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Notation

Notation

m N={1,2,...} N, :={1,...,r}.

The outlook

S m (F,v) non-archimedean local field, D|F' a central skewfield,
The euclidean d = \/ [D . F] < Q. L‘F Mmax. Unramiﬁed fleld in D,

building of

G Ly (D) L:F|=d

The affine map jz DDOLDOF

Barycentric
coordinates

The theorem

m Assume that mp normalizes L.

D=L&Lrp&Lrp...oLrg"

m A:= M, (D) the and V := D™, right D vector space,
m € N fixed.
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' | ﬁ The outlook

Notation Martin Grabitz and Paul Broussous have classified embeddings
The outlook

| E* C compact modulo center group C M,,(D)
Embeddings

The euclidean

tgzdin%Dog and introduced invariants. The question of E.W. Zink was:

- Is there a geometric way to find the invariants using euclidean
o . Bruhat Tits buildngs as geometrical object together with an
aryc.entrlc .
coordinates afﬁne map.

The theorem

The affine map 75
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hereditary order

Notation Definition 1 A hereditary order a C M,, (D) is a subring of
The outlook M, (D), s.t. there is a g € GL,,(D) s.t. gag—! is of the form
Embeddings

hereditary order | o Tlp

Embeddig ( D° De° . oo \ ni,mna,...,n

Pearl embedding
Equivalent vectors

Grabitzs' theorems Do Do Doo
The euclidean Co

building of \ © © )
bullding of D . D

The affine map 75

Barycentric Where E n; = m.

coordinates

The theorem
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Embedding

Definition 4 An embedding is a pair (FE,a) satisfying
1. E is a field extension of F'in A,

2. a € Her(A) is normalised by E*.

(E,a) «~ (E',d) if there is a g € A%, such that gEpg~! = EY,

1 /

and gag™ " =¢'.

An example for embeddings are pearl embeddings. (soon)
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' | ﬁ Pearl embedding

Rloeson Definition 6 Let f|d and r < m. An embedding datum is a

The outlook f x r-matrix A of non-negative integer entries s.t. in every
Embeddi . . .
hzejita,;g;der column is non-zero, and the sum of all entries is m.The pearl
mbddig embedding of X is the embedding (E,a), s.t.
Equivalent vectors .. .
Grabitzs' theorems 1. [E : F] — f and E IS IN the Image Of
The euclidean
building of .
GLy (D) r € L diag(M;y(x), Ma(x),..., M.(x)) where
The affine map 75
_ T 0 1 ~1
Barycentric M] (CC) = dlag(O- (ﬂf) I>\1,j70- (CC) I>\2,j7 « ey O'f (CC) I>‘f,j)

coordinates

The theorem

2. a € Her(A) in standard form according to
m =nj+ ...+ n, where n; = ZZle )\i,j-
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Notation T
The outlook ( )
Embeddings

hereditary order
Embedding
Pearl embedding

Definition 7

Grabitzs’' theorems

Equivalent vectors

S =
O
o O
_— O
= O
o O

The euclidean

building of 1. w= (UJl, ce ,’U)t) ~ ’UJ/ = (w’l, ce 7w£) (real entries) If
e there is a k, s.t.

The affine map 75

Barycentric

/ / / /
coordinates w —= (wk7...,wt7w17...,wk_1).

The theorem

We write < w > for the equivalence class.

2. For a t X s-matrix M we put
I‘OW(M) = (m171, ey M1 5, M215 42,12 55 .- ,mt,s).

3. M ~ N if row(M) ~ row(N).
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' | ﬁ Grabitzs’ theorems

Notation Theorem 1 [BGO0O, 2.3.3 and 2.3.10]

The outlook

Embeddings 1. Two pearl embeddings are equivalent if and only if the
hereditary order .

Embe;dizg embedding datas are.

Pearl embedding

Sduivaientlectors 2. In any class of embeddings lies a pearl embedding.

Grabitzs' theorems

The euclidean

building of

GLyy (D)

The affine map j Definition 8 By the theorem to an embedding corresponds one
Barycentric class of embedding datas, called embedding type (notion from V.

coordinates

Secherre).

The theorem

11 / 32



Notation

The outlook

Embeddings

The euclidean
building of

G Ly (D)
building
Euclidean building

Lattice functions

Affine Structure
The description of
the building with
lattice function

Simplicial structure

The affine map J 5

Barycentric
coordinates

The theorem

The euclidean building of GL,,(D)

12 / 32



il
B building

=

Notation A building of rank m — 1 is a poset (€2, <) s.t.

The outlook

Embeddings m S:={5 QS <S8} is poset isom. to a simplex, S €
The euclidean

building of (faceS) )

G Ly (D)

m Every face has not more then m — 1 vertices (= minimal
Euclidean building

Lattice functions elementS) .

Affine Structure

The description of . . . . .

the building with m Every face lies in a face with m — 1 vertices (= maximal
lattice function

Simplicial structure elements :Chambers)'

T effie mEw o m O =[]JA, where A is a set of chamber subcomplexes of
Barycentric rank m — 1, apartments.

coordinates

The theorem

m There are poset isomorphisms between X, ¥ €/ A.
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Euclidean building

Notation A building is called euclidean if every apartment is a isomorphic
The outlook to a cell decomposition of an f.d. euclidean space with an infinite

B affine reflection group.
building of ST :={D .\ vertex of s Aw¥| DAy =1 X\, > 0} geometric

GLy (D) C
building realisation g.r. of S

Lattice functions ‘Q‘ - U{’SH S c Q}

Affine Structure
The description of
the building with
lattice function

Embeddings

Simplicial structure

The affine map J 5

Barycentric
coordinates

The theorem
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| o
: | ﬁ Lattice functions

ﬁ:tatior: k With Lattggv we denote the set of full D°- lattices in V. The
e outloo . . . e .

. word full will be omitted. Definitions:
Embeddings
bulding of m A left continuous monoton decreasing (all w.r.t. C )
ﬁﬁdﬁ;m function r € R—A(r) € Lattgbgv is called D°-/attice
el function of V, if Vr € R: A(r)mp = A(r + 3).
Affine Structure . . .
M dsaprtar of m The set of D° lattice functions is denoted by Latt} V.
the bullding wit
lattice function
Simplicial structure m A~ A iffdseR:VreR:Ai(r) = Aa(r + 9).
The affine map m Lattpo V := Lattho V/ «

Barycentric
coordinates

The theorem
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~ Affine Structure

Notation Definition 10 A D-basis (v;) of V is called splitting basis of a
The outlook lattice function [A], if

Embeddings

butding of VreR: A(r) = @™, (A(r) N Ry).
G L (D)
B puilding Affine structure: For [A] and [A’] we can find a splitting basis

Lattice functions ( ) h
Affine Structure Uz ) thus

The description of
the building with

lattice function A(fr) p— @glviDoo[r_ai]—i_ and A'(’r) — @ﬁlviDOO[r_a;]—i_'

Simplicial structure

For A € [0, 1] one defines

The affine map J 5

B ATAT + (1= \)AY] = [A"] with

The theorem

A//(’I“) - @glviDoo[r—Aai—(l—A)a;]—l—.
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The description of the building with lattice function

The g.r. of the eucl. building of GL,,(D) we denote by 7.

Theorem 5 ([BL02] section | (2.5)) Z = Lattpo V
G L(D)*-equivariant, affine.

Apartments: A frame R = {R;|1 <i <m} is a set of m
linearely independent 1-dim. D-subspaces of V.

Lattr V := {[A]| A is splitt by R}.

Apartments = {Lattg V| R frame}.

Faces: They are given by the hereditary orders of A,
Her(A) := {a| a is a hereditary order}

Def:a<d ifaDd
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Simplicial structure

Notation

N m A lattice function [A] lies on the face

Embeddings GA — {a’ S A‘ CLA(T) g A(T) \V”I“ S R}

The euclidean

buiding of m The range of a lattice function is a lattices chain. This
puilding lattice chain represents the face F' of the simplicial building
Euclidean building s.t.p € ’ﬁw‘

Lattice functions
Affine Structure

The description of m Lattice chains are in 1-1 correspondence to hereditary
the building with
lattice function orders.

Simplicial structure

The affine map J 5

Barycentric
coordinates

The theorem
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Theorem 6 (P.Broussous, B.Lemaire)

1. The simplicial complex of T is isomorphic to (Her(A), D).

2.

The hereditary order of rank k correspond to the faces of

rank k, i.e. of dimension k — 1.

Maximal her. orders, correspond to the vertices and
minimal her. orders to the chambers.
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Lt
~ Notation

Notation

A=Mu,(D)DB=CA(E)DEDF

The outlook

Embeddings

Wi m F|F is a unram. field extension of degree [E : F||d in A.
uilding o
GLy (D)

m B is the centraliser of E in A.

The affine map J 5

Existence and

Uniqueness of j & m |t is Zg the g.r. of the eucl. building of B.
JE in terms of

lattice functions 1

JE in terms of

lattice functions 2

Barycentric
coordinates

The theorem
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e

< Existence and Uniqueness of jz

=

Notation Theorem 8 [BL02, part of Thm 1.1.] There exists a unique
The outlook Y : X
= application jg : I~ —TIg such that
Embeddings
The euclidean ; : X ; ;
T 1. jg 1s B” -equivariant.
GLy, (D)
The affine map j i 2. ]E’ iS affl.ne.
Notation
Existence and L . . . .
Moreover j El can be caracterised as the unique B™ -equivariant
JE in terms of ff :Z- :Z-
lattice functions 1 arfine map E—L.

JE in terms of
lattice functions 2

Barycentric
coordinates

The theorem
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7 in terms of lattice functions 1

This is due to Broussous and Lemaire [BLO2] Il 3.1.

We have E = i(F) C L (F-Algebrahomomorphism).

E®ri(F) = ,Ezé?]_l i(E) with the decomposition

_ BT g
L=) ", 1

Sowe get V =@, V¥, VF:= 1"V, wlog. st. VF = Vg
and VIEF]=lp, = 10,

Remark 3 The skewfield A := Cp(i(F)) is central over i(FE) of

Index [E‘le].

1. B = Enda (V).
2. B2 M,,(A).
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——

7 in terms of lattice functions 2

Notation Theorem 9 [BL02, Il 3.1.] In terms of lattice functions jr has
The outlook the form

Embeddings 1 B
The euclidean ]E ([@]) o [A] )
building of

GLy (D) with

The affine map j I
Notation A(s) := O(s — =)mp, sE€R.
Existence and ( ) ( ) D>
Uniqueness of j g k=0
JE in terms of

lattice functions 1

JE in terms of
lattice functions 2

Barycentric
coordinates

The theorem
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XF
| Orientation

Notation For the simplicial complexes of Z, T we write (22, <), (g, <).
Lhe outlook For the lattices corresponding to a face H or point x we write
lattices(H ), lattices(x). We define an orientation on Qp.

Embeddings

The euclidean
building of
GL,, (D)

Definition 11 An edge H = {e, e’} € Qp is said to be oriented

The affine map j . . .
— towards e’ if there are I' € lattices(e) and I € lattices(¢e’), such

Barycentric

coordinates that dim,, (I'/T") = 1. (write e;—es) An oriented chamber is a
Oriented baryeentiic  tupel (e1, ..., ey, ) of m different vertices which lie in a common

coordinates type

chamber s.t. e;—e€;11 and e,,—e;.

The theorem
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e

< Oriented barycentric coordinates type

Notation Definition 12 Assume x € Zr. An equivalence class of a tuple
Zhebo::.wk p=(p1,...,pm) € R is called the local type of z, if there is an
mbeddings

oriented chamber (eq,...,en) of Qp such that x = > " use;.
The euclidean —

building of

GL,, (D)

The affine map j Proposition 1 For x € Zg there is only one local type.

Barycentric
coordinates

Orientation
Oriented barycentric
coordinates type

The theorem
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Vector of pairs

Definition 13 m/ ¢ € N. Take

w € Row(m/, t) := {w € NIV Zwi =t}, i.e.

w = (0,...,0,w;,0,...,0,w;,0,...,0,w;,0,...,0)

with w;. > 0, and we can represent < w > by a (k + 1)-tupel of
pairs

((wi07 7:1_7:0)7 (wilaiQ_il)a I (wik_lvik_ik—l)a (wika 7’0_|_m/_1_7’k))

In this way we can map < w > to a class of a vector of pairs,
which we denote:

pairs(< w >) :=< (wiy, 11—1%0), (Wi, t2—11), . . ., (Wj, , to+m'—1—iy)
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Duality and the theorem

There is a duality map <>¢ Row(m/,t)— Row(t,m’).

Definition 14 Given w as above and

pairs(< w >) =< (ag, bg), - - ., (ax, b) > we define the
complement of < w >, denoted by < w > to be the class
< w' >, such that

pairs(< w’ >) =< (bo, al), (bl, CLQ), (bg, ag), Ceey (bk, ao) >

Theorem 10 (S.) Givena € Her(A)E>< and a matrix \ s.t.

< \ > is the embedding type of (a, E/) and assume < y > to be
the local type of jp(M,), where My is the barycentre of the face
corresponding to a. < row(\) > is obtained as follows

1. rfp e Ng* and
2. <row(A) >=< fru >€.
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Example

For example take r =2, [F: F] =6, dimpV =7,

3 2 1 0 0 4 2
(My) = —bg+ —b1 + —bs + —b3 + —bg + —bs + —g.
Jp(Ma) = 500+ 30t pbat obs + g5bat 7505+ 50
<124 >=<3,2,1,0,0,4,2 >
=< (3,1),(2,1), (1,3), (4,1), (2, 1) >
<12p>=<(1,2),(1,1),(3,4),(1,2),(1,3) >
=< 1,0,1,3,0,0,0,1,0,1,0,0 > .Applying theorem 10 we get
the embedding data

0
(107

0
1

y

OO OO VK
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