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The free supersymmetric scalar field

Let M=V = (RY,n =< -,- >) be a pseudo-Euclidian vector
space, e.g. M = Minkowski space, the space-time of special
relativity.

A scalar field on M is a function ¢ : Ml — R.

The simplest Lagrangian is

Lbos(¢) = (grade, gradg) = 1~} (do, dg) =: |do|*.
It is invariant under any isometry of M, since
d(¢*¢) = p*do, Yy € Isom(M).
The corresponding Euler-Lagrange equations are linear:
0 = div grad¢ = A¢.

(pseudo-Euclidian version of the Laplacian) .



The free supersymmetric scalar field Il

Suppose now that we have a non-deg. bilinear form 3 on the
spinor module S of V such that 30,7 € {£1}:
(i) B(s,s') =0B(s',5)
(i) Blyws,s) =78(s,1ws')
Vs,s' € S,v e V, where v, : S — S is the Clifford
multiplication by v € V.

All such forms have been determined in [Alekseevsky-C.,
Comm. Math. Phys. '97 ].



The free supersymmetric scalar field Ill

If o7 = +1, which will be assumed from now on, we can

define a symmetric vector-valued bilinear form
=lg:S5xS5—->V
by the equation
(I'(s,s'),v) = B(ws,s’) Vs,s €S, veV.

I" is equivariant with respect to the connected spin group and

defines an extension of the Poincaré algebra
go = Lie Isom (M) = so(V) + V
to a Lie superalgebra

g=go+ g1 with g1 = S.



The free supersymmetric scalar field 1V

> It turns out that the Lagrangian Lpos(¢) for a scalar field ¢
can be extended to a Lagrangian £(¢,1)) depending on the
additional spinor field ¢ : Ml — S in such a way that
the action of Isomg(M) = SOp(V) x V on scalar fields ¢ is
extended to an action of its double covering Sping(V) x V

on fields (¢, ) preserving the Lagrangian L(¢, ).

» Moreover, the infinitesimal action of gg extends, roughly
speaking, to an infinitesimal action of g preserving L£(¢, 1) up
to a divergence.



The free supersymmetric scalar field V

Formula for the Lagrangian

> L(¢,9) =171 (d¢, do) + B¢, DY),

» where D is the Dirac operator

Dy = Z’Y“a/ﬂpv ’Y'LL = Zan’YV with v, = 70, -

» In this formula v has to be understood as an odd element of
Ma(X) =T(X) ® A,

» where X = M x S — M is the trivial spinor bundle

» and A = AE is the exterior algebra of some auxiliary finite
dimensional vector space E.



The free supersymmetric scalar field VI

The bilinear form 3: 5 xS — R
extends as follows to an even C3°(M) -bilinear form

B:TaA(X) xTa(X) = C°(M) = C*°(M) ® A.

Let (e,) be a basis of S,

Bab = B(€a, €p) and

P = Z €a¥a;

Y=Y eTa(X)=T(Z)@ A=S® C(M).
Then on defines

B, W) = Bapthath,

For homogeneous elements 1, 1 of degree ¢, ¢’ € {0,1} we
obtain

B, ') = (1) aB( ).



The free supersymmetric scalar field VII

This implies
B, DY) = 32 B, v 0uy')
=72 By, 0u)") = —=78(Dep,¢') (mod div)
Dy’

— — Lo~ D)BW, DY)

=+1
= —(=1)"'6(¢', Dy).
In particular, 5(¢, Dy) = —(—1)155(1/), D) (mod div).
Hence (v, D1) is a divergence if 1 is even.

The Euler-Lagrange equations are again linear:

A¢ =0,
Dy = 0.

It is easy to check the Sping(V) x V-invariance of L(¢, ).



The free supersymmetric scalar field VIII

We are now going to check supersymmetry.

For any odd constant spinor
A=) €N € SRNYE (=g ®N7E C (3@ AE)o)

we define a vector field X on the the co-dim. vector space of
fields. The value X4 4y = (99, %) of X at (¢,7) is

0¢ := —B(1h, A) € (3°(M)o
0 = 7grad¢)‘ S FA(Z)l

We check that this infinitesimal transformation preserves the
Lagrangian up to a divergence

3L(0,v) =20~ (db¢, d) + 26(5¢, D) (mod div)



The free supersymmetric scalar field 1X

Here we have used that, by previous calculations:
B(w, Dow) = —(=1)% (5w, DY) (mod div) = F(5v, DY).
T
n~Y(ddg, dg) = —n~H(B(dy, N), do)
= _277“”5( /ﬂ/% ) Oy .
B(6¢, DY) =32 B(vgradp 1" Outb)
=T ﬁ('YM’Vgrad¢)\a a,uw)
= —7 > " (0,0)B(A, Outp) (by the Clifford relation)
+3 22 B((VYgrads — Ygrads V)N Outd)



The free supersymmetric scalar field X

=+70 ) " (0,0)B(0u1, N)
+5 22(000)B(I0", 771N, 0ut)
= > n"(9,0)B(0uy, A)

=3 2 _(0u0,0) B( [v",7"] A ¢) (mod div).
= N——

symm.

=2 1"(0,9)B(0u¢, A)
= 777_1(d5¢a d¢)

skew—symm.



The linear supersymmetric sigma-model

Instead of considering one scalar field ¢ and its superpartner v
we may consider n scalar fields ¢' and n spinor fields 7' on M.

The following Lagrangian is supersymmetric

L(gh, .. "t )

n

= 3 gi(nN(de', d¢f) + B, D))

ij=1
where gj; is a constant symmetric matrix, which we assume to

be non-degenerate.
The above Lagrangian is called linear supersymm.
sigma-model.
The Euler Lagrange equations for the scalar fields imply that
the map

¢=(¢"...,6") M — R"

is harmonic, where the target carries the metric g = (gj;).



Bosonic supersymmetric non-linear sigma-models
It is natural to consider maps

¢:M—(M,g)

into a curved pseudo-Riemannian manifold (M, g) and to ask:
Does there exist a supersymmetric extension £(¢, )
of the so-called non-linear bosonic sigma-model
Lbos(¢) = |d¢|? := (g5 @ 1~ 1)(d¢, d¢)?

The Euler-Lagrange equation of Ly, is the harmonic map
equation for ¢.

Such a model is called a supersymm. non-linear sigma-model.

One cannot expect this to exist for arbitrary target (M, g).



Restrictions on the target geometry

Supersymmetry imposes restrictions on the target geometry,

which depend on the dimension d of space-time and on the
signature of the space-time metric 7.

In the case of 4-dimensional Minkowski space the restriction is
that (M, g) is (pseudo-)Kahler.

The corresponding supersymmetric sigma-model is of the form
L(p,0) = (8 @0~ ")(do, do) + (g5 ® B) (¥, D¥) + Q(¢,¥),

where 1 € Ta(¢* TM ®r T), ¢ = 10 @ 1.0,
with Y10 € [4(¢* TMMO @ ¥) and D? = 34V |
where V? is the natural connection in ¢* TM ® ¥ and

Q is a term quartic in the fermions constructed out of the
curvature-tensor R€ of g using that (M, g) is Kahler and
S=C2



Extended supersymmetry, special geometry

» The super-Poincaré algebra g = gny—1 = go + g1 underlying
the above supersymmetric NLSM on 4-dim. Minkowski space
is minimal in the sense that g; = S is an irreducible
Spin(1,3)-module.

» There exists another super-Poincaré algebra
g = gn—2 = go + g1 for which g1 = S ® R? is the sum of two
irreducible submodules.

Remark: gpn—1 is not a subalgebra of gn—».

In fact, the Spin(V)-submodules S® v, v € R2, are
commutative subalgebras, i.e. [S®v,S® v] =0.



Field theories admitting the extended super-Poincaré algebra
gN—2 as supersymmetry algebra are called

N = 2 supersymmetric theories.

The target geometry of such theories is called special
geometry.

The geometry depends on the field content of the theory.

There are two fundamental cases:

(a) Theories with vector multiplets = target geometry is (affine)
special Kahler.

(b) Theories with vector hyper multiplets = target geometry is
hyper-Kahler.
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