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Problem 1
On any Lie group G, the Maurer-Cartan form is defined as the unique g-valued left-
invariant 1-form 6 € Q'(G, g) such that 6, = 1.

(a) Prove that 6 satisfies the so-called Maurer-Cartan equation:
1
do + 5[9,9] = 0.

Hint: The expression on the left is a g-valued 2-form on G, and it suffices to evaluate
it on an arbitrary pair of left-invariant vector fields.

(b) Prove that 6 transforms under right translations Ry : G — G : h+— hg by

Ry6 = Ady-100 for g € G.

(c) Can you interpret the Maurer-Cartan equation in terms of connections?

Problem 2

Assume 7 : E := FE(TM) — M is the G-frame bundle of the tangent bundle of an
n-manifold M, where TM — M has been equipped with a G-structure for some matrix
group G < GL(n,R). Let p : G — GL(n,R) denote the inclusion, which defines a linear
left G-action on R™ for which T'M is isomorphic to the associated vector bundle EF :=
(E x R™)/G. There is a tautological 1-form

0 e QM(E,RY)

defined by 04(¢) := ¢! (m,&) for € € THE, where we regard frames ¢ € E,, at points p € M
as vector space isomorphisms ¢ : R"” — T,,M. Given a connection V on T'M induced by a
choice of principal connection A € Q'(E, g) on E, the torsion tensor T € T'(T4 M) can be
interpreted as a bundle-valued 2-form T € Q?(M,TM) = Q*(M, E*), thus it is naturally
equivalent to some p-equivariant horizontal 2-form 7 € QZ(E,]R”). The first structural
equation of Cartan is the relation

T=d0+AAN0,

where the wedge product of A € QY(E,g) with § € Q'(E,R") is defined in terms of the
bilinear map g x R™ — R" : (X, v) — p,(X)v. Prove the equation.

Hint: You can use the same approach that we used to prove the second structural equa-
tion in lecture, but there is also a much quicker way. Notice that 6 is horizontal and
p-equivariant. What bundle-valued 1-form on M is it equivalent to?

Problem 3

In many older or more elementary treatments, connections and curvature on vector bundles
are described mainly in terms of locally-defined objects that depend on choices of trivia-
lizations, without ever mentioning a principal bundle. This exercise is meant to help you
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translate between the local picture and the more global perspective that we’ve adopted in
our lectures.

Assume 7 : E — M is a principal G-bundle, with a connection 1-form A € Q'(E, g) and
curvature 2-form F € Q%(E,g), and {so € T'(E|y,)}aer is a collection of local sections on
open sets U, that cover M. For any vector space V and w € QF(E, V) with k > 0, we can
pull back w via the maps s, : U, — E to define local V-valued k-forms on M,

wa 1= stwe Q¥ (U, V), ael

The 1-forms {A, € Q' Uy, 9)}aer and 2-forms {F, € Q?(U,, g)}aer are called the local
connection and curvature forms respectively. Prove:

(a) The connection on 7 : E — M is uniquely determined by the collection of local
connection forms {A, € Q' (U, §)}aer, and its curvature 2-form is similarly deter-
mined by the local curvature forms {F, € Q%(Uy, g)}aes- (Are analogous statements
true for all forms in Q*(E, g)7)

(b) F, =dA, + %[AQ,AQ] and dF, = [F,, A,] for each o € I.

Now suppose p : G — GL(V) is a representation of G on some finite-dimensional vector
space V', with induced Lie algebra representation p, : g — gl(V), and let Ef = (E x
V)/G — M denote the associated vector bundle, which carries a connection V determined
by A € QY(E,g). As shown in lecture, the local sections {s, € I'(E|u,)}aes determine a
G-bundle atlas {®,, : EP|y, — Uy x V}aer for EP, where ®,1(p,v) = [sa(p),v] € EJ for
p € Uy and v € V, and the corresponding system of transition functions gg, : U N"Ug — G
is determined by
Sa = S$898a on U, N Up.

For each w e QF (M, EP), k > 0,let & € Q’; (E, V) denote the p-equivariant horizontal form
that corresponds to it under the natural isomorphism Q¥ (M, EP) ~ Q]’f (E,V), and denote
W 1= g = 550 € QF(U,, V) for each a € I. Given w € QF(M, E?) and «, 3 € I, prove:

(¢) wa € Q¥(U,, V) is the local representation of w with respect to the trivialization ®,,
meaning

O (w(Xy,..., Xg)) = (pywa(X1,y ..., Xi)) for Xi,..., X e T,M, pel,.

(d) wg = P(Q,Ba) 0 Wq on Uy N Ug.

(e) (dyw)a = dwa + Ay A wa, where the wedge product of A, € QN (Uy,g) with w, €
QF(U,, V) is defined in terms of the bilinear map g x V — V : (X, v) > p(X)v. In
particular, for a section n € T'(EP) = QY(M, EP) and X € X(U,), one obtains

(Vxn)a = dna(X) + ps(Aa(X))Na-
Finally, prove the following transformation formulas for the local connection and curvature
forms: given p € U, nUg and X,Y € T, M,
(f) Fp(X,Y) = Ady,, () oFu(X,Y)
(8) Ap(X) = Ady, (p)oAa(X) + TLy, (p) © T9ap(X), where Ly : G — G denotes left
translation h — gh.

In the special case where G ¢ GL(m,F) is a matrix group acting in the obvious way on
V =F™, the transformation formulas of parts (f) and (g) can be written in the simplified
form

Fg=gFag™',  Ap=gAag™ ' +gdg™",
where we abbreviate g := ggo : Uy N Ug — G. The second formula is known to physicists
as a gauge transformation.



