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General Relativity (GR) and Quantum Field Theory (QFT), more explicitly, the
Standard Model of particle physics, are the two pillars of fundamental physics,
and until today reconciling them in a unified model remains an unresolved task.
Whereas QFT alone struggles with severe conceptual gaps (e.g., a clear under-
standing of the measurement process) and mathematical inconsistencies (non-
perturbative formulation for nonlinear field theories, quantum fields in in curved
spacetimes, convergence of perturbative expansions), GR is a closed theory that
nevertheless predicts paradoxical results like black holes: Regions of spacetime
from which every possible movement ends in finite time at the timelike boundary
of the universe.

This seminar shall serve as a first glance on current topics of research in GR
and its underlying mathematical disciplines, Lorentzian geometry and hyper-
bolic PDEs.

Required previous knowledge comprises Differential Geometry 1 and, ideally,
Partial Differential Equations 1.

The seminar is divided in three major parts: The first two considers some ge-
ometric resp. analytic topics relevant for moduli spaces of GR solutions: energy
conditions, initial value constructions, submanifolds of prescribed mean curva-
ture, conformal boundaries. The third considers the reformulation of Lorentzian
geometry (and ultimately of GR) in a synthetic manner.

The majority of talks is independent of each other, and independent of the
course. Intersections with topics of the course occur in Talk 2. The script of the
course can be used as a general background reference, along with [2], [5] and
[19]. Optional talks are marked by an asterisk (*).
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Seminar plan with recommended literature:

1. Introductory talk: Lorentzian Geometry. A world of wonder
(Olaf Miiller)

2. Part 1: Geometric aspects of general relativity

(a) Talk 1: Bounds on sectional curvature and Comparison Theory in
Lorentzian signature. This talk presents results about Lorentzian
comparison theory as in [5] and [I9] and the result that two-sided
bounds on sec imply constancy of sec in Lorentzian signature ([15]).

(b) Talk 2: Einstein equations, energy conditions, splitting theorems
a2

(c) Talk 3: The Kerr-Newman family and its geodesics [19], [20]
3. Part 2: Analytic aspects of general relativity

(a) Talk 5(*): The Lorentzian index theorem [3]

(b) Talk 6: Techniques for construction of initial values. Here the con-
formal method ([7]) and the gluing method ([10]) are to be presented

(¢) Talk 7: Submanifolds of prescribed mean curvature, in particular
maximal hypersurfaces, in Lorentzian signature, mainly based on [13]

(d) Talk 8: Lorentzian conformal geometry, the Malament-Hawking-
King-McCarthy Theorem, invariance of null pregeodesics, and the
conformal boundary [11], [I]

(e) Talk 9: The appearance of trapped surfaces and black holes caused
by concentration of energy [21]

(f) Talk 10: Global existence of Yang-Mills solutions [8]
4. Part 3: Synthetic Lorentzian geometry

(a) Talk 11: Abstract boundaries, used in a black-hole theorem [I7], [9]
(b) Talk 12: Lorentzian (length) spaces [16], [4]

(c) Talk 13: Causal fermion systems as a model of quantum gravity [6]

5. Wrap-up and outlook (Olaf Miiller)
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