CHARACTER VARIETIES OVER PRIME FIELDS AND
REPRESENTATION RIGIDITY

BRUNO KLINGLER

1. RESULTS

A finitely generated group I is said to be n-rigid (where n denotes a positive integer) if
I" has only finitely many conjugacy classes of complex irreducible representations p : I' —»
GL,(C), 1 <r < n, and rigid if it is n-rigid for every positive integer n. Many “natural”
groups are rigid; in particular arithmetic groups of higher rank like SL,,(Z), n > 2, are even
superrigid [I4], i.e. their complex proalgebraic completion is finite dimensional.

It has long been observed that the rigidity of I' is linked to the properties of its finite
quotients:

- the set Rep,,(I")(C) of complex representations of degree at most n of I" contains the ones
with finite image, that is the continuous representations of degree at most n of the profinite
completion I of I'. Hence a necessary condition for I' to be n-rigid is that is n-rigid (where
we extend the definition of rigidity to topologically finitely generated topological groups by
considering only continuous representations).

- this link has long been studied in the case where I' is an arithmetic group. Let G
be a connected semisimple linear algebraic group defined over Q and I' C G(Q) be an
arithmetic group (i.e. commensurable with G(Z)). In this case the problem of classifying the
representations of I with finite image is known as the congruence subgroup problem [3]. One
says that the arithmetic group I" has the congruence subgroup property (abbreviated CSP) if
any subgroup of finite index of I' contains a subgroup of the form ker(G(Z) — G(Z/NZ)).
It is well known that the (generalized) CSP holds for “most” families of higher rank arithmetic
lattices (we refer to the excellent recent survey [2I] and the references therein). It was
observed by Bass-Milnor-Serre and Raghunathan that the CSP implies superrigidity (cf. [3]
section 16] and [22], section 7]).

1.1.  Our first result clarifies the link between rigidity and finite quotients for an arbitrary
finitely generated group I': the rigidity of I" is equivalent to a boundedness property of the
representation theory of I' over prime fields.

Theorem 1.1. Let I' be a finitely generated group and n a positive integer. The following
two conditions are equivalent:

(i) the group T is n-rigid.
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(ii) there exists a positive integer ¢, such that for any prime p the number of GL,(Fp)-
conjugacy classes of absolutely irreducible representations p : I' — GL.(Fp), 1 <
r <, is bounded above by ¢, (where F), denotes the finite field with p elements).

The main ingredient in the proof of theorem is the modular interpretation over the
integers of (an interesting variant of) the character variety of I' provided by Nakamoto [16].

1.2.  Considering finite simple quotients of a group is often more convenient than dealing
with its absolutely irreducible representations over a finite field. We obtain a criterium for a
finitely generated group I' to be rigid in terms of its finite simple quotients of Lie type (we
refer to the appendix [B| for our conventions concerning finite simple groups of Lie type):

Theorem 1.2. Let I' be a finitely generated group. Suppose that:
(i) T has property (FAb) (meaning that any finite index subgroup of T has finite abelian-

ization).
(i) for every n € Z>° there exists a constant c, € Z>° such that the following holds.
Let J(n) € Z7Y be any integer as provided by theorem . For any normal sub-
group TV of T of index [T : '] < J(n), for every prime p and every finite simple
subgroup of Lie type G C GL(n,F,) of characteristic p acting semisimply on Fy, the
number of G-conjugacy classes of surjective morphisms p : I' — G is bounded above
by cp,.
Then T' is rigid.

Theorem [I.2] follows from theorem[I.1]as follows. The classical Jordan lemma, which states
that for every n € Z>0 there exists J(n) € Z>° such that any finite subgroup I' C GL,,(C)
admits an abelian normal subgroup I'; of index at most J(n), implies that condition (i) in
theorem is equivalent to the profinite completion I' being rigid (cf. [2] prop.2 (1)]). In
particular condition (i) is necessary for I" being rigid. We use the generalization of Jordan’s
lemma to fields of positive characteristic (obtained by Nori [I7, paragraph 3|, Gabber [9,
theor. 12.4.1] and Larsen-Pink [12] theor. 0.2]) to prove that conditions (i) and (ii) in
theorem imply that T' satisfies property (ii) of theorem for any positive integer n,
hence is rigid by theorem 1.1} It is not clear to me whether or not condition (ii) in theorem[L.2
is necessary for I" being rigid.

1.3. Next we use theorem and strong approximation (cf. [27] and [I§]) to generalize
to finitely generated linear groups the statement that for arithmetic groups “CSP implies
rigidity”.

Let us first recall the definition of the CSP for S-arithmetic groups and the result of Bass-
Milnor-Serre and Raghunathan. We will use the following notations. Let k be a global field
(i.e. either a number field or the function field of an algebraic curve over a finite field). We
let V' denote the set of all places of k and V (resp. V) the subset of non-Archimedean (resp.
Archimedean) places. As usual for v € V we let k, denote the corresponding completion. If
v € Vy we moreover denote by Oy, the ring of integers of k,. For any finite set S of V' we
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let Af denote the ring of adeéles of k outside of S. Let S be a finite subset of V' containing
Vs and denote by Og the ring of S-integers Og = {z € k | v(z) > 0 for all v € S}.

Let G be an algebraic k-group. We fix a k-embedding G < GL,, and define the group of
S-integral points I' := G(Og) to be G(k) N GL,(Og). The congruence kernel of I' is defined
as the kernel C%(G) := ker((?(?) — G(A?)), where CT(?) denotes the completion of G(k)
with respect to the topology defined by the family of all normal subgroups of finite index
of T'. One says that T' has the (generalized) CSP if C*(G) is finite. In [3] section 16] and
[22] section 7] it is proven that when G is semi-simple, simply connected, and satisfy strong

approximation, if the group I' has the CSP then I' is superrigid. We prove:

Theorem 1.3. Consider finitely many connected simply connected absolutely simple linear
algebraic groups G; over global fields k;, 1 < ¢ < m, and a finitely generated subgroup
I'C H:’il Gi(k;) whose image in each factor is Zariski-dense. For each 1 < i < m let S;r
denote the (finite) set of places v of k; for which either v is Archimedean or the image of
I' in Gi(kiy) does not lie in a compact subgroup. Define the congruence kernel C(I') as the
kernel of the natural map I' —» I, GZ-(AZ’F), where T denotes the profinite completion of
.
If T has property (FAb) and C(T) is prosolvable then T' is rigid.

Remarks 1.4. (a) In the S-arithmetic case considered by Bass-Milnor-Serre and Raghu-
nathan, theorem [1.3|shows that “CSP implies rigidity”. Indeed suppose for simplicity
that G is a connected simply connected absolutely simple group over the global field
k and let T' = G(Og). We consider theorem for m = 1, the set Sy r is equal to
S and one easily shows that C(T') is equal to C°(G). Under our assumptions it is
known that the congruence kernel C°(G) is finite if and only if it is central in (?(?)
(cf. [21), theor.2]). In particular if C°(G) is finite it is abelian hence solvable (and
clearly T" has property (FADb)). Hence theorem [1.3|apply and “CSP implies rigidity”.

(b) the assumptions of theorem are much weaker than those of Bass-Milnor-Serre
and Raghunathan: it applies to any finitely generated Zariski-dense subgroup of
G (k) rather than to S-arithmetic subgroups.

(c) Theorem should be useful in the context of Platonov’s conjecture [19, p.437],
which states that a linear rigid group is of arithmetic type. Bass and Lubotzky [I]
found counterexamples to Platonov’s conjecture (even superrigid ones). Theorem

might be helpful for finding more counterexamples.

The criterion provided by theorem looks theoretically satisfactory. However I am not
aware of any general strategy for proving the prosolvability of C'(T") in this situation: already
in the arithmetic case this is a hard problem (cf. [21} section 5]). We refer to appendix
for remarks concerning C(I").

1.4. Acknowledgments. I thank E. Breuillard for explaining me [12], Y. de Cornulier for

answering my naive questions, and J.P. Serre for his comments.
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2. RIGIDITY AND REPRESENTATIONS OVER FINITE FIELDS: PROOF OF THEOREM [L.1]

2.1. Notations and definitions. We follow the notations of [I6]. Each commutative ring
is unital. Morphisms of commutative rings map 1 to 1. If R is a commutative ring and p is a
prime ideal of R we denote by k(p) its residue field R, /pR, and by k(p) an algebraic closure
of k(p). For a group I' we denote by e the unit of I'. For a scheme Z we denote by hz the

functor Hom(-, Z) from the category Sch of schemes to the category Sets of sets.

Definition 2.1. Let I be a group and R a commutative ring. A map p : I' — GL,(R)
is called a representation if p is a group homomorphism. Such a representation is abso-
lutely irreducible if for each prime ideal p € Spec R the induced representation p, : I' SN

GL,(R) — GL,,(k(p)) is irreducible. We abbreviate “absolutely irreducible representation”
by “a.i.r”.

Definition 2.2. Two representations p, p' : T' — GL,(R) are said equivalent (denoted p ~
p') if there exists an R-algebra isomorphism o : M, (R) — My (R) such that o(p(7)) = p'(7)
for each v € T.

Notice that if p is absolutely irreducible and p ~ p’ then p’ is absolutely irreducible. If R is
a field then p ~ p’ if and only if p = P-p'- P~! for some P € GL,(R) by the Skolem-Noether
theorem.

These definitions naturally extend to schemes. A representation of I' in a scheme X is a
group morphism p : I' — GL,(H°(X,Ox)). It is absolutely irreducible if for each x € X
the representation p, : I' — GL,,(k(z)) is absolutely irreducible. For two representations
p and p' in a scheme X we say that p and p’ are equivalent if there exists an Ox-algebra
isomorphism o : M, (Ox) — M, (Ox) such that o(p(v)) = p/(v) for each v € T.

We denote by P the set of prime numbers.

Given a finitely generated group I' we denote by [ its profinite completion.

2.2. Nakamoto’s result. First we explain Nakamoto’s result on representation varieties.
Let T be a group. Let Rep,,(T') : Sch®® — Sets be the functor parametrizing the represen-
tations of degree n of I':

(1) VX € Sch, Rep,(T)(X):={p:T — GL,(H°(X, Ox)) representation} .

One easily shows that this functor is represented by an affine scheme Rep,,(I') = Spec A,,(T").
This is proven in [I3], prop.1.2 p.3] in the case where I' is a finitely generated group and one
restricts to the category of affine C-schemes. The same proof generalizes to the general case
[16, prop.2.3]. If T is finitely generated then the scheme Rep,,(T") is of finite type over Z, in
particular noetherian.

The character variety Chary,(I') is defined as the GIT quotient of Rep,, (I') under the
natural action of the Z-group scheme PGL,:

Ad : Rep,(I') x PGL, — Rep,(I)
(p, P) = P~'pP .
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Hence Char,(I') = Spec (A, (I')PGLn) (cf. [16, def.2.10], we refer the reader to [25] for
details about the GIT construction over an arbitrary base). When I is finitely generated
Char, (T") is a universal categorical quotient of Rep,, ('), in particular of finite type over Z
hence noetherian (cf. [15], [25]). However the modular interpretation of Char, (I') seen as a
Z-scheme remains mysterious.

Following Nakamoto [16] we rather consider the subfunctor Rep,,(I")air : Sch°? — Sets

of Rep,,(I') parametrizing absolutely irreducible representations:
(2) VX €Sch, Rep,(Dair:={p:T — GL,(H°(X,Ox))an a.ir} .

It is representable by an open subscheme Rep,,(I')a.ir of Rep,,(I')a.ir, whose explicit descrip-
tion shows that it is of finite type over Z when I is finitely generated (cf. [16), def.3.4]).
Let’s define the functor EqAIR,,(T") : Sch®® — Sets parametrizing equivalence classes of
absolutely irreducible representations:

(3) VX e&Sch, EqAIR,(T)(X):={p:T — GL,(H°(X,0Ox))an air}/ ~

The main result of Nakamoto in [16], building on Donkin’s work [5], can now be stated as
follows:

Theorem 2.3 (Nakamoto). Let I' be any group.

(a) There exists a coarse moduli scheme Chary, ('), over Z associated to the moduli
functor EQAIR,,(T"). In other words there exist a separated scheme Char, ('), over

Z and a natural transformation
T EqAIRn(F) — hCharn(F)a_i,r

satisfying the following two conditions:

(1) For any scheme Z the natural transformation T induces an isomorphism

7 : Hom(EqAIR,,(T), hz) ~ Hom(hcpar, (1), hz) (= Homsex (Z, Chary (I)aix)) -

a.di.r?

(2) For any algebraically closed field Q2 the morphism
7 : EqAIR,,(T")(Spec Q) — Hom(Spec 2, Char,,(T')a.i.r)

1s bijective.
(b) The natural morphism m : Rep,,(I')air — Char,(I')air is a universal geometric
quotient by PGL,,. Moreover it is a torsor under PGL,,.
(¢c) When T is finitely generated the scheme Char,(I')air is of finite type over Z.

Statement (a) is [16, Theorl.3|, statement (b) is [16, cor. 6.8], statement (c) is [16,
rem.6.9].
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2.3. A general lemma.

Lemma 2.4. Let X be an affine scheme of finite type over Z. Then X Xgpecz SpecC is
0-dimensional if and only if there exists a constant cx such that for any prime number p the
inequality | X (Fp)| < cx holds.

Proof. Let X be an affine scheme of finite type over Z. By [6, 1.6.1] the scheme X is of finite
presentation. Let n be the dimension of X Xgpecz SpecC.

Let f : SpecZ — Z>° be the function which associates to a prime p the number f(p) of
geometrically irreducible components of X, of dimension n. By [8, 9.7.9] the function f is
constructible. In particular there exists N € Z> such that f is constant on SpecZ[1/N].
Let | := f(SpecZ[1/N]) € Z>°.

It follows from the generic flatness theorem [7), 6.9.1] that, increasing N if necessary, X is
flat over Z[1/N]. In particular all fibers Xr,, p /N, have the same dimension n.

The Lang-Weil estimates [11] (in their affine version) state that there exists cx € Z>Y
such that for any p € P, p [N, the following holds:

1
IX(Fp)| —1-p"| <exp"2 .

This imply that n = 0 if and only if | X(F,)| is uniformly bounded as p ranges through
P. O

2.4. End of the proof of theorem Statement (i) in theorem is equivalent to
saying that the C-scheme Char, (I')air Xspecz Spec C is O0-dimensional, 1 < r < n.

As we assume that I is a finitely generated group, for any r € Z>Y the scheme Char,(T'),.;.,
is of finite type over Z by theorem [2.3)c).

From lemma one obtains that statement (i) is equivalent to the uniform boundedness
of |Char,(I")air)(Fp)|, 1 <r < n, as p ranges through P.

This is equivalent to statement (ii) by the following lemma:

Lemma 2.5. The set Char,(I"),.ir(F,) is in bijection with the set of conjugacy classes of
absolutely irreducible representations p : I' — GL,(FF}).

Proof. By theorem [2.3[(a)] the set Char,(I"),i(Fp) is in bijection with the set of conjugacy
classes of irreducible representations p : I' — GL,(F,). Hence the subset Char, ("), (Fp)
of Char,(I"),;:(F,) can be seen as a set of conjugacy classes of certain irreducible represen-
tations p : ' — GL,.(F,).

By theorem [2.3[(b)] Rep, (I')air is a Char,(I'), i -torsor under (PGL;)z, hence the base-
change (Rep,.(I')a.ir)r, is a (Char,(I')a.i.r )7, -torsor under (PGL;)p,. Let # € Char,(I')ai.(Fp).
The fiber at  of the morphism 7, : (Rep,.(I')a.ir)r, — Char,(I')ai.(Fp) is thus an Fp-torsor
under (PGL;)r,. By Lang’s theorem [I0] this torsor is trivial, which exactly means that
x lifts to an Fy-point of (Rep,(I')a.ir)r,, namely an absolutely irreducible representation

p:T — GL,.(F,).
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Hence Char,(I'),ir(F,) identifies with the set of stable conjugacy classes of absolutely
irreducible representations p : I' — GL,(IF,).

Notice that if p1, p2 : I' — GL,(FF,) are absolutely irreducible and stably conjugate then
they are conjugate. This follows from Homg (p1, p2) = Homp, 1) (p1, p2) ®F, F, and Schur’s
lemma.

This concludes the proof of theorem O

3. COUNTING FINITE SIMPLE QUOTIENTS OF LIE TYPE: PROOF OF THEOREM

The classical Jordan’s lemma does not hold in characteristic p > 0: for example the
group GL,,(F,) contains arbitrarily large finite subgroups SLy,(F,r) which are simple modulo
center. However Nori [17, paragraph 3], Gabber [9, theor. 12.4.1] and Larsen-Pink [12], theor.

0.2] provide generalization of this lemma to arbitrary characteristic.

Theorem 3.1. (Larsen-Pink) For everyn € Z° there exists a constant J(n) depending only

on n such that any finite subgroup G of GL,, over any field k possesses normal subgroups
G3 C Gy C Gy C G such that:
(a) [G:G1] < J(n).
(b) Either G1 = Ga, or p := char(k) is positive and G1/G2 is a product of finite simple
groups of Lie type in characteristic p.
(c) Ga2/Gs is abelian of order not divisible by char(k).
(d) FEither Gs = {1}, or p := char(k) is positive and G3 is a p-group.

We refer to appendix [B for conventions concerning finite simple groups of Lie type.
Theorem is then an immediate corollary of the following more precise:

Theorem 3.2. Let I' be a finitely generated group. Consider the following conditions:
(i) T is rigid.

(ii) for every n € Z>Y there ewists a positive integer ¢, such that for any prime p the
number of GLy(F,)-conjugacy classes of absolutely irreducible representations p :
I' — GL,(F)p) is bounded above by cy,.

(iii) for everyn € Z>° there exists a positive integer c,, such that for any prime p the num-
ber of GL,(IF,)-conjugacy classes of irreducible representations p : I' — GL,,(F)p)
1s bounded above by cy,.

(iv) the following two conditions hold:

(a) T' has property (FAb).

(b) for every n € Z>° there exists a constant ¢, € Z>° such that the following holds.
Let J(n) € Z>Y be any integer as provided by theorem . For any normal
subgroup T of T of index [T : T'] < J(n), for every prime p and every finite
simple subgroup of Lie type G C GL(n,F,) of characteristic p acting semisimply
on B, the number of GL(n,Fy)-conjugacy classes of surjective morphisms p :

IV — G is bounded above by c,.
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Then (iv) = (iii) = (ii) <> (i).

Proof. Theorem says that the conditions (¢) and (7i) of theorem are equivalent.
The implication (iii) = (i¢) is clear.
Hence we only have to show that (iv) implies (7).

3.0.1. The case of finite groups. Notice that any finite group I' obviously satisfies condi-
tion (iv). We first show that (iv) implies (¢¢) in this particular case:

Lemma 3.3. Let I' be a finite group. Then T' satisfies condition (iit) of theorem .

Proof. This follows from the description of irreducible [Fj)-representations of I' for p not
dividing m := |G]|.

Let p not dividing m. First, the number of irreducible IFT,—representations of I' coincide
with the number of conjugacy classes of I'. Any such representation is in fact defined over k,
where k£ denotes the smallest finite extension of I, containing all m-th roots of unity. Hence
irreducible kI'-modules are in bijection with conjugacy classes of elements of I'.

The Galois group Gal(k/F,) is naturally a subgroup of (Z/mZ)*. Two elements 7,7 € T’
are said to be in the same IF)-class if there exists t € Gal(k/F,) C (Z/mZ)* such that v and
7" are conjugated in I'. Then the number of irreducible F,I'-modules is equal to the number
of F)-classes in I', which is uniformly bounded by the number of conjugacy classes of I'. [

3.0.2. The general case. We first fix some notations. Let p be a prime. Let (p : I' —
GL(V,),V, ~ F}) be an irreducible representation. Let G, := p(I') and let

GL(V,) ~ GL,(F,) > G, > G1, D Ga, O G3,

be the sequence of normal subgroups of G, provided by theorem ﬂ First notice that any
[F)-representation of a p-group fixes a non-zero vector hence G3, fixes a non-zero vector of
V, . As G3, is normal in G, and p is irreducible this implies that G5, = 1. Let I'; , C T,
1 <1 < 3, be the subgroup p_l(Gi,p). Hence one has the sequence of normal subgroups

rsry,o>ry,>I's,=kerp .

The property (c) of theorem then implies that the restriction of p to I'g , is an abelian
character of I'y , of order prime to p.

Assume (iv) and suppose by contradiction that (i7i) does not hold. Hence there exists
a positive integer n such that the cardinality of the set of conjugacy classes of irreducible
representations p : I' — GL,,(F,) is unbounded as p ranges through P. For such a rep-
resentation p consider the subgroup I'y , of I'. By property (a) of theorem the index
[I' : T'1p] is bounded above by J(n). As I' is finitely generated it has only a finite number
of subgroups of index at most J(n). Hence there exists a normal subgroup I'' C T" of index
at most J(n) such that the cardinality of the set C, r,—r/(I')(IF,) of conjugacy classes of
irreducible representations p : I' — GL,,(F,) satisfying moreover I'; , = I" is unbounded
as p ranges through P.
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By property (b) in theorem one can decompose
Cnry=r () (Fp) = Cp py=r (1) (Fp) I Cr pyerr (T) (Fp)

where C, r,—r/(I')(F,) denotes the subset of conjugacy classes of representations such that
moreover I'y , = I'y ,(=I"). For [p| € Cyr,—r(I')(FF,) the representation p restricted to
I = I'y is an abelian character of IV. By assumption the group I' has property (FAD).
Hence (I')2P := I"/[I",T"] is finite. The subgroup [I,T'] of ' is normal of finite index and
any [p] € Cpr,=r'(I')(Fp), p € P, factorizes through the finite quotient G := I'/[I",I"]. It
follows from lemma that the cardinality of C), r,—r/(I')(F,) is bounded uniformly as p
ranges through P.

Hence the cardinality of Cy, r,«r/(I')(F,) has to be unbounded as p ranges through P.
Let [p] € Cpro21r(I)(Fp). As G, is abelian of order prime to p, the restriction to I'y , of
p OF, F,, decomposes into isotypical components

(4) V, @, Fp == @ Vox
XEX*(Vp)

where X*(V,,) denotes the set of characters x of G2, whose isotypical component V,, C
V, ®r, Fp is non-zero. Notice that |X*(V,)| < n. As G2, is normal in G, the group
G, acts by permutation on X*(V,) hence a morphism A : G,/G2, — S,. The group
G1,/Ga,p is a product of finite simple groups of Lie type. The restriction of A to such
a simple factor is necessarily injective or trivial. As there are only finitely many primes
p such that there exists a finite simple subgroup of Lie type in characteristic p injecting
into Sy, we can assume without loss of generality that A is trivial on G1,/G>,, for every
[p] € Cpryzr(I')(IFp) as p ranges through P. This means that the action of G, stabilizes
the isotypical decomposition . Equivalently:

Gl,ﬂ = ngp X GLP/GQ,p y

which implies that the abelian group Gs, is a quotient of I = T'; ,. But I' has property
(FAD) hence (T")? is finite. Without loss of generality we can thus assume that the group
Gy, is constant (we denote by Go this group) and all the morphisms I — G2, = G»
coincide as p ranges through P and [p] ranges through C,, p,.r (I')(Fp).

Let T be the kernel of the projection I — G. The restriction pjpr : T — GL,(F))
has for image the product G1,,/G> of finite simple groups of Lie type of characteristic p in
GL, (F,) for every [p] € Cp,r,2r(I')(Fp) as p ranges through P. Notice the following two
facts:

(i) For every [p] € Cpro2r(I')(Fp), p € P, the representation prv is semi-simple: this
is not automatic as we work in the defining characteristic but follows from the fact
that p is irreducible and I'” is normal in I which is normal in T.

(ii) Given a representation « of degree n of I' there exist at most [I" : I'] - n irreducible
representations p of I' whose restrictions to I'” is isomorphic to a (this follows from
Frobenius reciprocity Hompw(a, pjrv) = Homr (Indk,a, p)).
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It follows from these two facts that if the cardinality of C,, r,.r/(I")(Fp) is unbounded as
p ranges through P then the number of GL,,(F,)-conjugacy classes of surjections from I"”
(hence also from I') to a finite simple subgroup of Lie type of GL,(F,) acting semi-simply
on [F;* is unbounded as p ranges through P. By lemma@ it follows a fortiori that one gets
a contradiction to the condition (b) of (iv).

This finishes the proof of theorem O

4. SOLVABILITY OF THE CONGRUENCE KERNEL: PROOF OF THEOREM

For simplicity we assume m = 1 and write k = k1 and S = S; 1. The general case is left
to the reader.

It is enough to show that if I' satisfies the conditions of theorem then I' satisfies
property (ii) of theorem Let n € Z2°. Let J(n) € Z>Y be any integer as provided by
theorem Let IV € T be a normal subgroup of index [I' : IV] < J(n). Let p be a prime
number and H be a finite simple group of Lie type of characteristic p. Let p: IV — H be a
surjective morphism. It extends continuously to a surjective morphism p : " — H.

Consider the commutative diagram

(5) 1 —C(I) X i 1
L]
1—C(T) r T 1

where T (resp. T') denotes the closure of I (resp. I') in G(A7). As I" is of finite index in
T the vertical map I — I is injective. Hence the map C(I") — C(I) is injective.

By assumption the group C(I") is prosolvable hence C(I”) is also prosolvable. Thus
p(C(T)) is a normal solvable subgroup of the simple non-Abelian group H. Hence p(C(I"))
is trivial and p factorizes through p : IV — H.

Under the hypotheses of theorem the group I satisfies strong approximation (cf. [27]
and [I8]): the group I" is a compact open subgroup of G(Af ). In particular it contains a
finite normal index subgroup of the form U = Hvev\ g Uy, where U, C G(O, ) is a compact
open subgroup of G(Ok, ), equal to G(Oy,) for all v € V'\ S where S’ is a finite subset of V/
containing S. As U is normal in I” and H is simple the image p(U) is trivial or equal to H.

As T' contains only finitely many subgroups I of index at most n the following lemma
implies that I" satisfies property (ii) of theorem

Lemma 4.1. Let G be a connected simply connected absolutely simple linear algebraic group
over a global field k. Let S be a finite subset of V and U := HveV\S U; be a compact open
subgroup of G(Af). There exists a constant ¢ such that for any finite simple group H of Lie
type the number of H-conjugacy classes of surjections p : U — H is bounded above by c.

Proof. For v € V\S the group U, is normal in U hence its image p(U,) is normal in H = p(I').
As H is simple p(U,) is trivial or equal to H. For v € V' \ S’ one has U, = G(Oy,) hence U,
admits a unique non-abelian simple quotient F, (usually F, = G2{(O, /my,)). Hence we



CHARACTER VARIETIES OVER PRIME FIELDS AND REPRESENTATION RIGIDITY 11

are reduced to count the number of H-conjugacy classes of surjections Hvev\s/ F, — H.
Given H there exists at most one v such that I}, ~ H. Hence the result. O

APPENDIX A. RIGIDITY AND FINITE INDEX SUBGROUPS

The following lemma seems to be well-known, we provide a proof for completeness.

Lemma A.1. Let I' be a finitely generated group. The following conditions are equivalent:
(i) T is rigid.
(ii) there exists a subgroup I of T' of finite index which is rigid.
(iii) every subgroup of T' of finite index is rigid.

Proof. We use the results of [2] and follow its notations. In particular A(I') denotes the
complex proalgebraic completion of I'; for all n € Z>° the group A, (T) is the quotient of
A(T") by the normal subgroup K, (I") intersection of kernels of all algebraic representations of
A(T) of degree at most n. By [2, theor.2.] the group I is rigid if and only if for all n € Z>°
the proalgebraic group A, (I") is finite dimensional.

Let I be a subgroup of I" of finite index r. By [2, prop.1] the natural morphism A(T") —
A(T) is an injection and the natural map ¢ : T'/T" — A(T")/A(I”) is an isomorphism. Hence
A(T') is a proalgebraic subgroup of A(T") of index 7. By [2, cor.1] the map A(I")® — A(T")°
is an isomorphism.

Let n € Z7°. Any representation p : A(I') — GL,(C) defines by restriction a represen-
tation Resﬁ(mp : A(T") — GL,(C). As A(I") — A(T") this implies that K, (T") D K,(I")

()
hence

(6) An(F/) - Ap(T) -

On the other hand let p : A(T") — GL,(C) be an n-dimensional representation of A(T").
The kernel of the induced algebraic representation Indgg/)) p: A(I') — GL,,(C) contains
the kernel of p. This shows that K, (I") contains K, (I'). Hence A, (I")° = A(T")°/ K, (T")°

is a quotient of A(T")°/K,.(T')? = A(I")°/K,.(T')" = A,,(I)°:
(7) Apr (1) — A,(T)° .

If I is rigid then for any n € Z>° the proalgebraic group A,(I") is finite dimensional.
By @ its quotient A, (I") is finite dimensional. Hence T is rigid.

Conversely if T' is rigid then for all n € Z>° the proalgebraic group A,,.(I')? is finite
dimensional. By its quotient A, (I")? is finite dimensional, hence also A, (I"). This
shows that I is rigid.

O

APPENDIX B. FINITE GROUPS OF LIE TYPE

We follow the conventions of [12, p.1120]. A finite group of Lie type in characteristic p is
a finite group of fixed points G(F,)!", where:
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(1) G is a connected simple adjoint linear algebraic group over E; we denote by & its
root system.

(2) F : G — G is a Frobenius maps (also called a Steinberg map), i.e. there exists
some positive integer n such that F" is a standard Frobenius map defining a form
Go of G over Fy, ¢ =p".

Lemma B.1. Let n be a positive integer. The number of GLy(Fy)-conjugacy classes of
finite simple subgroups G of Lie type of characteristic p of GL,(F,) acting semi-simply on
Fj' is uniformly bounded as p ranges through P.

Proof. It is enough to show that for each n € Z>° the number of GL,, (F,)-conjugacy classes
of finite simple subgroups of Lie type G = G(F,)!" of characteristic p of GL,(F,) acting
irreducibly on F, is uniformly bounded as p ranges through P.

Let G = G(F,)" be a finite simple group of Lie type and p : G — GL,(F,) an irreducible
representation. As the extension IFT, of I, is separable the representation p ®r, ]Fip G —
GL,(F,) is semisimple ([4, theor.7.5]):

tp
(8) p OF, ]FpZ@,Oi )
i=1

where 1 < i, <n, 1 <r, <nand each p; : G — GL% (I[Tp) is a simple E—representation
of G of degree r,, < n.

First notice that the number of simple groups of Lie type of characteristic p admitting
a faithful irreducible representation over F, of degree at most n is bounded uniformly as p
ranges through p. Hence by we are reduced to showing to showing that the number of
isomorphism classes of irreducible representations over F, of degree at most n of a simple
group of Lie type G of characteristic p is bounded independently of p. Because of the
decomposition it is enough to show that the number of isomorphism classes of irreducible
representations over F, of degree at most n of a simple group of Lie type G of characteristic
p is bounded independently of p.

By a theorem of Steinberg [26], theor. 1.3] any irreducible F,-representation of G is the
restriction to G of an algebraic irreducible representation of G. Hence we have to show
that the number of isomorphism classes of algebraic irreducible representations over F, of
degree at most n of a connected simple adjoint linear algebraic group G over F, is bounded
independently of p.

Such a representation is parametrized by a highest weight of G. The dimension of such a
highest weight representation is given by Weyl’s character formula, which is independent of
p. The result follows. O

APPENDIX C. ON THE STRUCTURE OF THE CONGRUENCE KERNEL C(I') WHEN IT IS
CENTRAL IN I’

We follow the notations of section [5| and the discussion in [21, p.6].
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Consider the short exact sequence of groups
(9) 1 —-CI)—I—T—1.

Let I = R/Z. The Hochschild-Serre spectral sequence for continuous cohomology with
coefficients in [ yields from @ the following exact sequence:

(10) HY(T) =5 B (D) — HY(C(D)T 5 H (D)

Notice that the short exact sequence @D splits over I'. Hence

(11) 1 — Cokerp — HL (1)) — HL(C(T)T — M(T) := ker(H2/(T) — H*(T)) .
From now on we assume that C'(I") is central in [. In this case the group

(12) H},(C(T))" = Homey (C(T), )" = Home (C(T)/[C(T],T1.1)

is the Pontrjagin dual PD(C(I")) := Home(C(I"),I) of the compact abelian group C(I).
Hence we obtain
(13)

1 —s Coker(HL(T) — HL(I')) — PD(C(I')) — M(T) := ker(H2(T) — H?*(T"))

The short exact sequence 1} describes the structure of C(I') in case it is central in I'. When
I' is S-arithmetic then one can show that C(T') is central, and the cokernel on the left and
the (metaplectic) kernel on the right are both finite.
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