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Abstract. We describe an algorithm that takes as input an open book de-

composition of a closed oriented 4-manifold and outputs an explicit trisec-
tion diagram of that 4-manifold. Moreover, a slight variation of this algorithm

also works for open books on manifolds with non-empty boundary and for

3-manifold bundles over S1. We apply this algorithm to several simple open
books, demonstrate that it is compatible with various topological construc-

tions, and argue that it generalizes and unifies several previously known con-

structions.

1. Introduction

In this manuscript, we study the connections of open book decompositions with
trisections on 4-manifolds. We briefly recall the necessary notions.

1.1. Open books. Let W 4 be a smooth closed oriented 4-manifold. An open book
decomposition of W is a codimension 2-submanifold B2 with trivial normal bundle
in W , called the binding, and a (locally) trivial fibration p : W \ B → S1 which is
near B given as the standard angular fibration νB \ B ∼= B × (D2 \ {0}) → S1.

The closure of a preimage p−1(φ) is a compact 3-manifold M , called the page. The
boundary of a page is the binding B. Turning M once around the S1-direction gives
the isotopy class of a diffeomorphism Φ of M fixing the boundary of M pointwise.
The conjugacy class of Φ in the mapping class group is called the monodromy.
We denote by Ob(M,Φ) the abstract open book with page M and monodromy Φ.
These definitions extend to manifolds with boundary and are discussed in detail in
Section 2.1.

Open books occur naturally in many topological situations [Mi68] and can be
seen as a generalization of fibered knots [Ru90]. In the last decades, open books
received a lot of attention due to their close relations to contact geometry [Gi02,
Et06], foliations [It72, It73] and related areas [CPV18], to only mention a few
results. While the existence question of open books is completely settled in all
other dimensions [Qu79], in dimension 4 this remains, as so many other questions,
mysterious.

1.2. Trisections. On the other hand, recently the theory of trisections of 4-man-
ifolds was introduced in [GK16] saying that any closed 4-manifold can be decom-
posed in three 4-dimensional 1-handlebodies intersecting pairwise in a 3-dimensional
1-handlebody and with triple intersection a closed surface. If a 4-manifold carries an
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open book structure it carries natural symmetries that should give rise to natural
trisections of the underlying 4-manifold. The purpose of this paper is to work out
this connection.

1.3. Main result. To state our main result we introduce the following notation.
We say a diffeomorphism Φ: M → M preserves a Heegaard splitting M = K ∪F H
when Φ(H) = H (and thus also Φ(K) = K). In Proposition 2.5 below we will show
that for any diffeomorphism Φ there exists such a Heegaard splitting. We define
gΦ(M) to be the minimal genus of a Heegaard splitting of M that preserves Φ.
Moreover, we denote by g(F ) the genus of a surface F and by |X| the number of
connected components of a space X.

Theorem 1.1 Let W be a smooth compact oriented 4-manifold.

(1) If W is closed and admits the structure of an abstract open book decompo-
sition Ob(M,Φ) then W carries a trisection of genus(

3gΦ(M)− 2g(∂M) + 2(|∂M | − 1), gΦ(M)
)
.

(2) If W is closed and admits the structure of an M -bundle over S1 for a
3-manifold M with monodromy Φ then W carries a trisection of genus(

3gΦ(M) + 1, gΦ(M) + 1
)
.

(3) If W has non-empty boundary ∂W ̸= ∅ and admits the structure of an
abstract open book decomposition with boundary Ob(M,B ∪C P,Φ) then W
carries a trisection of genus(

3gΦ(M)− 2g(B) + 2(|B| − 1), gΦ(M); g(P ), |∂B|
)
.

(4) If W has non-empty boundary ∂W ̸= ∅ and admits the structure of an M -
bundle over S1 for a 3-manifold M with boundary ∂M = P and monodromy
Φ, that induces a P -bundle over S1 on ∂W then W carries a trisection of
genus (

3gΦ(M) + 1, gΦ(M) + 1; g(P ), 0
)
.

Moreover, these results are constructive. There exist algorithms to create explicit
trisection diagrams of the claimed genera from natural input data.

The notation Ob(M,B ∪C P,Φ) for open books with boundaries will be intro-
duced in Section 2.1. We also remark that there is a compression body with lower
genus boundary ∂M and higher genus boundary given by the Heegaard surface
which has genus gΦ(M). This implies that g(∂M) ≤ gΦ(M) and thus the above
claimed trisection genera are always non-negative.

As applications of our main result, we will discuss in Section 4 several natural
open books on 4-manifolds and explicitly construct their induced trisections dia-
grams with the above algorithm. In particular, we describe trisection diagrams of
surface bundles over S2 and S1-bundles over 3-manifolds and we discuss non-trivial
open books of spun lens spaces. We will see that this yields in many cases mini-
mal trisections. More theoretically, we show that the connected sum of open books
yields the connected sum of the induced trisections and that stabilizations of open
books correspond to stabilizations of the trisection diagrams.
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1.4. Previous work. Some special cases of these theorems were already contained
in the literature. In [BS18, BS21, GK16] trisections on S1×M are constructed and
the case of more general 3-manifold bundles over S1 (Theorem 1.1.(2) and (4)) was
first handled by Koenig [Ko17] and extended to the case with boundary in [Di23].
We include the bundle case here (which can be seen as ’degenerated’ open books
with empty binding) since this gives a new perspective on Koenig’s result and is
completely different from his approach.

Moreover, in [Me18], cf. [Ha20], trisections on spun 4-manifolds are constructed
which are in the language of open books nothing but an open book with page a
3-manifold with a single S2 boundary component and trivial monodromy. Similarly,
trisections on twist spun 4-manifolds are constructed in [Me18] which can be seen
as open books of punctured 3-manifolds with a single boundary parallel sphere
twist as monodromy. Actually, our proofs extend the ideas presented by Meier in
the case of spuns and twist spuns. The results obtained in this work can be seen as
generalizations and unification of the above-mentioned results.

In [Mi21] conditions are presented under which an open book of S3 with binding
a slice knot K extends to an open book of D4 with binding a slice disk of K. It
would be interesting to see what the corresponding trisection diagrams of D4 look
like. In [Is21] spun lens spaces are used to construct non-diffeomorphic trisections
on the same underlying 4-manifolds and one might wonder to which extent this
might generalize to arbitrary open books. Moreover, it is claimed in [Di23] that
trisection diagrams of some special open books can also be derived with the methods
from [Ko17]. But while Koenig’s approach yields often minimal trisections on 3-
manifold bundles over S1 [Ko17], the trisections coming from the special open
books constructed in [Di23] are always non-minimal since their trisection genus is
always larger than the trisections genus we get from Theorem 1.1.

A general method to construct trisection diagrams from a given triangulation
of a 4-manifold is presented in [BHRT18]. An algorithm to construct from a 4-
dimensional open book a Kirby diagram is presented in [Hs23] and obtaining a
trisection diagram from a Kirby diagram is also possible [Ke22]. So the mere exis-
tence of an algorithm to construct a trisection diagram of an open book is already
contained in the literature. The point of Theorem 1.1 is that this algorithm works
well in practice, yields trisections with small genus (which are often minimal), and
is compatible with other geometric operations, see Section 4.

1.5. Outline and organization of the paper. We briefly outline our arguments
and first start with the idea in the 3-dimensional case. Let M be a 3-manifold with
open book decomposition p : M \ B → S1 and page a compact surface F with
boundary B. By trisecting S1 in three parts A1 = [0, 2π/3], A2 = [2π/3, 4π/3] and
A3 = [4π/3, 2π], we get a trisection of M in three 3-dimensional handlebodies all
intersecting in a 1-manifold as follows: Mi = p−1(Ai) are all diffeomorphic to I×F
and thus diffeomorphic to a 3-dimensional 1-handlebody. They intersect pairwise
in F , i.e. a 2-dimensional handlebody and the triple intersection is the binding B.
Not that the binding is in general not connected. But every 3-manifold admits an
open book with connected binding.

The same construction will work for a 4-dimensional open book as well. In that
case, p−1(Ai) will be of the form I × page and thus all be diffeomorphic, but not
a 3-dimensional 1-handlebody in general. So in the 4-dimensional case, additional
modifications will be necessary.
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In Section 2 we discuss the necessary background on open books, trisections, and
Heegaard splittings. In particular, we discuss results about certain mapping class
groups of compression bodies adapted to Heegaard splittings that were not present
in the literature and might be of independent interest (Theorems 2.3 and 2.2).
These results can be simplified as follows. The monodromy Φ induces after isotopy
an element in the mapping class group of the compression body K relative to its
lower boundary, for simplicity called Φ again. We show on the one hand that Φ
is given as a product of (half-)twists along properly embedded annuli and disks,
and can on the other hand also be expressed by so-called elementary handle maps
(slight generalizations of 1-handle slides).

In Section 3 we will give a constructive proof of Theorem 1.1, where we explicitly
construct the spine of the trisection. Here the idea is that the Heegaard splitting of
the page M induces a splitting of the 4-dimensional open book into two open books
(with possibly empty binding). We then construct a trisection of the part coming
from the 1-handlebody of the Heegaard splittings. By following the traces of the
handle maps induced by the monodromy we get an adapted handle decomposition
of this open book, from which we read off the trisection surface together with the
(α, β, γ)-curves. Note that in the case of trivial monodromy and a single S2-binding,
this agrees with Meier’s trisection of spun 3-manifolds [Me18].

In practice, it is usually easy to express the monodromy via elementary handle
maps and thus our algorithm works well in these examples (see Section 4).

Convention We work in the smooth and oriented category. All manifolds, maps,
and ancillary objects are assumed to be smooth and oriented or orientation-preser-
ving. When we consider submanifolds up to isotopy we always assume that they
intersect transversely.

Acknowledgments Part of this project was carried out at the Summer 2021 tri-
section workshop where we also first presented the results of this paper in the final
talks. We thank the organizers of that workshop, Alexander Zupan and Jeffrey
Meier, for useful discussions and feedback. We also thank the referee for the careful
examination of our manuscript and the many useful hints and suggestions.

M.K. is partially supported by the SFB/TRR 191 Symplectic Structures in Ge-
ometry, Algebra and Dynamics, funded by the DFG (Projektnummer 281071066 -
TRR 191).

2. Background

In this section, we recall the necessary background material for our proofs.

2.1. Open books. Let W be a compact n-manifold. An open book decomposition
ofW is a properly embedded (non-empty) codimension-2 submanifold B with trivial
normal bundle νB together with a locally trivial fibration

p : W \B −→ S1

that looks on a tubular neighborhood νB of B like the standard angular fibration

p : νB \B ∼= B × (D2 \ {0}) −→ S1(
b, (r, φ)

)
7−→ φ

and whose restriction to the boundary also induces a locally trivial fibration

p|∂W\∂B : ∂W \ ∂B −→ S1.
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Here B is the binding and a preimage Mθ = p−1(θ) of a point θ ∈ S1 is called
page. We emphasize that the boundary of any page is the binding B and thus B is
nullhomologous in W .

Abstractly, we can see an open book also as page bundle over S1 (i.e. a mapping
torus of a diffeomorphism) where we fill the boundary components by collapsing the
boundaries of the pages to a single binding. Let M be a compact (n− 1)-manifold
with non-empty boundary ∂M together with a (possibly empty) suture C ⊂ ∂M .
Here a suture C ⊂ ∂M is a codimension-1 submanifold such that the complement
has two connected components denoted ∂−M and ∂+M , i.e. ∂M = ∂−M ∪C ∂+M .
Given a diffeomorphism Φ: M → M which is the identity on ∂−M , we define the
mapping torus MΦ as

MΦ = M × [0, 1]/(x, 1) ∼ (Φ(x), 0).

Then the compact n-manifold

Ob(M,∂−M ∪C ∂+M,Φ) = MΦ ∪∂−M×S1 ∂−M ×D2

(where we glue the pieces with the obvious map preserving the product structure)
carries the structure of an open book. If ∂−M = ∂M we just write Ob(M,Φ). By
construction the boundary of Ob(M,∂−M ∪C ∂+M,Φ) is given by the mapping
torus

(
∂+M

)
Φ
and the binding is given by ∂−M .

We say that a compact n-manifoldW carries an abstract open book decomposition
if it is diffeomorphic to Ob(M,∂−M ∪C ∂+M,Φ) for some suture C of ∂M and
some map Φ: M → M as above. The conjugacy class of Φ seen as an element in
the mapping class group is called the monodromy. It is easy to see that any open
book induces an abstract open book. Sometimes it will be useful to think of open
books as abstract open books.

We refer to Section 4 for explicit examples of open books. Note that every 4-
manifoldW admitting an open book decomposition has vanishing signature σ, since
we can decompose W in two parts: the neighborhood of the binding B×D2 and the
mapping torus MΦ over M with monodromy Φ. Both parts admit an orientation
reversing diffeomorphism and thus have vanishing signature. By Novikov additiv-
ity the signature of the whole 4-manifold vanishes. In addition, there is a second
algebraic topology obstruction for the existence of an open book decomposition,
which we call the Quinn invariant i(W ). In [Qu79] it is shown that any manifold of
dimension n ̸= 4 with vanishing signature and vanishing Quinn invariant carries an
open book decomposition. In forthcoming work [KS23] we will discuss the existence
question of open books on 4-manifolds in more detail. In particular, we will show
that any finitely presented group is realized as the fundamental group of a closed
4-manifold carrying the structure of an open book, analyze the stable existence
question on open books, and relate them to branched covers of 4-manifolds. Here
it seems also worth pointing out that a topological 4-manifold W that carries an
open book necessarily carries a smooth structure since this manifold is obtained by
gluing together 3-dimensional manifolds via homeomorphisms which are isotopic to
diffeomorphisms.

It would be interesting to see if one can determine if a given trisection is in-
duced by an open book. Here it is worth pointing out that we can compute the
signature [FKSZ18, Ta21] and the intersection form with coefficients in the group
ring [FM20] from any trisection diagram.
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2.2. Mapping class groups of compression bodies. In our later arguments, we
will need to know certain basic properties of the mapping class groups of compres-
sion bodies. Similar results are stated in [Mc06, Su77, Wa98]. Here we just present
the adaptations to our specific situation.

A compression body K is a compact connected 3-dimensional cobordism between
surfaces ∂−K and ∂+K such that K is obtained by attaching 1-handles to ∂−K ×
[0, 1] at ∂−K×{1}. There is a dual viewpoint by attaching 2-handles and 3-handles
to ∂+K × [0, 1]. We call ∂−K and ∂+K the lower resp. higher genus boundary of
K. Unlike at some places in the literature, the surface ∂−K is neither required to
be connected, closed nor without 2-sphere components, albeit the surfaces ∂±K are
compact and ∂+K is connected. Additionally, we allow ∂−K = ∅, in which case the
1-handles are attached to a 3-ball, and K is just an ordinary handlebody. If ∂±K
have non-trivial boundary then we must have ∂∂−K ∼= ∂∂+K and K is a sutured
manifold with suture C ∼= ∂∂±K such that ∂K \ νC = ∂−K ∪ ∂+K. Note that
the diffeomorphism type of a compression body is completely determined by the
topology of its boundary. We denote by MCG(K, ∂−K) the group of orientation
preserving diffeomorphisms of K that are the identity on ∂−K (and then without
loss of generality also on a neighborhood νC of the suture C) modulo isotopy
through such diffeomorphisms.

We want to understand the generators of the group MCG(K, ∂−K). In the case
of a handle body, a set of generators was given in [Su77, Wa98], cf. [He20]. We
will show that similar generators also work in our setup. In order to efficiently
describe these generators we first explain a way to express diffeomorphisms via
twists along properly embedded surfaces, defined as follows in a general 3-manifold
M . Let S ⊂ M be a properly embedded 2-disk, annulus, 2-torus or 2-sphere. We
identify a regular neighborhood of S inM with S×[0, 1]. We choose a representative
φt : S → S of a generator of π1(Diff(S), id). A twist along S is defined to be the
following diffeomorphism

ΦS : S × [0, 1] −→ S × [0, 1]

(p, t) 7−→
(
φt(p), t

)
extended by the identity to all of M . In the case that S is D2 or S1 × [0, 1] seen as
subsets of C the twist along S is explicitly given by

(z, t) 7−→ (e2πitz, t).

In principle, this definition makes sense also for other embedded surfaces S with
trivial normal bundles. However, it turns out that the group π1(Diff(S), id) is trivial
for all other orientable surfaces S [EE67]. In the case when S is a 2-torus, the group
π1(Diff(S), id) is canonically isomorphic to π1(S, p) via [φt] 7→ [t 7→ φt(p)]. In order
to specify the choice of the generator along which we define the twist, it is convenient
to present a closed embedded curve c in S and use the previous isomorphism. In
that case, we say that ΦS is the twist along S in the direction of c.

In the case of a separating disk, we define a square root of a twist along this
disk. More precisely, suppose that a properly embedded disk S ∼= D2 cuts M into
M0 and M1, such that one of these pieces, say M1, admits an involution f that is
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− IdD2 on S. Then the half-twist along S is defined to be the diffeomorphism

ΨS : S × [0, 1] −→ S × [0, 1]

(p, t) 7−→
(
eπitz, t

)
extended by the identity on M0 and by f on M1.

Example 2.1 Let K be a compression body. A diffeomorphism as in (i) – (iv)
below is called elementary handle map. See Figure 1 for sketches of these.

(i) Let D be a co-core of a 1-handle. The disk twist along D is isotopic to the
full rotation of one of the feet of the 1-handle. We call this twisting a foot of
a handle.

(ii) Let D be a proper disk in K \ a for some 1-handle a, which is isotopic to a
disk in ∂+(K \ a) containing both attaching regions of a. Then D cuts K into
two pieces. The piece containing the handle a admits an involution inverting
an orientation of the core of a. Then the half-twist along D interchanges the
two feet of the handle. We call this map inverting the handle a.

(iii) Let A be a proper annulus in K\a, which is isotopic to an annulus in ∂+(K\a)
containing precisely one attaching region of a 1-handle a. Then the twist along
A is isotopic to moving the foot of the 1-handle corresponding to the attaching
region along the core of the annulus. We call this map sliding a foot of a handle.
We encode the handle slide in terms of an arc c in ∂+(K \a) with boundary on
one attaching region of a, say D. We retrieve A as the boundary of a regular
neighborhood of c ∪D.

(iv) Let D be a proper disk in K \ a ∪ a′ for two 1-handles a and a′, which is
isotopic to a disk in ∂+(K \ a∪ a′) containing both attaching regions of a and
a′. Then D cuts K into two pieces. The piece containing the handles a and
a′ admits an involution mapping a to a′ orientation preserving. We call the
half-twist along D exchanging handles a and a′.

To verify the statements about the elementary diffeomorphism it is convenient to
study the action of the diffeomorphisms on a cut system of ∂+K and use Theo-
rem 2.2 given below.

Before we prove the main result, we need a generalization of a classical fact about
handlebody groups, cf. [Oe02]. We consider the homomorphism

(2.1) ρ : MCG(K, ∂−K) → MCG(∂+K) ,

induced by the restriction. We want to understand the kernel of this homomorphism.
To give explicit generators, we define the following diffeomorphisms. Let c be an arc
properly embedded in K, both of whose endpoints lie in one 2-sphere component
of ∂−K, denoted S. Let T denote the boundary of a regular neighborhood of c∪S.
Then T is 2-torus and furthermore there exists an embedded closed curve c′ ⊂ T
isotopic to c relative to a regular neighborhood of S. The twist along T into the
direction of c′ is called slide homeomorphism. A change of the choice of c in its
homotopy class in π1(K,S) changes the slide homeomorphism by an isotopy and
possibly a twist along S (cf. [MM86, §2.1]).

Theorem 2.2 The kernel of ρ in Equation 2.1 is generated by slide homeomor-
phisms and twists along 2-sphere and 2-torus components of ∂−K. In particular, if
there are no 2-sphere and 2-torus components, then ρ is injective.
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(i)

(ii)
D+ D− D−

D1
−

D2
−D2

+

D+

D1
+

D1
−

D2
− D2

+

D1
+

(iii)

(iv)

Figure 1. The four different elementary handle maps from Ex-
ample 2.1. Here we are showing the action of each mapping class on
arcs, and the dotted circles represent the boundaries of the disks
or annuli along which twisting is performed.

Proof. First, we prove the theorem under the additional assumption that ∂−K has
no 2-sphere components and explain the general case at the end of the proof.

We claim that K is aspherical. Since the claim is obvious if K is a handlebody we
assume that ∂−K ̸= ∅. Further, assume by contradiction that there is a non-trivial
element in π2(K). The sphere theorem gives us a non-trivial embedded sphere S in
K. Let Di be the co-cores of the 1-handles of K. S must intersect the Di otherwise
it represents an element in ∂−K × [0, 1], which is aspherical by assumption. Now
we perform an innermost circle argument to cut S into two 2-spheres S1, S2 with
fewer intersections with the co-cores and such that [S1] + [S2] = [S] in π2(K). In
particular, at least one of the [Si] is again non-trivial. Then we proceed by induction
on the number of components of the intersections to obtain a contradiction. This
shows that K is aspherical.

Now, let Φ: K → K be a diffeomorphism that is the identity on ∂K. The goal
is to show that Φ is isotopic to a composition of 2-torus twists along components
of ∂−K. For that, we consider a co-core D of a 1-handle of K and its image Φ(D).
Again, we can use a standard innermost circle argument and the fact that K is
aspherical to show that Φ(D) is isotopic to D relative to the boundary.

Thus, we can assume, up to isotopy, that Φ is the identity on the co-cores of
the 1-handles of K. By cutting along the co-cores we get a diffeomorphism Φ′ of
∂−K × [0, 1] that is the identity on both boundary components. By a theorem
of Waldhausen [Wa68] after a further isotopy, we can assume that Φ′ is level-
preserving. Thus Φ′ induces an element in π1(Diff(∂−K)). This group is abelian
and freely generated by the twists along the 2-torus boundary components [EE67].

Finally, assume that ∂−K contains 2-sphere components, denoted B1, . . . , Bℓ.
Given a diffeomorphism Φ which is the identity on ∂K. Choose pairwise disjoint
arcs c1, . . . , cℓ : [0, 1] → K, such that cj(0) ∈ Bj and cj(1) ∈ ∂+K. The group
of slide homeomorphisms acts transitively on the isotopy classes of these arcs with
fixed endpoints. Hence we find a composition of slide homeomorphisms Φ′ such that
Φ′(cj) is isotopic to Φ(cj) for all j. Note that by using the so-called light bulb trick,
we can assume that the traces of the isotopies are disjoint for i ̸= j. Composing
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B0

B1

a1

Bm

am

am+1 ak

Figure 2. The standard model of a compression body K used in
the proof of Theorem 2.3.

Φ with the inverse of Φ′ and a further isotopy, we can assume Φ is the identity
on cj . Furthermore, by additionally composing with 2-sphere twists along Bj we
can assume that Φ is the identity restricted to a tubular neighborhood of cj and a
regular neighborhood of Bj for all j. Denote by K ′ the closure of the complement
of the union of these neighborhoods. This complement K ′ is a compression body
without 2-sphere components in its lower genus boundary and Φ restricted to K ′

is the identity on ∂K ′. We conclude as in the first part of the proof. □

Theorem 2.3 Given a compression body K and let Φ: K → K be a diffeomorphism
which is the identity on ∂−K, then Φ is isotopic relative to ∂−K to a composition
of elementary handle maps.

Proof. For the proof, we assume that ∂−K ̸= ∅. The case ∂−K = ∅ is already proven
in [Su77]. Let a1, . . . , ak denote the 1-handles of K; Di and D±

i the cocore disk and
respectively the attaching regions of the 1-handle ai for i = 1, . . . , k; and B0, . . . , Bm

the connected components of ∂−K. Since any two compression bodies with the
same topology on the boundary are diffeomorphic and elementary handle maps
conjugated by such a diffeomorphism yield elementary handle maps, we assume
without loss of generality that for i ≥ 1 the only attaching region contained in
Bi × 1 is D−

i , see Figure 2. Let Φ be a diffeomorphism of K which is the identity
when restricted to ∂−K. In the following all isotopies of Φ are understood to be
relative to ∂−K.

In a first step, we show that up to composing with elementary handle maps the
diffeomorphism Φ is isotopic to the identity when restricted to the belt spheres
ci := ∂Di for all i = 1, . . . , k. We proceed by induction on i and implicitly require
that all modifications to Φ are done such that the modified map restricted to cj is
still the identity for all j < i. After isotopy of Φ we assume that the intersection is
transverse

(2.2) Φ(Di) ∩
⋃

j=1,...,k

Dj .

Let J be the union of arcs in (2.2). The closure of each connected component in
Φ(Di) \ J is a disk. Let ∆ be such a disk. By construction the boundary ∂∆ is
contained in Bℓ × 1 for some ℓ = 0, . . . ,m, where we have identified K with the
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(i) (ii)

Dν5
n5

Dν6
n6

Dν1
n1

Dν2
n2

Dν3
n3

Dν4
n4

Dδ
j

Dν
n

D+
jD−

j

SS′

S′

Figure 3. Elementary handle maps that simplify the complexity
in the proof of Theorem 2.3.

quotient
⋃

ℓ Bℓ×[0, 1]/ ∼ identifying attaching regions D±
i . Since ∂∆ is contractible

in K we find a disk S ⊂ Bℓ × 1 with ∂S = ∂∆. We call S a shadow associated to
∆. In fact, unless Bℓ is a 2-sphere, the disk S is unique. We choose a shadow for
all connected components in Φ(Di) \ J and denote by S the set of these shadows.
The set S has the structure of a graph tree, where two shadows are connected by
an edge if their corresponding disks share a common arc in their boundaries. A
leaf-shadow is a shadow, which has only one neighboring shadow with respect to
the tree structure.

Now, we inductively remove all but one shadow from S, by modifying Φ using
handle slides and isotopies. If S contains more than one element, then S must
contain leaf-shadows. Let S be such a leaf-shadow. Then ∂S intersects only one
attaching region, say Dϵ

j . We separate the argument depending on two different
cases.

(i) Dϵ
j is non-separating. We claim that by passing to neighboring shadows, we

find a shadow S′ contained in S, which is disjoint from D−δ
j and intersects

Dδ
j along its boundary for some δ = ±. Indeed, if that is not already the case

for S we must have D−ϵ
j ⊂ S. Let S1 be the neighboring shadow of S. We

have ∂S1 ∩ D−ϵ
j ̸= ∅ and S1 ⊂ S. If the claim is not true for S1 we must

have ∂S1 ∩Dϵ
j ̸= ∅ since we can not have Dϵ

j ⊂ S1 as S1 ⊂ S. Thus we find

S2 connected to S1, satisfying ∂S2 ∩ D−ϵ
j ̸= ∅ and S2 ⊂ S1. We inductively

define new shadows S3, S4, . . . assuming each step, that we do not obtain a
shadow with the claimed properties. This process eventually has to stop, since
Sℓ+1 ⊂ Sℓ for all ℓ. The shadow S′ is possibly no longer a leaf-shadow, but
still we find arcs for all Dν

n with Dν
n ∩ S′ ̸= ∅, contained in ∂+K starting and

ending on Dν
n, traversing aj once, disjoint from other handles and intersecting

Φ(Di) exactly once, see (i) of Figure 3. Handle slides along these paths and
an isotopy removes S′ from S without creating new arcs in (2.2).

(ii) Dϵ
j is separating. If S does not contain attaching regions, we remove S using

an isotopy. Thus we assume that S contains attaching regions and thus S ⊂
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B0 × 1, by our assumptions on K. Let S′ be the neighboring shadow of S,
which can not contain attaching regions in its interior, since S′ ⊂ Bj × 1
with j ≥ 1. Then either S′ is also a leaf-shadow and can be removed using
an isotopy, or for each Dν

n ⊂ S there exists an arc in ∂+K with endpoints in
Dν

n, which traverses aj twice with different orientations, disjoint from other
handles, intersecting ∂S transversely once and Φ(ci) only after it came back,
see Figure 3. Handle slides along these paths and an isotopy removes S from
S without creating new arcs in (2.2).

Repeating the steps often enough we assume that S = {S}. We want to show S
contains exactly one attaching region given byD±

i . Again we separate the argument.

(i) Di is non-separating. Then Φ(Di) is also non-separating. If S contains none,
only attaching regions of separating handles or both attaching regions of non-
separating handles then Φ(Di) is separating, in contradiction to the previ-
ous observation. Hence it must contain a single attaching region of a non-
separating handle, say D+

j . For any other Dν
n contained in S we find an arc

contained in ∂+K with boundary on Dν
n, traversing aj once, disjoint from

other handles and intersecting Φ(ci) transversely once. After concatenating Φ
with the handle slides along the arcs, we assume that S contains only D+

j .

We conclude that after isotopy Φ(ci) = cj . After exchanging the handle we
assume that Φ(ci) = ci. Finally, we possibly apply inversion of the handle to
show that Φ is the identity when restricted to ci.

(ii) Di is separating. Because Φ is the identity on ∂−K, the space Φ(Bi × [0, 1])
deformation retracts to Bi. Attaching the handles contained in S to S ×
[0, 1] gives Φ(Bi × [0, 1]). If S does not contain D±

i , then Φ(Bi × [0, 1]) or its
complement contains Bi ∪B0, in contradiction to the previous observation. If
S contains another attaching region, then Φ(Bi × [0, 1]) does not contract to
Bi. This shows that up to isotopy Φ(ci) = ci and thus that Φ is the identity
when restricted to ci, since Φ can not act as inversion on ci.

Hence, by induction we conclude that Φ is the identity on ci for all i = 1, . . . , k.
We show now that up to composing with elementary handle maps, Φ is the

identity when restricted to ∂+K. Consider the closure of the surface Bℓ×1\
⋃

j D
±
j ,

denoted B′
ℓ. Because Φ is the identity on the boundary, the map Φ preserves B′

ℓ

setwise. Let c ⊂ Bℓ be a non-contractible embedded curve. As Φ is the identity
on ∂−K the concatenated annuli c× [0, 1] ∪c×0 Φ(c× [0, 1]) show that c is isotopic
to Φ(c). Thus Φ restricted to Bℓ × 1 is isotopic to the identity. The kernel of the
homomorphism on mapping class groups, induced by the inclusion B′

ℓ → Bℓ × 1
is generated by twisting and sliding the attaching regions. Hence after composing
these with Φ, we assume that Φ is also isotopic to the identity when restricted to
B′

ℓ. Concluding we have shown that up to applying elementary handle maps, the
diffeomorphism Φ restricted to ∂+K is isotopic to the identity. With Theorem 2.2
it remains to show that slide-homomorphisms and twists along 2-sphere or 2-torus
components of ∂−K can be expresses as elementary handle maps.

Let ΦT be a torus twist in direction of c ⊂ T with T = Bj × 1
2 for some 2-torus

Bj ⊂ ∂−K. Fix an identification T ∼= S1 × S1 and strictly increasing numbers
s1, . . . , sn ∈ (0, 2π) such that c ∼= 0 × S1 and the annuli Ai = [si, si+1] × S1 ⊂ T
with sn+1 := s1+2π contain each at most one attaching region. We isotope Ai along
the projection Bj × [0, 1] → Bj × 1 to proper embedded annuli with boundary on
∂+K, still denoted Ai, and conclude that ΦT = ΦA1

◦· · ·◦ΦAn
. This shows that ΦT
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is a product of elementary handle maps. Similarly we proceed to show that twists
along 2-sphere components of ∂−K are isotopic to a product of elementary handle
maps. Finally we have to show the same for slide homeomorphisms. Let Φ be a slide
homeomorphism of a 2-sphere component S ⊂ ∂−K defined with respect to an arc
c with boundary on S. Since composition of slide homeomorphisms of S correspond
to concatenation of arcs it suffices to consider an arc c which corresponds to a
generator under the identification π1(K,S) ∼= π1(K, p) for some p ∈ S. There are
two cases:

(i) c intersects non-separating Di transversely in exactly one point and is disjoint
of all other handles. By simplifying assumptions S = B0 and after isotopy
ki := c∩ai is the core of ai and c∩(B0×[0, 1]) = ∂ki×[0, 1]. Let T = ∂ν(S∪c).
Cutting the torus T as above, we conclude that Φ is given as the product of
sliding all feet of all other handles attached to B over ai.

(ii) c intersects separating Di transversely in exactly two points and intersection
points with Dj for j ̸= i are in between these two points with respect to the
order on c. We assume without loss of generality that S = Bj with j ≥ 1 and
after isotopy c ∩Bj × [0, 1] = ∂c× [0, 1]. We find an arc c′ ⊂ ∂+(K \ aj) with
boundary on D+

j isotopic to c\ (Bj × [0, 1]) relative to D+
j . Let T = ∂ν(S∪c).

Cutting the torus we see that Φ is given by sliding D+
j along c′.

This concludes the proof. □

Corollary 2.4 Every element in MCG(K, ∂−K) is represented as a product of
twists along disks and annuli and half-twists along disks.

Proof. This follows from Theorem 2.3 since every elementary handle map is given
via twists along disks or annuli and half-twists. □

2.3. Heegaard splittings. Let M be a compact 3-manifold possibly with non-
empty boundary B = ∂M . A Heegaard splitting ofM is a pair of compression bodies
(K,H) such that K ∪H = M , K ∩H = ∂+K = ∂+H, ∂−K = B and ∂−H = ∅.
More generally if M is a sutured manifold with suture ∂M = B ∪C B′ then a
sutured Heegaard splitting is a pair of compression bodies (K,H) with H ∪K = M ,
H ∩K = ∂+H = ∂+K, ∂−K = B and ∂−H = B′. The surface F = K ∩H is called
Heegaard surface of the splitting. Note that for a sutured Heegaard splitting we
have ∂B ∼= ∂F ∼= ∂B′. The Heegaard genus of the given Heegaard decomposition
is the genus of its Heegaard surface.

For a Heegaard splitting there is a stabilization procedure as follows: Given a
Heegaard splitting (K,H) of M choose a properly embedded arc γ in K with
endpoints on F which is boundary parallel. Let N denote the closed 3-dimensional
regular neighborhood of γ. We obtain a new Heegaard splitting by putting

H ′ = H ∪N, K ′ = K \ N̊ .

The operation of replacing (K,H) with (K ′, H ′) is called stabilization of the Hee-
gaard splitting. We say that a diffeomorphism Φ: M → M preserves the Heegaard
splitting (K,H) if Φ(K) = K (and thus Φ(H) = H). We show in Proposition 2.5
below, that it is actually always possible to find a Heegaard splitting that is pre-
served by a given diffeomorphism.
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A way to obtain a Heegaard splitting is to consider a handle decomposition
relative to the boundary

(2.3) M = B × [0, 1] ∪ a1 ∪ · · · ∪ ak ∪ b1 ∪ . . . bℓ ∪ c ,

consisting of k many 1-handles ai, ℓ many 2-handles bj and a single 3-handle c. A
Heegaard splitting of M is given by setting

K = B × I ∪
k⋃

i=1

ai H =

ℓ⋃
j=1

bj ∪ c .

Conversely, given a Heegaard splitting (K,H) we can always find a handle decom-
position as in Equation (2.3) that induces the Heegaard splitting.

A Heegaard diagram consists of the data (F, δ, ϵ), where F is the Heegaard sur-
face, δ = (δj) and ϵ = (ϵi) denote the attaching spheres for the 2-handles of H and
K, respectively.

A Heegaard diagram completely determines a Heegaard splitting up to diffeo-
morphism. It is known that any two Heegaard splittings of the same 3-manifold
admit a common stabilization [Re33, Si33]. The following well-known proposition
shows that gΦ(M) which was used in the statement of Theorem 1.1 is well-defined.

Proposition 2.5 For every diffeomorphism Φ: M → M with Φ|∂M = id there
exists a Heegaard splitting of M that is preserved by Φ.

Proof. We start with some handle decomposition H of M relative to its boundary
with a single 3-handle. We denote by H′ the handle decomposition of M which
is given by the image of H under Φ. By Cerf theory [GK15, Section 4] we know
that H and H′ are related by finitely many handle slides and removing/introducing
canceling (1, 2)-handle pairs. It follows that the two Heegaard splittings induced by
the handle decompositions H and H′ admit a common stabilization that is isotopic
to a Heegaard splitting which is preserved by Φ. □

Remark 2.6 On the other hand, the genus of the constructed Heegaard splitting
from Proposition 2.5 will in general not be minimal. In fact, one can show that
there exist examples where g(M) < gΦ(M), see for example [Ta20, Section 3].

2.4. Trisections. Given integers 0 ≤ k ≤ g. A (g, k)-trisection of a closed 4-
manifold W is a decomposition

(2.4) W = W0 ∪W1 ∪W2 ,

such that

(i) each Wi is a 4-dimensional 1-handlebody ♮k(S
1 ×B3)

(ii) for i ̸= j, Wi ∩Wj is a 3-dimensional 1-handlebody ♮g(S
1 ×D2); and

(iii) the triple intersection Σ = W0 ∩W1 ∩W2 is a closed surface of genus g.

More generally, given non-negative integers g, k, p, b and a compact 4-manifold W
with non-empty boundary ∂W . A relative (g, k; p, b)-trisection of W is a decompo-
sition (2.4) such that

(i) each Wi is diffeomorphic to [0, 1] × K where K is a compression body with
∂+K a surface of genus k and ∂−K = P a surface of genus p both with b
boundary components,

(ii) for i ̸= j,Wi∩Wj is a compression body with lower and higher genus boundary
given by P and Σ respectively, where
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(iii) Σ = W0 ∩W1 ∩W2 is a genus g surface with b boundary components,
(iv) Wi ∩ ∂W diffeomorphic to P × I; and
(v) (Wi−1 ∩Wi) ∪ (Wi ∩Wi+1) is a sutured Heegaard splitting of cl(∂Wi \ ∂W ),

where the suture is given by the image of the two copies of ∂P in (Wi−1∩Wi)
and (Wi ∩Wi+1) under the previous diffeomorphisms.

Note that a relative trisection induces on ∂W either an S1-fibration with fiber P if
b = 0 or an open book decomposition with page P if b > 0. The surface Σ is called
trisection surface and the genus of the trisection is g = g(Σ). Further note that Σ
is at the same time a Heegaard surface for the Heegaard splitting of cl(∂Wi \ ∂W )
given by

(2.5) (Wi−1 ∩Wi) ∪ (Wi ∩Wi+1) = (∂Wi−1 ∩ ∂Wi) ∪ (∂Wi ∩ ∂Wi+1) .

There is also a stabilization procedure for a (relative) trisection as follows. Given a
trisection (W0,W1,W2) of W possibly with non-empty boundary. For i, j ∈ {0, 1, 2}
with i ̸= j choose properly embedded arcs γij inWi∩Wj which are pairwise disjoint,
boundary parallel and have endpoints on Σ. Let Nij be the closed 4-dimensional
regular neighborhood of γij in W , which are also assumed to be pairwise disjoint.
We define a new trisection through

• W ′
0 = (W0 ∪N12) \

(
N̊01 ∪ N̊02

)
• W ′

1 = (W1 ∪N02) \
(
N̊01 ∪ N̊12

)
• W ′

2 = (W2 ∪N01) \
(
N̊02 ∪ N̊12

)
The operation of replacing (W0,W1,W2) with (W ′

0,W
′
1,W

′
2) is called stabilization.

It is known that any 4-manifold admits a trisection and that any two trisections
on the same manifold (that agree on the boundaries) are stably equivalent [GK16,
Theorem 11 and 21].

A trisection diagram is a quadruple (Σ, α, β, γ) where each triple (Σ, α, β), etc. is
a Heegaard diagram corresponding to the (sutured) Heegaard splitting (2.5) for i =
0, 1, 2 respectively. A trisection diagram uniquely determines the diffeomorphism
type of the underlying 4-manifold [GK16].

3. Proof of Theorem 1.1

We assume first that W has the structure of an open book, possibly with bound-
ary. The proof when W is a S1 bundle is very similar. We explain at the end what
needs to be changed. The Heegaard splitting M = K∪F H induces a decomposition
of W into an open book with boundary WK and a mapping cylinder WH

(3.1) WK := Ob(K,B ∪C F,Φ) , WH := HΦ .

Note that by abuse of notation, we use Φ to also denote its restrictions to K and
H. Furthermore, the spaces WK and WH are canonically subspaces of W , and their
intersection is given by the mapping cylinder FΦ. The trisection onW is constructed
in the following steps.

(1) We construct a surface Σ in WK with g(Σ) = ℓ + 2k, where k and ℓ are the
number of 1-handles of K and H respectively. This surface will be the trisection
surface.

(2) We construct compression bodies K0, K1 and K2 in WK such that ∂+Kj = Σ
and ∂−Kj = F2jπ/3 where Fθ denotes the fibre of the mapping cylinder FΦ.



TRISECTING A 4-DIMENSIONAL BOOK INTO THREE CHAPTERS 15

ai
z

B

cθi,z

Figure 4. The definition of the arc cθi,z. Here we draw a θ-page,
where we identify Kθ with K.

(3) We prove that we obtain a relative (2k + ℓ, 0; ℓ, b)-trisection of WK , where b
denotes the number of boundary components of F , by showing that a regular
neighborhood of

⋃
j Kj is isotopic to (a slightly smaller) WK .

(4) We attach three copies of H, denoted Hj , to Kj for j = 0, 1, 2. By the last
step, each connected component of the complement is a trivial H-bundle over
the interval, hence we obtain a (2k + ℓ, ℓ)-trisection (resp. a relative (2k +
ℓ, ℓ, p, b)-trisection in the case when W has boundary) as required, with double
intersection given by Kj ∪Fj Hj with Fj = F2jπ/3 and triple intersection Σ.

Finally, we make this process concrete enough to obtain diagrams for the trisections.

3.1. Trisection surface. We fix a relative handle decomposition

(3.2) K = B × I ∪ a1 ∪ · · · ∪ ak

from which we obtain an open book decomposition of WK

(3.3) WK = B ×D2 ∪ (B × I ∪ a1 ∪ · · · ∪ ak)× [0, 2π]
/
∼ ,

with equivalence relation (p, 2π) ∼ (Φ(p), 0). For θ ∈ [0, 2π] let Kθ ⊂ WK be
the fibre of mapping torus of Φ, i.e. the θ-page. For any i = 1, . . . , k, z ∈ D2 and
θ ∈ [0, 2π] we are going to define arcs cθi,z in WK with endpoints on B, which outside

of B×D2 lie inside Kθ and run parallel to the core of the handle corresponding to
ai. To that end fix an identification of the 1-handles ai with [−1, 1]×D2 and define
points p±i ∈ B such that (p±i , 1) is identified with (±1, z), the subset Iθ ⊂ D2 to be

the line segment from 0 to e
√
−1θ and finally using decomposition (3.3) above (cf.

Figure 4)

(3.4) cθi,z := {p−i , p
+
i } × Iθ ∪

(
{p−i , p

+
i } × I ∪ [−1, 1]× z

)
× θ .

Note that outside of B ×D2 the arcs c2πi,z and c0i,z are contained in the same fibre
K0 and are related by

(3.5) c2πi,z ∩K0 = Φ(c0i,z ∩K0) ,
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where we identified K0 with K. The trisection surface is given by surgering B with
handles given by small 3-dimensional tubes with cores cθi,z in three different angles.

More precisely fix points zj := 1
2e

2
√
−1jπ/3 ∈ D2 for all j ∈ Z and for any z ∈ D2

and ρ > 0 let Dρ(z) = {w ∈ D2 : |w−z| ≤ ρ} be the closed disk of radius ρ around
z. Then define the trisection surface, setting ρ = 1/4

Σ := B \
⋃

i=1,...,k
j=0,1,2

⋃
z∈Dρ(zj)

∂c
2jπ/3
i,z ∪

⋃
i=1,...,k
j=0,1,2

⋃
z∈∂Dρ(zj)

c
2jπ/3
i,z .

3.2. Compression bodies. We define the compression bodies by specifying two
families of compression disks in WK with boundary on Σ. The first family is given
using decomposition (3.3) and the identification ai ∼= [−1, 1] × D2 as above for
i = 1, . . . , k and j = 0, 1, 2

(3.6) ∆1
i,j = 0×Dρ(zj−1)×

[
2(j − 1)π/3

]
,

where [θ] ∈ [0, 2π) is the unique number such that θ − [θ] ∈ 2πZ. In other words,
these are the cocores of the handles which were added to B to obtain Σ.

We now define the second family. First note that the complement of
⋃

j Dρ(zj)

cuts the circle of radius 1/2 into three arcs, where we denote by µj the arc from
Dρ(zj) to Dρ(zj+1) for j = 0, 1, 2. Further denote by w−

j ∈ ∂Dρ(zj) and w+
j ∈

∂Dρ(zj+1) the start point resp. end point of µj . We define for j = 0, 1

(3.7) ∆2
i,j :=

⋃
θ∈[2jπ/3,2(j+1)π/3]

cθ
i,w−

j

∪
⋃
z∈µj

c
2(j+1)π/3
i,z .

To define the disk ∆2
i,2 we need a bit more work incorporating the monodromy.

Using again the identification of the handle ai with [−1, 1]×D2 we define smaller
handles inside ai for some z ∈ D2 via

ai,z := [−1, 1]×Dρ(z) .

The following lemma constructs a particular Heegaard splitting of K which will be
important for us to define ∆2

i,2

Lemma 3.1 For any z, w ∈ D2 with |z−w| > 2ρ and diffeomorphism Φ : K → K,
there exists a permutation σ of {1, . . . , k} such that after suitable isotopy of Φ rela-
tive to ∂−K, we have a Heegaard splitting of K given by the handle decomposition

B × [0, 1] ∪ a1,z ∪ . . . ∪ ak,z ∪ Φ(a1,w) ∪ . . . ∪ Φ(ak,w) ∪ b1 ∪ . . . ∪ bk ,

with 2k many 1-handles ai,z and Φ(ai,w) and k many 2-handles bi such that for all
i = 1, . . . , k the attaching sphere of bi

(i) intersects transversely the belt sphere of Φ(ai,w) in exactly one point and is
disjoint from Φ(aj,w) for all j ̸= i, and

(ii) intersects transversely the belt sphere of aσ(i),z in exactly one point.

Proof. By Theorem 2.3 we assume that after a suitable isotopy the diffeomorphism
Φ is given as the composition of elementary handle maps Φ1 ◦ · · · ◦ Φn and that
ai,z and Φ(aj,w) are pair-wise disjoint. It suffices to construct the 2-handles bi with
the required properties. We proceed by induction on n. For n = 1 the handles are
constructed in a local model. Note that the attaching sphere Qi of bi is uniquely
determined by its properties up to isotopy. For the convenience of the reader, we
just indicated the cores of the handles in Figure 5. To conclude for n ≥ 2, we assume
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(i) (ii)

(iii) (iv)

aσ(i),z

ai,z

ai,z

ai,z Φ(ai,w)

Φ(ai,w) Φ(ai,w)

Φ(ai,w)

Figure 5. The cores of the handles bi for the four elementary
handle maps. In picture (iii) the right and left side of the cuboid
are identified.

we have already constructed 2-handles b′i satisfying the assertion of the lemma with
respect to points z0, z1 and diffeomorphism Φ′ := Φ1 ◦ · · · ◦ Φn−1, where again

zj = 1
2e

2
√
−1jπ/3 for j ∈ Z. Let b′′i denote the 2-handles satisfying the assertion of

the lemma with respect to points z1, z2 and diffeomorphism Φn. Applying Φ′ to the
second handle decomposition gives a handle decomposition with 1-handles Φ′(ai,z1)
and Φ(ai,z2) and 2-handles Φ′(b′′i ). Canceling the handles Φ(ai,z2) and Φ(b′i) in the
second handle decomposition gives a diffeomorphism Ψ ofK, which identifies a small
neighborhood of Φ′(ai,z1) with a small neighborhood of Φ′(ai,z1) ∪ Q′′

i ∪ Φ(ai,z2),
where Q′′

i is the core of the handle Φ′(b′′i ). Without loss of generality we can assume
that Ψ is the identity along Q′

i∩Φ′(ai,z1), where Q
′
i is the core of b

′
i. If we pull back

the first handle decomposition using Ψ and adding to it the second one, we obtain a
handle decomposition of K with 3k many 1-handles ai,z, Φ

′(ai,z1) and Φ(ai,z2) and
2k-many 2-handles given by Ψ−1(Φ′(b′′i )) and b′i. Now cancelling b′i and Φ′(ai,z1)
yields 2-handles bi satisfying the required assertions. Note that after handle isotopy
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Figure 6. We remove intersection points by changing the attach-
ing sphere of b′i as indicated by the dashed line.

we have such a handle decomposition for arbitrary z, w and not just for z0 and
z2. □

Remark 3.2 The previous Lemma is constructive. The attaching sphere of the
handle bi is obtained inductively from the models in Figure 5. For the induction
step, write in a model of B the attaching regions of the 1-handles ai,z0 , Φ

′(ai,z1) and
Φ(ai,z2) and the attaching spheres of the 2-handles b′i and Φ′(b′′i ) using notation as
introduced in the proof of the Lemma. Now the attaching spheres of b′i and Φ′(b′′i )
possibly intersect. We remove these intersection points by changing b′i using finger
moves as indicated in Figure 6. The result gives a Heegaard diagram of K and we
cancel the handles b′i and Φ′(ai,z1) to obtain the required handle decomposition.

Let Qi ⊂ K denote the core of the handle bi and σ the permutation obtained
from Lemma 3.1 with respect to the points w = z2 and z = z0 and monodromy Φ.
In light of 3.5 we assume after possibly a further isotopy of Qi that

∂Qi ∩ Φ(ai,z2) = c2π
i,w−

2
∩K0 , ∂Qi ∩ aσ(i),z0 = c0

σ(i),w+
2
∩K0 .

Denote ∂BQi = ∂Qi ∩ B × 1. Similarly to the cores in Figure 4 we extend Qi to a
disk in WK , denoted Q̂i, using the decomposition 3.3

Q̂i := ∂BQi × I ∪
(
∂BQi × I ∪Qi

)
× 0 .

Equipped with Q̂i we are finally able to define the disks

(3.8) ∆2
i,2 :=

⋃
θ∈[4π/3,2π]

cθ
i,w−

2
∪ Q̂i .

We emphasize that by construction the disks have boundary on Σ. Using the com-
pression disk we define the compression bodies Kj , for j = 0, 1, 2, as follows. It is
easy to check that the normal bundle of Σ in WK is trivial. Attach a 3-dimensional
neighborhood of ∆1

i,j and ∆2
i,j to νjΣ, which is a small 3-dimensional thickening of

Σ into the direction with angle 2jπ/3 with respect to a fixed normal vector field,
for all i = 1, . . . , k and j = 0, 1, 2. We obtain a compression body with higher
genus boundary Σ and lower genus boundary a surface F ′. After isotopy which
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removes the handle of Σ in angle 2(j − 1)π/3, the surface F ′ is not contained in
the (2(j − 1)π/3)-page. Hence after a further isotopy, F ′ is only contained in the
(2jπ/3)-page. Since the 2-handle with core ∆2

i,j cancels one of the two remaining
handles of Σ there exists a final isotopy F ′ to F2jπ/3 as required.

3.3. Trisection of WK and W . Let c ⊂ D2 denote the circle of radius 1/2. We
define a 2-complex Z ⊂ WK

Z := B ∪
⋃
i,j

∆2
i,j ∪

⋃
z∈c∩Dρ(zj)

c
2jπ/3
i,z .

We claim that WK collapses onto Z, i.e. there exists an isotopy of WK which takes
the complement of a small regular neighborhood of the boundary onto a small
regular neighborhood of Z. This is done by an isotopy, which preserves the pages.
More precisely, for the 0-page, this is the isotopy onto the disks Q̂i, which exists
since these are cores of a handle decomposition. We identify Q̂i with a quadrilateral
[−1, 1]× [0, 1] such that [−1, 1]×0 is identified with c2π

i,w−
2

and [−1, 1]×1 is identified

with c0
σ(i),w+

2

up to changing the orientation. We extend to pages Kθ for θ < ϵ or

θ > 2π − ϵ by concatenating with the isotopy which takes Qi to [−1, 1] × 0 or
[−1, 1]× 1 respectively and finally extend this to all pages.

Secondly, we claim that a regular neighborhood of
⋃

j Kj also collapses onto Z.

This is true because
⋃

j Kj collapses onto the complex

Σ ∪
⋃
i,j

∆1
i,j ∪∆2

i,j ,

and by the fact that a regular neighborhood of this complex is isotopic to a regular
neighborhood of Z.

In conclusion, we find an isotopy of WK which takes a regular neighborhood of⋃
j Kj to WK \ νFΦ as required. This completes step (3).
As explained in the beginning, we complete the compression bodies Kj using the

fibers Hθ of WH to get

(3.9) Lj := Kj ∪Fj
Hj ,

with Fj = F2jπ/3 and Hj = H2jπ/3 for j = 0, 1, 2. Note that a regular neighborhood
of

⋃
j Lj is given by WK union a thickening of the three fibers Hj . The complement

in W of this regular neighborhood consists of three copies of the form H × [0, 1],
which is a handle body in the case when H is a handle body and thus ∂W = ∅ and
is as in the definition for a relative trisection in the case ∂W ̸= ∅. This gives the
stated (relative) trisection of W .

It remains to compute the statements about the trisection genera. Assume that
∂W = ∅. The genus of the trisection constructed above is (ℓ + 2k, ℓ). Now we see
that ℓ = g, χ(B)− 2k = χ(F ) = 2− 2g and χ(B) = 2|B| − 2g(B) and thus we can
also express the trisection genus as (3g − 2g(B), g) as stated in the theorem.

Now suppose that ∂W ̸= ∅. We have that W admits a structure of an open
book Ob(M,Φ), where M is a sutured 3-manifold with suture ∂M = B ∪C P . The
number of boundary components b is equal for Σ, F, P and B and equals the number
of components of C. The above-described algorithm gives a relative (g+2k, g; p, b)-
trisection. We compute χ(B)− 2k = χ(F ) and χ(B) = 2|B| − 2g(B)− b as well as
χ(F ) = 2− 2g − b. We conclude the formula for the genus of the trisection.
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3.4. Trisection diagram. Since the proof above explicitly constructs the trisec-
tion surface Σ and handle bodies (resp. compression bodies in the case of a relative
trisection) given in Equation (3.9) by attaching 2- and 3-handles to Σ, the trisection
diagram is directly obtained from a Heegaard diagram of the page by recovering the
attaching spheres. We assume without loss of generality that the Heegaard diagram
(F, δ, ϵ) of M is given in the following form

• each connected component of ∂−K is represented by a copy of S2 equipped
with attaching regions for 1-handles, and

• additional pairs of attaching regions corresponding to the 1-handles of K.
The ε-curves are required to be parallel to these regions.

First, we replace each attaching region D±
i which has a parallel ε-curve with three

new attaching regions D±
i,j for j = 0, 1, 2 (cf. Figure 7). This gives a model of the

trisection surface Σ. We describe the curves α, β and γ of the trisection diagram
(Σ, α, β, γ). Abbreviate θ0 = α, θ1 = β and θ2 = γ. For each j = 0, 1, 2 and
i = 1, . . . , k we have a θj-curve insideD

+
i running parallel around theD+

i,j−1-region,

corresponding to ∂∆1
i,j , where we have used the index j modulo 3. Secondly, we

consider the curves corresponding to ∂∆2
i,j . For each j = 0, 1 and i = 1, . . . , k we

have a θj-curve given by arcs of the circle with radius 1
2 inside D±

i connecting

D±
i,j to D±

i,j+1. For j = 2 we have θ3-curve given by the attaching sphere of the
2-handle bi of Lemma 3.1. Finally for each j = 0, 1, 2 and δ-curve we get a θj-curve,
which runs parallel to the δ-curve outside D±

i and if the δ-curve passes through
D±

i the corresponding θj-curve is extended inside D±
i with two arcs to D±

i,j which

agree under the identification of D+
i with D−

i forming a closed curve. If j = 2
there are potential intersection points with other θj-curves previously constructed.
We remove these using finger moves as explained in Lemma 3.1, see also Figure 7.
We remark that the obtained diagram depends on certain choices. However, it is
not hard to see that all these trisection diagrams are handle slide equivalent, and
thus all represent the same trisection. This completes the proof of Theorem 1.1(1)
and (3).

3.5. Empty binding. The case when the binding is empty, i.e. when W is an
S1-bundle over a 3-manifold, works similarly. We outline the arguments in the
following. Let W be an S1-bundle over a 3-manifold M with monodromy Φ which
preserves a Heegaard splitting M = K ∪F H. We have the corresponding splitting
of W into mapping cylinders

WK := KΦ , WH := HΦ ,

which again intersect along the mapping cylinder FΦ. We fix a handle decomposition
of K with exactly one 0-handle

K = D3 ∪ a1 ∪ · · · ∪ ak .

We assume without loss of generality that Φ is the identity on the 0-handle. We
have a corresponding decomposition of WK given by

WK = D3 × S1 ∪ (a1 ∪ · · · ∪ ak)× [0, 2π]/ ∼ .

We fix an identification of D3 with S2×[0, 1]/∼ where (p, 0) ∼ (q, 0) for all p, q ∈ S2

via polar coordinates and another identification D3 ∼= D2 × [−1, 1]. Similarly as
above for z ∈ D2, i = 1, . . . , k and θ ∈ [0, 2π] we define arcs cθi,z and c̄j,z. More
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D+
i

D+
i,1 D+

i,2

D+
i,0

ϵ

δ

Figure 7. Left: a Heegaard diagram of the page. The dotted ar-
row indicates the trace of an elementary handle slide. Right: A
trisection diagram of the corresponding open book.

precisely we identify ai with [−1, 1] × D2 and define p±i ∈ S2 such that (p±i , 1) is
identified with (±1, z), using D3 ∼= S2 × [0, 1]/ ∼

cθi,z :=
(
{p−i , p

+
i } × [1/2, 1]× θ

)
∪
(
[−1, 1]× z × θ

)
⊂

(
D3 ∪ ai

)
× θ ,

and using D3 ∼= D2 × [−1, 1] for j = 0, 1, 2

c̄j,z :=
⋃

t∈[0,1]

z × (t− 1/2)× 2(j + t)π/3 ⊂ D3 × S1 .

Now define using again D3 ∼= S2 × [0, 1]/ ∼

B :=
⋃

j=0,1,2

S2 × 1/2× 2jπ/3 ⊂ D3 × S1 .

Denote the points p± ∈ S2 such that (p±, 1/2) is identified with (0,±1/2) under
the identification of S2 × [0, 1]/ ∼ and D2 × [−1, 1] with D3. Assume without loss
of generality that Dρ(p±)× 1/2 is identified with Dρ(0)×±1. Further, we assume
that there are no attaching regions near (p±, 1). Now define the trisection surface

Σ := B \
⋃
j

⋃
z∈Dρ(0)

∂c̄j,z ∪
⋃

z∈∂Dρ(0)

c̄j,z ∪
⋃
i,j

⋃
z∈Dρ(0)

∂c
2jπ/3
i,z ∪

⋃
i,j

⋃
z∈∂Dρ(0)

c
2jπ/3
i,z .

Hence Σ is given by three disjoint copies of S2 put in different angles and joined
together with three 1-handles with core c̄j,0 and surgered with three 1-handles for
each 1-handle of K. We now define the compression disks. First, we have three disks
corresponding to the cocore of the c̄j,z handles for j = 0, 1, 2

∆̄j := Dρ(0)× 0× (2j + 1)π/3 .

Then we have the cocore disks ∆1
i,j of the 1-handles with core c

2jπ/3
i,0 given similarly

as in Equation (3.6). We define the final family ∆2
i,j as depicted in Figure 8 in the

case of trivial monodromy. Note that ∆2
i,j has boundary on Σ and in particular one
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boundary component is given by c̄j,z for some particular z ∈ Dρ(0). If the mon-
odromy Φ is non-trivial, we assume without loss of generality that Φ is the identity
on S2 × 1/2 and correct ∆i,3 using disks Qi defined similarly as in Equation 3.8.

ai ai ai

(i) (ii) (iii)

Figure 8. The compression disk ∆2
i,j . The pictures (i) and (iii)

show the parts in the fibre over 2jπ/3 and 2(j+1)π/3 respectively.
The picture (ii) is a projection of the part which lies in the fibers
over the interval (2jπ/3, 2(j + 1)π/3). Note that one boundary
component of ∆2

i,j is given by c̄j,z

As before we define compression bodies Kj using these compression disks. Then
we see that ∂+Kj = Σ and ∂−Kj = F2jπ/3. An argument similar to the open book
case shows that the Kj gives a relative (3k+1, 1; ℓ+1, 0) trisection of WK . Next, we
add fibers H2jπ/3 to obtain handle bodies (resp. compression bodies) Lj which yield
a trisection of W of genus (3k + 1, ℓ+ 1) (resp. (3k + 1, ℓ+ 1; p, 0) in the case with
boundary). The same computation as above yields the claimed formulas for the
trisection genera given in the theorem. This completes the proof of Theorem 1.1(2)
and (4).

4. Applications and Examples

In this section, we will discuss examples of 4-manifolds with open book decom-
positions and apply our algorithm from Theorem 1.1 to create natural trisection
diagrams on these 4-manifolds. We start with the standard open books on D4

and S4.

Example 4.1 We start by defining the standard open book on the closed unit 2-
disk D2 by choosing the binding to be B = {0} ⊂ D2. Then the fibration is given
by the angle in polar coordinates

pst = θ : D2 \ {0} → S1.

The pages of these open books are straight lines from the origin to the bound-
ary ∂D2, i.e. line segments Iθ with constant angle coordinate {θ = const}. The
monodromy is trivial. For n ≥ 3 we define the standard open book on the closed
n-disk Dn by crossing the standard open book on D2 with an (n − 2)-disk. For
that, we write Dn as Dn−2 × D2 and define the binding to be B = Dn−2 × {0}.
Then the fibration is given by the angular coordinate in the D2-factor, with pages
Dn−2 × Iθ. The suture on the boundary of the pages is given by an equatorial
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sphere, i.e. C = ∂Dn−2 × {1/2}. Thus, abstractly this open book is given by
Ob(Dn−1, Dn−1

+ ∪Sn−2 Dn−1
− , Id).

This induces also the standard open book on the boundary sphere Sn−1, with
binding ∂Dn−2 = Sn−3, pages Dn−2 and trivial monodromy. Abstractly this is
presented by Ob(Dn−2, Id). See Figure 9 for an example.

Applying the algorithm from Theorem 1.1 to S4 = Ob(D3, Id) readily yields the
standard genus 0-trisection diagram of S4 with trisection surface S2, since the page
has no 1- and 2-handles. In the same way, D4 = Ob(D3, D3

+ ∪S2 D3
−, Id) yields the

standard genus-0 trisection diagram of D4 with trisection surface D2.

Figure 9. The standard open book on Dn that induces the stan-
dard open book on its boundary Sn−1.

4.1. Surface bundles over the 2-sphere. Next, we describe simple open books
on surface bundles over S2. Trisections of surface bundles over surfaces were also
studied before in [CGP18a, CGP18b, CO19, Wi20]. Let π : W 4 → S2 be an F 2-
bundle over S2, for a closed surface F . If we split the base S2 into upper and lower
hemispheres we get two trivial F -bundles overD2. The gluing maps of these bundles
are parametrized by π1(Diff(F ), IdF ). The latter group is known to be isomorphic
to Z2 for S2, to Z2 for T 2, and vanishes for all other closed surfaces [EE67]. Then
the composition

p : W \ π−1(S0)
π−→ S2 \ S0 pst−→ S1

is an open book on W with binding B = π−1(S0), page M = π−1(I) = F × I and
the monodromy is given by the element in π1(Diff(F ), IdF ).

Next, we apply our algorithm from Theorem 1.1 to these open books to construct
trisection diagrams. First, we describe a Heegaard splitting of the page F × I.
For that, we choose a handle decomposition of F with a single 0-handle, 2g 1-
handles (where g is the genus of F ), and a single 2-handle. By crossing this handle
decomposition with I we get a relative handle decomposition of F×I with a single 1-
handle, 2g 2-handles, and a single 3-handle, see Figure 11(a). A collar neighborhood
of the boundary together with the 1-handle describes a compression body K, while
its complement is a handle body H. Their intersection is the Heegaard surface (see
Figure 11(b)) given by two copies of F joined via the 1-handle, i.e. F#F . To get
the trisection surface (if the monodromy is trivial) we replace that 1-handle with
three 1-handles and add the (α, β, γ)-curves as shown in Figure 11(c). The case of
S2 × S2 is shown in Figure 10(a).
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(a) (b)

Figure 10. Trisection diagrams coming from the standard open
books of S2 × S2 in (a) and S2×̃S2 in (b).

h0

h1h1

h2

h1

1 1

3 3

1 1

2 2

(a)

(b)

(c)

Figure 11. (a) A handle decomposition of T 2 × I. (b) The corre-
sponding Heegaard diagram of T 2 × I. (c) The induced trisection
diagram of T 2 × S2.

If the monodromy is non-trivial, we need to modify the γ-curves. We start by
describing the monodromy more concretely. Let ft : F → F , for t ∈ [0, 1], be a
family of diffeomorphisms with f0 = f1 = IdF . We can see ft as an element in
π1(Diff(F ), IdF ). Then the monodromy of the corresponding open book is given by

Φ: F × I −→ F × I

(p, t) 7−→ (ft(p), t).

For F = S2 the only non-trivial monodromy is given by a sphere twist Φ along
the central S2 in the page S2 × I. It preserves the Heegaard splitting constructed
above and acts as a disk twist along the co-core of the 1-handle. This shows that
the monodromy is given by a single elementary handle map of twisting a foot of
a handle. By the algorithm from Theorem 1.1 given in the construction of the
2-handle detailed in the proof of Lemma 3.1 with clarification in Remark 3.2 we
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h0

h1h1

h2

h1

(a) (b)

3

1

2

3

1

2

Figure 12. A trisection diagram of S1 × S3 obtained as the T 2-
bundle over S2 with monodromy given by a twist in (1, 0)-direction.
(a) shows the image of the 1-handle under the monodromy. (b) is
the corresponding trisection diagram. After performing 2-handle
slides we see that the diagram is a stabilization of the standard
genus-1 diagram of S1 × S3.

get the γ curve from the model (i) from 5. Thus we get the trisection diagram of
S2×̃S2, the twisted S2-bundle over S2, as shown in Figure 10(b).

The only other non-trivial bundles over S2 are those with fiber T 2. Here we know
that π1(Diff(T 2), Id) is isomorphic to Z2 where (p, q) ∈ Z2 corresponds to

ft : T
2 −→ T 2

(θ1, θ2) 7−→ (θ1, θ2) + t(p, q)

with T 2 = R2/Z2. By choosing a direction orthogonal to (p, q) we see that this
bundle actually splits as S1 times the S1-bundle over S2 with Euler number d, where
d is the least common denominator of p and q. After isototpy of ft the Heegaard
splitting constructed above is invariant and ft restricted to the compression body
K is given by sliding one foot of the 1-handle along the (p, q)-curve. Applying the
algorithm gives a trisection diagram of the corresponding T 2-bundle over S2, see
Figure 12 for an example. Thus we have constructed (2g(F ) + 2, 2g(F ))-trisections
on all F -bundles over S2. These trisections are minimal since the lower bounds
coming from algebraic topology are sharp.

The same construction also works in the case when F has boundary. We discuss
the case of D2-bundles over S2. Then the page is D2 × I with suture (D2 × ∂I) ∪
(∂D2 × I). A Heegaard splitting relative to D2 × ∂I is obtained by connecting
both copies of D2 × ∂I with a single 1-handle and no 2- or 3-handles, shown in
Figure 13(a). To describe the monodromy we see that π1(Diff(D2)) is isomorphic
to Z generated by a full rotation. Thus the monodromy of the page D2 × I is given
by an e-fold disk twist along the central D2×{1/2} preserving the above Heegaard
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splitting. We note that the boundary induces the standard open book of L(e, 1)
with annulus page and an e-fold Dehn twist along its core. From that description,
we also see that e represents the Euler class of the bundle. With the same argument
as in Figure 5(i) our algorithm yields the trisection diagram shown in Figure 13(c).

h1

1 1

3 3

1 1

2 2

∂−M

∂+M

∂−M

(a)

(b)

(c)

Figure 13. (a) The page of a disk bundle over S2 is D2×I, where
the suture is given by D2×∂I ∪∂D2× I. The monodromy is an e-
fold disk twist along the shaded central disk. Its Heegaard diagram
is shown in (b). From that, we obtain a trisection diagram. In (c)
a trisection diagram of the disk bundle over S2 with Euler number
e = 2 is depicted.

Next, we will analyze how the trisection diagrams coming from our algorithm
are related to other geometric operations.

4.2. Connected sums of 4-dimensional open books. First, we will analyze
the connected sum of open books. We recall how to perform connected sums of
open books. For that, we remark that any interior point on the binding B of an
open book on an n-manifold W has a neighborhood Dn in W on which the open
book is isotopic to the standard open book from Example 4.1. If we have two 4-
manifolds W1, W2 with open book decompositions we get a natural open book
decomposition, the open book connected sum, on the connected sum W1#W2 by
performing a connected sum using n-disks intersecting the binding as above and
gluing the pages of the open books together. If the open books on Wi are presented
as abstract open books Ob(Mi,Φi) then the open book connected sum on W1#W2

is given by
Ob(M1♮M2,Φ1 ∗ Φ2),

where M1♮M2 denotes a boundary connected sum of M1 and M2 (which is not
unique if the bindings B1 or B2 are not connected) and Φ1 ∗ Φ2 denotes the con-
catenation of the monodromies. The binding of the open book connected sum is
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given by the connected sum B1#B2 of the bindings (again there are several possible
choices if the binding is disconnected).

The next result shows that our algorithm is compatible with connected sums.

Proposition 4.2 Connected sum of 4-dimensional open books induce connected
sum of trisection diagrams, i.e. if (Σi, αi, βi, γi), for i = 1, 2, are trisection diagrams
obtained via Theorem 1.1 from open books Ob(Mi,Φi), then the trisection diagram
obtained via Theorem 1.1 from the open book connected sum Ob(M1♮M2,Φ1 ∗ Φ2)
is given by the connected sum (Σ1, α1, β1, γ1)#(Σ2, α2, β2, γ2).

Proof. We perform the boundary connected sum M1♮M2 by attaching a 1-handle
to the disjoint union of M1 and M2 such that one foot of the 1-handle gets at-
tached to M1 and the other to M2. In the dual handle decomposition, this 1-handle
corresponds to a 2-handle which can be canceled either with the unique 3-handle
of M1 or the unique 3-handle of M2. After this cancellation, we have a handle de-
composition of M1♮M2 relative to B1#B2 that is away from the reducing sphere
given by the old handle decompositions of M1 and M2. Thus the algorithm from
Theorem 1.1 yields the connected sum of the trisections. □

4.3. Spuns and twist spuns, revisited. We remark again that our algorithm
generalizes the results of Meier on spuns and twist spuns of 3-manifolds [Me18] by

seeing the (twist) spun of a closed 3-manifold M as the open book with page M \D̊3

with monodromy the identity (a boundary parallel sphere twist).
On the other hand, we see that spuns of the lens spaces L(p, q) have other simple

open books. (The spun of a lens space is independent of q [Pa77, Pl86, Me18].)

Example 4.3 Let M be a solid torus with an open 3-ball removed. We denote by
ΦT the twist along the boundary parallel 2-torus. We define 4-manifolds Wp by

Wp = Ob(M,Φp
T ).

To analyze the diffeomorphism type of Wp we apply the algorithm from Theo-

1 1

1
1

2
2

3
3

(a)

(b)

(c)

Figure 14. The handle decomposition of the punctured solid
torus M in (a) induces the Heegaard diagram in (b). The open
book with page M and trivial monodromy induces the trisection
diagram of S1 × S3#S2 × S2 in (c).
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(a)

(b)

(c)

Figure 15. By performing a twist along the boundary parallel
torus in M we get the trisection diagram of W1 shown in (a). We
simplify that diagram by sliding the handles with index 1 and 2 as
indicated with the dashed arrows and obtain the planar diagram
in (b). By further sliding the handle with index 0 along the dashed
line we get the trisection diagram of W1 in (c). (Here we observe
that the 0-indexed 1-handle as belt spheres in red and blue and
thus we can perform 2-handle slides of the red and blue curves to
push the attaching region of the 1-handle through every blue or red
curve.) The resulting diagram destabilizes to the standard genus-0
trisection diagram of S4.

rem 1.1 to this open book. for that we choose a handle decomposition of M given
by a single 1-handle connecting the two boundary components of M , a single 2-
handle attached along a meridian of the solid torus, and a unique 3-handle as
shown in Figure 14(a). The induced Heegaard diagram is shown in Figure 14(b).
This Heegaard splitting is preserved by the monodromy. Figure 14(c) shows the tri-
section diagram W0 which is directly identified as the standard trisection diagram
of S1 × S3#S2 × S2. We can see this of course also directly from the open books:

W0 = Ob(M, Id) = Ob(S1 ×D2♮S2 × I, Id)

= Ob(S1 ×D2, Id)#Ob(S2 × I, Id)

= S1 ×Ob(D2, Id)#S2 ×Ob(I, Id)

= S1 × S3#S2 × S2.

For p = 1 the trisection diagram is shown in Figure 15 where we also show that it is
handle slide equivalent to the stabilization of the standard genus 0-trisection of S4.
Similarly, we can show that Wp is the spun of a lens space L(p, q), see for example
Figure 16 for the case p = 2. This can also be seen via explicit handle calculus [Hs23].
Observe that the manifolds Wp are pairwise non-diffeomorphic which implies that
ΦT seen as an element in the mapping class group of M has infinite order.

4.4. Stabilizations of 4-dimensional open books. Next, we will show that
stabilizing a 4-dimensional open book corresponds to stabilizing the trisection. We
recall the stabilization operation for 4-dimensional open books. Let S1 ×D2 \ D̊3

be a solid torus with a small open 3-ball removed. We denote by ΦT a torus twist
along a boundary parallel 2-torus. In Example 4.3 we have shown that Ob(S1 ×
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2

3
1

2

1
3

(a) (b)

0

0

22

1 1

Figure 16. Trisection diagram for W2 shown in (a). As before
the dashed arrows indicate the handle slides used to obtain the
simplified planar diagram in (b).

D2 \ D̊3,ΦT ) is an open book of S4. We define the stabilization of an abstract open
book Ob(M,Φ) on a 4-manifold to be the open book connected sum of Ob(M,Φ)

with Ob(S1 × D2 \ D̊3,ΦT ). Since Ob(S1 × D2 \ D̊3,ΦT ) is an open book of S4

this operation does not change the underlying 4-manifold. The next result says that
4-dimensional stabilization of open book is compatible with trisections.

Proposition 4.4 Stabilizing a 4-dimensional open book corresponds to stabilizing
the trisection diagrams, i.e. if (Σ, α, β, γ) is the trisection diagram obtained via
Theorem 1.1 from an open book Ob(M,Φ), then the trisection diagram obtained via

Theorem 1.1 from the stabilized open book Ob(M♮S1 ×D2 \ D̊3,Φ ∗ΦT ) is given by
the stabilization of (Σ, α, β, γ).

Proof. We have shown in Example 4.3 that Ob(S1 ×D2 \ D̊3,ΦT ) yields the sta-
bilized trisection diagram of S4. Proposition 4.2 then implies that if we apply the
algorithm from Theorem 1.1 to Ob(M♮S1 ×D2 \ D̊3,Φ ∗ΦT ) we get a stabilization
of (Σ, α, β, γ). □

4.5. Stabilizing 3-dimensional open books. On the other hand, we can con-
sider a 3-dimensional open book Ob(F 2,Φ) of a closed 3-manifoldN , where the page
is a surface F . Then we get an induced open book on S1×N by Ob(S1×F, IdS1 ×Φ).

Example 4.5 We consider N = S3 with standard open book Ob(D2, Id). This
induces an open book on S1 × S3 given by Ob(S1 × D2, Id). S1 × D2 has a han-
dle decomposition consisting of a single 2-handle and a single 3-handle. And thus
the algorithm from Theorem 1.1 readily produces the standard genus-1 trisection
diagram of S1 × S3.

We can also perform a 3-dimensional stabilization of the open book on N3

and perform the same construction. Note that the resulting open book is not a
4-dimensional stabilization since the topologies of the pages differ.

Example 4.6 We consider N = S3 with the stabilized open book Ob(S1 × I,Φ)
where Φ denotes a Dehn twist along the core curve of the annulus. This induces an
open book on S1 × S3 given by Ob(S1 × S1 × I, Id×Φ). In fact, we have already
analyzed this open book and its trisection diagram in Section 4.1 and Figure 12. In
particular, one can see that it induces a trisection diagram of the stabilization of
the standard trisection of S1 × S3.

A similar construction works on more general S1-bundles over 3-manifolds by
first constructing open books coming from open books on M and then constructing
trisection diagrams.
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