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0. OVERVIEW

We consider flow equations that deform manifolds according to their curvature.
In the lectures, I will focus on two types of such flow equations.

If X : M™ — R™*! is an embedding of an n-dimensional manifold, we can define
principal curvatures (\;)i1<;<n and a normal vector v. We deform the embedding

vector according to
{th = —F,

X('v O) = Xo,
where F'is a symmetric function of the principal curvatures, e. g. the mean curvature
H =X +---+X\,. In this way, we obtain a family X (-,¢) of embeddings and study
their behavior near singularities and for large times. We consider hypersurfaces
that contract to a point in finite time and, after appropriate rescaling, to a round
sphere. Graphical solutions are shown to exist for all times.
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We will also consider Ricci flow, where the metric g(¢) of a Riemannian manifold
M evolves according to

S9(t) = —2Ric (g(t)),
9(0) = go.

Manifolds that are initially positively curved in an appropriate sense converge to

space-forms after rescaling. For other manifolds, solutions exist for all times.

Nowadays classical results were obtained by G. Huisken [27] for mean curvature
flow and by R. Hamilton [26] for Ricci flow.

During the last years, geometric evolution equations have been used to study
geometric questions like isoperimetric inequalities, the Schonfliess conjecture, the
Poincaré conjecture, Thurston’s geometrization conjecture, the 1/4-pinching theo-
rem, or Yau’s uniformization conjecture.

In this course, I'll give an introduction to both types of flow equations. We will
learn to compute evolution equations, study manifolds that become round in finite
time and those that evolve smoothly for all times. At the end, I'll indicate briefly,
how evolution equations and surgery can be used to address geometric problems.

Remark 0.1.

(i) We will use geometric flow equations as a tool to canonically deform a manifold
into a manifold with nicer properties.

(ii) The flow equations considered share many properties with the heat equation.
In particular, they tend to balance differences, e.g. of the curvature, on the
manifold.

(iii) In order to control the behavior of the flow, we will look for properties of the
manifold that are preserved under the flow.

(iv) For precise control on the behavior of the evolving manifold, we will look
for quantities that are monotone and have geometric significance, i.e. their
boundedness implies geometric properties of the evolving manifold. Often
these quantities are not scaling invariant. Hence bounding them “brakes the
scaling invariance”.

1. DIFFERENTIAL GEOMETRY OF SUBMANIFOLDS

We will only consider hypersurfaces in Euclidean space.
We use X = X(2,t) = (X%);<,<, to denote the time-dependent embedding

vector of a manifold M™ into R"*! and %X = X for its total time derivative. Set
M; == X(M, t) C R*"1. We will often identify an embedded manifold with its
image. We will assume that X is smooth. Assume furthermore that M™ is smooth,
orientable, connected, complete and 9M™ = ). We choose v = v(x) = (V)1 <gcnit
to be the outer unit normal vector to M; at € M;. The embedding X(-, t)
induces at each point on M; a metric (¢;;)1<s, j<n and a second fundamental form
(hij)i<i, j<n- Let (g%) denote the inverse of (g;;). These tensors are symmetric.
The principal curvatures (\;)1<i<n, are the eigenvalues of the second fundamental
form with respect to that metric. That is, at p € M, for each principal curvature
Ai, there exists 0 # & € T, M = R" such that

n n n
A i€t =" hwg' or, equivalently, \i&' = Y g*hy, €7
=1 =1 k,r=1
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As usual, eigenvalues are listed according to their multiplicity. A surface is called
strictly convex, if all principal curvatures are strictly positive. The inverse of the

second fundamental form is denoted by (iL”) )
1<i, j<n

Latin indices range from 1 to n and refer to geometric quantities on the surface,
Greek indices range from 1 to n + 1 and refer to components in the ambient space
R™*+1. In R"*!, we will always choose Euclidean coordinates. We use the Einstein
summation convention for repeated upper and lower indices. Latin indices are
raised and lowered with respect to the induced metric or its inverse (gij ), for Greek
indices we use the flat metric (gn5)1<a,8<nt+1 = (0ap)1<a,p<ns1 of R*T1. So the
defining equation for the principal curvatures becomes \; g€ = hi €'

Denoting by (-, -) the Euclidean scalar product in R"™!, we have

9ij = <X’i, X’j> = XfliéaﬁX?w
where we used indices, preceded by commas, to denote partial derivatives. We write
indices, preceded by semi-colons, e.g. h;j;. or v.;, to indicate covariant differenti-

ation with respect to the induced metric. Later, we will also drop the semi-colons,
if the meaning is clear from the context. We set X7 = X7 and

(1.1) X5 = X%~ THX5,
where
U = 59" (9,5 + 91,6 — 9i3.1)
are the Christoffel symbols of the metric (g;;). So X$; becomes a tensor.

The Gaufl formula relates covariant derivatives of the position vector to the
second fundamental form and the normal vector

(12) Xi] = —hijVa.
The Weingarten equation allows to compute derivatives of the normal vector
(1.3) Vs = hi X5,

We can use the GauB formula (1.2) or the Weingarten equation (1.3) to compute
the second fundamental form.

Symmetric functions of the principal curvatures are well-defined, we will use
the mean curvature H = \; + ... + \,, the square of the norm of the second
fundamental form [A|2 = A2 + ... + X2, tr A¥ = AV + ...+ )\ and the GauB
curvature K = Ay -...-\,. It is often convenient to choose coordinate systems such
that, at a fixed point, the metric tensor equals the Kronecker delta, g;; = d;;, and

(hij) is diagonal, (h;;) = diag(A1,...,An), €. g.

n
YoM=Y Akl = hRG b = heshikhavag ety g
i, j, k=1
Whenever we use this notation, we will also assume that we have fixed such a
coordinate system.
A normal velocity F' can be considered as a function of (A1,...,A,) or (i, gij)-
If F()\;) is symmetric and smooth, then F(h;j,g;;) is also smooth [22, Theorem

2.1.20]. We set F = %, Figkl — ahizéjzkl' Note that in coordinate systems

with diagonal h;; and g;; = d;; as mentioned above, F/ is diagonal. For F = |A|?,
we have F9 = 2h¥ = 2)\;g%, and for F = —K~!, we have F¥ = K~1h¥ =
K=\ tgh.

)
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The Gaufl equation expresses the Riemannian curvature tensor of the surface in
terms of the second fundamental form

(1.4) Rijri = hirhji — hahji.

As we use only Euclidean coordinate systems in R®, h;;. 5, is symmetric according
to the Codazzi equations.

The Ricci identity allows to interchange covariant derivatives. We will use it for
the second fundamental form

(1.5) hik;15 = hiks ji + hiy Raat + hi Rakaj-
For tensors A and B, A;; > B;; means that (A;; — B;;) is positive definite.

Finally, we use ¢ to denote universal, estimated constants.

1.1. Graphical Submanifolds.

Lemma 1.1. Let u: R™ — R be smooth. Then graphu is a submanifold in R*H1.
The metric g;j, the lower unit normal vector v, the second fundamental form hyj,
the mean curvature H, and the GaufS curvature K are given by
9ij = 0ij + wiu;,

uiu?
1+ |Du|?’
o (i), =1 _ ((ui),~1)

v/ 1+ |Dul? v ’
_ U Ui

hz] )
V1+|Dul2 v
H = div _ Du ,
1+ |Dul?

gij =5 —

and

det D%u
afae

K=———"—¥/—/—"—
(1+[Dul?)

2 . .
where u; = u nd Wi = 0w Note that in Fuclidean space, we don’t need to
ox J OxtOxI ’

distinguish between Du and Vu.

Proof.

(i) We use the embedding vector X (z) := (z,u(z)), X : R® — R"*l. The in-
duced metric is the pull-back of the metric in Euclidean R**!, g := X* IRrr+L -
We have X ; = (e;, u;). Hence .

gij = X 900X = (X3, X 5) = ((e5,w), (5, 1)) = 655 + wiu;.

(ii) It is easy to check, that g% is the inverse of g;;. Note that u’ := §Yuy, i.e.,
we lift the index with respect to the flat metric. It is convenient to choose a
coordinate system such that u; = 0 for ¢ < n.
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(iii) The vectors X ; = (e;,u;) are tangent to graphu. The vector ((—u;),1) =
(=Du, 1) is orthogonal to these vectors, hence, up to normalization, a unit
normal vector.

(iv) We combine (1.1), (1.2) and compute the scalar product with v to get

hij = = (Xuj,v) = =(Xij = TH X g, v) = —(X45,v)
_ <(O’uij), ((ui),—1)> _ Uiy

v [

(v) We obtain

_i L]h _<5ij_ u'u? ) Usjj
Pt 9 14 |Dul? ) \/1 + [Du?

- 5”uij uiujuij
VI+[DuZ (1 +|Dul2)*?
Au uiujuij

I+ DU (14 |Dul2)??

and, on the other hand,

div Du B zn: 0 U;
V14 |Dul? “~ 02" \/1+ |Dul?

i i L uuuy
1+ \Du|2 (1+ [Dul2)*?

i=1 % ]:1 1 + |Du‘

I
=

(vi) From the defining equation for the principal curvatures, we obtain

. ii ii det hij
K= 1;[1)\ =det (g"hj) = det g" - det hy; = doi g
v "detug; det D?u
vt (1+|Dup) "=

O

Exercise 1.2 (Spheres). The lower part of a sphere of radius R is locally given as
graphu with u : Bg(0) — R defined by u(x) := —/R? — |z|2. Compute explicitly
for that example all the quantities mentloned in Lemma 1.1 and the principal
curvatures.

Exercise 1.3. Give a geometric definition of the (principal) curvature of a curve
in R? in terms of a circle approximating that curve in an optimal way.

Use the min-max characterization of eigenvalues to extend that geometric defi-
nition to n-dimensional hypersurfaces in R™*1.

Exercise 1.4 (Rotationally symmetric graphs).

Assume that the function v : R® — R is smooth and u(z) = u(y), if |z| = |y|.
Then u(x) = f(|z|) for some f : Ry — R. Compute once again all the geometric
quantities mentioned in Lemma 1.1.
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2. EVOLVING SUBMANIFOLDS

2.1. General Definition. We will only consider the evolution of manifolds of di-
mension n embedded into R™*!, i.e. the evolution of hypersurfaces in Euclidean
space. (Mean curvature flow is also considered for manifolds of arbitrary codimen-
sion. Another generalization is to study flow equations of hypersurfaces immersed
into a (Riemannian or Lorentzian) manifold.)

Definition 2.1. Let M™ denote an orientable manifold of dimension n. Let X (-, t) :
M" — R 0<t<T < oo, be a smooth family of smooth embeddings. Let v
denote one choice of the normal vector field along X (M™,¢). Then M; := X (M™,t)
is said to move with normal velocity F, if

%X: —Fv in M" x[0,T).

In codimension 1, we often don’t need to assume that M™ is orientable.

Remark 2.2. Let X : M"™ — N"*! be a C%immersion and H;(N;Z/2Z) = 0.
Assume that X is proper, X 1(ON) = OM, and X is transverse to ON. Then
N\ f(M) is not connected [19]. Hence, if M™ is closed and embedded in R"*!,
M™ is orientable.

In the following we will often identify an embedded submanifold and its image
under the embedding.

2.2. Evolution of graphs.

Lemma 2.3. Let u : R™ x [0,00) — R be a smooth function such that graphu
evolves according to %X = —Fv. Then

i=+/1+ |Duf?- F.

Proof. Beware of assuming that considering the n+ 1-st component in the evolution
equation %X = —Fv were equal to 1 as a hypersurface evolving according to
%X = — F'v does not only move in vertical direction but also in horizontal direction.

Let p denote a point on the abstract manifold embedded via X into R**!. As

our embeddings are graphical, we see that

X(p,t) = (x(p, 1), u(z(p, 1), 1)).

We consider the scalar product of both sides of the evolution equation with v and
obtain

= D A A S (C7) it VA i
F<F1/,1/>< 7% > <(( ) owidt + ),W> N

O

Corollary 2.4. Let u : R™ o0) — R be a smooth function such that graphu

x [0,
solves mean curvature flow %X = —Hv. Then

Du
w=+/1+|Dul2div| —— | .
D («/1+Du|2>



GEOMETRIC EVOLUTION EQUATIONS 7

Exercise 2.5 (Rotationally symmetric translating solutions). Let v := R*"xR — R
be rotationally symmetric. Assume that graphwu is a translating solution to mean
curvature flow %X = —Hv, i.e. a solution such that % is constant.

Why does it suffice to consider the case 1 = 17

Similar to Exercise 1.4, derive an ordinary differential equation for translating
rotationally symmetric solutions to mean curvature flow.

Remark 2.6. Consider a physical system consisting of a domain Q C R3. Assume
that the energy of the system is proportional to the surface area of ). Then the
L?-gradient flow for the area is mean curvature flow. We check that in a model
case for graphical solutions in Lemma 2.7.

Lemma 2.7. Let u : R™ x [0,00) — R be smooth. Assume that u(z,0) = 0 for
|z| > R. Then the surface area is mazimally reduced among all normal velocities
F with given L?>-norm, if the normal velocity of graphu is given by H, i.e. if

= +/1+|Dul? H.
Proof. The area of graphu(-,t)|p, is given by
At) = / V' 1+ |Dul?dx.
Br

Define the induced area element dy by du = /14 |Du|?dx. We obtain using
integration by parts

d d 1
—A(t = | —\/1+|Dul?2d = ————(Du, Di
G| = [V = [ ou i)
BR t=0 BR(O) t=0
D .
:—/div 2 Y de :—/Hde
1+ |Dul? ) v
Br t=0 Br t=0
1/2 1/2
> — /H%m /deﬂ
Br Br

=0

Here, we have used Holder’s inequality |labl|pr < |lal||zz - [|b||r2. There, we get
equality precisely if a and b differ only by a multiplicative constant. Hence the
surface area is reduced most efficiently among all normal velocities F' with || F||pz =
|H| 2, if we choose F' = H. In this sense, mean curvature flow is the L2-gradient
flow for the area integral. O

2.3. Examples.

Lemma 2.8. Consider mean curvature flow, i.e. the evolution equation %X =
—Hv, with My = dBg(0). Then a smooth solution exists for 0 <t < T := ;- R?
and is given by My = 9B, ;)(0) with r(t) = \/2n(T — t) = VR? — 2nt.

Proof. The mean curvature of a sphere of radius r(t) is given by H = % Hence

we obtain a solution to mean curvature flow, if r(¢) fulfills
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A solution to this ordinary differential equation is given by r(t) = \/2n(T — t).
(The theory of partial differential equations implies that this solution is actually
unique and hence no solutions exist that are not spherical.) O

Exercise 2.9. Find a solution to mean curvature flow with My = dBx(0) x R* C
R! x R¥. This includes in particular cylinders. Note that for k > 1, it is not obvious,
whether these solutions are unique.

Exercise 2.10. Find solutions for %X = —|A|%v, %X = —Kv, %X = %u and

%X = %V if My = 0Br(0) C R""! especially for n = 2.

Remark 2.11 (Level-set flow). Let M; be a family of smooth embedded hypersur-
faces in R™*! that move according to %X = —Fv with F > 0. Impose the global
assumption that each point x € R"! belongs to at most one hypersurface M;.
Then we can (at least locally) define a function u : R"** — R by setting u(z) = t,
if x € M;. That is u(z) is the time, at which the hypersurface passes the point .
We obtain the equation F - |Du| = 1.

If F <0, we get F'-|Du| =—1.

This formulation is used to describe weak solutions, where singularities in the
classical formulation occur. See for example [28], where the inverse mean curvature

flow F = —% is considered to prove the Riemannian Penrose inequality. Note that
H =div (Ig—“ul) as the outer unit normal vector to a closed expanding hypersurface

M; = {u =t} is given by ‘g—zl. According to (1.3), the divergence of the unit normal
yields the mean curvature as the derivative of the unit normal in the direction of the
unit normal vanishes. Hence the evolution equation %X = %u can be rewritten as

Du
iv | —— | = |Dul.
dlv(|Du) | Dul

Mean curvature flow can be rewritten as |Du|div (%) =—1.

Exercise 2.12. Verify the formula for the mean curvature in the level-set formula-
tion. Compute level-set solutions to the flow equations %X = —Hv and %X = %V,
where u depends only on |z|, i.e. the hypersurfaces M; are spheres centered at the
origin. Compare the result to your earlier computations.

We will use the level-set formulation to study a less trivial solution to mean
curvature flow which can be written down in closed form.

Exercise 2.13 (Paper-clip solution). Let v # 0. Consider the set
M, = {(m,y) eR2: eVt cosh(vy) = cos(vm)} .

Show that M; solves mean curvature flow. Describe the shape of M; for t — —oo
and for ¢ 1 0 (after appropriate rescaling).

Compare this to Theorem 5.1.

Note that you may also rewrite solutions equivalently (on an appropriate domain)
as

1
Y+ = — log (cos(vx) +4/cos?(vz) — 62U2t> — vt.
v

Hint: You should obtain t, = u, = —-2202)_ and 4, = — Sohy)
v cos(vx) Y v cosh(vy)



GEOMETRIC EVOLUTION EQUATIONS 9

2.4. Short-time existence and avoidance principle. In the case of closed ini-
tial hypersurfaces, short-time existence is guaranteed by the following

Theorem 2.14 (Short-time existence). Let X : M™ — R™*! be an embedding
describing a smooth closed hypersurface. Let F' = F()\;) be smooth, symmetric, and
g—fi > 0 everywhere on X (M™) for all i. Then the initial value problem

d —
EX = 7FV7
X(-,0) = Xo

has a smooth solution on some (short) time interval [0,T), T > 0.

Idea of Proof. Represent solutions locally as graphs in a tubular neighborhood of
Xo(M™). Then %i > 0 ensures that the evolution equation for the height func-
tion in this coordinate system is strictly parabolic. Linear theory and the implicit
function theorem guarantee that there exists a solution on a short time interval.

For details see [29, Theorem 3.1]. O

Exercise 2.15. Check, for which initial data the conditions in Theorem 2.14 are
fulfilled if F = H, K, |A]?, —1/H, —1/K.
Find examples of closed hypersurfaces such that

(i) H>0,

(ii) K > 0,

(iii) H is not positive everywhere,

(iv) H >0, but K changes sign.
Show that on every smooth closed hypersurface M™ C R™*!, there is a point, where
M™ is strictly convex, i.e. A; > 0 is fulfilled for every 1.

On the other hand, starting with a closed hypersurface gives rise to solutions
that exist at most on a finite time interval. This is a consequence of the following

Theorem 2.16 (Avoidance principle). Let F' = F()\;) be smooth and symmetric.
Let M} and M? C R be two embedded closed hypersurfaces and smooth solutions
to a strictly parabolic flow equation %X = —Fv, ie. gTi > 0 during the flow.
Assume that F, considered as a function of (D*u, Du) for graphs, is elliptic on a
set, which is convex and independent of Du. If Mg and ME are disjoint, M} and
M}? can only touch if the respective normal vectors fulfill v = —v? there. Hence,
if M} is contained in a bounded component of R"1\ Mg, then M} is contained in
a bounded component of R"*1\ M? unless the hypersurfaces touch each other in a
point with opposite normals.

The technical condition on the convexity of the domain, where F', considered as a
function of (D?u, Du), is convex, is technical and always fulfilled for the evolution
equations considered here (besides for the inverse mean curvature flow). It can
be relaxed, but makes the proof less transparent. Only for F = —%, a separate
argument is needed. (It suffices to choose coordinates such that |Du| < 1. Then
interpolation does not destroy positivity of the denominator. The technical details
are left as an exercise.)

The normal velocity F' is a symmetric function of the principal curvatures. Thus
it is well-defined, as the principal curvatures are defined only up to permutations.

We have considered F' as a function of the principal curvatures. Writing an
evolving hypersurface locally as graphwu, we also wish to express F' in terms of
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(D?u, Du). We continue to call this function F. In the cases considered here, it is
clear from the explicit expressions, that F is also a smooth function of (D?*u, Du).
In general, this is a theorem [22, Theorem 2.1.20].

A similar statement is true for the condition % > 0 and the ellipticity of

F(D? Du),ie 0 < Fff’p) < oo in the sense of matrices. Once again, it can be

xJ

checked by direct computations for the normal velocities considered here, that these
two statements are equivalent.

Proof of Theorem 2.16. Otherwise there would be some ty5 > 0 such that Mltz0
touches M,}O at some point p € R*"! with normal vectors v' = v? at p. Writ-
ing M} locally as graphu® over the common tangent hyperplane TthiO c R+,
we see that the functions «’ fulfill @' = F (DQui,Dui) for some strictly elliptic
differential operator F' corresponding to the normal velocity F. We may assume
that u' > u? for t < tg. The evolution equation for the difference w = u; — us
fulfills w > 0 for t < ¢ locally in space-time and w(0, ), if we have p = (0,0) in
our coordinate system. The evolution equation for w can be computed as follows

W =1u'—u* = F (D*u', Du') — F (D*u*, Du?)
1
= /iF (rD*u' + (1 — 7)D*u?, 7Du' + (1 — 7)Du?) dr
0

1

_ 2 or 2

= 87‘ij(...)d7- (u u)ij+/8pi("')dT (u' —u?),
0

= aijwij + blwz
Hence we can apply the parabolic Harnack inequality or the strong parabolic max-
imum principle and see that it is impossible that w(z,t) > 0 for small |z| and
t < to, but w(0,¢9) = 0. Hence M} can’t touch M} in a point, where v* = v2. The
theorem follows. O

Exercise 2.17. Show that the normal velocities as considered in Exercise 2.15 can
be represented (in an appropriate domain) as smooth functions of (D?u, Du) for
hypersurfaces that are locally represented as graph u.

Denote by I'r the set of (A;) C R™ such that g—i > 0. Show that this set is a

convex cone. Prove that F' as a function (D2u7 Du) is strictly elliptic precisely if
the principal curvatures corresponding to (D?u, Du) lie in T'f.

Corollary 2.18. Let My be a smooth closed embedded hypersurface in R"T1. Then
a smooth solution M; to %X = —Hv can only exist on some finite time interval
[0,T), T < 0.

Proof. Choose a large sphere that encloses M. According to Lemma 2.8, that
sphere shrinks to a point in finite time. Thus the solution M; can exist smoothly
at most up to that time. O

Exercise 2.19. Deduce similar corollaries for the normal velocities in Exercise
2.15. You may use Exercise 2.10.

Consider T' maximal such that a smooth solution M; as in Corollary 2.18 ex-
ists on [0,7). Then the embedding vector X is uniformly bounded according to
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Theorem 2.16. Then some spatial derivative of the embedding X(-,¢) has to be-
come unbounded as t T T'. For otherwise we could apply Arzela-Ascoli and obtain a
smooth limiting hypersurface My such that M; converges smoothly to My ast T T.
This, however, is impossibly, as Theorem 2.14 would allow to restart the flow from
M. In this way, we could extend the flow smoothly all the way up to T + € for
some € > 0, contradicting the maximality of T

It can often be shown that extending a solution beyond T is possible provided
that || X (-, ¢)]/cz is uniformly bounded. For mean curvature flow, this follows from
explicit estimates. For other normal velocities, additional assumptions (the princi-
pal curvatures stay in a region, where F' has nice properties) and Krylov-Safonov-
estimates can imply such a result.

3. EVOLUTION EQUATIONS FOR SUBMANIFOLDS

In this chapter, we will compute evolution equations of geometric quantities, see
e.g. [27,29, 39].
For a family M; of hypersurfaces solving the evolution equation
d
(3.1) th =—Fv
with F' = F()\;), where F is a smooth symmetric function, we have the following
evolution equations.

Lemma 3.1. The metric g;; evolves according to

d

Proof. By definition, g;; = (X ;, X ;) = Xg-‘éang. We differentiate with respect
to time. Derivatives of 64 vanish. The term X¢ involves only partial derivatives.
We obtain

%gij« - (X“) Sap X 4+ X Y60 (Xﬂ)

J
(we may exchange partial spatial and time derivatives)

= (—Fv) i60s X"} + X$00p(—Fvp)
(in view of the evolution equation %X = —Fv)

= — Fv$0a5X"} — X$0apFu,;

(terms involving derivatives of F' vanish as v and X¢ are orthogonal to each other;
as the background metric g,3 = dag is flat, covariant and partial derivatives of v
coincide)

= — FhlX50.5X" — FX 30,305 X,
(in view of the Weingarten equation (1.3))

= — Fhigr; — Fgirh}
(by the definition of the metric)

= —2Fhy
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(by the definition of hi = hyyg").

The lemma follows. O

Corollary 3.2. The evolution equation of the volume element dp = \/det g;; dx
is given by

d
(3.3) —dp = —FH dy.

dt
Proof. Exercise. Recall the formulae for differentiating the determinant and the
inverse of a matrix. O

Lemma 3.3. The unit normal v evolves according to
(3.4) 2o gip xe

. oV =9 FXG
Proof. By definition, the unit normal vector v has length one, (v, v) = 1 = v*§,50°.
Differentiating yields

0= I)a(sagvﬂ.

Hence it suffices to show that the claimed equation is true if we take on both sides
the scalar product with an arbitrary tangent vector. The vectors X ; (which we will
also denote henceforth by X; as there is no danger of confusion; we will also adopt

this convention if partial and covariant derivatives of some quantity coincide) form
a basis of the tangent plane at a fixed point. We differentiate the relation

0={(v,X;)= VO‘(S(XBX?

and obtain
d d
0=—0%0pX’ +1%0s— X"
@i’ Oee e TV e
d d
:%VQ(SQBXZ? —|—l/a5ag <thﬁ)i
d o B e} ﬁ
= —VY0apX; —V 5QB(FV )
dt v
Hence

d
%VQ(S(WX? = uaéaﬁyﬁFi + Fyo‘éagl/f

=F,+Fi(v,v);=F
and the lemma follows as taking the scalar product of the claimed evolution equation
with Xy, i. e. multiplying it with 5aﬁX5, yields
d

%Vagaﬁxg = gV F,X%6.5X}, = g7 Fig; = 6, F; = Fy,.

Lemma 3.4. The second fundamental form h;; evolves according to

d

(3.5) %hij = Flij — Fhihy;.
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Proof. The Gauf} formula (1.2) implies that h;; = —X3,v,. Differentiating yields
d d

—hyi = — — (X5,
dt dt< 2 V)

d d
- <dt ;ij’]/> - <_h1‘71/7 dtl/>
d d
= — <dt>§’1‘7’y> + hz] <l/7 dtl/>
d
(o)

d
—THX{) Va

_7()(&

d d
=—[—x° k[ —Xx«

(%) e (7)o

dt )iJ
s

(where no time derivatives of T'¥; show up as X{v, = 0)

= (Fv*)ijva — TG (FV®) jva

(in view of the evolution equation)

feY feY feY feY k « k feY
=Fijv®va + FivGve + Fjvive + Fvive — UG F v, — T FUG v,
(03
= Elj + FV,ijVa
as Fljj = Fij — Fijyk and VG, = %(I/al/a)j = 0. It remains to show that v5;v, =
—h¥hg;. We obtain

(as vt = v3)

= (hPXR),; va

(according to the Weingarten equation (1.3))

:hf(—hkjyo‘)ya

(due to the Gauf} equation (1.2) and the orthogonality X v, = 0)

= — hih,
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as claimed. The Lemma follows. O

Lemma 3.5. The normal velocity F' evolves according to

d 3 3
(3.6) - FVFy = FFhEhy;.
Proof. We have, see [37, Lemma 5.4], the proof of [22, Theorem 2.1.20], or check

this explicitly for the normal velocity considered,

oF _ _pilpk
Gl
and compute the evolution equation of the normal velocity F'
d y 0o d od y
gt —F = Fdhf@g“ + B i — FUF
=FF"9hfhy;,
where we used (3.2) and (3.5). O

We will need more explicit evolution equations for geometric quantities B in-
volving 4 B —F"H,;;.

Lemma 3.6. The second fundamental form h;; evolves according to

d

J ; a i i'la
51) Sy = FM i = F¥higha - i = FM hig - hhag

— Fhfhyy + FF "y b, 5.

Proof. Direct calculations yield

St = Fhijia = Fij = Fhihig = Fhijp by (3.5)
= Fklhkl; ij T Fk Tshkl; ihrs;j
— Fhfhkj - Fijhij; kl

=Ry + FF " hyy b,

— Fhihy; — F7hi, ji by Codazzi
= F* (Wi Ruitj + h§ Rapij) — Fhlhy;
+ FM T hyg by by (1.5)

= F* RS haihi; — FF A hajha

+ FMh¢ hathyg — F* b ha i

— Fh¥hy; + FM" by ihys, by (1.4)
= F*h8 haihi; — FF S hajhi

— Fhfhy + FM " hyy, by, .

Remark 3.7. A direct consequence of (3.1) and (1.2) is
d a ij Yo i «
(38) %X 7F]X;ij:(FJhiij)l/ .
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Hence
(3.9)

d 2 ij 2 ij ij
X[~ FY <|X| )j =2 (Fiih;; — F) (X, v) — 2F" g,

(3.10)
Proof. We have

d d y y
a|X|2 —FY(IXP?),; =2 <X, th> —2F9(X;, X;) — 2F"(X, X,;;)

=2(X,—Fv) — 2F7 g;; — 2F9 (X, —hv).

O
Lemma 3.8. The evolution equation for the unit normal v is
(3.11) %ua — Fy,; = FI9hEhy, - v™,
Proof. We compute
%ya — F9ug; =g F. X% — FY (h’;Xf“k);j by (3.4) and (1.3)
=97 F¥ . X8 — FIRS X5 — FURFXS,
=FYhFhy v by (1.2).
d
Lemma 3.9. The evolution equation for the scalar product (X,v) is
(3.12) %(X, v) — F9(X V)5 = —Fh;; — F+ FI9nFh (X, v).
Proof. We obtain
d g d g
(X0 = FUX, )5 =X 0 (dtvﬂ - F%;g)
+ (tha — Fijxgj) Sap”
— 2FY X00pV);
=FIhShii(X, v) + (F9hy; — F) (v, v)
— 2FY X%00phk X5,
by (1.3), (3.8), and (3.11)
=F9hkhy; (X, v) — F9h;; — F.
O

(e}

Lemma 3.10. Let nq, = (—ent1)a = (0,...,0,=1). Then 0 := (n,v) = Nov
fulfills

(3.13) — 0 — F95,; = F9hFhy o



16 OLIVER C. SCHNURER

and v := 071 fulfills

(3.14) %’U — Fij’l};ij = — ’UFijhfhk;j — Q%Fij’l)i’l)j.
Proof. The evolution equation for ¥ is a direct consequence of (3.11). For the proof
of the evolution equation of v observe that
vV = — 17_2’171' = —U2ﬂi
and

a2~ 3~ - 2~ -1
Vg = — U 05 + 2077005 = =0 0,5 + 207 005,

4. GRAPHICAL SOLUTIONS TO MEAN CURVATURE FLOwW

For mean curvature flow of entire graphs, K. Ecker and G. Huisken proved the
following existence theorem [18, Theorem 5.1]

Theorem 4.1. Let ug : R™ — R be locally Lipschitz continuous. Then there exists
a function u € C* (R"™ x (0,00)) N C? (R™ x [0,00)) solving

s/ : Du : n
u = 1+ ‘Du|2le (\/m> ZnR X (0,00),

u(-,t) — ug as t \, 0 in CP _(R™).
Strategy of proof.

(i) Approximate ug by smooth functions. Hence we will assume in the following
that ug is smooth.

(ii) Consider R > 0. Eventually, we will let R — oo in order to obtain a solution.
Consider graphical mean curvature flow with initial condition ug,

OO 2 . Du .

i = /1 + |Dul?div (\/W) in B3r(0) x (0, 00),
u(-,O):uR in BdR(O),

u(-,t) =0 on 0B3g(0),

where ug is smooth, ug = ug in Bgr(0), and ug = 0 in Bsg(0) \ Bar(0).
Solutions to that initial value problem are known to exist for all times ¢ > 0
and they are smooth. We call the solution to that initial value problem u’.
(iii) In order to be able to let R — oo and to obtain a subsequence that converges to
a solution, we need interior estimates. For the first spatial derivatives, we will
prove such an estimate in Theorem 4.2. For higher order spatial derivatives,

there are a priori estimates for the second fundamental form A of the form

1 1 m+1

sup  [VMAP(1) < e (m,n, sup IDUI> : <2 + ) :

B (@) Br(0) % [0,4] R* 1
if a solution to mean curvature flow can be written as a graph over a set
Br(zg), see [18, Corollary 3.5] for details.

(iv) Apply Arzela-Ascoli and obtain a subsequence that converges to a solution u
as desired.

O
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The following result is Theorem 2.3 in [18], obtained by K. Ecker and G. Huisken,

Theorem 4.2. Let u : Bg(0) x [0,T] — R be a smooth solution to graphical mean
curvature flow. Then

V' 1+|Dul?2(0,t) < e(n) sup v/1+ |Dul?(-,0)-exp <c(n) R™2 ( osc u> ) .

Br(0) Br(0)x[0,T]

Proof. Remember that oscu := supu — inf u. Assume first that u > 0 in Br(0) x

[0,T] by considering u — inf  w instead of u. (In the following definition of ¢,
Br(0)x[0,T]

u > 0 corresponds to (X,n) < 0 for n = (0,...,0,—1). We will see, however, that
%(X, n) — A(X,n) = 0, whereas & = vH. The difference comes from the fact, that
1 describes the speed in vertical direction, whereas mean curvature flow prescribes
the normal velocity.) Scaling the solution according to @(z,t) := %u (Rx, RQt), we
obtain another solution to mean curvature flow, defined on B;(0) x [0, %] Proving
the theorem for @ is equivalent to proving the theorem for u. Let us therefore assume
that R = 1.
Consider the function vy with 9 := —1 + exp(Ag) and

1
= <<X, ) +1— (1X]* - <X,77>2)> :
26 +
where A, 3 > 0 are constants to be chosen and = (0,...,0,—1). Assume that
for the first time tg, vy reaches a new positive maximum. Then ) is positive and
hence smooth near the maximum and we get there

d 3
= 2 (00) = g0 2 0.

The following calculations are also valid in this new maximum. Using the evolution
equation for v, (3.14), F¥ = H = g% and the extremal condition, we obtain

d
(i) =0, L(ob) - Awy)

d d i
0< <dtv - AU) Y+wv <dtw - A¢> — 29" 0,05

= —vg" A hy i — Q%Qijvivj +v (;ltw - Aw> —2¢"v. .5

— 0| AP — 2%|W|2 +o (jtw — A¢) —2(Vu, V1))
— | A2y — 2?|W|2 +v <d¢ — Az/J> +2 <w, W”>
v dt v

—v|A*Yp 4o (;tw — A¢> )

Asv >0, >0, we get
d
—p — A > 0.
Su- Ay >
According to the definition of 1,
w;i = ekw)\(p;ia
Y = (Mg + Np0)
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and hence

d
—p—Ap > AVl
T IVl

Due to the definition of ¢, we see that

(4.1)

1 «
P = %X’L Na — (|)(|2 - <X7 T]>2)i7

1 @ 1] 2
Viel? = gama X797 X ms + |V (IX [ = (X,m)?)|
1 @ 1]
= e Xig? (IXP — (X,n)%),
1 a 1] 1 a 1]

%@ —Ap = % (;lt<Xa77> - A<X’77>>
{5 0 = o) - A (xP - )}

1 d d

d y »
+2(X,n) <X - AXJ?> +2g XX G5 — 299 X2 X nang

dt
< 2giniaXJl‘3§ocﬁ
=29 g
=2n,

where we have used that

d -~ -
%X —AX =—Hv _g”X;ij =—Hv —l—g”hiju =0.
Using (4.1) and the estimate for |V|?, we deduce that
1 a 1] 1 a 1]
42 (g Xeg X - S Xeg (XP - (X)), ) <20

Note that g = §*° = Xf“ginjﬁ + v*vB. This can be verified by testing the
equation with the unit normal v and tangent vectors X;. Hence
ﬂanginjﬁW :ﬁaﬁaﬁﬂﬂ - naVaVﬁnﬁ

:1_<777V>2
2

)

1. X797 (IX1? = (X,m)?); =naX{9" - X] (2X7G5, — 2(X, 1)1,

=2nq (g% —v7) (Xﬁgﬁfy — (X, 77>77’Y)
:2<777X> 72(”; V><VaX>
= 2 (X, m) + 2(X, 1) (n, v)?

=1—-0v"
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= —2(n,v) (v, X) + 2(X,n)(n,v)>.

In coordinates, we have n = (0, —1), v = v=*(Du, —1), and X = (z,u). According
to the definition of ¢ and in view of (X, n) < 0, v¢p = 0 if |x|? + u? > 1. Hence we
may assume that |z| < 1 and |u| < 1. We compute

—2(n, V) (v, X) + 2(X,n)(n,v)? = — 20" v ((Du, ) — u) — 2uv2
<2073 Dul - 1
< 201,

Combining these estimates with (4.2), we get

1 a2
Now we define \ := 64n3? and obtain (by a direct calculation) 7v? — 643v — 8 <0
and v < 4 4 16f3. Note that ¢ < 1. We denote graph u(-,t)|p, ) N {1 > 0} by M;.
Hence
max vy < (44 168) sup ) < (4 + 168)e* = (4 + 163)eb4m5
Mto Mto

and thus, as we have considered an arbitrary new increasing maximum of v,

v < sup v + (4 + 168)e84n8” < 64ns” (4 + 163+ sup /1 + |Du|2(~,0)>
y )

]\40 Bl(O

everywhere on M, 0<t<T. Weset :=1+ sup u(0,t). Therefore, we get for
te[0,T]
t€[0,T] and z =0

—u(0,t)
2+2 sup u(0,t) +1
t€(0,T] +

64n62<
vi) =+/1+ |Dul?2(0,t) | —1+e

>+/1+ |Du|?(0,t) (71 + 664n(7%+1))
= V14 [Duf*(0,).

We conclude that

V1+|Dul?2(0,t) <e(n) sup /14 |Dul?-exp (c(n) sup u(O,t)2> .

B1(0)x{0} te[0,T]

The theorem follows. O

Theorem 4.1 has been extended to continuous initial data by J. Clutterbuck [13]
and T. Colding and W. Minicozzi [15].

If u is initially close to a cone in an appropriate sense, graphical mean curvature
flow converges, as t — oo, after appropriate rescaling, to a self-similarly expanding
solution “coming out of a cone”, see the papers by K. Ecker and G. Huisken [18]
and N. Stavrou [44].

Stability of translating solutions to graphical mean curvature flow without rescal-
ing is considered in [14].
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5. CONVEX HYPERSURFACES

G. Huisken obtained the following theorem [27] for n > 2. The corresponding
result for curves by M. Gage, R. Hamilton, and M. Grayson is even better, see
[21,24]. Tt is only required that M C R? is a closed embedded curve.

Theorem 5.1. Let M C R™"! be a smooth closed convex hypersurface. Then there
exists a smooth family M; of hypersurfaces solving

%X:sz/ for0<t<T,
My=M
for some T > 0.
Ast /T,
o M; — Q in Hausdorff distance for some Q € R"*! (convergence to a point),
o (M;—Q)-(2n(T —1t))~Y/2 — S"™ smoothly (convergence to a “round point”).
The key step in the proof of Theorem 5.1 (in the case n > 2) is the following

Theorem 5.2. Let M; C R™"*! be a family of convex closed hypersurfaces flowing
according to mean curvature flow. Then there exists some 6 > 0 such that

n|A|*> — H?
S T
is bounded above.
The proof involves complicated integral estimates.

Exercise 5.3. Prove Theorem 5.2 for 6 = 0.

Remark 5.4. For simplicity, we will illustrate the significance of the quantity
considered in Theorem 5.2 only in the case n = 2. These considerations extend to
higher dimensions.

As

2047 — H* =2(AF + A3) — (A1 + A2)?
=207 4203 — A7 — 20\ Ny — A2
=22 -2\ )\ + A2
= (M = X2)?,
it measures the difference from being umbilic (A; = A2) and vanishes precisely if M;
is a sphere. Recall from differential geometry that, according to Codazzi, \; = Ay

everywhere implies that M; is locally part of a sphere or hyperplane.
Assume that IR}HH — oo ast /' T. Assume also that Ay < Ao and that the
t

surfaces stay strictly convex, i.e. Ig\l/lin A1 > 0. Then Theorem 5.2 implies for any &
t

there exists t., such that for t. <t <T

e AP —H?  a—Ae) (- L (/A\1—1>2.
2

H? M +X)2 = 4N 4

Hence i—; ~ 1 and thus this implies that M is, in terms of the principal curvatures
i, close to a sphere.
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There are many results showing that convex hypersurfaces converge to round
points under certain flow equations, see e.g. [1,2,9, 20,21, 23,31, 39, 40, 48].

Let us consider normal velocities of homogeneity bigger than one. In this case,
the calculations, that lead to a theorem corresponding to Theorem 5.2 for mean
curvature flow, are much simpler and rely only on the maximum principle.

Theorem 5.5. [[2, Proposition 3]] Let M; be a smooth family of closed strictly
convex solutions to Gauf$ curvature flow %X = —Kv. Then

t — max ()\1 — )\2)2
My

18 NOM-INCcreasing.

Proof. Recall that H? — 4K = (A1 + A2)? —4M X2 = (A1 — X2)? =: w. For Gauf}
curvature flow, we have, according to Appendix B,

Fij :Kij _ 0 det hkl _ det hkl ilij _ Kﬁij,
ahij det gy det g

Fij,k:l :Kﬁljﬁkl o Kﬁikhlj,

where h%/ is the inverse of h;;. Recall the evolution equations (3.2), (3.6), and (3.7)
which become for Gaufl curvature flow

d
% = — 2Khij,

d - o
aK — Kh*' Ky = KK hEhy;
=K?H,

and

d

—hig = Kh* ' hijg = KhE hEhaihi; — KR hyghSha; — KhFhy;

+ K (Bklﬁrs - iLkTﬁSl) hkl;ihrs;j

= KHhig = (0 + KRy + K (FR7* = W) by,

where n = 2. We have

dt dt
—2K|A]? + KH? — 3K|A]? + Kg'J (izkliz” - B’“”le) hiiibrs:;

d o o d B
—H - Kh"H;;; = — hijgmgﬂ£gkl + 9" (hij - thlhij;kl)

— K (H® - |A]®) + Kg" (,thz,tLrs _ B’“‘BSI) hitihirs,

—2K? 4 Kg (ﬁklﬁrs — ﬁ’"ﬁsz) Petsihrss;,
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hence

d d - -
—w — Khw,;; =2H (H — Kh”H.iJ) —2Kh" H,;H,
dt ’ dt *

a( Lk KK,

dt "
—2H (2K2 + Kl (Wﬁ” - B’”ﬁsl) hkl;ihm;j)
—2KhYH;H; — AK*H

= ZHKQZJ (Bklilrs - ﬁkrﬁsl) hkl;ihrs;j - QKB”HlH]

In a coordinate system, such that g;; = d;; and h;; = diag (A1, A2), we obtain

2 2
d - 1 1
%w—Khjw”_H(H Z Jwe hiiihijjn — KH_Z )\)\hmk

i,7,k=1 i,5,k=1
—2K Z m kh]j k
i,5,k= 1
1
—9KH Z Jwy iskhjjg — 2K H Z A/\ ——h%, — 2K Z ”khjj;k
i,j,k=1 i,4,k=1 i,5,k= 1
i i#]
4KH
= —— (hi11hazg — hig + hiphoo — higs)
A1 s ; ;

2K

N (h112 + h22;2)2-
1

2K
(h111 + h22;1)2 Ty
2

From now on, we consider a positive spatial maximum of H 2 _4K. There, we get
2Hg" hij — AKh"Yhijp = 0 for k = 1,2. In a coordinate system as above, this
(divided by 2) becomes

K
0= Hh11k+Hh22k_2 hllk—2 h22k

=(A1+ A2 —2X2)h11k + M+ X — 2)\1)h22;k
= (M — A2)(h11.6 — haok)-
This enables us to replace hi1,2 in the evolution equation in a positive critical point

by ha2.2. Using also the Codazzi equations, we can rewrite the evolution equation
in a positive critical point as

d
—w — Kh Twii; =4(M + A2) (h%m h3s. 2T h22 2 h%l-l)

dt
2K
AL
<0.

2K
(h11.1 + hao1)? — Tg(hll 9+ haoa)?

Hence, by the parabolic maximum principle, Theorem A.1, the claim follows. [

A consequence of Theorem 5.5 is the following result, see [2, Theorem 1].
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Theorem 5.6. Let M C R3 be a smooth closed strictly convex surface. Then
there exists a smooth family of closed strictly conver hypersurfaces solving Gaufs
curvature flow %X =—-Kv for0<t<T. Ast /T, M; converges to a round
point.

Sketch of proof. The main steps are

(i) The convergence to a point is due to K. Tso [47]. There, the problem is
rewritten in terms of the support function and considered in all dimensions.
It is shown that a positive lower bound on the Gaufl curvature es preserved
during the evolution. This ensures that the surfaces stay convex. The evolu-
tion equation of ﬁ is used to bound the principal curvatures as long as
the surface encloses Br(0). Thus a positive lower bound on the principal cur-
vatures follows. Parabolic Krylov-Safonov estimates imply bounds on higher
derivatives.
(ii) Theorem 5.5,
(iii) Show that M, is between spheres of radius r4(¢) and r_(t) and center ¢(t)

with 2 — Tast /T,

(iv) Show that the quotient I[((Li’f)) converges to 1 as t / T. Here r(t) = (3(T —
t))1/3 is the radius of a sphere flowing according to Gauf curvature flow that
becomes singular at t = T and K,y = (3(T —t))~2/3 its GauB curvature.
This involves a Harnack inequality for the normal velocity.

(v) Show that (3(T—/\W —last /T.

(vi) Obtain uniform a priori estimates for a rescaled version of the flow and hence
smooth convergence to a round sphere.

d

We see directly from the parabolic maximum principle for tensors that a posi-
tive lower bound on the principal curvatures is preserved for surfaces moving with
normal velocity |A|%.

Lemma 5.7. For a smooth closed strictly convex surface M in R3, flowing accord-
ing to %X = —|A|?v, the minimum of the principal curvatures is non-decreasing.

Proof. We have F = |A|? = h;;g’*hpg't, F9 = 2g°hg,g%, and FUR = 24tk git,
Consider M;; = h;; —g;; with € > 0 so small that M;; is positive semi-definite for
some time ¢y. We wish to show that M;; is positive semi-definite for ¢ > ¢y. Using
(3.7), we obtain

d .
&hij — Fklhl'j;kl =2tr Ag’hij — 3|A‘2hfhk] + QQkTglshkl;ihrs;j.

In the evolution equation for M;;, we drop the positive definite terms involving
derivatives of the second fundamental form

d

%Mij — FklMij;kl > 2tr A3h1J — 3‘A|2h5hkj + 2€|A|2hm
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Let ¢ be a zero eigenvalue of M;; with |£] = 1, M;;&7 = h;j&7 —eg;;67 = 0. So we
obtain in a point with M;; > 0
(2tr A%hi; — 3| APPhS hij + 26| APhy;) £'¢7 =22 tr A® — 32| A? + 22°| AP
=2ctr A% — £%|A)?
>2e%|A|? — 2|A]? > 0

and the maximum principle for tensors, Theorem A.2, which extends to the case
%Mij > ..., gives the result. ([l

Exercise 5.8. Show that under mean curvature flow of closed hypersurfaces, the
following inequalities are preserved during the flow.

(i) 0< H,0<H,
(ii) hy >0,
(111) EHgZJSh”SﬁHg” f0r0<5§%<ﬁ<1

Such estimates exist also for other normal velocities.

Theorem 5.9 ([39]). Let M; be a family of closed strictly convex hypersurfaces

evolving according to %X = —|A?v. Then
VR
¢ s max (A1 +A2)(A1 = A9)
M )\1)\2

1S NON-INCcreasing.
Exercise 5.10.

(i) Prove Theorem 5.9.

2
Hint: In a positive critical point of w := W, for F = |A|?, the
evolution equation of w is given by
d

%w — Fijw;ij = — 4()\1 — )\2)2>\1)\2
B 25)3% — 44X Ao + 46803 + 48NS + T20103 B2,
(A2 + M do +A2)° M ’
B 244A§Ag + 3402XS + 8AL AT + 308 B
(A2 + Aido +A2)° M ’
B 25)\§ — ANIA] 4 46A5AT + 48NIAT + T2M3N] i,
(A2 + Aoh +A2)° M ’
B 244>\§>\§’ + 340208 + 8Ao AT + 308 2
(A2 + A1 +A2)* M ’
(This is a longer calculation.)

(ii) Show that the only closed strictly convex surfaces contracting self-similarly
(by homotheties) under %X = —|A|?v, are round spheres. A surface M; is
said to evolve by homotheties, if for every t1,t2, there exists A € R such that
Mt1 == )\Mt2.

(iii) Show that for closed strictly convex initial data M, there exists some ¢ > 0
such that % < i—; + i—f < ¢ for surfaces evolving according to %X = —|A]%v
for all 0 <t < T, where T is, as usual, the maximal existence time.
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Similar results also exist for expanding surfaces

Theorem 5.11 ([40]). Let M; be a family of closed strictly convex hypersurfaces
evolving according to %X = %V. Then

(A= Xp)?
ARt A VOY

1S NON-INCcreasing.

Exercise 5.12. Prove Theorem 5.11 and deduce consequences similar to those in
Exercise 5.10.

Hint: In a critical point of w := %, the evolution equation of w reads
172
d y (A1 + X2) (A1 — A2)? 8 5 8 o
—w — Fy,; = —2 — hii.1 — ——=h39. -
ar Wiij XA Nohg LT NG 1222

5.1. Isoperimetric Inequalities. In a situation, where we know, that mean cur-
vature flow exists until the enclosed volume shrinks to zero, it can be used to prove
isoperimetric inequalities. Flow equations and isoperimetric inequalities are studied
by G. Huisken, F. Schulze [41], and P. Topping [45]. We want to describe such an
approach in a model situation.

Consider a family M? of smooth closed surfaces that moves by mean curvature
flow until the volume of the enclosed area €2; shrinks to zero. In this case, the
isoperimetric inequality reads

1 3/2 1
= (HA(M))*? = H3() = —|My|¥? — Q4] > 0
30 3o
for o = v/4m. (Recall that |0B?| = 47 and |B}| = 4T.) We want to prove this in-

equality using mean curvature flow for surfaces M; which are topologically spheres.
Note first that by Holder’s inequality

1/2 1/2
/ H< / 1 / H?
M, M, M,
Secondly, by Gau-Bonnet, as we are on a topological sphere,
/H2 = /(/\1 —X2)? + /4K > 4/K = 4H?*(0B,(0)) = 4/0B;(0)| = 167.
M, M, M, M,

Hence, under the evolution by mean curvature flow, we get according to (3.3) the
following estimate for the isoperimetric difference (we may assume that | M, H>0
for otherwise the inequality derived in the following follows already from the first

line)
d (1 3/2 _ 1 1/2/ 2 /
= (30|Mt| Qt|> — 1My H? du Hdp

M, My

1/2
g—i /H2 /H+/H
20

M, M,y M,
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1/2
1
=11-= /H2 /H
20

My M

< <1—210\/167)/H
=0.

Setting f(t) := 3%|Mt|3/2 — €|, we have f(T) > 0 (considered as a limit as ¢t /' T)
as we have assumed that |Qr| = 0 (in the sense of a limit). Integrating backwards
in time yields f(¢) > 0 for t < T, which is the isoperimetric inequality claimed
above.

6. MEAN CURVATURE FLOW WITH SURGERY

We consider mean curvature flow. Even for a smooth initial surface which is
topologically a sphere, singularities will occur before the surface can shrink to a
point.

The following example can be found in greater generality in [17].

Example 6.1. In order to see this, we consider a family of hypersurfaces in R?
given by
M, = {(x,y,z) eR3: %22 =224+ 9% - 1+t}

for 0 <t < 1. Fort / 1, these hypersurfaces converge to a cone with singularity at
the origin. We want to see that this hypersurface is a barrier for mean curvature
flow. Locally, we can write it near y = 0 as a graph z = 1/%2’2 —y2+1—t Due
to the symmetry, it suffices to understand the evolution near y = 0. Observe that
the function u(z?!, 2?) := \/% (x1)?2 — (22)2 + 1 — ¢ fulfills

I+ Dup

for 0 <t < 1 and 2% ~ 0. This is a direct calculation (exercise). That is, the
surface M, shrinks slower in the direction of the axis z = 0 than a surface flowing
by mean curvature flow. Hence we can apply a comparison principle principle
(proved exactly as the avoidance principle, Theorem 2.16, using the inequality in
the maximum principle) to see that any compact surface flowing according to mean
curvature flow which is initially in the set {$2% > 22 +y? —1+0}, will be contained
in the set {%22 > 2% +y? —1+1t} for all 0 <t < 1, if it evolves smoothly. Note
that the surfaces M; are not compact, but the avoidance principle still applies as
it only needs that one of the surfaces is compact, as in such a case there has to be
a point of first contact.

We now pick a surface N that encloses two sufficiently large balls (which evolve
smoothly up to ¢t = 2) on different sides of the neck of M;. If the surface Ny
evolves smoothly, it continues to enclose those balls and to be contained in the set
{%z2 > a2 +y?—1+t} for 0 <t < 1. Hence it has to pass through the neck.
This however, is only possible, if the embedding becomes singular before ¢t = 1.
Therefore, singularities may occur before a surface shrinks to a point.

D
i > \/1+ [Duf? div (“)
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We have seen that in general, it is not to be expected that a smooth solution
to mean curvature flow exists for smooth initial data. It is possible to study mean
curvature flow in a weak setting, e. g. using a level-set flow. Another possibility is to
do surgery before singularities occur. This is done by G. Huisken and C. Sinestrari
in [30]. A hypersurface with principal curvatures A; < ... < A, is called 2-convez,
if, everywhere on the hypersurface, Ay + A2 > 0. The main theorem in [30] implies

Theorem 6.2. Let M C R"™!, n > 3, be a smooth closed embedded 2-convex
hypersurface. Then there exists a mean curvature flow starting from M with a
finite number of surgeries.

Strategy of proof.

(i) Show that 2-convexity is preserved during mean curvature flow.

(ii) Let the surfaces evolve until the curvature becomes big somewhere.

(iii) Prove a priori estimates that allow to control the behavior of hypersurfaces
near a point, where the curvature is big.

(iv) Convex parts shrink to round points and are understood. Other regions of
high curvature look like a neck S"~! x [a, b] or S"~! x S, or like a degenerate
neck-pinch. Necks of the form S"~! x S! are shown to be diffeomorphic to the
model space S"~! x S!. Necks of the form S*"~! x [a,b] or degenerate neck-
pinches are cut out so that the curvature drops. Therefore, it has to be shown
that a piece (=connected component) of M; with a point of high curvature
that is not convex or diffeomorphic to S”~! x S! has a neck-like region.

(v) Each time a surgery is performed, a certain amount of area is cut out. Hence
there can be at most finitely many surgeries. In order to cut out a certain
amount of area, the authors follow a neck until it opens up. This ensures the
lower area bound on the differences of the areas in the surgery process.

(vi) The hard part is to control the behavior of the flow analytically. We list a few
key steps to do that
(a) In regions, where the curvature is big, the hypersurface is almost convex.

For every 6 > 0, there exists ¢(d, Mp) > 0, such that

A > —6H — (6, My).

(b) If |A\1] is small, then the other principal curvatures are close to each other.
(Note that this corresponds to a cylinder.) It has to be shown that such
a “curvature cylinder” is also a “geometric cylinder”. The (pointwise)
cylindrical estimate reads: For every n > 0,

M| <nH = |\ —N[?<nH?*+c(n,Mg,n) fori,j>2.

(¢) A pointwise gradient estimate. It states that the second fundamental form
does not change much between points nearby.

VA2 < c(n)|A]* + c(Mp).

(d) All this is done with few parameters that control the geometry of the
hypersurfaces. Up to the choice of these parameters, the surgeries are
carried out in a canonical way. It is important that the control on the
geometry is uniformly maintained during the surgeries.

O
Remark 6.3.
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(i) The surgery is a procedure that allows to control the geometry of the hy-
persurfaces. Such is in general not known for other weak formulations. See,
however, [28], where the Euler characteristic is controlled for a weak formula-
tion of inverse mean curvature flow. Hence mean curvature flow with surgeries
allows to reconstruct the topology of the original manifold. It turns out that
all 2-convex hypersurfaces are topologically S™ or a finite connected sum of
Sn—1 x St

(ii) The idea to combine a geometric flow equation with a surgery procedure
appears also in the work of R. Hamilton and G. Perelman on the Ricci flow.

(iii) Mean curvature flow with surgery can be considered a “canonical” way of
deforming a manifold into standard pieces. Keep in mind that surgery and
forming a connected sum are operations inverse to each other. Hence such
procedure is a way to “geometrize” embedded 2-convex manifolds.

(iv) In Section 5, we had seen such a geometrization program for convex hyper-
surfaces. Without imposing curvature conditions, the possible singularities
seem not to allow something like surgery. This is different in 3 dimensions
if we consider abstract manifolds, i.e. manifolds which are not embedded as
hypersurfaces.

(v) There is a strong similarity between extrinsic flows, i.e. flows of manifolds
embedded in some other manifold like R™*!, and intrinsic flows, i.e. flows,
where only the (Riemannian) metric changes in time.

7. Ricct FLow

Definition 7.1. A Riemannian metric g(t) is evolving under Ricci flow with initial
condition ¢(0), a Riemannian metric, if

9 — — 1 1

Remark 7.2 (Existence). For smooth initial data on a compact manifold, short-
time existence is proved in [26] using the Nash-Moser implicit function theorem. A
problem in the existence proof is that the evolution equation is degenerate parabolic,
corresponding to the invariance of the Ricci flow under diffeomorphisms. In a
more direct approach one considers an equivalent flow, the Ricci-DeTurck or Ricci
harmonic map heat flow, which is strictly parabolic, to prove existence. This is
known as the DeTurck trick [16].

Definition 7.3 (Solitons). Special solutions are those that evolve only by diffeo-
morphisms and scaling. They are called Ricci solitons. For these solitons the metric
evolves as follows

g(t) = a ()" (t)g(0),
where o(t) > 0 and ¢(¢) is a family of diffeomorphisms. This can be rewritten in
terms of a constant e corresponding to ¢ and a vector field X induced by ¢(t) as

—2Ric(g0) =€g0 + Lx,90
or, equivalently, as

—2Rij = VZX] + VJXl + E(go)ij.
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For € > 0, the soliton is called, expanding; solitons with ¢ = 0 are called steady; if
e < 0, the soliton is shrinking. (Note that R™ with its standard Euclidean metric
is at the same time an expanding, a steady, and a shrinking soliton.)

If X is the gradient of a function f, the soliton equation becomes

Rij + Viij + %gij =0.

Example 7.4 (Cigar soliton). Consider (R?, u(z,t)d), where & denotes the stan-
dard Euclidean metric, A > 0, and u(z,t) = W Then (R?,u(z,t)d) fulfills
Ricci flow.

Exercise 7.5. Prove that in this situation, Ricci flow is equivalent to @ = A logu.
It might be helpful to prove first that R = —1/u - Alogu. Show that the cigar
soliton is a gradient soliton to Ricci flow.

8. EVOLUTION EQUATIONS
We use the following definitions, see e. g. [26].

Definition 8.1. We define
the Christoffel symbols
F?j = %ghk(gg‘k,z‘ + Gik.j — Gijk),

k k
: Ri"

the Riemannian curvature tensor R =

Rij* =Th , =T, +T5I0 —T%5 17,
and in covariant form
Rijii = genRis™1,
the Ricci tensor
Rik = ¢"' Riju,
and the scalar curvature
R = g”RU

In order to compute the evolution equation for the Riemannian curvature tensor,
it is convenient to consider a normal coordinate system such that I‘fj = 0 at the
point considered. To avoid confusion about the order of differentiation, we write 9;
and 0;. We obtain

oL = 19" (0,0,91m + 0101gjm — Omrgj1),
O Rij™ = 0,0,T" — 0;0,T'],
OiRijr1 = gnkOiRi;"1 + Orgni R,
and hence
Ot Riji = 00k Rj1 — 0;01R i, — 0,0, Ryt + 0;01 R,
— 9" (Rijip Ry + Rijpi Ryr)-
The following Lemma [26, Lemma 7.2] is a consequence of the Bianchi identities

0 = Rijr + Rirj + Rujr,
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0 =0; Rjrim + 0j Riitm + Ok Rijim,

of differentiating these identities, exchanging derivatives, permuting indices and
contracting.

Lemma 8.2. We have
AR;jki+ 2(Bijri — Bijik — Bijk + Bikji)
= 6i8kle — 8181Rjk — 8j5kRil + (9jalRik
+ g™ (RpjriRgi + RipriRgj),

where

Bijri = 9" 97 Rpiqj Rrkst-
Proof. Exercise (long computation). O

Based on the above considerations, we obtain the evolution equation for R;j,
see [26, Theorem 7.1],

Theorem 8.3. The Riemannian curvature tensor satisfies the evolution equation

0
- Rijii = ARjjr + 2(Bijri — Bijik — Bijk + Bikji)

ot
— g (RpjiiRgi + Ripri Ry + RijpiRgr + RijipRqr)-

Corollary 8.4. The Ricci tensor and the scalar curvature fulfill the following evo-
lution equations

0
(8.1) &Rik =ARik + 26" 9% Rpig Rrs — 297 Rpi Rgk,
0 ..
(8.2) &R =AR+ 29" g™ Ry Ry

9. SPHERICAL SPACE FORMS

Comparable to the results in Section 5, there are results for Ricci flow that show
that manifolds converge, after appropriate rescaling, smoothly to quotients of the
round sphere.

The classical result in this direction is by R. Hamilton [26]

Theorem 9.1. Let (M,g) be a compact 3-manifold of positive Ricci curvature.
Then there exists a smooth solution (M, g(t)) to

%g(t) = —2Ric,
9(0) =g

on some finite time interval [0,T). Ast /T, after appropriate rescaling, (M, g(t))
converges to a manifold of constant positive curvature, i.e. of constant positive
sectional curvatures.

Remark 9.2.
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(i) In three dimensions,
Rijii = ginRji — guRjk — gjRa + 91 Rir, — 3R(giegt — 9ugjr )
i.e. the Riemannian curvature tensor is determined by the Ricci tensor. In
appropriate coordinates R;; = diag(\, p, v).
(ii) We list a few important estimates that are all obtained by applying the max-
imum principle to appropriate test functions.
) In view of (8.2), R > 0 is preserved during the flow.
iv) eRgi; < Rij < BRg;; is preserved during the flow for 0 < ¢ < % <p <1
(v) Positive sectional curvatures are preserved.
) The pinching estimate is a crucial estimate. It states that for some § > 0

A=’ + A=)+ (u—v)* <R

It is the first estimate that is better than expected from scaling.
(vii) For any n > 0, we have the gradient estimate

VR[> < nR® + (1, 9(0)).
(viii) Ast /T, we have max | Ric| — oo and thus mj\?}XR — 00.

(ix) From the gradient estimate, we obtain max R/minR — 1 ast /' T.
(x) Hence, after rescaling, (M, g(t)) converges to a manifold with A = y = v as

t /T,

In contrast to mean curvature flow, as far as the results of this section are
concerned, most of the a priori estimates rely on maximum principle.

Theorem 9.1 has been improved by C. B6hm and B. Wilking to any dimension
and initial metrics of 2-positive curvature operator [3]. The main idea there is to
carefully study the properties of the Riemannian curvature tensor in the ordinary
differential equation related to Ricci flow and to introduce a continuous family of
pinching cones. Ricci flow has to enter these cones transversally. Hence it has
to converge to the intersection of all that cones, which consists of the metrics of
constant (sectional) curvature.

This has been extended to manifolds M such that M x R or M x R? has positive
isotropic curvature (PIC) by S. Brendle and R. Schoen, see [4—6]. PIC is defined
using orthonormal four-frames by the inequality

Ri313 + Ri414 + Ro323 + Rosos — 2R1234 > 0.

It implies in particular that a compact strictly 1/4-pinched Riemannian mani-
fold is diffeomorphic to a space form, i.e. it implies the differentiable 1/4-pinching
theorem. This result requires only pointwise strict 1/4-pinching for the sectional
curvatures. Here, it is always understood that the sectional curvatures are positive.

The crucial step is to show that PIC is preserved under Ricci flow. It involves
carefully studying the algebra in the corresponding ordinary differential equation.

10. NON-COMPACT SOLUTIONS

W.-X. Shi [42] has considered Ricci flow of non-compact complete manifolds of
bounded curvature. He gives a short time existence proof in this situation. The
proof relies on

(i) solving appropriate Dirichlet problems on a sequence of balls of increasing
radius,
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(ii) interior a priori estimates, some of them interior in space and time.

This is similar to what we have seen for graphical mean curvature flow. Note
however, that for Ricci flow bounded curvature does not guarantee the existence of
a solutions as neck-pinches may occur.

He has also proved non-compact maximum principles and has shown that mani-
folds that are initially Kahler stay Kéhler. For those manifolds, the Kéhler potential
u fulfills (at least locally)

1 = log det uy;.

This flow is (currently) the main tool to attack the following conjecture of S.-T.
Yau: A complete non-compact Kéhler manifold with positive holomorphic bisec-
tional curvature is biholomorphic to C™.

The strategy is to let the metric evolve according to Kéhler-Ricci flow. The
biholomorphisms are then constructed with the help of the limit manifold (possibly
after rescaling) as t — oo. This requires currently initially bounded curvature and
at least one additional condition like average quadratic curvature decay

/ Rdugﬁ forall x € M, r > 0,

B, (z)

| B (2)]

or maximal volume growth

L 1B ()
r—00 r
See the survey article of A. Chau and L.-F. Tam [8] for details.

Interior a priori estimates allow to reduce the smoothness that has to be assumed
for the initial data. M. Simon [43] could start Ricci flow for C? initial data go, i.e.
he constructs a smooth solution g(t) that approximates go in C° as t \, 0.

If go is initially C%-close to Euclidean space with the standard metric and the
difference becomes small at infinity, the corresponding solutions were shown to
converge to Euclidean space as t — oo under Ricci harmonic map heat flow, see
[38]. The proof is based on integral estimates involving

>0 for some z € M.

n

SR -1,

=17

where m > 2 and )\; denotes the eigenvalues of g(t) with respect to the flat back-
ground metric.

11. Ricci FLOW WITH SURGERY

Ricci flow with surgery was introduced by R. Hamilton [25] for four-manifolds
of positive isotropic curvature. Similar to mean curvature flow with surgery, it is
important to understand precisely, how singularities look like in order to perform
surgery. R. Hamilton made a lot of progress in this direction, but he could not
exclude singularities that look locally like

1
R?, ——— R
(R ) * RO

a cigar soliton times R, after blow-up. It is important to exclude such a soliton as
it does not seem to allow for surgery.
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G. Perelman could exclude such singularities. This is part of his recent work
on Ricci flow of 3-manifolds [33-35]. Recent expositions of this material include
[7,10-12,32,46]. We will only sketch how to exclude such singularities.

Define for the metric g, a smooth function f and 7 > 0 the functional W by

Wig. f,7) = / [r (R4 V) + f — n] wdu(g),

where u = (477)""/?¢~/ and n is the dimension of the manifold. We require that
J uw=1. This is called compatibility of u or f. Set

(g, 7) = ir}fW(g, f,7),

where the infimum is taken over all compatible functions f. This infimum is finite
and attained for some smooth function f.

We have the following monotonicity: If M is closed and g, f, and 7 evolve
according to

99 _ .
It — 2RIC,
ar _ _
a =L

o =—Af+IVIP-R+ 3,
then
A f T):2T/’Ric+Hessffi *wdp > 0.
dt T 27 -

This implies a lower bound on u(g, ) during the flow. Such a lower bound implies
(longer computations) a positive lower bound on the volume ratio for geodesic balls,

wB:(p) ¢>0,
/r-’ﬂ
if |Riem| < r=2 on B,(p), where the lower bound depends on n, g(0), and upper
bounds for r and T

Now we consider a special situation in dimension n = 3. If a solution g(¢) runs
into a singularity as described above, we can choose small balls B,.(p). If we fix
the centers so that the balls lie on the region, where the cigar looks cylindrical,
we obtain (after rescaling) the following situation. (Note that |Riem| < r=2 is
preserved under scaling and so is the volume ratio.) The geodesic balls then roughly
look like S! x B, C R? x R? and hence violate the lower volume bound for large
values of r as the volume of these geodesic balls grows like 2.

APPENDIX A. PARABOLIC MAXIMUM PRINCIPLES

The following maximum principle is fairly standard. For non-compact, strict or
other maximum principles, we refer to [18] or [36], respectively.

We will use C?! for the space of functions that have two spatial and one time
derivative, if all these derivatives are continuous.

Theorem A.1 (Weak parabolic maximum principle). Let Q@ C R™ be open and
bounded and T > 0. Let a', b' € L>(2 x [0,T]). Let a¥ be strictly elliptic, i. .
a'(z,t) > 0 in the sense of matrices. Let u € C*1(Q x [0,T)) x C°(Q x [0,T)
Fulfill

@ < a4+ blu; in Q x (0,T).
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Then we get for (x,t) € Q x (0,T)

U(:L'ﬂf) < sSup u,
P(2x(0,T))

where P (Q x (0,T)) := (2 x {0}) U (99 x (0,T)).
Proof.

(i) Let us assume first that @ < a”u;; + b'u; in Q x (0,7). If there exists a

point (zg,t0) € Q x (0,T) such that u(xo,tp) > sup wu, we find (21,t1) €
P(Q2x(0,T))

Q% (0,T) and ¢; minimal such that u(z1,t1) = u(xo,to). At (z1,%1), we have

@ >0,u; =0forall 1 <i<mn,and u;; <0 (in the sense of matrices). This,
however, is impossible in view of the evolution equation.

(ii) Define for 0 < & the function v := u — et. It fulfills the differential inequality

v=u—c<u< aijuij + blu,; = aij’l]ij + b,
Hence, by the previous considerations,
u(z,t) —et=v(z,t) < sup wv= sup u—et
P(Q2x(0,T)) P(2x(0,T))

and the result follows as € | 0.
O

There is also a parabolic maximum principle for tensors, see [26, Theorem 9.1].
(See the AMS-Review for a small correction of the proof.)

A tensor N;; depending smoothly on M;; and g;;, involving contractions with
the metric, is said to fulfill the null-eigenvector condition, if N;;v‘v/ > 0 for all
null-eigenvectors of Mj;;.

Theorem A.2. Let M;; be a tensor, defined on a closed Riemannian manifold
(M, g(t)), fulfilling

0
&Mij = AMij + bkkaij + N,’j

on a time interval [0,T"), where b is a smooth vector field and N;; fulfills the null-
eigenvector condition. If M;; > 0 att =0, then M;; > 0 for 0 <t < T.

APPENDIX B. SOME LINEAR ALGEBRA

Lemma B.1. We have

det(ay) = det(ax)a’’,

Baij
if aij is invertible with inverse a¥, i.e. if a¥aj, = &}.

Proof. Tt suffices to prove that the claimed inequality holds when we multiply it
with a;; and sum over i. Hence, we have to show that

I J
6@;‘]‘ det(ag)aix det(akl)ék.
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We get

a11

o a;—11
Pa det(ay;) = det 0
ij Ai411

an 1
and thus

0

0 az1
—— det(ak) - ai, =det
8&,']‘
Gn 1

a11
0

+det | @31

Gn 1

aii
a1

=det
n 1

a1
az1

+det | @31

an 1

+...

=det
Gn 1

zéi det(ays).

Lemma B.2. Let a;;(t) be differentiable in t with inverse a® (t).

Proof. We have

alj—1

aj—145-1

Ai415-1
Anj—1

0
a25-1

Gp j—1

a145-1
0
asj—1

Qp j—1

a15-1
a25-1

Gp j—1
@151

a245—-1
asj—1

Ap j—1
a1j5-1

Ap j—1

0 arjt
0 a;—1j41
1 0
0 aiv1j+1
0 anjt1
alk 0
0 a2 541
0 anjy1
0 aijn
as 0
0 asjn
0 Ap 541
a1k A1j+1
0 a2 541
0 anjy1
0 aijn
a1k Aa2j+1
0 azjn
0 anjtr
a1k  Q1j41
Apk  Qnj41

A1n

Aj—1n

Ai+1n

ann

Qnn

a1n
a2 n

ann

Q1 n
a2n
azn

Anpn

a1n

Then

35



36

OLIVER C. SCHNURER

Assume that there exists @* such that

Then a7 = a", as

a’ = aik&,i =a'* (akl&lj) = (aikakl) al =a".

We differentiate and obtain

d, d, d 0 d
0= &5; = (a®ay;) = ﬁa’kakj + aZkgakj.
Hence p p p p
%azl _ % 1k6§€ _ %aikakjajl _ _alkaak)]aﬂ
(]
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