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Theorem 16.1 (Malgrange—Mather preparation theorem). Let¢: (R",0) — (RP?,0)
be the germ of a smooth map, and let A be a finitely generated £,,-module for which

A/ sA is finite—dimensional. Then A is finitely generated as an €,-module. More
precisely, let {uy...,u,} C A be a cobasis for [4A in A. Then A is generated by

{ui...,u,} as an €,-module.
Explicitly, to say A is generated by {u; ..., u,} as an £,-module means that for
each a € A there are hq, ..., h, € &, for which

a=(hio@ui+---+(hyopu,.

In general, the k; are not uniquely determined.
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Definition 7.7.

LetJo € Enbea function-germ, and F: (R"xR%(0,0)) = R be an unfolding of f0.The unfolding F is versal if given

any other unfoIdingG: (R" X Rb’ (0, 0)) - RoffOthere is a map germ¢3 (Rbso) __ (Ra’o) such that G is
equivalent to 'F. »

+
The equivalence here is of course Run—equivalence.

Not only did Thom introduce the notion of versal unfolding, he provided an easily computable way to recognize whether a given

unfolding is versal, and indeed to construct a versal unfolding of any germ of finite codimension.

Given an unfolding F(x,u) (withu € Rb), the initial speeds of the unfolding are defined to be,

. JdF
Fi(x) = W(x,O), (j=1,...,b).
J

These are elements of En. Let ' C En be the vector subspace spanned by the initial speeds:

F'=R{1~*,,...,F',,}.
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Definition 7.6.

|0W\”(V\>

Two families F, G: R" X RY — R pe equivalent if there is a diffeomorphism
®d: R" X R = R" X R of the form

Q(x,u) = (¢(x,u), ¥ (u))

and a function-germ C : R — R such that
F(x,u) = G(¢(x,u), y(u)) + C(u).
This equivalence is called R-t:n-equivalence. *

+
The subscript‘un’in Run is of course for ‘unfolding’ In essence therefore, for each value of u, the function

Gywis R*-equivalent to Fl, via the change of coordinates Pu (here Pu (x) = ¢(x, ll)), and the
constant C (1),

It is important to emphasize that the change in parameters does not involve the state variable x.
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Definition 7.7.

LetJo € Enbea function-germ, and F: (R"xR%(0,0)) =R be an unfolding of Jo.The unfolding F is versal if given

any other unfolding G: (Rn X Rb’ (0, O)) — R of fothereis a map germ ¢: (va 0) — (RY, 0) such that G is
equivalent to *F. »

+
The equivalence here is of course 7?'un-equivalence.

Not only did Thom introduce the notion of versal unfolding, he provided an easily computable way to recognize whether a given

unfolding is versal, and indeed to construct a versal unfolding of any germ of finite codimension.

Given an unfolding F(x,u) (withu € Rb), the initial speeds of the unfolding are defined to be,

: JdF
Fj(x)=ﬁ(x,0), (j=1,,b)
J

These are elements of En. Let F € &, be the vector subspace spanned by the initial speeds:

ﬁ:R{F’.,...,ﬁ,,}.
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Theorem 2.1. (Mather Division Theorem). Let F be a smooth real-valued
function defined on a nbhd of 0 in R x R™ such that F(t,0) = g(t)t* where
g(0) # 0 and g is smooth on some nbhd of 0 in R. Then given any smooth
real-valued function G defined on a nbhd of 0 in R x R", there exist smooth
functions q and r such that

(1) G =qgF + ronanbhd of 0in R x R", and

(i) r(t, x) = Dk=d ri(x)t for (t, x) e R x R" near 0.

Notes. (1) The Malgrange Preparation Theorem which states that
there exists a smooth g with ¢(0) # 0 such that (gF)(¢, x) = t* + >¥=d A(x)t
follows from 2.1 in precisely the same way that Theorem 1.1 follows from
Theorem 1.2.

Theorem 1.1. (Weierstrass Preparation Theorem). Let F be a complex-
valued holomorphic function defined on a nbhd of 0 in C x C" satisfying:

(a) F(w,0) = w*g(w) where (w,0)eC x C™ and g is a holomorphic
function of one variable in some nbhd of 0 in C, and

(b) g(0) # 0.
Then there exists a complex-valued holomorphic function q defined on a
nbhd of 0 in C x C" and complex-valued holomorphic functions A, ..., Ae_1

defined on a nbhd of 0 in C" such that

(1) (gF)(w, z) = w* + Dk=d N(2)w! for all (w, z) in some nbhd of O in
C x C*, and

(i1) g(0) # 0.

Remark. The reader may well ask what such a theorem is good for.
Before we proceed we point out one trivial consequence. Given a nonzero
holomorphic function F of n + 1 complex variables, we may assume (by a
linear change of coordinates) that F = F(w, z) is in the form above. Then the
Weierstrass Preparation Theorem states that the zero set of F equals the
zero set of the function

k-1
whk + Z N(2)wt
i=0



