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1. Introduction

Let (M, g) be a closed Riemannian manifold and let o be a closed 2-form on
M. Up to passing to the orientable double cover of M we can suppose without
loss of generality that M is orientable. Consider the kinetic Hamiltonian

- o
H:T"M - R, H(q,p)=§\p|§7

whereas usual | - | denotes the (dual) norm on 7% M induced by the metric g.
Consider also the twisted symplectic form w, = © + 7*0, where w = dp A dq
is the canonical symplectic form on T*M and 7 : T*M — M the canonical
projection. The pair (H,o,) defines a vector field X% on T"M by

W, (X§,-) =—dH,

called the Hamiltonian vector field of H with respect to @,. Its flow Y,
T*M — T*M is the magnetic flow of the pair (g,o). The reason of this
terminology is that it models the motion of a charged particle in M under
the effect of a magnetic field represented by o. In fact, if x : I — T*M is a
flow line of X', then the curve = 7 o x satisfies the second-order ordinary
differential equation

Vi =Y, (1), (1.1)
where V; denotes the covariant derivative associated with g and Y : TM —
TM is the linear bundle map (known as Lorentz force) given by

9q(u, Y5(v)) = og(u,v), YVou,veTyM, Vge M.

Conversely, given a solution p : I — M of (1.1), the lift = (u,p,) : I —
T*M is a flow line of X%, where p,, is the g-dual of /.

Periodic orbits of such a flow are usually called closed magnetic
geodesics. The magnetic flow preserves H, since it is the Hamiltonian of the
system; therefore, it makes sense to look at periodic orbits on a given level
set. In this paper, we will be interested in the following problem: given k > 0,
does there exist a period T' > 0 and a curve x : R — T*M which satisfies the
following conditions?

2(T) = 2(0); (1.2)

A particular case of magnetic flow is given by the choice o = 0, in which
case we retrieve the geodesic flow of (M, g). The problem of the existence of
closed geodesics has received in the last century the attention of many out-
standing mathematicians as Birkhoff, Lyusternik, Gromoll and Meyer, just
to mention few of them. The existence of periodic orbits for magnetic flows
represents a natural generalization of the closed geodesic problem. However,
unlike the geodesic case, the dynamics in the magnetic setting turns out to
depend essentially on the kinetic energy of the particle. This is one of the
reasons why existence results for closed geodesics cannot be straightforward
generalized to the magnetic setting. In fact, Hedlund [2] provided an example
of a “critical” energy level without closed magnetic geodesics on any surface
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with genus at least two. On the other hand, almost every energy level contains
at least one closed magnetic geodesic (cf. [1] and references therein).

In the literature, various approaches and techniques, coming for instance
from the classical calculus of variations [3-8], symplectic geometry [9-16],
symplectic homology [17] and contact homology [18], are used to tackle the
problem of existence of closed magnetic geodesics. See also [19-22] for ex-
istence results based on a minimization procedure in case the configuration
space is two dimensional. In particular, for magnetic flows defined by an exact
2-form o = df the existence of closed magnetic geodesics can be shown using
a variational characterization of periodic orbits as critical points of the free-
period Lagrangian action functional (see, e.g., [3,7]). If one tries to generalize
this approach dropping the exactness assumption, then one has to overcome
the difficulty given by the fact that the action functional is not well defined
but rather “multi-valued”. Nevertheless, following ideas contained in [23-25],
progresses in this direction have been recently made in [1,26] by studying the
existence of zeros of the action 1-form.

In this paper, we use another approach to study the existence of solu-
tions to (1.2) based on the following remark: the twisted cotangent bundle
arises naturally via symplectic reduction (cf. [27, Ex. 5.2] or [28, Sect. 6.6]).
If o represents an integer cohomology class, then this allows to interpret the
magnetic flow as a geodesic flow on the cotangent bundle of a suitable S*-
bundle E over M, at the cost of introducing a symmetry group. In particular,
closed magnetic geodesics with energy k turn out to correspond to the critical
points of a Rabinowitz-type action functional

Ay : C®(SY, T*E) x (0,400) x R — R

or equivalently, using the Legendre transform, to the critical points of a
Lagrangian-type action functional

Sk : HY(SY, E) x (0,400) x R — R.

Here, k = k + & and H'(S',E) denotes the Hilbert manifold of
absolutely continuous loops in F with square-integrable derivative. Notice
that the correspondence between closed magnetic geodesics and critical points
of Ay would allow to use a version of Rabinowitz-Floer homology for con-
tact type (or, at least, stable) coisotropic submanifolds—as developed by
Kang [29]—to infer existence on a given energy level. To this purpose, it is
important to study the stability property of such coisotropic submanifolds,
also in relation with the stability property of the corresponding hypersur-
faces in T*M. This will be carried over in Sect. 3, where we also provide
some concrete examples. In the last part of the paper, building on the latter
correspondence, we reprove the main theorem of [1] in the setting of magnetic
flows given by closed 2-forms representing an integer cohomology class.

Theorem 1.1. Let (M, g) be a closed non-aspherical Riemannian manifold,
i.e., mg(M) # 0 for some £ > 2, and o be a closed 2-form on M representing
an integer cohomology class. Then for almost every k > 0, there exists a
contractible closed magnetic geodesic with energy k.



49 Page 4 of 28 L. Asselle and F. Schméschke JFPTA

We end this introduction by giving a summary of the contents of this
paper: In Sect. 2, we recall how the magnetic flow can be seen as a projected
geodesic flow and introduce the functional Ajg. In Sect. 3, we discuss the
relation between stability and contact property of energy hypersurfaces and
of the corresponding coistropic submanifolds arising via symplectic reduction.
In Sect. 4, we introduce the functional Sy and study its properties. In Sect. 5,
we prove Theorem 1.1.

2. Symplectic reduction

2.1. The magnetic flow as a projected geodesic flow

Let (M, g) be a closed orientable Riemannian manifold and let o be a closed
2-form on M. We call the pair (T*M,&, := dp A dg + T*0) the twisted
cotangent bundle. It has been known for a long time that twisted cotangent
bundles arise via symplectic reduction (cf. for example [27, Ex. 5.2]). Here,
we quickly recall this construction.

Throughout this paper, we assume that the deRahm cohomology class
represented by o is integral, i.e., [0] € H?(M;Z). Let S* = {e € C | t € R}
be the Lie group of complex numbers of norm one. If o represents an integral
cohomology class, then there is a principal S'-bundle 7 : E — M with Euler
class e(E) = [0] € H*(M; Z).

Recall that the Euler class is defined as follows: choose a connection 1-
form 6 € Q'(E), which is an S'-invariant 1-form satisfying 6(Z) = 1, where
Z denotes the fundamental vector field of the S*-action

d
Zy = aeq ETqE7 Vge E.

The form 6 induces a splitting of the tangent bundle
TE =ker§ & R-Z, (2.1)

(vectors in ker 6 are called horizontal), and uniquely defines a curvature form
€ Q*(M) by

Gq(u,v) = (df)q(u"", 0""),

where u,v € T;M, g € M, q € 771(q) and u"°*,v"°" € T, E are horizontal
vectors that project to u, v via dg7, respectively (called horizontal lift). Obvi-
ously, do = 0. The Euler class is defined as the cohomology class represented
by &. To see that [6] does not depend on the choice of 6, one shows that any
another connection form @’ must satisfy 6’ = 6 + 7*3 for some 3 € Q*(M).
The curvature of 6’ is, therefore, & +d3 and hence defines the same cohomol-
ogy class. Notice that this also shows that the map 0 — & from the space of
connection 1-forms to the space of closed forms on M representing the coho-
mology class e(F) is surjective. In particular, for a given closed 2-form o on
M representing an integer cohomology class we can always find a connection
1-form 6 such that df = 7%0.
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By push-forward the S!-action on E lifts canonically to an S*-action
on T"E
T*E —T*E, (¢,p)~ (e"q,p- (dge”)™").
It is a classical fact (see for instance [30]) that this action on T*F is the

Hamiltonian flow with respect to the standard symplectic structure of the
Hamiltonian

A:T'E— R,  (¢,p)— (0, Z,)-
Since the action is free, for every ¢ € R the symplectic quotient is well defined
T*E).S' == A7 (c)/S".

This quotient manifold is naturally endowed with a symplectic form @., which
is defined as the unique form such that pr*©, = 2*w, where1: A=!(c) — T*E,
pr: A7 (¢) — T*E/.S' and w denote, respectively, the natural inclusion,
the projection map and the standard symplectic form on 7% E. Fix a connec-
tion form € and define a map II. : A=1(¢) — T*M implicitly via

(ITe(q,p), dgTv) = (p,v) — cO(v), Vovel,E. (2.2)
Note that II. is well defined because the kernel of d,7 is spanned precisely by
the fundamental vector field, on which the right-hand side vanishes. Moreover,
it is not hard to see that II. is a bundle map with fibres consisting of S'-

orbits for the lifted S*-action. We conclude that II. induces a diffeomorphism
T*E) .St~ T*M.

Proposition 2.1. For all ¢ € R, the map I, induces a symplectomorphism
(T*E ) .S*, @) =2 (T*M,o + c7*o) .

Proof. We need to show that I} (0+c7*0) = i*w. Since we have 7oll, = Tom,
we conclude that

7% = n*1"0 = n*df = dr™0 .
Hence, it suffices to see that IT*\ + cn*0 = i*\, where A, A are the Liouville
forms in T*M and T*FE, respectively. For any v € T(q)p)A_l(c), we denote
(¢,p) = Ic(q, p) and compute
(ITEN) (q.p) (v) = (, d7dIlgv) = (p, drdmv),

and using the definition (2.2) we continue the computation

(sz\)(q,p) (v) = (p,dmv) — cB(dmv) = Ay p(v) — c(770) gp(V) .
This shows the claim. O

Fix a connection form 6 for o and lift the metric on M to a metric on F
via g% := 7"g + 60 ® 6. In other words, consider the unique metric on E such
that:

o d 7 :kery — T4 M is an isometry for all ¢ € E.
L4 ge (Xv X) = 17
e the splitting (2.1) is orthogonal.
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By abuse of notation, we denote again the (dual) norm on 7*E induced
by ¢? with | - | and also the kinetic Hamiltonian with

) 1
H:T'E—R,  H(ap)= 3l

Since by construction the metric ¢? is S'-invariant, the Hamiltonian flow of
H commutes with the Hamiltonian flow of A. In particular, the flow of H
preserves the levels of A and via Proposition 2.1 projects to a Hamiltonian
flow on (T*M,&,). We show now that this reduced flow is precisely the
magnetic flow.

Lemma 2.2. We have H = H o I1; + % and dI1 X g = Xg—l. In particular,
a curve T : R — T*M that satisfies (1.2) for some T > 0 lifts to a curve
z: R — T*E with

E(t) = Xn((t));

x(T) = ew’x( );
H(z)=k+ 2 ;
Alx) =1,
for some ¢ € R. Conversely, a curve x : R — T*E satisfying (2.3) projects
to a closed magnetic geodesic with energy k.

(2.3)

Proof. Given any (q,p) € A71(1) and v € T,E. Set (q,p) := Il1(¢q,p) and
¥ := dg7v. Splitting into horizontal and vertical components, we conclude by
(2.2)

(p,v) = (p,v"") +(Z,0),  (p,v") = (p,0).

Hence by definition of the dual norm

Ip| = max <p, ) = max max__ (p,v"") + z = max /1 — 22|p| + x.
z€[—1,1] |phor |=y/T—2 @
By maximization in the z variable we verify |p| = /|p|?> + 1. This shows

H=HoIll + % The rest follows since by Proposition 2.1 we have IIjw, =
*w. 0

2.2. A Rabinowitz-type action functional

Lemma 2.2 above shows that, in order to find closed magnetic geodesics w1th
energy k, it suffices to look for geodesics in T*F with kinetic energy k + =
that are closed up to S!-action and which lie on the level set A=1(1). For our
variational approach, we reformulate (2.3) into a problem of closed curves
with period 1. More precisely, if (x, T, ¢) is a solution of (2.3), then the curve
y:[0,1] — T*E defined by y(t) := e~ x(tT) satisfies

y(t) = —pXa(y(t) + TXnu(y(t)):

(1) = (0):
H(y) =k +}s 24
Aly) =1

Conversely, every solution of (2.4) gives a solution of (2.3) by reversing the
rescaling.
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Lemma 2.3. Set k =k + 3. A triple (y, T, ) satisfies (2.4) if and only if it
is a critical point of the functional Ay : C°(SY, T*E) x (0,+00) x R — R
given by

Ak(y,Twp):/O ) —/O (THi(y) — pAi(y)) dt, (2.5)

where A is the Liouville 1-form, Hy(q,p) := H(q,p) — k and Ai(q,p) :=
Alq,p) — 1.

Proof. Let s +— ug € C°(S!, T*E) be a differentiable curve with ug = y and

d
g.— & <0 Us.

Abbreviate the Hamiltonian H := TH, k — pA; and use
w(0su, Opu) = (dX)(Osu, Opu) = OsA(Opu) — A (Osu)

to conclude that

1 1
dAc()lE] = / (e ) - / A (¢) dt

- / N / (X (). €) di = / W€ — X ()t

If (y, T, ) solves (2.4), then clearly dAy(y)[¢] = 0 for all £&. On the other
hand, if dAg(y)[£] = 0 for all £, then by the fundamental lemma of calculus
of variations and by non-degeneracy of w the curve y has to solve the first
equation in (2.4). Differentiating Ay in direction T' and ¢ shows that

8Ak 6Ak
Hi( -— Aq(
a7\ / k dy / 1
Now it is clear that 0Ay /0T (y, T, ) = 0Ar/0o(y, T, @) = 0 if (y,T,¥)
is a solution of (2.4). On the other hand, if (y, T, ¢) is a critical point of A,

then H and A are constant along y (since they Poisson commute) and hence
H(y) =k and A(y) =1 as required. O

The functional Ay, in (2.5) can be thought of as the classical Rabinowitz
action functional (cf. [31-33]) with two Lagrange multipliers instead of only
one and fits precisely in the setting considered in [29], where Rabinowitz-Floer
homology for contact coisotropic submanifolds is defined. Notice indeed that,
in the setting of the lemma above, ¥ := H~(k) N A~1(1) is a coisotropic
submanifold of T* E of codimension 2, for the Hamiltonians H and A Poisson-
commute. Therefore, it is not unreasonable to try to use Rabinowitz-Floer
homology to infer existence results of critical points of the functional Ay.
However, this is very far from being a straightforward application of the re-
sults in [29]. Indeed, the coisotropic submanifold ¥ is in general not of contact
type (cf. Sect. 3), even though all energy level sets of H are trivially of contact
type on (T*E,w). Notice that the latter fact is in sharp contrast with what
happens on (T*M, . ), where very little is known about the contact property
for energy level sets of the kinetic Hamiltonian. In fact, low energy levels on
surfaces different from the two-torus are known to be not of contact type, in
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case for instance o is an exact form (cf. [34, Theorem 1.1]); it is, however, an
open problem to determine whether such energy levels are stable or not. We
refer to [35] for the definition of stability and (for instance) to [3, Corollary
8.4] for the relation between the stability property and the existence of peri-
odic orbits. Analogously, one could ask whether the coisotropic submanifold
3 is stable or not. This will be done in the next section.

We finish this section noticing that we might not expect the existence
of critical points of Ay, for every k, as the example of the horocycle flow [2]
shows.

3. Stability and contact property of coisotropic submanifolds

In the previous section, we showed that, in order to prove the existence of
solutions to (1.2), it suffices to show the existence of 1-periodic orbits for the
Hamiltonian flow defined by the Hamiltonian 7-H —¢-A : T*E — R, for some
T > 0, ¢ € R, and the standard symplectic form on 7" FE which are contained
in the coisotropic submanifold ¥ := H~1(k)NA~1(1) or, equivalently, to show
the existence of critical points of the Rabinowitz-type action functional Ay
given by (2.5). In order to potentially apply the techniques developed in [29],
we first need to know that X is of contact type or, at least, stable.

Let us first recall the notions of contact type, resp. stable coisotropic
submanifold, which were introduced by Bolle [36,37]. For examples of stable
resp. contact type coisotropic submanifolds, we refer to [29]. Other examples
in the setting considered in the present paper will be discussed in the next
subsections.

Definition 3.1. Let (Y?™,w) be a symplectic manifold and let Hy, ..., Hy_1 :
Y — R be Poisson-commuting Hamiltonians such that zero is a regular value

for each function and such that the intersection of the zero-energy level sets
of HQ,. . .,Hk,1

k—1
%= () H;'(0)
§=0

is cut-out transversely. Then, ¥ is a (2m—k)-dimensional coisotropic subman-
ifold. The coisotropic submanifold ¥ is called stable if there exist one-forms
ag, ..., a_1 such that kerws, C kerda;, for all j =0,...,k—1, and

ag N\ A1 /\w;(mfk) #0

everywhere on X, where wy, denotes the restriction of w to X. We say that
is of contact type if the stabilizing forms «q,...,ar_1 can be chosen within
the set of primitives of ws,.

Obviously a necessary condition for ¥ to be of contact type is that the
restricted symplectic form wy; is exact. Furthermore, being of contact type
for closed coisotropic submanifolds of codimension higher than one is also
topologically obstructed, as the next lemma shows.
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Lemma 3.2. Let X be a closed k-codimensional coisotropic submanifold of

(Y2™ w). If ¥ is of contact type, then dim H*(X,R) > k — 1.

Proof. Suppose by contradiction that ¥ is contact and dim H'(X,R) < k—1.
Let aq,...,ap_1 be primitives of wsy; satisfying the requirements of the def-
inition above. The differences oy — v, ..., ap_1 — ag are closed one-forms
and the corresponding cohomology classes are, by assumption, linearly de-
pendent. Consequently, there exist coefficients A1, ..., \x—1 € R not all equal
to zero such that

)\1(041 — 040) + -+ >\k71(ak71 — Oé()) =df,
for some function f: ¥ — R. Assume without loss of generality that A; = 1.
We rewrite the last equation as:
k—1
ap =df + g +Z)\j(040 —Otj).

j=2
Plugging the last equation into the wedge product yields

agAag A Aagy Aws™ ™ —ag Adf Aag A A agoy Awd™TH
Since X is closed, f has at least one critical point and hence
QoA Aag_1 A wé(m_k)
cannot be a volume form on X. 0

3.1. Coisotropic submanifolds arising via symplectic reduction

Let us return to the case we are interested in, i.e., when ¥, = H (k) N
A~Y(1), for k > 1/2. In Lemma 3.5 below, we relate the stability and contact
type condition for ¥ to the corresponding conditions for the hypersurface

Y = H Yk) C T*M. To this purpose, we first need to verify that ¥ is
cut-out transversely.

Lemma 3.3. If k > 1/2, then Xy is cut-out transversely.

Proof. Assume by contradiction that there exist p € ¥, where dpHj and
dp A,y are linearly dependent, i.e., Aid,Hy + Aadp A = 0 for some coeflicients
A1, A2 € R not both equal to zero. Let m : T*E — FE be the projection.
Vectors in kerd,m are canonically identified with T/ where ¢ = 7(p) and
with that identification in mind we conclude that for any vector £ € ker d,m
we have d,H, (&) = (p, &) and d,A1(&) = (Z,, &), where (-,-) denotes in the
first equation the duality pairing and in the second equation the dual metric.
Thus, 0 = Ai(p, &) + Aa(Zy, &) for any vertical vector &, which implies that
0 = A1p + A2(, where ( is the dual of Z,. Hence

0= [Ap + Aol [* = Alpl® + 2X1 22 (p, €) + A3I¢I?
= M (2k) + 2M1 A2 + A3
= (M +A2)? + (2 — 1AL,

Since 2k — 1 is positive, both summands in the last expression must vanish.
This shows that A\; + Ao = Ay = 0 in contradiction with the assumption. [
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We now fix k > 1/2 and set ¥ = Xy, for the rest of the section. Recall
that X is stable if there exist one-forms ag, ar; on X such that ker wy, C ker daoy;,
1 =20,1, and

ag Ao AWETHA£0, (3.1)
where n denotes the dimension of M. Moreover, ¥ is of contact type if the
stabilizing forms oy and «; are additionally primitives of wy. Note that by
Lemma 3.2, if ¥ is of contact type then we must have H!(3, R) # 0.

The next lemma provides a criterion for the contact property of ¥ in
terms of the Hamiltonian vector fields of H and A, denoted Xy and Xj,
respectively. A similar statement holds clearly also for the stability condition.

Lemma 3.4. The submanifold 3 is contact if and only if there exist primitives
o, a1 of wy such that the following matriz is non-singular on X:

(ao(Xo) ao(X1)> . (3.2)
al(X()) Oél(Xl)

Proof. The two-form ws; has kernel on ¥ generated exactly by the Hamilton-
ian vector fields Xy and X;. In particular, the matrix (3.2) is non-singular
everywhere on ¥ if and only if the contraction of the form in (3.1) by Xy and
X is non-zero on the complement of ker wy:. O

We now come the main result of the section. We denote by ¥ = H (k)
the sphere bundle in T* M.

Lemma 3.5. The following statements hold:
(i) If ¥ is of contact type in (T*M,&,), then ¥ is of contact type in
(I"EB,w).
(ii) The space X is stable in (T*M, @) if and only if ¥ is stable in (T*E, w).
Proof. (i) Let & be a contact form for ¥ and consider a; := 7*@, ag = A\s
restriction to ¥ of the Liouville 1-form on T*E. By definition, we have
ws = T 0, |5 = mfda = day = day.

By construction, we have dr Xy = X, dnX; = 0, where X denotes the
Hamiltonian vector field defined by the kinetic Hamiltonian and the
twisted symplectic form on T*M. It follows by the contact condition
that

Oéo(Xl) = ]., Oll(Xo) = @(X) 7é 0, al(Xl) = C_Z(O) = 0,
and hence the matrix (3.2) is nowhere singular on X.
(ii) Suppose now that ¥ is stable with stabilizing form & and consider the
one-forms ag, a1 on X as above. It suffices to show that ker ws; C ker day .
By the stability property of X, we know that any vector v € kerwsy

projects to a vector in ker da, since v := dmwv € kerw,|s C kerda. It
follows that for all w € T, we have

(day) (v, w) = dr*a(v,w) = 7*da(v, w) = da(v,w) =0

and hence v € kerda;. Conversely, suppose that 3 is stable and let
Bo, 01 be a stabilizing pair for X. Starting from g, 31, we define a new
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stabilizing pair ), 5] for ¥ which is invariant under the flow of X;
(denoted by ¢%) by

1
Bi(v) = /0 () Bi[v]dt, Yo eT,E, peX, i=0,1.

Since
1
ag; = [ (o) asar

and ¢ preserves kerws, (since it preserves wy), we have that kerwy, C
ker d3!, for i = 0, 1. Moreover, since by assumption 3y A 81 A w2 # 0,
we can conclude that G) A 81 A wg” # 0. By construction, we have
(¢h)*pl = Bl for all t € R, for i = 0,1. Deriving in ¢ and evaluating at
t =0 yields

0= %wi)*ﬂ; = Lxi B = dx, 5) +0x, 45 = d(ux, ). (3.3)

This shows that the functions 85(X1) and 3](X1) are constant along
Y. We set by := B(X1), b1 = p1(X1), and denote by Il : ¥ — ¥
the quotient map. Finally, we define a 1-form [ implicitly via II*3 =
blﬂé — boﬁi, i.e.,

Bp(0) = b1 - (B)p(v) = bo - (B1)p (),
for all p € 3 in the fibre over p and v € T),3 such that d,Ilv = v. Notice
that this is a good definition since () and ] are ¢!-invariant and by

construction the right-hand side vanishes on the kernel of dII, which is
spanned by the vector field X;. Since dIIXy = X we conclude

B(X) = b1f5(Xo) — oy (Xo) = det(B{(X;)) #0,
which implies that that ker &, |5 C ker dj. O

Remark 3.6. The contact condition for ¥ is in general weaker than the con-
tact condition for ¥ as the following example shows. Consider the flat torus
(T2, g) and let o be the area form induced by g. Then, energy levels H~!(k)
are stable in (T*T?2,@,) for every k > 0 with stabilizing form given by the
angular form df but never of contact type, for the 2-form 7*o| A-1(k) 18 never
exact (in fact, the map 7* : H?(T?) — H?(H~'(k)) is injective). However,
the associated coisotropic submanifold ¥ in 7% F is of contact type with con-
tact forms given by ag and oy := ag + 7*df, where oy denotes the restriction
of the Liouville 1-form to X.

Arguing as in the proof of Statement ii in Lemma 3.5, we see that X is
of contact type in (T*M, &, ), provided that ¥ is of contact type in (T*E,w)
and the constants by, by satisfy by — by = 1.

3.2. Examples

From Lemma 3.5, we deduce that all examples of stable resp. contact type hy-
persurfaces in (T*M, @, ) discussed in [9] give rise to examples of stable, resp.
contact type coisotropic submanifolds in (7T*FE,w). From [9], we also get ex-
amples of non-stable coisotropic submanifolds. We now explain another class
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of positive examples arising from compact coadjoint orbits. Before stating
the result, we need to recall some basic facts about coadjoint orbits.

Let G be a compact Lie group acting on the dual gV of its Lie algebra
g via the coadjoint action. Fix any ¢ € g¥ and denote the coadjoint orbit

M::G-C::{Ad;(|g€G}Cgv.
The space M is an embedded submanifold diffeomorphic to G/G; where
Ge = {9 € G | Ad;¢ = ¢} is the isotropy group. Let gc = {X € g |
adi ¢ = 0} its Lie-algebra. We fix an Ad(G)-invariant positive bilinear form
B on g, which is possible because G is assumed to be compact. Taking the

orthogonal complement with respect to B, we obtain an Ad(G)-invariant
splitting g = g¢ © m which induces the isomorphism

TM =G xg m. (3.4)

We identify the tangent bundle via this isomorphism and denote tangent
vectors as their G¢-equivalence classes [g, X| with g € G and X € m. The
canonical symplectic form on M is defined as:

U[g]([g,X], [ng]) = <<v [X’ YD s

where [-,:] and (-,-) on the right-hand side denotes the Lie-bracket and the
duality pairing, respectively. The quotient M = G/G¢ is taken with respect
to the action of G'¢ on G by right-multiplication. We have a remaining G-
action on M by left-multiplication. The bilinear form B induces a G-invariant
metric £ on M via

l)([9. X1, [9,Y]) = B(X,Y).

We denote the dual metric on T* M still by ¢ and the corresponding kinetic
Hamiltonian by H. The Levi-Civita connection induces a splitting of the
tangent bundle of T*M into horizontal and vertical bundle, both of which
are canonically identified with the right-hand side of (3.4). We identify further
gV with g via the bilinear form B and denote by Z the vector corresponding
to ¢ under the identification.

Lemma 3.7. In the splitting and identification above, the Hamiltonian vector
field of H at (q,p) € T*M with respect to the twisted symplectic form w, =
d\+ 70 is

X(q.,p) = (p7 _ade) .

Proof. Let X = (X}, X,) be the Hamiltonian vector field and £ = (&5,,&,) be
any vector at (g, p). For convenience, we omit the foot-point in the following
computation. By definition, X solves

—dH(§) = (d\ + 7*0) (X, €) .
Computing the left-hand side we obtain
—dH(§) = —(p,&) -
The right-hand side reads
(AN +770)(X, §) = (Xo, §n) — (Xn, &) + 0 (Xn, &) -
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By definition of the symplectic form the last summand is

O—(Xhafh) - <<7 [thfhb - <Z7 adXh§h> - 7<adXth €h> .

The assertion follows. O

Lemma 3.8. Let M = G/G¢, o the canonical symplectic form on M and H

be the kinetic Hamiltonian with respect to £, then ¥ = H~'(k) C T*M is
stable with respect to w, for all k > 0.

Proof. We first note that ady is invertible on m and define the differential
form o € QY(T*M) by

gp)(Ens &) = (ad;'p, &) .

It remains to show that « is a stabilizing form. First we need to see that
a(X) # 0 restricted to 3. By Lemma 3.7, we have for (¢,p) € X,

a(X)(qp) = —lady " p,adzp) = |p|* = 2k # 0.
One checks that the differential of « is given by

da(q,p)((&h»év% (fl/wd;)) = <ad215va£7lj> .

Any vector ¢ = (&,,&,) at (q,p) tangent to ¥y, satisfies & € ker dH which is
equivalent to (p,&,) = 0. We compute

da(q,p)(X7 (Shagv» = _<ad§1ade7 €v> = <p7 £v> =0.
This shows that ker wy; C ker da. O

4. The Lagrangian action functional Sy

Unfortunately, the functional Ay, defined in (2.5) is not well suited for finding
critical points using classical Morse theory. In fact, the natural space over
which it is defined—mnamely H'/?(S', T*E)—does not have a good structure
of an infinite dimensional manifold due to the fact that curves of class H'/2
might have discontinuities. Furthermore, the functional Ay turns out to be
strongly indefinite, meaning that all its critical points have infinite Morse
index and coindex. Therefore, using the Legendre transform £ : TFEF — T*E,
we introduce a related Lagrangian action functional Sy defined on the prod-
uct Hilbert manifold H'(S!, E) x (0,+00) x R, whose critical points cor-
respond to those of A,. Here, H'(S!, E) denotes the space of absolutely
continuous loops v : S! — FE with square-integrable first derivative; it
is well known that H'(S', E) has a natural structure of Hilbert manifold
(cf. [38]) with Riemannian metric gg1 naturally induced by the metric g©.
On M := HY(S* E) x (0,4+00) x R, we then consider the product metric
gm = gmr +dT? + dp?. Observe that (M, gaq) is not complete.

In the following, we will prove the existence of critical points of Sy us-
ing variational methods, even though the functional S; might fail to satisfy a
crucial compactness property (namely the Palais—Smale condition). To over-
come this difficulty, we will use a monotonicity argument, better known as
the Struwe monotonicity argument, which is originally due to Struwe [39]
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and has been already successfully applied [1,3,6,7,19,26] to the existence of
closed magnetic geodesics.

We recall that the connected components of M are in one to one cor-
respondence with the set of conjugacy classes in 71(E), for the canonical
inclusions

C>(S',E) — H'Y(S',E) — C°(S',E)

are dense homotopy equivalences. Finally, we denote with Mg the connected
component of M given by the contractible loops.

4.1. The variational principle

As in the previous sections we denote with Z the fundamental vector field
of the S'-action on E. For fixed values of T' and ¢ the Legendre transform
L : TE — T*E of the Tonelli Hamiltonian H := TH) — @A; vields the
following Tonelli Lagrangian

1
Lrg :TE—=R,  Lrg(qv) = grlv+¢Z(@) = + kT,

where k:=k-+7, and an associated Lagrangian action functional H*(S*, E) —
R,
ot )
" o7 ), [9(t) + 0 Z(v(1))|" dt — ¢ + KT.

By letting the values of T' and ¢ free, we thus get a functional S : M — R,

S Tp) = 5 | B0+ eZOW)Fdt—p+ KT (41)

For sake of completeness, we now verify that critical points of Sy project
to T-periodic magnetic geodesics with energy k. In order to do that we need
an auxiliary lemma. In what follows we denote with (-, -) the metric ¢’ on F
as constructed in Sect. 2 and with V the associated Levi-Civita connection.
Lemma 4.1. For all u,v € TE we have

di(u,v) =2(VyZ,v).
Proof. We denote by ® the flow of Z. Consider ¢(s,t) = ®3v(t) for some path

~ in E with 9;v(0) = u. Since by construction ®* is an isometry for each s,
we have

|Oce(s, t)] = [dPOyy(t)] = |0ey(t)], Vs € R.

In particular
1
0= §6s|8tc|2 = (Vsﬁtc, 6tc> = (Vtasc, 8,5C> = <VtZ, 8tC> .

Thus, (V,Z,u) = 0, for all u. This shows that the tensor (u,v) — (V,Z,v)
is skewsymmetric. Now let (s,t) — c(s,t) be any map such that ds5¢(0) = u
and 0;c(0) = v. We have 0(9sc) = (9s¢, Z). Deriving by 0; gives

010(0s¢) = (Vi0s¢, Z) 4+ (0s¢, Vi Z) .
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Interchanging the role of d; and 0; gives
050(0rc) = (V0re, Z) + (0pe, Vs Z).
Finally, subtracting the two equations we get by skewsymmetry
dO(0sc, Orc) = 0:0(0ic) — 0:0(0sc)
= (Vs0e, Z) + (01e, Vs Z) — (N10s¢, Z) — (0s¢, Vi Z)
= 2(0c, V7).
O

Proposition 4.2. If (v,T,¢) € M is a critical point of Sy, then the periodic
curve 2 [0,T] — M defined by

pu(t) =7 on(t/T), (4.2)
for all t € [0,T) is a closed magnetic geodesic with energy k.
Proof. Consider a variation s — v, € H(S!, E) with v := 70 and

d
&

- & s=0
Differentiating Sy in the y-variable and evaluating at £ yields

Vs-

1 1
LS = 7 / Vit 2, Vi€ + oV Z) dt
1.
= %/ (7, Vi) + 9(Z, V&) + o(3, Ve Z) + ¢*(Z, VgZ)]dt
o L
1

1 -

1 1 -
=7 [ [ 70 + vt )]

where in the third equality we have used integration by parts and the fact
that

1d

2 dsls=0
in the penultimate one the skewsymmetry of the tensor (V,Z,v) and in the
last one Lemma 4.1. As (v, T, ¢) is a critical point of Sk, the above quantity
has to vanish for every choice of £ and hence we conclude that

Differentiating Sy in the T-direction yields

(2,VeZ) = 1Z]* =0,

1! !
oz—ﬁ/ [y +eZPdt+k, = /I#+le2dt:2T2k, (4.4)
0 0

whilst differentiating Si in the @-direction gives

1! !
0=7 [Grezna-1 = [Goa-T-e @)
0 0
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Now observe that by Lemma 4.1 and (4.3)

d,. . .
therefore, (¥, Z) is constant and hence by (4.5) we have

(1,2) =T - ¢. (4.6)

Similarly using Lemma 4.1 and equation (4.3), we conclude that

d . . . . .
@(7 +9Z, Y+ 9Z) = 2(Viy, ) + 20(Vi¥, Z) + 20(}, Vi Z) = 0.

This together with (4.4) shows that
|y + ¢Z|? = 2T%k. (4.7)
Now set u(t) := 7(y(t/T)) and use the splitting
Y=+ (1, 2)Z2 =5+ (T—9)Z,
with £ € ker 6. By construction, we have d7 (%) = d7(§) = T'1; therefore
2Tk = |5 + 2| = [¢ + T2 = T2l + T2
and hence 1|4/ = k = k — 5. Now, by definition we have V¥ = Vs7;
inserting the splitting ¥ = £ + (T — ¢)Z in both arguments yields by (4.3)
for any u € T\
pdf(u,5) = (Viy,u) = TV, u) + 2(T — ¢)(VeZ,u)
where 4 = d7(u). Since 7*0 = df by Lemma 4.1, we get
¢To(u, ) = T*(Vifi, ) + T(p — T)o(a, 1),
for all 4 € T}, M which implies that
<vtﬂ» ﬁ> = U(ﬂ, N) = <fL, Y,u(//'» = Vi = Yu(la)v
as we wished to prove. O
Conversely, one shows that every closed magnetic geodesic in M is ob-
tained as a projection of a critical point of Sy via (4.2). Moreover, we want
to emphasize that this correspondence of critical points of Sy to closed mag-
netic geodesics is far from bijective. We do not prove these facts, as they are

irrelevant to our arguments, since we are only interested in the existence of
a single closed magnetic geodesic.

4.2. The Palais—Smale condition for Sy

As already explained in the introduction to this section, we will prove the
existence of critical points for S; using variational methods. To this purpose,
we will need the following definition.

Definition 4.3. A sequence (7, Th, ¢n) contained in a given connected com-
ponent of M is called a Palais—Smale sequence at level c for Sj if

lim S T, - li ds T, =0.
,lm k(Yhs Thy on) = ¢, h—l>I—|r-loo| k(Y Thy 1)
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In the definition above, | - | denotes, with slight abuse of notation, the
(dual) norm on T*M induced by the Riemannian metric gps. Observe that
a limit point of a Palais—Smale sequence for Sy is trivially a critical point of
Sk. Therefore, we need to look for necessary and sufficient conditions for a
Palais—Smale sequence to admit converging subsequences. Before doing that
we need a lemma comparing the behavior of T} and <ph on a Palais—Smale
sequence. In the following, we will denote with e(y fo |%|% dt the kinetic
energy of a loop y: S! — E.

Lemma 4.4. Suppose (vn, Th,¢n) is a Palais-Smale sequence for Sy at level
c, then:

1. Ty, — 0 if and only if ¢, — —c.

2. The Ty ’s are uniformly bounded from above if and only if the ¢y ’s are
uniformly bounded.

3. Ty, — +oo if and only if pp — +00.

Proof. If (v, Th, ¢r) is a Palais—Smale sequence, then we have

I
c+ol) = Slm Thon) = = [ Vit onZ(m)Pdt = on + KT

(4.8)
Sk Lo 2
o) = GFOnTien) = k=g [t onzats (49
ISk e
1) = — T = dt+ ——1. 4.10
O( ) 880 (tha }Lz%ph) Th <7h7 ( )> + Th ( )
From (4.9), it follows that
1
7/ 5 + onZ ()2 dt = KT, + Tho(1)
2Th 0
and then by replacing in (4.8) we get
kETy, 4+ Tho(1) — on + kT, = ¢+ o(1)
from which it follows that
wn = 2kTy, + Tho(l) —Cc+ 0(1) .
This shows at once (1), (2) and (3). O

Lemma 4.5. Suppose (vn,Th,pr) is a Palais—Smale sequence for Sy at level
¢ in a given connected component of M. Then, the following hold:

1. Set pp := 7(vp) for every h € N. If T}, — 0, then

1
/ B+ onZm) 2 dt— 0, elun) — 0.
0

2. If0< T, <Tp <T* < 400 for every h € N, then (yn, Th, on) admits a
converging subsequence.
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Proof. We start proving (1). The first assertion follows trivially from (4.9).
We now show that e(up) — 0. For every h € IN, we consider the splitting

Yn = Ch + (Yn> Z(v)) Z (n),
with (j, € ker 8, and using again (4.9) we get
1 2
KTE +o(T7) = [ |6+ (Cn. Z0) + o) 20| at

:/0 |Ch\2dt+/0 (Wh’Z(%))—i—gph)th_

In particular,

e(Ch)z/O Cul? At = o(1).

This shows the claim, as by construction dr is an isometry on ker 6.

We now prove (2). Since the T}’s are uniformly bounded and bounded
away from zero, by Lemma 4.4 we have that also the ¢’s are uniformly
bounded, i.e., there exists b € R such that |pp| < b for every h € IN. Therefore,
up to passing to a subsequence, we can assume that Tj, — T and ), — ¢ for
h — 400. Moreover, using (4.8) and (4.10), we get

1 [t
c+1z—/ i+ onZ(m) P dt — n + KT,

2
- [ m|2dt+T— / (i ZOm) dt + 2 — o1+ KT,

/ | dt — —|—kT + o(1),

from which we deduce that, up to neglecting finitely many h € IN,

2 b2
dt < 2T, 2 — kT, | <2T* .
/ |’Yh| h (c+ + — 2Th h) < ( 2T*)

It follows that the family {v,} € H'(S', E) is 1-Hélder-equicontinuous
and hence by the Ascoli-Arzeld theorem it converges (up to a subsequence)
uniformly to an element v € C°(S*, E). Now one argues exactly as in [3,
Lemma 5.3] to conclude that actually v, — v strongly in H?. O

4.3. Properties of Sy close to fiberwise rotations

In this subsection, we study the properties of the functional Sy close to ro-
tations on the fibers; in particular, we show that fiberwise rotations are in
some sense local minima of Si. This generalizes to our setting a similar well-
known statement in the classical Lagrangian setting (see for instance [3,7])
saying that constant loops are “local minima” for the free-period Lagrangian
action functional. The contents of this section will be then used in the next
one to associate with the functional S; a complete negative gradient flow by
truncating gradient flow lines which approach fiberwise rotations.
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Thus, suppose that the loop v¢ : S' — E satisfies 4y = —¢Z(7y¢).
Clearly, ¢ € 277Z. Assume that ¢ = 2ma, for some a € Z, and notice that
Sk(vs, T, 2ma) = —2ma + kT > —2ma (4.11)

converges to —2ma for T'— 0. For § > 0, we now define the set

Vs = {(%T,so) eEM ’ /01 5 +Z()Pdt < 5}~

Our first goal is to show that, for 6 > 0 sufficiently small, the value of
© has to be close to 277Z for every element in Vs.

Lemma 4.6. If (7, T, @) € Vs, then ¢ € (2ra—/6, 2ma++/9) for some a € Z.

Proof. If (v, T¢) € Vs, then v satisfies ¥ = —pZ () +1n, for some 1 such that

1 2 1 1
(/|m&)fi/MF&=/nH+wﬂﬂP&<&
0 0 0

We now consider ju(t) := e**y(t) and compute

i =@Z(p) + ey = oZ(pu) + ' (= @Z(y) + 1) = "'

If we denote with d(-, ) the distance on E induced by the Riemannian metric
¢?, then from the computation above it follows that

1
A1), 1) < [ fe'nldt < V5
0
moreover, 1(0) = v(0) = (1) = e~*yu(1). This implies that

d(u(0),e~**1(0)) = (e~ u(1), e~ 1u(0)) = d(u(1), u(0)) < V3
and hence trivially ¢ € (2ra — /9, 2ma + V/3) for some a € Z. 0

By the lemma above, we easily get that Vs is the disjoint union of the
sets V¢ 1= VsN{p € (2ra—+/3,2ra++/3)}. Furthermore, each set V¢ contains
only the fiberwise rotations given by (v, T,2ma). Our next step will be to
show that the value of Sy, on 9V§ is bounded away from —27a by a positive
constant.

Lemma 4.7. For § > 0 small enough, there exists € > 0 such that, for all
a€?,

inf S, = —2ma, inf Sy > —2mwa + .
Ve ave

Proof. For every (v,T, ) € OV§, we readily compute

Sk(%Tgp):%—(p—&-kTZ\/ﬁ\/g—th\/%\/S—Qwa—\/g,

where in the penultimate inequality we have used minimization in the variable
T, whilst in the last one we have used Lemma 4.6. The thesis follows as
¢ := (V/2k — 1)V/$ is positive for k > 1/2. O
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By Equation (4.11), we can easily find Ty such that
Sk(vs,T,2ma) € (—2ma, —2ma + €/4) (4.12)

for every T € (0,Tp] and every a € Z. Observe that the fibers of F might
be contractible, as the example of the Hopf fibration S® — S? shows. How-
ever, fiberwise rotations with different winding number, say (v, T, 27a) and
(7}, T, 2ra’) with a # a’ € Z and T, T’ < Ty, are not contained in the same
connected component of

{Sk < max{—2ma + e, —2ma’ + €}}

as every path from (v;,T,27a) to (7},T’,27ra’) has to intersect 0Vs, being
the two fiberwise rotations in different connected components of V.

Finally we notice that, combining the discussion above with Lemma
4.5,(i) we obtain the following statement for Palais—Smale sequences with T},
going to zero.

Corollary 4.8. Let (vy,Th, pr) be a Palais—Smale sequence for Sy at level ¢
in a giwen connected component of M such that Ty, — 0. Then, ¢ = 2ma for
some a € Z and (yn, Th, ¢n) eventually enters the set {Sy, < —2ma+e/4}NV§.

Proof. Fix § > 0. By (4.9), we have that (yn, Th, ¢n) € Vorrz 1o(r2) for every
h. In particular (y4, Th, @n) € Vs for h large enough. Furthermore, by Lemma
4.6,

©p € (27rah — V2kTy, + o(T}y), 2way, + V2kT), + O(Th)),
for some ay, € Z. It follows that

1 [t
Sk(vn, Th, ¢n) = ﬁ/o in + onZ (y)|* dt — on + KT,

< 2kTy, — 2map, + V2kT), + o(Ty) < —2may, +¢/4
for h large enough. On the other hand
Sk(Yhs Thy on) > 2kTy — 2wan, — V2kT), + o(Th) > —2may

for h large enough, as k > 1/2. Since Sg(yn, Th, ¥n) — ¢, we conclude that
there exists some a € Z such that a;, = a for every h large enough. In
particular ¢ = —2ma, 5, — 2ma and, combining the estimates above,

(i, Ty on) € {Sk € [~2ma, —2ma + €/4)} NV}

for every h large enough, as we wished to prove. O

4.4. A truncated negative gradient flow for S
Consider the bounded vector field
—VSk

Xk e
1+ |VSk |2
conformally equivalent to —VSy, where the gradient of Sy is made with re-

spect to the Riemannian metric gpg on M and | - | is the norm induced by
gm-

(4.13)
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Clearly, the only source of non-completeness for the flow @, induced by
X}, is given by flow lines on which the variable T' goes to zero. With the next
lemma, we show that such flow lines have to approach fiberwise rotations.

Lemma 4.9. Suppose u : [0, R) — M,u(r) = (+(r), T(r), o(r)) is a magimal
flow line of ®F. Then, there exist a € Z. and {r},}nen such that r;, T R and

1
/0 (rn) + o(rn) Z(y(rn))[> dt — 0, @(rn) — 2ma,  Sk(u(ry)) — —2ma.

Proof. Since liminf, 5 T(r) = 0, we can find a sequence {rp }nen such that
rp T R, T(ry) — 0 and T"(rp,) < 0 for every h € IN. Using (4.4), we get that

02 T () = =) = gz [ D)+ n) 20 ) de = k
where pp, := /1 + |VSk(71)]?, and hence
| )+ el Z6 )P dr < 2T ()2 (4.14)

This proves the first assertion. We now use Lemma 4.6 to infer that
o(rn) € (2ma(ry) — V2T (), 2ma(ry) + V2kT (1))
for some a(ry) € Z and compute

1 .
Si(u(rn)) = / () + () Z(v ()2 At — p(r) + KT ()

2T(7‘h)
< 2kT (1) — 2ma(ry) + V2KT (ry)
< —2ma(rp) + €

for h large enough, where € is the constant given by Lemma 4.7. On the other
hand

Sk(u(rr)) > —2ma(ry),

for the infimum of S on V;é;h(lhp is —2ma(rp). This shows that

(Y(rn), T(rn), ¢(rn)) € {Sk < —2ma(ry) +€)} N v;,ﬁ;h&h)z

for every h large enough. Since r — Sy o u(r) is non-increasing, we conclude
that there exist § > 0, a € Z and h € N such that u(r) € V¢ for every r > 7y,
In particular, a(r,) = a for every h large enough and hence p(r,) — 27a,
Sk(u(rn)) — —2ma, as we wished to show. O

Using Lemma 4.9, it is now easy to get from ®* a complete flow. Namely,
we stop flow lines which enter the connected component of the sublevel set
{Sk < —2ma + €/2} containing the fiberwise rotations (v, T, 2ma), T < Tp.
With slight abuse of notation, we denote the complete flow also with ®*.
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5. Proof of Theorem 1.1

In this section, building on the results of the previous ones, we prove Theorem
1.1. In order to show the existence of critical points of S;, we will use the
topological assumption on M to build a suitable (non-trivial) minimax class
on the Hilbert manifold M and a corresponding minimax function. We will
then show that such a minimax function yields critical points of Sy for almost
every k > %

The first step in this direction is, therefore, to show that the assumption
on the topology of M is preserved when passing to the S'-bundle. As a
precursor, we recall the relation between the homotopy groups of E and the
ones of M.

Lemma 5.1. The maps 7¢(7) : m(E) — me(M), £ € N, of homotopy groups
induced by the S'-bundle 7 : E — M satisfy

o y(T) is an isomorphism for £ > 3.

e 71(T) is surjective and its kernel is isomorphic to Z./mZ.

o 7o(7) is injective and wo(M) = mZ & im wo(T).
Here, m is defined by the relation {{e,A) | A € H5 (M)} = mZ, where
H5 (M) C Hy(M;Z) denotes the image of the Hurewicz map ma(M) —
Hy(M;Z), e € H>(M) the Euler class of E — M and (e, A) the dual pairing.

Proof. Consider the long exact homotopy sequence
- — (S = m(E) () (M) — m_1(SY) — -+,

This readily shows the first assertion. For ¢ = 2, the connecting homomor-
phism fits into the commuting square

0 TI'Q(E) TFQ(M)Hﬂ'l(Sl) 7T1(E) 7r1(M) 0

]

HS(M;Z) —— 7

where the vertical arrows are the Hurewicz map and the canonical
isomorphism and the horizontal maps are the connecting homomorphism
and the pairing with the Euler class. This readily implies the other two
statements. O

Lemma 5.2. If M is non-aspherical, then E is non-aspherical.

Proof. Recall that, by Lemma 5.1, 7,(M) is isomorphic to my(F) for every
¢ > 3. In particular, if wo(M) # {0} for some ¢ > 3, then also my(E) # {0}.
Thus, we are left with the case mo(M) # {0} and 7(M) = {0}, for every
¢ > 3. Assume by contradiction that E is aspherical, i.e., my(E) = 0 for all
¢ > 2. But then again by Lemma 5.1, we conclude that mo(M) = Z and thus
the universal cover of M satisfies

m(M) =27,  m(M)={0}, Vi#2
In particular, M is homotopy equivalent (cf. [40,41]) to the Eilenberg—

Maclane space K(Z,2) = CP*. This is, however, not possible for a finite-
dimensional manifold, since Hy;(CP>,Z) = Z for every j € IN. O
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By the lemma above, there exists a non-zero element u € 7,(FE) for
some ¢ > 2. Notice that, by Lemma 5.1, m,(7)(u) # 0 € mg(M). Recall that
Mo C M denotes the connected component of loops which are contractible.
With u, we now associate a suitable class of paths in M over which we will
perform the minimax procedure.

We start observing that any continuous map

f(BLS7?) — (HY(S',E), E),

defines a continuous map v(f) : S* — E (cf. for instance [42, Proof of Theo-
rem 2.4.20]); here, with slight abuse of notation, we have denoted with E the
set of constant loops in H'(S!, E). Conversely, every regular map v : S¢ — E
defines a continuous map

fo): (B, 87%) — (H'(S", E), B).

Notice furthermore that, by (4.12) we can find a positive constant Ty > 0
such that maxSi|g,, , < €/4, where € > 0 is the constant given by Lemma
4.7 and

Ero:= |J Ex{T}x{0}.

T<To

Now set
P {u = (f,T,¢): (B, 872) = (MO,ETO,O)\ ()] = u}-

We readily see that P # (), since (f(v),T, ) € P for any smooth map
v: 8% — E such that [v] = u and T' < Ty. Moreover, P is by construction
invariant under the complete flow ®* defined in Sect. 4.4. The last property
of P we will need is that every element v € P has to intersect 9Vs (more
precisely, 0V9). Indeed, if u(-) C Vs, then u(-) would have to be entirely
contained in V§ (simply because ¢(S'=?) = 0 and Vs is the disjoint union of
the sets V{, a € 2nZ) and hence, using the splitting

F(s) = () + (f(5), Z(F () Z(f (5)

with ((s) € ker 0, we would get e({(s)) < d for every s € [0,1]. In particular,
since by construction dr is an isometry on ker 6, we would have that e(7 o
f(s)) <6, for all s € [0,1]. This would imply that [7of] =0 € m(M) (see, for
instance [42, Sect. 2.4]), in contradiction with our assumption (recall indeed
that m,(7)(u) # 0).

We now define the minimax function

1
c: (2,4—00) — (0, 4+00), c(k) = ;ggggsaz}flSk(u(()).

Observe that c(k) > e, for every u € P has to intersect VY. However,
this is not enough to exclude that the periods of a Palais—Smale sequence for
Sk converge to zero as h — 400, as it might well be that ¢(k) = 27a for some
a € Z. For that we will need the piece of additional information given by the
following lemma.
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Lemma 5.3. Let u be any element of P. Suppose that ¢* € B~ is such that
Sk (u(¢*)) Zgl,ﬁ}fgkou_e/z (5.1)

Then, u(C*) ¢ Ugez({Sk < —2ma + €/4} N VY ).

Proof. Suppose by contradiction that there exists a € Z such that u((*) €
{Sk < —2ma + €/4} N V¢. Since u € P, there exists ( € B! such that
u(¢) € 0V§. Using Lemma 4.7, we now readily see that

max Sy o u — Sk(u(¢*)) = Sk(u(C)) — Sk(u(¢™))
> —2ma+ e+ 2ma —€/2 =¢€/2,
in contradiction with (5.1). O

Clearly, the function ¢(-) is monotonically increasing in & and hence al-
most everywhere differentiable. With the next proposition we show that we
can find Palais—Smale sequences (vn, Th, ¢rn) € My for Sy with T},’s bounded
away from zero and uniformly bounded, as soon as k is a point of differen-
tiability for ¢(-). The proof goes along the line of [3, Lemma 8.1] (see also
[7, Proposition 7.1]) and [1, Proposition 4.1] and relies on the celebrated
Struwe monotonicity argument [39]. This concludes the proof of Theorem 1.1
in virtue of Lemma 4.5,(2).

Proposition 5.4. Let k* be a point of differentiability for c¢(-). Then, there
exists a Palais—Smale sequence (Yn, Th,on) € My for Sg= with T), bounded
and bounded away from zero.

Proof. Let M be a right linear modulus of continuity for ¢(-) at k*. This
means that for all k£ > k* sufficiently close to k* we have

c(k) —c(k*) < M(k —k*). (5.2)

Consider a sequence k, | k* and set b, := k, — k* | 0. Without loss

of generality, we suppose that (5.2) holds for k£ = k,, and every n € IN. For
every n € IN pick an element u,, € P such that

(hax, Sk, (un(C)) < c(kn) + by < (k™) + (M +1)b, .

If ¢ € B! is such that Sg«(u,(¢)) > ¢(k*) — by, then using (5.2) we get

Ta(C) = Skn(un(C))I;Sk*(un(C))

It follows that, for all n € IN, w,, is contained in

{&*gdkﬂ—@JU{Swe(dﬁ)—@“dﬁ)+uw+1w@,TSAJ+2}

<M +2.

For every r € [0,1] and every n € IN we now define u!, € P by

ul (€)= ®F (un (), V¢e B,

where ®F is the complete flow defined in Sect. 4.4. Namely, for ¢ € B!
fixed, r — u”(C) is the flow line of ®*" starting at u,(¢). Since Sg- is non-
increasing along flow lines of ® and the vector-field generating ®*" has
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norm less than or equal to one we have that, for all r € [0,1] and every
n € N,

ul € {Spe < (k™) = ba} U {sk € (c(k*) = bn, c(k*) + (M + 1)b,), T < M + 3}.

For any ¢ € B~!, we now have two possibilities:
(i) Ske(up(Q)) < c(k*) — by.
(il) Si=(ul,(Q)) € (e(k*) = by, c(k*) + (M + 1)by,), for every r € [0, 1].
If ¢ € B! satisfies the second alternative, then we have
Sp- (u(C)) > (") — b > maxSi- o, — (M +2)b

max Sy« oul, —€/2
>Bef1 k n /

for every n € IN large enough. Therefore, by Lemma 5.3, u!, (¢) ¢ Uaez({Sk+ <
—2ma+€/2}NV§) for every r € [0,1] and every n € IN large enough. In other
words, 7 — u] ({) is a genuine flow line for the flow of the vector field X~
in (4.13). We now claim that there exists a Palais-Smale sequence for Sy-
contained in

K:={T <M +3}\ U ({Sk+ < —2ma +€/2} N V).
a€Z
Notice that this completes the proof, since such a Palais—Smale sequence has
T}, trivially uniformly bounded and bounded away from zero by Corollary
4.8.

Thus, suppose by contradiction that Si« does not have Palais—Smale
sequences contained in R. Set & := 8N {Si~ € (c(k*) — 1,c(k*) + M + 1)}.
Assume without loss of generality that b, < 1 for all n € IN. Since & does
not contain a Palais—Smale sequence as well and Sy« is bounded on & we
find p > 0 such that |Xj-| > p on &. If ( € B! satisfies the alternative ii)
above, then ul, (¢) € & for all r € [0, 1] and we compute

1
(M +2)by, > Spe- (un(€)) = S (4 () = ; | X [dr > p?,

which is impossible for n large. It follows that, for n large enough, every
¢ € B* ! satisfies the alternative i), that is

glg)l(Sk* oul < c(k*) — by,
in contradiction with the definition of ¢(k*). O
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