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Ik - a) Motivate } State Maly range 's preparation -1hm .

-

"A map germ at point q
is an equivalence class of germ equivalent maps

11

[ locally same on hbhdofq) .

- En : the set of all germs at the origin of smooth functions f.ph→R .

* Motivation : Algebra/ Germ Language

- En to Ep module structure

Given a smooth map germ 01=(112%0) → (112%0) , ☒ induces

the homomorphism ☒
*
: Ep→ En via $*h=hg§f , h c-☒

*
,
0 ) → Ru

h c- Ep
( Rho )→ 1112707 →R .

f h

An En module A becomes an Ep module via
*
:

let ✗c- Ep , at A s. -1 . ✗a =
*
✗ ) a c-A .

-

£9 .
as a Ep module problem (sample counterexample)

counter . 4 : CNY
) → 47 , ☒ * : E , → E,

A-= Ez Is af. g Ez by < 1St Er .

A is not f.g. as a E , -
module i # <an . . , Uk> EA

sit
. E

,
<a , . . . . , ak > =A .

* The preparation -1hm :
statement

I



Partie

The Versatry Theorem :

proof using thepreparation theorem .

I - (1) : Reminders } state Versatry Thm .

Intuition for Venality -1hm - Pf
.

- µ . A technical pool . Lemma ,

I - (3) : Prove Versatity Thin .

- Versa I unfilings .

I Initial speeds .



I - (D: Reminders } state Venality -1hm . .

Intuition for Venality -1hm . Pf
.

10min

Necessary Reminders BeforeThm7
- Rtun Equivalence

- Versa / unfolings .

= Initial speeds .



- Infinitesimally ersal unfolding

Letft Ex be a germ (of finiteRt - codimension )
and let an unfadingof

$

F-(✗in = fix + ÉkgX,a)
F-I ↳En

be an Rt infinitesimally versa 1 unfolding off , i.e.,

Jf +REX. . X, , . . - , He} = En ,
W/ Yo=L , X, = 3¥, /u,⇒ ,

V-2 C- El il] .

<



statemen-oftheversality-hm-hm.ve
batty [ Thin 7.8)

Every infinitesimally versa1 unfolding is versed .

Cit's just easily confusing ) : unfolding off.

F4R"xR9→RTsvers# if for F-R" ✗R
"
→ K Ts infinitesimallyversa1 Tf

Ekin)

any other unfolding G : R
"

✗ Rb →R , En= Jf -1112 { i.¥,
1×101

, . . . .
,¥nal✗M }

.

7- Of : Rb→ Ra s -t
. | toner unfolding g. µ×µ →* ,G-- 01*7 -7/0: Rb→pa, c :$

b
→ R s.-1 .

G-- 01*-1--1 Ccu)
T
some parameters.

T- e. we are taking partials over all possible| unfoldings G that are equivalent to Fin the
Rt Tnf . versa 1 unfolding sense .

*Motivation .

- What is Venality -1hm 's point?

provide an explicit for versa1 unfolding

*Question :

Is it obvious that versa / unfolding ⇒ infinitesimally versa / unfolding ?



I- (2) Warm -Up -

.

Lemmal for Versatity Theorem yom.ms,

*Lemma#Statement , observation
, big picture .

More info than

] def. of infrttveisal!

Outline :
- A= E×m%×F - Eau,r -module

, ¢:#
ntltk

→ pnetk
(Xiu,v1 ↳ Cair)

- A/IgA E Exltsf
- Inf. unfolding ⇒ abases ofJf = cobasis of 10A

- Preparation -1hm . ⇒ A f.g. over Eun by a > -



* lemma" not
. f÷÷÷¥!Atto AE Extgf-

→

Comments : Note that we 're proving basically the existence of a

basis of J☒F over Eu ,, for Ex .mu . This is finite generated
ness

and Interplay between modules ! We smell the preparation
theorem hero

,

which is indeed the case .

Pt .

Consider a Ex.mu module , A=§;¥- along w/
the

projection ,

10 : pitltk → *
ltk

(✗must lush ,

then under § and by the homomorphism -1hm
. form evaluation map:

a. %¥- → ¥
at

u( Ilhan-k%" 1) to fix, no , no) + É%,°T⇐
, ,

we deduce

%¢A ¥ ¥f
.

(1)

I
kere .

On the other hand, recall F, is infinitesimally versa/ , T.e.,

Jf + R {Xo
,
. .

. , He } = Ex
, (2)

Sit- % =L He = ¥u
,
/ u⇒

, v.⇒ =°¥g|u=, b- I > o .

Now (1) and 14

Imply that { I ,¥u
,
, . . . , ¥ue } is a cobasis of IgA in A .



Then , by the preparation -1hm . (maybe plus the remark ifyou're precise ]
,

the set { lie, , . . . .2¥ } generates A over Eun , whence

we conclude
,

Ex
,an = J×F + Eun { 1,2¥ , . . -, 3%3 .

☒r

Endearment .,

I think this pf is quite neat and short .-Solely from the fact that

Fi (✗ in ) is infinitesimally R
+
Versa 1
,,
we can learn something about

the structure of Ex .mu ! andby finding stnctura equivalent
between modules



II - (3) : Prove Versatity -1hm .
-

-

115min57

①uikne of the Pf . of -1hm 7.8 .

Let f-c- Ex
,
FCX,a) infinitesimally versa / unfolding •

off
.
WTS G any other unfolding , then G equivalent to an unfolding
induced from_t .

Slept . Construction of H , # unfolding ,
then claim 3 prove

"

Lemmal
"
: HiFi equivalent ⇒ G equiv . to an unfolding

Induced from F- .

Steps . show H , É equivalent

- Construct " chains
" of unfolding s H; based on H .

- Build equivalence between Hg , suffices to prove for the

end of such chain then go by way of
" iteration " ; Ie . :

Ho - " ← . . . ← Hm ← H ← He = H11 K-i

F- equivalence
(weprove this)

- H and É are equivalent .

- Warning ; this step requires a technical tool (Pnp 17 ,

whichweprove earlier as warm - up .



Serious Business : Pf of the Versatry -1hm .

Thy Infinitesimal Venality ⇒ Versa try .

⇐ Let F be an infinitesimal versa
/ unfolding off , then given any other unfolding off , say G ,

then GTs equivalent to an unfolding Tnduced fromF .

I keep track : Fcxiu) :B
"
✗Rl , GcHR) : R

"
✗ Rt )

.

Outline (proof) :

- Reduce to proving thx , a. A) equivalent to Écxcu .A) = Final

- Reduce to proving Hk (quin) equivalent to Hk, Ha , Ha . . Hand

-

Apply Pwpl -10 { Hk , Hoku)= Hk ( Kun) }
want .
-

Tnf . versa1 .

- 2 He h l

⇒ = a-fxiu.nl . +bocu.int?gbjluiH • 3¥
,

- Tee = ( & Niu in) , ✗Ca ,N ,
N , XK- t )

- fdd-etlgt-i-fboCI.cl
I

- Hko Be - He = Cecum)

{ Hko Be = Hat CHIN
X¢=t⇒ Hike 010×1<=1-1kt Cxklll 'M

EE : TÉ = ($4M IN , ✗laid , Ni XK )

⇒ HµoTÉ = Hk-10 Kirk

= Hk -1 Calum '

☒



Serious Business : pf of the Versatry -1hm .

Th-m. Infinitesimal Venality ⇒ versa try .

⇐ Let F be an infinitesimal versa
/ unfolding off , then given any other unfolding off , say G ,

then GTs equivalent to an unfolding Tnduced fromF .

I keep track : Fcx , u) :B
"
✗Rl , GcHR) : R

"
✗ Rt )

.

c- IRKtf .

let G IX.Ñ) be any unfolding off , and it suffices
to show the equivalence

between G and any unfolding induced from F.

To get a bit room for flexibility , form another unfolding off :

H - = F ④ G : IR
"

✗RexRk→ R

Hain ,A) = FIX,hit Gex /R) - fan .

Now we have more
"

freedom " by this H construction . Indeed , we have

Lemmy : off
Let G be an unfeeling ; then for Fix, a.A) =FIX,a) ,

⇒④g , pqneqa.ua/en++o-fn ⇒ G equivalent to an unfolding induced
fromF.

* proof is IOU [ later 7 .

So now -it suffices to show H Ts Rtan equivalent to ¥
.

instruct the

ÉE
"

unfolding ,

Aside rmkis Hg (Xiu,Rin - - ik) =H (✗MIN , .
. - ,Agi 01 - - - i 07,

Ftnf.very⇒His "
"

jc- {On . - , KY , where. Ho __ F- , Hk=H .
Inparticular we prove

Tnf . versol;

gydef . equivalence via a chain ;

Hk '^ Hk- , u . . - u H , u Ho ,

by simply proving Hj is ☒In - equivalent to H;-1 , j >0 .



As w/ the Montauk book notation , to simplify notation we prove the
case :

1T¥ . tf k Ts Rt equivalent to Hk -1 .

and follow notation D= idk) . "

ti '
PI .

Note
-

that HIÉFÉ) is an unfolding off for which t.FI = Hkcxiro)
Ts infinitesimally Rt -versa 1 . So we apply lemma 1 from above , I e.,

M Exim =3✗ Hk -1 Ear { 1 ,?¥¥
,
,
. . . , ?¥e :}

⇒ -7 Az (Xiu.,X ) , It{ In . - in}

I be (Uil) , j + {① , . . . . I }s.tn k
ZHK

a 1*7 In
= Each.mn?I#...tboluiy+?gbzcu.N!¥,

,¥

rn finning -4
C- Ex,win

focus on the vector field associated to 1*7,

a
(* *I v= -2%-1 Iga, Kin .AZ#-tIb.;lu.iN!-ugJ

c**)

Ote Hk Is smooth so (1)view this as a vector field on
aflow

w/ the former

g
Be flow on

the vector fieldW

ntltktl

i.tt = §, f.hÑ¥×, , f, the ith of fix> =¥t=oIeW .

and integrating 1*1*7 vector field produces a.at#phsm of form
,

smoothness of Hk
allows to not worry about continuity

oh ☒+ (✗ ,aim = (0/+1×14111) / He laid ,
, NK -t )

and denote,

Fletch = (Helmi) , ,
Ak-t)
,

( comment
: Good to think about vector field } integration result 's coordinate)correspondence . If you're not convinced , see at the end ofnotes a

- detailed computation .

Where It
,
It are diffeomorphism germs .



Vow rearranging terms In. E.¥)
.gives,

a)
.

-1: aol.x.u.in?YY-=--g,b-g.nix?Ik-ug---bocuiN .

By the associated vector field integration step ,

M (2) dd-t.lt/koIo-ccx,niY---bol-I-ccuiN)n-ltktl
Comment : Recall f, 's inv = I f, in)¥*, vector field are the

7=1
T- th component of day /+=, §, a) .

Now
"

evaluate
" both sides of 4 ))\((

along the integrated result " to get (2) .
"
evaluation of vector field

"

on flow

Now Intergrating from-1=0 (2) gives

At Hk ° Iot Cxiui) - Hkcx,a.A) = Ceca,A) ] derived
based on

→
1 to

,
a smooth

function .

and evaluating at f- A* gives,

(3) Hko Ba
,
lx,Usd) -Hkcx ,will = Cain ,N

and note the last entry of Ioa is o , so, lrdepencey on k removed )

th Hk ° Bilk (✗inA) = Hk - , o za, [✗, u,d)
I not aptn"

ranks no

ns inverse 7.

Note that Zak is not a diffeomorphism due to
the "degeaeracmmg

from the last o entry , so a slight twist fixes the problem,

m § ex , with = ( ix. u ,A) infirm , Ni XK ),
and you can use the inverse function -1hm

to prove that £ is the

germ ofa diffeomorphism .

By construction ,

an Hmo Id = Hk-10 TEAK .

Hence w/ (3) , 11
oh Ha , o É = 1-11<01%1×4A) = Hk 1-Cafu,A) ,



where C is smooth . ② gives the equivalence relation diffeomorphism
between unfolding Hk and Hk-1 .

Repeat the above process for j= k , k -1 , . . . , 1 , we conclude that

Hk=É Ts Rtnn equivalent to Ho = H . Hence by Lemma , we

have shown infinitesimal versa try ⇒ RIN equivalence .

☒



IOU proof for Lemma lifetime permits)

Lemmy :

Let G be an unfeeling ; then for Fix, u,XD=Fc✗,a) ,

H=F④G is Rtun equivalent -10¥ ⇒ F equivalent to G

Pf_Couttine )
- HEE it
- evaluate at u=0

1¥
. Hand ¥ are RIN equivalent implies that

{ I diffeomorphism
ZCXiuim-ldcx.ua/NiXluiNiX1aiN)

7- a smooth function Ccu ,d)

Set .

Htxiuii) = Écotxiu , A) ,✗Cair ) ixcu.ir)) 1- Cloud)

= T-lbtx.mn/XluiN)-CCu,N

Evaluating at u=o we have

Gox in = Htxio ,A) = -1-(011×10,111,410,111) +CIN
6

☒



Part -11-1 :

Proof of Malgrange Preparation Theorem

to mins

(1) Malgrange 's preparation -1hm :
statements } comments

(2) Outline of Pf . 5 mins

(3) Preparation -1hm Pf : skeleton version 20 mins

(4) If time : preparation Thmpf - Proposition 1 to mins max .

¥€tD Malgrange 's preparation -1hm . : statements 3 Comments

- State Thin w/ full .

- 0.* lmup) Rmk

- Comment on Ghosts ⇐ generating set [ Think ?



I - (1) Mopangelspnepara-ton-hm.f-S-a-eme-smmeatsl.IO mind

*Statements

KConmentonaotat-ooi.IO/-

-

"A map germ at point q
is an equivalence class of germ equivalent maps

11

[ locally same on hbhdofq) .

- En : the set of all germs at the origin of smooth functions f.ph→R .

Remand : 4) § :(R" , o) → (Rko )

01*4 : Ep → En
,
$*h = hot

-

Motntuldi : 1¢ -101cm . .im> F En generated by components of 01
- Bricker : *

cmcp) ) = ☒
*
[<✗ , , . . . , xp>) by Hadranad 's lemon

[$*m Cps can be identified at Mlp ) via 01×-1 ) .

*dñm_ :

☒*(mops) c- If ⇒ Then proving the Alalgrange preparation Thon . w/

Aly* cmcp, > A implies the case that of A/ I¢A .

Pf_
.

*
(Mip)) = 4*4×11 . - - i Xp>)

= { fool I feck , .
. - i Xp > Ep } C- En

£ < $4, ,
,
- - ixn , >

← "
-

exercise .
"

9 En
- ☒

We will use Bricker 's b*mcp3 , as it is the more Tatum
notation for a crucialstep on the proof .



Filmy) A

claim
. Given A a f.g. Ep-module , TFAE ,

F) {Ui , . -yur} generate A ,

④ i. . - iñr } prog . of Eu , , . . . . ury generate A /a.A
-

"
cobasis of AA Tn A "

where or c- Jacobian ideal of A .

⇒ Obvious

⇐ Nakayama 's , let N =L him . - , Ur> ,
then by ai ) .

Nt AA = A
→ N=A

. ☒

*E .

Let 10 :R→R , fix>=P . Let A=e, . Then I§= 1×4

and obviously A/ IgA = IR {1.x} Tsthecobasis of 2pA in A .

Modgrange
⇒ {hxy generates A as E

,

⇒ KFEA , f- hiCÑ then} × , for some hnhzt Ei .



TI- (2)
-

Outlineof pf. of Preparation -1hm . 15 mins)

- So wehave A , a Fg . Ep, module
sit . A /p*mcp . Ats finite dimensional ,

we want to show A afg . Ep module .

'

- How do we approach ? Recall identification of the En - module A as an

Ep-module is via :

§* : Ep→ En ,
induced by 4 :(112701 → (Rko) .

- So we see constructing smoothgerms between 111240] , CRP,o ) ,
should be a way to prove our claim .

The big picture behind the proof is :

- Take germ § :(pi, o ) → (112%0) ,
to find a dissection point of

the problem we decompose § :

µ : (112%0)→ (1124112%0) → CR
'
, ol

' § = Cid ,f) § = ( g
,
,
.
. . - , g?

- For shorthand , we denote

" A /Hmp>1.A finite ⇒ A f. g. Eep , module
"

as simply MIA , where $: 111240) → (112%0) is identification forA.
Hardwork

↳
- We show that Mlfh) and Mcg) . We then show that

u[ Mlfh ) and Mcgi ) ⇒ M (§o§ ) = M (f) .

- we are happy .



I - (3) (Pseudo ) Proof of the -1hm .

Prepare : two propositions G.e. prove the Malayrange - preparation -1hm in each case) .

Propositioning .

Let h : (112×11240) → CRY 0) be a germ , then M Ch
)

.

1-4×7 1-7 ✗

Propositions
.

Let f :(Rn, o) → (Rt, o) be
agerm w/ rank n,

then M (f) .

* The proof for prop I { Prop 2 are at the end of the notes .

They might not be covered in the talk .



Decomposition
.

Decompose of :(RYO) → CRP , 0) as ,

(R", 0) → (R
"
✗RP

,
o) → CRYO)

F- = lid
,§ ) 8=5,

c1uTml=Mlf#

- § is the obvious projection w/ rank n
( Ker-1=0) . By Proposition2 ,

MCI) .
Claim2 : MI5 )

- § is not that obvious . Recall that if we have germ 1Proposition 1)

1h : CR ✗ RP, o ) → (Rko )
tix) l→ ✗

then Mcd ) . To see knowing luck ) is necessary 2 sufficient for

Mcgh ) , note § is a composition of h 's defined want the n

number of IR 's in the domain of § : ftp.a-x/R-xRP,o ) → (RP
, O) sit,

n copieswhere § , :(☒ ✗pl , o )→ (RP 10)

§ : (112×112×112130) → (112×11210)

:

gun :( Rn ✗ 11240) → 1112
"-'

✗ RP
,
o )

so that ,

g"=§p . . . 09in

§ : 112%1121>→ pit'×RP → .
- . → ☒✗*

P
→ RP .

where t et El , n] , §, ⇒ Mcghie) by proposition 1
.

Then we have

a
"

chain
" of modules w/ f.g. relations :

Emp → Een -1) +p →
• • • Epa→ Ep

I 1

A f.g. as - module Mcg, )
by Megan)

⇒ µ ( § ) by chained f.g. module relation above .

pg



Claims :
Under the hypotheses of the preparation -1hm (Afg . ehmod.lt/y*mp,

A

9
f. d.)

,

Mlfh ) and Negi ) ⇒
"

Mlg
"of ) = MLP)

J §
'

: 1112
"

, o)→ 1112%112%0)
God :{

① Aa fog . En module ⇒ A a f.g. Enp module [ § :(☒"✗☒Yo) → IR
"? 07

② A afg . Epen module ⇒ A afg . Ep module .

Assumptions i Assume A es finitely generated over Elm .

Moreover,

A✗Cgiof" ) *mip ) . A = A*Cg*m (p) ) -A

Ts finite dimensional ( IR) .

① g"* mlp) cmcp.in) ⇒ f"*g"*mlp) c§*m¢p+n)
⇒ A/ f"*mcp+m . A is finite dimensional

Mcfly

⇒'É?e" "② On the other hand, note A§*mcp) . A =A/f"*nip) . A
,

"

equal
"

nip to fepreseataton

⑨ *< × , , . . . , xp> §*§*<× , ,→ xp>
=

Ig =

Iguof"
.

which is finite dimensional over R .
Hence by Mcg

"

)
,

Alaaptmm-dae-sa-f-n-teygenerated-p-m.de. Note we have =

Een) -module A f. g. over Ecptn )

Ecptn ) - module A f. g. over Ecp ]

⇒ Under •F)*, een ) - module A is f.g. over ecp?
h



I - (4)

proofof-he-hmifprp-propz.AT#
.

- One step of the proof requires the concept of regular
germ 3 Division lemma : 1 for proposition 1 Proof ) -

*DeflRegul
A smooth germ f :(☒✗Rn , o) → R ,

Ctx) ↳ flex its

p- regular cw.r.tt t ) i Tf f / ☒✗ {oy c-Mll)
P
and * ma) Ie,

o = f- 10,07 = - . -
? flo , o) , ¥p- fcoio) -1-0 .

X-D-iv-s-onlemmaletfigc-E.cn-11) be germs set. f- is p- regular . Then 7-

a Q c- Ecn -11 ) and germs hj £ Ecn ) , 5=1
, .

-

-

i P "t

g--Qf + ¥2, hjcx) em I



Prepare : two propositions G.e. prove the Ma/grange - preparation -1hm in each case) .

Proposition .

Let h : (112×11290) → (RIO) be a germ , then M Ch
)

.

1-4×7 1-7 ✗

PI
. By assumption , we may choose finitely many ✗in . - , he c-A that

generate A over Ecptl) and A /h*mcp . A .
Then t☒ c-A ,

→ real vector space .

✗= £ Cjd , + b 1cg c- R , 1b€ 1h
*
mvps • A) )

5=1

e

"""" "" " """"""""""" "
⇒"" ""* "
5=1

CstR .
Note t.EC;D; =o ⇒ th *Mcp> • A rover projection A-gy.AM#p.-A
⇒ ✗= £ Cyd, + b. , be h*mcp) .A.)

5-4

J
= £ cgct; + I Yskbk 19k€ h*mcp , b#A)I-4

= -2cg as -1 Eyk Irkj As I rest Ecp -11) )-

e
2-
5 C- h*mcp) - Ecp-117 .✗ = Idcjajt Ez
,
a;5=1

u Jil
£112

In particular , consider
the case ✗= the ,

sit
,

in

the = ¥-1 Cig + Zig) ag HR

⇐ @ Sig - Cig - 2- i.g) • A = o
,
✗ fig ) the identity matrix)

-

( exes (¥:) I
llxil = ex 1

and denote b
§ = t Sig - Cig - Zig . ( now a matrix c-Re✗e)

.



Now let 432g) c- Mate, IR) be the adjugate of fbi;) , i. e. .

(Big) is the transpose of Cbi;) 's cofactor matrix. Then :

43 :;) = adjlbi;D ⇒ (Big) . ( big) = detcbi;) . He;) (2)

By linear algebra , 1. 1)+4) impliesdIÉi
guide cow .

I algebra .

Note g. a __o ⇒ g. A=o⇒ A ☐ E-EP-MQEcp.tl,- module .
I

Also note dell be;) =

Is a function in Lt , €.li#iRPjTfIe-x--oi then b

TS
,

Tnt alone . This allows to concludeÉat .

t at tho) i for somegill note 8 (o , 07=01 hence -
%

.

*hen. by the Durston Lemma (see age 7
, once we have ,

- DTs g-regular ,
-

Let ✗ c- Ecpa) , then by Division lemma , -7 Elp-11) ,
w

germs Hug c- Ecp) , j= 1 , . . . , q sit-,

&

✗= Q • 8.*: fig ×, t.FI
w

w ✓c- Ecp-11)
c-b. Ecp-11) Ecp-111/8. Ecp-11)

⇒ {titi, . . .it
"
} Is a cobasis of a - Ecp-111 Th Elp)

⇒ Ecp-11110 . Eep-11) f-g. over Ecp) .

Then
f.g. over

A 5 %"÷*, → ecp )

⇒ A is f.g. over Elp) ⇐ Mlk) . QED .



Propositioned
.

Let f
"

:(Rn, o) → (Rt, o) be
agerm w/ rank n,

then Mcf
"

)
.

Pf_
.

By rank - nullity theorem , §
'

can be expressed in terms of coordinates ,

LX , , . - - , ✗n ) 1-7 ( Xin -- , ✗n , 0 , . . - , 0)

from which we conclude
, for a canonical embedding of Rnc RP

,

any smooth germ (pi , o) → R can be extended to 4¥30)
.
Hence §#Ecp>→ Een )

Is surjective .

⇒ I finitely many generators of A over Ecm that

are 1representation of ) generators of A over Ecp?
Er




