail in Appendix B, hoping it
might clarify the well-known many analogies between complex geometry and affine geometry.

Para-hypercomplex structures are also called “complex-product” structure. In addition to
Appendix B we refer to | I, [ | and references mentioned there for more details

on such structures.

4.1.2. S'-family of para-complex structures on a para-hypercomplex manifold. Let M be a
para-hypercomplex manifold. The 4-dimensional R-algebra generated by the two elements
J and I of Definition 4.1 satisfying J2 = 1, I? = —1 and JI = —IJ identifies with gly(R),
which thus acts on TM. As the GL(n,R)-structure on M is integrable, this gly(R)-action
integrates to an action of the centralizer GL(2,R) of GL(n,R) in GL(2n,R) on TM. The
GL(2,R)-orbit of J in End (T'M) identifies with the GL(2,R)-adjoint orbit of J € gly(R),
whose Killing norm is positive. Hence the GL(2,R)-orbit of J is a hyperboloid of one sheet
H := GL(2,R)/(R* xz/5 R*) ~ R x S', the section S being given by the SO(2)-orbit of J.
Fach point of this orbit H defines a para-complex on M.

We thus obtain an H-family of para-complex structures on M, with an S'-subfamily for
which the complex structure I is preserved.
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4.1.3. Para-hypercomplex structure on the tangent bundle of an affine manifold. Let X
be a closed n-dimensional manifold. Let £ the total space of its tangent bundle T'X and
m : &€ — X the corresponding projection. Let V be any linear connection on T'X. It
induces:

- a direct sum decomposition 7€ = T,EST,E into a vertical and horizontal part. Moreover
TyE = ThE =~ *TX.

- an almost complex structure I on £ given by I = ( L §) in the previous decomposition.

- an almost product structure J on £ defined by J = (_
relation IJ = —JI.

One easily shows that J is integrable if and only if V is flat. Moreover Dombrowski

10 ) They obviously satisfy the

[ | proved that I is a complex structure if and only if V is flat and torsion-free. It
follows from these remarks and Definition 4.1 that if X is an affine manifold then the total
space £ of T'X is canonically endowed with a para-hypercomplex structure, which we call
the para-hypercomplex structure on &.

4.2. S'-family of para-complex structures on the total space of the tangent bundle
of an affine manifold. It follows from Section 4.1.3 and Section 4.1.2 that the para-
hypercomplex space &, total space of the tangent bundle £ :=TX of an affine manifold X,
is endowed with an S'-family of para-complex structures. We now describe in more details
these structures in term of the developing map of the affine structure on X.

4.2.1. The standard para-complex structure on £. We define the standard action of Aff(V)
on &y := V x V as the one obtained on the total space & of the tangent bundle TV =V x V
from the standard action of Aff(V)) on V. If | : Aff(V') — GL(V') denotes the linear part this
standard action is given by

Vge AfE(V), V(u,v) € &y =V x 17, g-(u,v)=(g-u, l(g)-v) .

Let X be an oriented (Aff(V'), V)-manifolds. Fix a base-point xg in X, # the correspond-
ing base point of X and let (h : (X, z0) — Aff(V),D : X — V) be the corresponding
holonomy and developing map.

Let £ denote the total space of the tangent bundle T'X, with projection 7 : £ — X and
base point ey := (zg,0). Then the (Aff(V'), V)-structure (h, D) on X defines an (Aff(V'),V x
V)-structure on € (for the standard action of Aff(V) on V x V) with holonomy h : 1 (€, eg) ~
m1(X, x9) — Aff(V') and developing map

~ —

(16) De:=dD: & — &=V xV ,

called the standard (Aff(V),V x V)-structure on €. It induces the standard para-complex
structure on £ associated as in Section 3 to the flat structure on the bundle £ = T'X defined
by the monodromy representation l o h : 1 (X, z9) — GL(V).
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4.2.2. The S'-family of para-complex structures on the tangent bundle of an (Aff( ), V)-
manifold. Suppose given an origin O € V. It defines a splitting Aff(V) = GL(V) x V.
The decomposition of an element g € Aff(V') for this splitting will be denoted by (I(g),t(g))
(where t(g) denotes the translational part of g).

Definition 4.2. Let 0 € [0,27]. The 0-deformed action of Aff(V') on Ey is defined by

Vge AfE(V), V(u,v) € Ey =V xV, g-g(u,v) = (I(g)-u+cost-t(g), l(g)-v—sind-t(g)) .
We denote by Ev,g the space Ey with this §-deformed affine action of Aff(V).

Remark 4.3. The 0-deformed action is the standard action of Section 4.2.1.

For 6 € [0,2n] let us define Ry := ( %30, 5nf)) ¢ GL(V @ V) as the block rotation matrix
with angle #. Fix €y € £ a point over ey € £ and choose O := Dg(ép) as an origin for V.

The local diffeomorphism D¢ g := Rg o Dg : E — &y satisfies
Vyem(€ e), Deogoy=h(y)9Dsp .

In other words the pair (h, Dgg) defines an (Aff(V'), Eyp)-structure on €. In particular it
defines a para-complex structure on &, called the #-para-complex structure, which, in local
affine coordinates, is obtained by applying the rotation Ry to the standard one. This S'-
family of para-complex structures on £ coincides with the one defined in Section 4.1.2.

Remark 4.4. Notice that these (Aff(V), &y g)-structures on & are not deduced by differenti-
ation from an affine structure on X as in Equation (16), except if # =0 mod .

Remark 4.5. All these (Aff(V'), Ey,p)-structures on £ are equivalent as (Aff(V x V),V x V)-
structure. On the other hand the para-complex structures associated to 6; and 5 coincide

if and only if ; = 62 mod 7.
4.3. The one-parameter family of spectral sequences.
4.3.1. Definitions.

Definition 4.6. For each 0 € [0,27], we define:

- the complex of sheaves (L"y,dy) on € associated to the 0-para-complex structure on € as
in Definition 2.5,

- the spectral sequences dgE: * and dgEZj: associated to the 0-para-complex structure on £
as in Definition 2.8,

- the bigraded complex of sheaves (Qg’;, Y, dy) on & associated to the 8-para-complex struc-

ture on € as defined in Section 2.5.
We now sheafify the situation over S':

Definition 4.7. Consider the submersion W : € x ST — &y defined by ¥(e,0) = Dg g(e).
We define the complex of sheaves (L"gyg1/g1,d") on € x S as the descent to € x S' of the
m1(E)-equivariant complex of sheaves \Il_l((ﬁ”)gv, d") on €x S' ; and (Q;’;Sl/sl,d ,d") as
the descent to € x St of the 71 (E)-equivariant complex of sheaves U1 Qg d,d").
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The complex ((L")g,,,d") resolves the constant sheaf Rg,, and is quasi-isomorphic to the
total complex of (Qg";,d’ ,d"). As the functor ! is exact, it follows once more that the
complex (L"%, g1/51,d") resolves the constant sheaf Re, g1 and is quasi-isomorphic to the
total complex of (QE’;Sl/Sl,d',d”). For 6 € S', the restriction of the complex of sheaves

L%, o1,41,d") to the fiber & coincides with the complex of sheaves (£, d). Similarly the
ExS1/S 9

restriction of the bigraded complex of sheaves (Q d',d") to the fiber & coincide with
(5 dy, dy).

Remark 4.8. The sheaves (2259 on £ are fine sheaves and hence provide an acyclic resolu-

o0
ExS1/S1

tion (QE”Z, dy) of L"5. In contrast the sheaves Q7 o, /g1 are not fine, hence the resolution
(Q;’isl/sl,d’) of L, 51,1 has no reason to be acyclic.

Definition 4.9. Let py : £ x S* — S denote the second projection.
a) We denote by d,,c‘:z;: the spectral sequence computing RpaReyg1 = Rpg;(ﬁ”}xsl/y)
associated to the filtration béte on L"g g1 /g1

D,q "np +
d”gc, = qu2!£ ExS1/St = RP qu!Rgxsl )

and by . F* the associated filtration on the sheaves R®pyRey 1.
b) Similarly we denote by ;,E3° the spectral sequence computing Rps,Rey 51 = Rpg*(ﬁﬂzxsl/sl)
associated to the filtration béte on Lz, g1 /51:

) "p
@€V = RIpa L7 g1y = BTpa Resr

and by ;. F'® the associated filtration on the sheaves R°pa,Rg, g1.
c) We denote by cp:;l : d/,SZ;: — d,/E:’° the morphism of spectral sequences of sheaves
over S induced by the morphism of functors Rps, — Rpo,.

4.3.2. The sheaf spectral sequence versus the pointwise spectral sequences. Let us now de-
scribe the relation between the morphisms of sheaves

r,S

I s
and the morphisms of vector spaces ¢w : d/,EZZgO — d,,EQj of Definition 3.5.

As usual for a sheaf F over a locally compact topological space Y we denote by F, its
stalk at the point y. Recall that if f : Y — Z is a continuous morphism of topological
spaces then for any point 2z € Z there are natural morphisms (RP f.F"), — HP(Y., Fly,) and
(RPAHF), — HE(Y,, Fly,). Moreover this last morphism is an isomorphism by the proper
base change theorem (] , Prop.2.5.2]), while the first one is not surjective in general. Let
us apply this to f = po and z = 0.

For all non negative integers r, s and all § € S we obtain a natural isomorphism

(Rpalssnysn), = HI(E L5

i.e. a natural isomorphism (d,/EZ’i) — duEZ’i. This isomorphism is compatible with
K 9 6 k)

the differential d;, hence for every 6§ € S' we obtain an isomorphism of spectral sequences
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[N ) ~ [N} 1 r,s . . .
( d”gc,')e — ypEce. Forall § € S* we denote by oy the inverse isomorphism
0

TS . 7,8 ~ T,

(17) O[G . (d”gc,oo)g — d’elEC,OO .
Arguing with po, rather than ps;, one obtains for every 6 € S' a morphism
TS T,8 T,S

(18) 0 - (d”goo)e — dgEoo ’

which is a priori neither injective nor surjective as the fibers of po are non-compact.

As these morphisms are natural we obtain in particular:

Lemma 4.10. The morphism of vector spaces <p85" : d,,EB;Z,‘O — d,,Egg” factorises as

0,n\—1 0,n 0
’ ¥ n
EOJL (040 ) gom ( 00,5'1>9:0 gom Bo E(),n
d"’ Cc,00 ~ 3 4’ ¢,00 —0 > d!"¢ oo 0=0 —> d" o0 .

The following criterion is thus an immediate corollary of Lemma 4.10 and Proposition 1.9:

Corollary 4.11. Let X be an affine n-dimensional manifold. If the morphism of sheaves

goggnsl : d,,é‘S;Qo — d//é’g&," vanishes then eg(X) = 0.

4.3.3. Structure of the sheaves d,,e&”*’”. By definition the sheaf d/,é'f;’onfr is the graded sheaf

Gr" pe R™"puRey g1 on S1. Now R"ps,Re, g1 is nothing else than the constant sheaf Rg: as
d/l

the fibration py : & x S' — S! is trivial. Hence all the sheaves g€ are constructible
on S! as constructibility is preserved by taking subquotients. The following lemma will in

particular be useful for us:

Lemma 4.12. There exists a unique open subset j : U < S' such that the sheaf d,,é‘&;o 18
isomorphic to the subsheaf iRy — Rg1.

Proof. The sheaf d//S&O =G1r" peR"pa,Rey g1 = nF"R"p2, Rey g1 = ;0 F"Rg, is not only a
d//

subquotient, but a subsheaf of Rg,. Hence its support U is open in S, and d,,é:’;go is of the

form jRys, where j : U < S' denotes the natural inclusion. O

4.4. End of the proof of the Theorem 1.5. Our main Theorem 1.5 follows immediately
from Corollary 4.11 and the following:
Proposition 4.13. Suppose that X is special affine. Then the inclusion morphism

d//g'ggo — Rsl
s an tsomorphism. In particular d,,é’gg” 18 zero.
Proof. The real vector spaces {Qg"fe (Evg) }SAMV) © Q7 (Ey) of SAF(V )-invariant (0, n)-forms
on &y for the #-deformed action coincide for all § € S' and are 1-dimensional. Let wgf be

a common generator of these spaces. Hence \If_lw?/’n defines a 71 (€)-invariant global section

of \IJ_IQ(E)"?, hence a global section wgfsl/sl of the sheaf Q%:Sl/sl on € x S1. As the section

O,n . . O’n .
we, 18 d-closed, the section We g1 /g1 18 also d-closed.
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As d/,En’ —pg*ﬁ Exsiyst and L7g, g1 /61 = ker(d" : Qstl/Sl — Qg Sl/Sl) the d’-closed

global section wg 51781 of Q%" /g1 Over £ x 81 defines a global section [WSXSI/SI] of the

Ex ST
sheaf dué' 1" over S1 hence of its quotient d//gn 0

Let us show that this global section [w 5X51/Sl] € X 0(S1) is non-zero. For 6 € S*,
consider the morphism

)o

d//gTC;LO,O(Sl) —> (d//g’ggo d//E

0097

where the first morphism associates to a global section its germ at § € S'. By definition it
maps the class [wgfsl/sl] to the class [wg’"] € dgEgéo, where wg’" 1= Df y(we, ) € dgE?”O.

Consider § = m/2. Then by definition E% is nothing else than , E%’ and [w%”] is a
2

generator of d,E&O ~ R (see Proposition 3.2). This shows that the germ of |w 5><51/Sl] €

7€ 0(S1) is non-zero, hence [we 7€ 0(S1) is non-zero.

0,n
’ sl/sl]
By Lemma 4.12, the sheaf d,,é’oo is of the form jRy for some open subset j : U < S1.
Such a sheaf admits a non-trivial global section over S' if and only if U = S'. Hence the
morphism d,,f:’;(;o — Rg1 is an isomorphism.
This finishes the proof of Proposition 4.13, and of Theorem 1.5
d

Remark 4.14. Tt is worth noticing that if one argues similarly replacing wg by wg (w1th
its obvious meaning) one obtains a global section of ng 51781 which is d-closed. However it
does not define a section of d,,Eg’n(Sl) = R"py, L"0(SY).

APPENDIX A. THOM CLASS AND EULER CLASS: PROOF OF PROPOSITION 1.7

Let X be a connected oriented n-manifold. Let E be an oriented real vector bundle on X
of rank r > 0, with total space £ and projection 7 : £ — X. In this section we recall the
definition of the Euler class e(X) € H"(X,Z) from the Thom class of E (where H® denotes
the reduced cohomology).

Recall that the Thom space Th(E) of the bundle E' is the space uniquely defined in the
homotopy category by one of the following equivalent constructions:

(a) apply one-point compactification to each fiber of E to obtain a new bundle Sph(FE)
over X whose fibers are spheres S™ with basepoints, namely the points at co. These
basepoints specify a section s, : X — Sph(F). Define the Thom space as the
quotient Th(E) = Sph(E)/se0(X).

(b) introduce a auxiliary Riemannian metric on £ and denote by D(E) and S(E) the
associated unit disk bundle and unit sphere bundle in E. Define Th(E) as the
quotient D(E)/S(E).

(c) define Th(E) =P(E® 1)/P(E).

Notice that the constructions (a) and (¢) are clearly functorial for morphisms of vector
bundles. For a point z € X let «, : £, — E denotes the inclusion of the fiber E, in F, seen
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as a morphism of vector bundles over {z} and X respectively. It induces a map still denoted
ty : Th(E,) ~ S™ — Th(F) between Thom spaces.

Theorem A.l. (Thom isomorphism) Let X be a connected oriented n-manifold. Let E
be an oriented real vector bundle on X of rank r > 0, with total space £ and projection
m:&— X.

There exists a unique class u € ﬁ’”(Th(E),Z), called the Thom class of E, such that for
any x € X the pull-back v5u is the preferred generator of H™(Th(E,),Z) ~ H"(S",Z) given
by the orientation.

Moreover the map ® = 7*(-) Uu : H*(X,Z) — H*"(Th(E),Z) is an isomorphism of
Z-modules.

Let £° the complement of the zero-section in €. Then Th(E) is the cofiber of the inclusion
£Y < &, in particular the reduced cohomology H*(Th(E),Z) is nothing else than the relative
cohomology H*(E,EY;7Z). Hence we obtain the following version of the Thom class of £ and
of the Thom isomorphism in terms of relative cohomology:

Theorem A.2. Let X be a connected oriented n-manifold. Let E be an oriented real vector
bundle on X of rank r > 0, with total space £ and projection w: & — X.

There exists a unique class v € H"(E,EY;7Z), called the Thom class of E, such that for
any © € X the pull-back 5w is the preferred generator of H' (E,, E, \ {0};2) ~ H"(S",7)
given by the orientation.

Moreover the map ® = 7*(-)Uu : H*(X,Z) — H*T"(E,E%Z) is an isomorphism of

Z-modules.

Definition A.3. Let X be a connected oriented n-manifold. Let E be an oriented real vector
bundle on X of rank r > 0, with total space £ and projection w: & — X.
The Euler class of E is the class

e(E) =o'’ e H'(X,Z) .

The following lemma follows easily from the definition (see | , prop.12.4] for a
proof with real coefficients):

Lemma A.4. Let X be a connected oriented n-manifold. Let E be an oriented real vector
bundle on X of rank r > 0, with total space £ and projection m : £ — X. The Euler class
e(F) € H"(X,Z) is the image of the Thom class u € H"(£,E% Z) under the composite

H'(£,6%2) 15 HY(£,2) ~ H'(X,Z) |
where 1 : X — £ denotes the zero-section.

We now give a differential geometric interpretation of the Thom class. Denote by (Q2,(€), d)
the De Rham complex of differential forms on £ with vertical compact support, see | ].
Notice that when X is closed this complex coincides with the complex of differential forms
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on £ with compact support (£22(£),d). By integrating along the fibers one defines a push-
forward map of complexes

e (Qoy(E),d) — (Q*7(X),d) .

Ccv

One easily shows:

Proposition A.5. There exists a canonical isomorphism ¢ : H*(Q28,(€),d) — H*(£,E%R)

making the following diagram of isomorphisms commutative:

H*(92,(E),d) —— H*(£,€%R)

H*(Q*(X),R) —— H*™(X,R)

Definition A.6. A form w € Q,(€) is called a Thom form if its class [w] € H.,(E,R) ~
HY(X,R) ~ R is a generator.

Proposition 1.7 follows immediately from Lemma A.4 and from Proposition A.5.

APPENDIX B. QUATERNIONIC AND PARA-QUATERNIONIC GEOMETRY

In this appendix we illustrate the analogy between hypercomplex structures (or even the
more general quaternionic structures) among complex structures and para-hypercomplex
structures (and more generally para-quaternionic structures) among para-complex ones.

Let us start with the classical quaternionic geometry, for which we refer to the original
paper of Salamon | | and more recently the work of Verbitsky (see for example | D).
Let n be a positive integer. Let H denotes the Hamilton’s quaternion algebra over R (which
identifies with the Clifford algebra Clg2(R)). The natural left-action of the group GL(n,H)
on the left quaternionic vector space H", which identifies with R*" as a real vector space,
defines an embedding GL(n,H) C GL(4n,R), with centralizer GL(1,H) (acting by right
scalar multiplication on H™). The intersection of GL(n, H) with GL(1, H) is R*, thus defining

a maximal subgroup
GL(n, H) xg- GL(1,H) = GL(n, H) x7/5; Sp(1) C GL(4n,R) ,
where Sp(1) ~ SU(2) is the 3-sphere of quaternionic units.

Definition B.1. Let M be a differential manifold of dimension 4n.

An almost quaternionic structure on M is a GL(n,H) X797 Sp(1)-structure on M. A
quaternionic structure on M is an almost quaternionic structure admitting a torsion-free
connection.

An almost hypercomplex structure on M is a GL(n,H)-structure on M. A hypercomplex

structure on M is an almost hypercomplez structure admitting a torsion-free connection.

Equivalently, an almost hypercomplex structure on M is the data of two endomorphisms
I, I, € End (T'M) satisfying 112 = .722 = —1 (i.e. I; and I are almost complex structures on
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M) and I Iy = —I51;, hence generating an action of the algebra H on T'M. This action inte-
grates to an action of the Lie group Sp(1) ~ SU(2) on T'M, generated by the one-parameter
subgroups with tangent vectors I, Is and I;l5. This almost hypercomplex structure is a
hypercomplex structure if and only if the almost complex structures I; and I are inte-
grable, or equivalently if there exists a (unique) torsion-free connection V on 7'M such that
V1, = VIy; =0 (the Obata connection).

Para-quaternionic geometry is defined similarly, replacing the quaternion algebra by the
para-quaternion algebra Cl; ;(R) ~ gl,(R), i.e. the 4-dimensional R-algebra generated by
two elements j and i satisfying j? = 1, i> = —1 and ji = —ij. Consider the inclusion of
groups

(19) GL(n,R) = GL(n,C) N (GL(n, R) x GL(n,R)) € GL(n,R) x GL(n,R) ¢ GL(2n,R) ,

given by A € GL(n,R) (A 0) € GL(2n,R). The centralizer of GL(n,R) in GL(2n,R) is
GL(2,R), with intersection R*, thus defining an embedding

GL(n,R) xg- GL(2,R) = GL(n, R) Xz,27 SL(2,R) C GL(2n,R)

Definition B.2. Let M be a differential manifold of dimension 2n.

An almost para-quaternionic structure on M is a GL(n, R) Xz /97 SL(2, R)-structure on M.
A quaternionic structure on M is an almost quaternionic structure admitting a torsion-free
connection.

An almost para-hypercomplez structure on M is a GL(n,R)-structure on M. A para-
hypercomplex structure on M is an almost para-hypercomplex structure admitting a torsion-
free connection.

Remark B.3. Para-hypercomplex structures are also called “complex-product” structure. We

refer to | I | and references mentioned there for a survey on such structures.

Equivalently | | an almost para-hypercomplex structure on M is the data of an
almost-complex structure I € End (T'M) and an almost product structure J € End (T'M)
satisfying IJ = —JI (it follows immediately that J and I.J are necessarily para-complex
structures). The endomorphisms I and J generate an action of the algebra Cl; ;(R) of para-
quaternions on 7'M . This action integrates to an action of the Lie group SU(1, 1) ~ SL(2,R)
on T'M, generated by the one-parameter subgroups with tangent vectors I, J and IJ. This is
a para-hypercomplex structure if and only if the almost complex structure I and the almost
product structure J are integrable, or equivalently if there exists a (unique) torsion-free
connection V on T'M such that VI = VJ = 0.
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