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Introdu
tion

Let f�

t

g

T

t=1

be a dis
rete-time sto
hasti
 data pro
ess de-

�ned on some probability spa
e (
;F ; P) and with �

1

de-

terministi
. The sto
hasti
 de
ision x

t

at period t is as-

sumed to depend only on (�

1

; : : : ; �

t

) (nonanti
ipativity).

Typi
al �nan
ial and produ
tion planning model:
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Alternative for the minimization of expe
ted 
osts:

Minimizing some risk measure IF of the sto
hasti
 
ost

pro
ess f


t

(�

t

; x

t

)g

T

t=1

(risk management).

First step of its numeri
al solution:

Approximation of f�

t

g

T

t=1

by �nitely many s
enarios with


ertain probabilities. Nonanti
ipativity leads to a s
enario

tree stru
ture of the approximation.



S
enario tree approximations

(a) Simulation of (suÆ
iently many) s
enarios of the

sto
hasti
 data pro
ess �;

(b) 
onstru
tion of s
enario trees from simulation s
enar-

ios or probability distribution information;

(
) (optional) follow-up treatment of the s
enario tree.

(a) Methods:

- Calibrating statisti
al models to histori
al data.

- dire
t use of \
omparable" histori
al data as s
enarios.
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(b) Constru
tions based on simulation s
enarios:

Given: S data s
enarios with �xed starting point �

1

, i.e.,

the s
enarios form a fan.
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Cluster-analysis-based methods: \Bundling" s
enarios in

a 
luster and de�nition of su

esors and prede
essor, e.g.,

using distan
es of probability distributions.

(
) Tree redu
tion using probability metri
s.



A s
enario tree is based on a �nite set N � IN of nodes.
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S
enario tree with T = 5, jN j = 23 and 11 leaves

n= 1 stands for the period root node,

n

�

is the unique prede
essor of node n,

path(n):=f1; : : : ; n

�

; ng, t(n) := jpath(n)j,

N

t

:= fn : t(n) = tg, nodes n 2 N

T

are the leaves,

S
enario: path(n) for some n 2 N

T

,

N

+

(n) is the set of su

essors to node n,

f�

n

g

n2N

T

are the s
enario probabilities and

�

n

:=

P

n

+

2N

+

(n)

�

n

+

, n 2 N .

f�

n

g

n2N

t

are the realizations of �

t

,

fx

n

g

n2N

t

the realizations of x

t

.

S
enario tree formulation of the model:
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Spe
ially stru
tured programs !



Solving sto
hasti
 programs

First idea: Use of standard software for solving the sto
has-

ti
 program in s
enario tree form !

But: Models are huge even for small trees and, in addi-

tion, spe
ial stru
tures are often not exploited !

) De
omposition is the only feasible alternative in many

(pra
ti
al) situations.

Dire
t or primal de
omposition approa
hes:

- starting point: Benders de
omposition based on both

feasibility and obje
tive 
uts;

- variants: regularization, nesting, sto
hasti
 
uts.

Dual de
omposition approa
hes:

(i) S
enario de
omposition by Lagrangian dualization of

nonanti
ipativity 
onstraints (solving the dual by bundle

subgradient methods, augmented Lagrangian de
omposi-

tion, variable or operator splitting methods);

(ii) nodal de
omposition by dualizing dynami
 
onstraints;

(iii) geographi
al de
omposition by Lagrangian relaxation

of 
oupling 
onstraints.

Presently, nested Benders de
omposition, sto
hasti
 de-


omposition and s
enario de
omposition (based on aug-

mented Lagrangians and on operator splitting) are mostly

used.



Distan
es of probability distributions

Let P denote the probability distribution of the sto
hasti


data pro
ess f�

t

g

T

t=1

, where �

t

has dimension r, i.e., P is

a probability measure on � � IR

rT

= IR

s

. Let 
 be a non-

negative symmetri
 
ontinuous fun
tion on ���, whi
h

plays the role of a (normalized) global 
ontinuity modulus

of the sto
hasti
 
osts f

0

as a fun
tion of the �rst-stage

de
ision x and of �. This means: If the deterministi


equivalent of the sto
hasti
 program takes the form

minf

Z

�

f

0

(x; �)P(d�) : x 2 Xg;

we 
hoose 
 su
h that the property

jf

0

(x; �)� f

0

(x;

~

�)j � L(kxk)
(�;

~

�); 8�;

~

� 2 �; x 2 X;

holds with some 
onstant L(kxk).

Example:

Linear multiperiod two-stage model with �xed re
ourse

in ea
h period: 
(�;

~

�) := maxf1; k�k

T�1

; k

~

�k

T�1

gk� �

~

�k

(R�omis
h/Wets 03 forth
oming).

We 
onsider the Fortet-Mourier metri
 of two measures

P and Q on �

�




(P;Q) = supfj

Z

�

f(�)(P �Q)(d�)j : f 2 F




g;

where the 
lass F




is de�ned by

F




:= ff : �! IR : f(�)� f(

~

�) � 
(�;

~

�);8�;

~

� 2 �g;



its dual, the Kantorovi
h-Rubinstein fun
tional

�̂




(P;Q) = inff

Z

���


(�;

~

�)�(d�; d

~

�) : �

1

� � �

2

� = P �Qg:

and its upper bound, the Kantorovi
h fun
tional or trans-

portation metri


�




(P;Q) := inff

Z

���


(�;

~

�)�(d�; d

~

�) : �

1

� = P; �

2

� = Qg:

Theorem: (Stability)

Under weak 
onditions on the sto
hasti
 program, the

optimal values are Lips
hitz 
ontinuous and the solution

sets are upper semi
ontinuous w.r.t. �




(�̂




, �




).

(Ra
hev/R�omis
h 02, R�omis
h 03)

�




and �̂




, �




are de�ned on sets of probability measures

P




(IR

s

) satisfying a 
ertain moment 
ondition w.r.t. 
.

Example:

If 
(�;

~

�) := maxf1; k�k

p�1

; k

~

�k

p�1

gk� �

~

�k, then

P




(�) = fQ 2 P(�) :

R

�

k�k

p

Q(d�) <1g (p � 1).

(Referen
es: Ra
hev 91, Ra
hev/R�us
hendorf 98)

Approa
h:

Sele
t a probability metri
 d su
h that the sto
hasti
 pro-

gram is stable w.r.t. d.

Given P and a toleran
e " > 0, determine a s
enario tree

su
h that its probability distribution P

tr

has the property

d(P;P

tr

) � " :



Probability distan
es of dis
rete distributions

P : s
enarios �

i

with probabilities p

i

, i = 1; : : : ; N ,

Q: s
enarios

~

�

j

with probabilities q

j

, j = 1; : : : ;M .

Then it holds

�




(P;Q) = supf

N

X

i=1

p

i

u

i

+

M

X

j=1

q

j

v

j

: u

i

+ v

j

� 
(�

i

;

~

�

j

) 8i; jg

= inff

X

i;j

�

ij


(�

i

;

~

�

j

) : �

ij

� 0;

X

j

�

ij

= p

i

;

X

i

�

ij

= q

j

g

(linear transportation problem)

�̂




(P;Q) = inff

X

i;j

�

ij


(�

i

;

~

�

j

) : �

ij

� 0;

X

i

�

ij

�

X

j

�

ij

= q

j

�p

i

g

= �




(P;Q)

(
an be reformulated as a minimum 
ost 
ow problem)

Spe
ial 
ase: S
enario redu
tion

f

~

�

1

; : : : ;

~

�

M

g � f�

1

; : : : ; �

N

g w.l.o.g. M = N :



S
enario Redu
tion

We 
onsider the transportation metri
 �




on P(�) where


 : � � � ! IR

+

is adapted to the sto
hasti
 program as

des
ribed above.

Let P =

N

P

i=1

p

i

Æ

�

i

and Q =

N

P

j=1

q

j

Æ

�

j

.

Theorem: (optimal redu
tion of a s
enario set J)

D

J

:= min

q

j

�0 ;

P

j

q

j

=1

�




(

N

X

i=1

p

i

Æ

�

i

;

X

j 62J

q

j

Æ

�

j

) =

X

i2J

p

i

min

j 62J


(�

i

; �

j

)

The minimum is attained at �q

j

= p

j

+

P

i2J

j

p

i

; 8j 62 J; where

J

j

:= fi 2 J : j = j(i)g and j(i) 2 argmin

j 62J


(�

i

; �

j

); 8i 2 J.

(optimal redistribution)

Optimal redu
tion of a s
enario set with �xed 
ardinality:

minfD

J

=

X

i2J

p

i

min

j 62J


(�

i

; �

j

) : J � f1; :::;Ng ; #J = N � ng

(
ombinatorial optimization problem of set-
overing type)

Theory: Dupa�
ov�a/Gr�owe-Kuska/R�omis
h 03

Fast heuristi
s (forward, ba
kward): Heits
h/R�omis
h 03

Implementation: GAMS/SCENRED (Gr�owe-Kuska)



Fast heuristi
s

Algorithm 1: (Simultaneous ba
kward redu
tion)

Step [0℄: Sorting of f
(�

j

; �

k

) : 8jg;8k;

J

[0℄

:= ; :

Step [i℄: l

i

2 arg min

l 62J

[i�1℄

X

k2J

[i�1℄

[flg

p

k

min

j 62J

[i�1℄

[flg


(�

k

; �

j

):

J

[i℄

:= J

[i�1℄

[ fl

i

g :

Step [N-n+1℄: Optimal redistribution:

Algorithm 2: (Fast forward sele
tion)

Step [0℄: Compute 
(�

k

; �

u

); k; u = 1; : : : ; N;

J

[0℄

:= f1; : : : ; Ng:

Step [i℄: u

i

2 arg min

u2J

[i�1℄

X

k2J

[i�1℄

nfug

p

k

min

j 62J

[i�1℄

nfug


(�

k

; �

j

);

J

[i℄

:= J

[i�1℄

n fu

i

g :

Step [n+1℄: Optimal redistribution:
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Constru
ting s
enario trees from data s
enarios

Let a fan of data s
enarios �

i

= (�

i

1

; : : : ; �

i

T

) with probabili-

ties �

i

, i = 1; : : : ; N , be given, i.e., all s
enarios 
oin
ide at

the starting point t = 1, i.e., �

1

1

= : : : = �

N

1

=: �

�

1

. Hen
e,

it has the form

q�

�

�

�

�

�

�

�

�

�
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�
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H

H

H

H

X

X

X

X

q

q

q

q

q

q

q

q

q

q

q

q

q

q

t= 1 may be regarded as the root node of a s
enario tree


onsisting of N bran
hes (leaves, s
enarios).

Representation of s
enario trees:

One may use s
enario partition matri
es M (indi
ating

whi
h s
enario 
on
ides with whi
h at some time t) or

node partition matri
es N (indi
ating whi
h nodes are

prede
essors and su

essors of a node n, respe
tively).
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Let P denote the probability distribution of � = f�

t

g

T

t=1

given by the fan of s
enarios. P plays the role of the

original distribution. Let the fun
tion 
 be adapted to the

underlying sto
hasti
 program 
ontaining P .

We des
ribe an algorithm that produ
es, for ea
h " > 0,

a s
enario tree with root node �

�

1

and less nodes than that

of P , su
h that for its probability distribution P

"

we obtain

for the transportation metri
 �




:

�




(P;P

"

) < ":

Algorithm: (ba
kward variant)

Let "

t

> 0, t = 1; : : : ; T , be given su
h that

P

T

t=1

"

t

� ",

set t := T , I

T+1

:= f1; : : : ; Ng, �

i

T+1

:= �

i

and P

T+1

:= P .

For t= T; : : : ;2:

Step t: Determine an index set I

t

� I

t+1

su
h that

�




t

(P

t

; P

t+1

) < "

t

;

where f�

i

g

i2I

t

is the support of P

t

and 


t

is de�ned by




t

(�;

~

�) := 
((�

1

; : : : ; �

t

;0; : : : ;0); (

~

�

1

; : : : ;

~

�

t

;0; : : : ;0));

(s
enario redu
tion w.r.t. f1,. . . ,tg)

Step 1: Determine a probability measure P

"

su
h that its

marginal distributions P

"

�

�1

t

are Æ

�

�

1

for t = 1 and

P

"

�

�1

t

=

X

i2I

t

�

i

t

Æ

�

i

t

and �

i

t

:= �

i

t+1

+

X

j2J

t;i

�

j

t+1

;

where J

t;i

:= fj 2 I

t+1

nI

t

: i

t

(j) = ig, i

t

(j) 2 argmin

i2I

t




t

(�

j

; �

i

)g

are the index sets a

ording to the redistribution rule.



S
enario tree 
onstru
tion algorithm

�!

�!

Blue refers to 
omputing of 
-distan
es of s
enarios, green to deleting

and adding its weight to the red s
enario.



Appli
ation:

� is the multivariate data pro
ess having the 
omponents

a) ele
tri
al load,

b) ele
tri
ity pri
es for baseload 
ontra
ts (at EEX),


) ele
tri
ity pri
es for peakload 
ontra
ts (at EEX),

d) ele
tri
ity pri
es for individual hours (at EEX).

Data s
enarios obtained from a sto
hasti
 model 
ali-

brated to the histori
al load data of the German power

utility VEAG and histori
al pri
e data of the European

Energy Ex
hange (EEX) at Frankfurt/Leipzig.
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a) S
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tri
al load
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b), 
), d) S
enario trees for pri
es of baseload 
ontra
ts, peakload


ontra
ts and individual hours, respe
tively


