
The theores on 

Laqrongian and Legendrian immetsiond 

h-prineiple 
RC X"to be Di#V-invaint. What an we say f R (s Inyavant my wnt 

wil 

for examyle, 
subqoup 

we have sun Hu now have yea, uired the PDR 

) let (u, w), (N, w) be aympkehie anifolde. then insymMp 

(PDR fhr Losyableche ersitnd) 

then foy)**eg*s)y'y 

2) Siniatly, gven covdact mantolds (V, zy)kUw, Sd 

( PDR A is0et act imaersi ona) 
is iNat iat rt 

annotDipv-nv ajaut. T te Symp (inyakant. 

isasymplectrt map 

it cqual to wyif is a cympkcrphisn 

See below 

mly eontact difeomorplhisms of v. 

mve a holomone aproxiwation thm pr Suck relatinu e of A el (ee bel w), it 
be conveniet to asue that e ditfeooTPhisA in ae obtained ria 

tain 
tlowe of compacty 

(Haonion vetr feld) 

:VV is a difesnorpl sn, 

Supporked vector fields -ths suggeste 

a lie subgrup of Diev) (opadt uported atteo norp hitut of V) the 

C s'y,w) ls givea by 

Thee a infinie dincns'omal a their tery ie cubtle, we wil ony condider 

Case wne U is Ham(, uw) DiffoV, do we will take for aated tht they 

Agm_ hå (H:VR congoctty uyported f 

e Lie subgrous t Diff v wth teiY Lie algeb rad ugiven below (se Rnk) 

(Vyu) isa symglaf 

wrt 

to be 

[ Recat: kiven 4: vsR,ks tae mieue Vestor Reld st w(XH-)dHJ 



Covt = 
Contat 
vecfr fieloe 

Let R be te eeeb veet field wst a: 

Thea 

Prove the 

This is eg i valet to the oemdlihim Hhat it Ie kr in anb hd, 
Hen y -fa for Me 

f: VR 

givea HiVR, 3 x, eKV) st &()-H k , de =dH -(dNR) & 

aned Xy iS a contat vf, Moreover, every ortat vector feld is of tais frm. 

hol tan in tuis Cae, 

two add itimal propuies CCAP1), CAPDjdd (a, a) 

we wil reie Hhat satisfe s 

ie elhobre frece felt 

Lic Sub gooups. Nhod eem to mater is wly that they eatiy te followg 2 prop orhes 

andtthat the flouse of vectr held in thee cases give oteg no rphism in the 

ie cpechive sudgroups D, (v) 

CAPL) Gven a vector Aield ea, a 

3 Vea sug purtkd tn U st a 

CeMPZ) Given X,e V ond a 

conpact subset A eV and a nbhd Uf A inV, 

(Ram(V,w), han ) satitfe tuis: Glven X,e ham ,A CVev as abave, 3 a cutot 

tangut 

de called capacioud. 

Dene He ut. 

’ Snilaly, ( Dttc, cont) satisfies tas. 
Than Xg is at meired. 

hyperplane T eTV at , 3vea tranvee to I. 

’ (HamcV,w), haM) satisha tis : qiven Ko, t a abowe, choote a Danboux chat esn 

sD wa ean defiae H So Hatit wates an apoak cod h in anbha (smhr) 

Lo col h-principle for microfeib le 2-huariant rdatns 

(u,z) 

’ Sinilally, by pickiny a Darbows dt aet a pt in entet d oarking in () 
(We ean pe t froperty nr CoHtan, cint) 

Thai Let 4e Dot, V be a eapacous subgroup , *1V be a natual ibvaion an 2-invat 
(ocaty inkrable, icrofterible aift sel. 

(otar Atn hld too it (CAP), CCAP) asa hodd pas aamtnealy) 

on 

Ln te previoud tel e, we obteined he local-h prineiple tur lo wy totepalleh moleasle if de vb. 



Yyer 

Reduce t tae cale 

Here, 1) 

Trove ubing Iterpolatim ruperty 

Show 3 etnsions 

Then geta affeotopy vin ahean interpdatin frou Dl. 

warks dabove 

’pco,) UE!) 

T) a) reyuines merofteri 'ty for (relotie) Thtepa lattn Prperty 

Chow t f 3lo 

&, that detined re. Se tae net page. 

yuiret local tntyoail 
b WorkY as befere 

hii cantalned in 

bes 

2 



I) 
(CAP2) > A can be duleiinded st each of s impl'asdnits trawe 

vectr Reld Vaea 

Neay eacta Cimpley b, dhoote a coord ysten wiel tlenbies a sliglt 

CA1) we edn 

k is Suppated a a 

A 

whch intersets A. 



4A112 ina Saaller 

isubre of U, 



Two eful lemas 

euna i et (V, w) be a symple thc mfd, TiEV be a Symplech'e vector bunedle 

Over V. Then the ie a sympe chc stuet on a nbhd V ot tue 

zero echien V E t Ww, and he eetin ot to e fibS t 

matehes te symplectic shuche Etamesynaplectie B. 

matche we on Ey and ten take w to be n tT*wy. 

A sympl vB is (o cally t te fr y hee te fot have th 

standad Sympl str ie tueV, 3M cV on open set containing 

Subrdinale to 

n need wot be elsed Ceeu thoh n, 4 e),which s a problem becaute 

we want dw e0 = dn. 

fanily f snck opea sets 

By comhucti, the 

Exprsing dn in local coordinetes, 

Let Ze tCE) be teue radial veetr feld on each fibes of , ie on 

we 

propehias. 

TE Cx) =o tor XeT,v 
’ o 

We can now detne o:= + Tw. wich will be eosed a n i, 

1he latr implis taat is naA-deg nerete along v cE ’ i non-deyenake 
in a hd tV m E 



Lemma: tV, S.) ea contact fd k ETV be a 
Thea her is a 

Then 

Kt 2'v) The idea wil be fnlu 
(emct to) 

t that leua 1. Dn the proot f Lemna t, we nsthucta a clasec e lE) 

we canaio 

Smglechi vctr bundle. 

ontact struetue om a nbhd O V tn E st 

Symp lechie subeyaces ¢3 wt Csl,) 

let H:o,] xEte he htoy lt,e ) te hom td:Et to itEa 

tnöNe thatn i 

Chooiny 

V 

Cract ith 

D fact,G alio satsfed (x, )-0 XeT,V 
VYeTE 

TRecall t pisn oprator ?:ntE)) (re) wedd in ttue ff htpy-inyoràe 

Ho 

(Say doaVs atl, din Ey* ev) 

a connedion nE, we obtein a 

wieh we ean wite YeE (X,P) eHE, Fe VE 

tat suaivea) 

itonArplit m TEe tE OVE uag 



let tcV be a pdyhedon 

of Positve codinsion. Then the local h- prin ciple holds fr so ntact imestens 

(allo ott frmy) 

(ori let (V,,) & (w, S) be contaet mantols, 

from the previous telk, oot s \ocally integrable k nierotexi ble. 

(Gronsw) (V, 3,) ’(w, S,) 
We pnve te an- paetie caes 

PEL A frmad soution is de'd by F:TVTW a bundle nonomerphtM t 

F: ,3y is a oyMp ketornorphsm leelwise. . 

This is A 

(SeeTali 

Claim: 

throughot 

Symplecte Subipacey, let wy e CSs (3), 
Cs(3») wrt 

Synmplechic V8 over a 

fura on et'd 
uto mult byfo 

cmtact mt V, s,) lemma 2 applier giving 

ti We prove te inesion e. The caim 4en o lows a tey brth 

tt Sy mpleche npleants, , in v CN. F en be extaded to an sSo tovchact 

op is open, opv has a tore of positive wdination tue oolay above. gives a ktpy to 



Thm TL, h-principle 
Recall 

Let F: TV’TW 

holdo for legendn'an inerNond 

for each teV, F: TV Tis W maps Tpv into a 

Recall that 

(wehFX)) 

Aolution. 

Lagrangian 

a 

The idea wil e tho show that F extendr tto an so to ntact immescton 

he .We shousd map TV into a complemeatay Notropre aspace of 

I dont have a niyorow praf foths. The foowing 

st te (e F an itotropic Subspae 

as a Larangin 

subepuce wnt CsCz)i 

2) Sine F(T,V) i3 a Lasrangiaa swsaee af Iaii 
taking F(,v) to 

where TtVR hs ts coctet str 
pom dz ->en 

subspe 

So f i an ito cantact homoorphitn 

map ,*y to Ke jnverte ige t <y' nderte 

aymaplectomorehitm 

Sympect orphitna. 

ro ble? Th's wyt be dona in a suooth wey, but the ynpleotomorptu is nt anonial 

3) Use Weinstein's Neighbouhed thenm fr e isotr. injecten FlTyV) Aqon, haye to 

As befrre, Hue locad h princple fr iso contact iuntiom îupliu tat Fis 

ianerstan. 

f:* |.. !VW then a Lgandian inr 

ene cCuoun. 



/mmrsind 

let (W, duzw) be an elact sypleche nfd ot din 2a, et din Vzn, 

imrsio f:V (W, duow) is called exad if a is exad 

A lyrangian 

Rop: Lt V be n-dimt 4 w be 2A -i. An isoto pie nonomarphm F:TVTW 

(ie F mono norphilm et F* w = o ) is homtopje in Rik to F: TVTW t 

an <rat Lgrang ian immesion 

(Here we ne denohig 
Observe te tolloig 

Sygl mfd (wAR, A dt-&) is a contact mfl 

2) f:Vw, wda) is aa exact Lagrangiaa 

4iven F:TVTW 

ladrin 

Imnersim ul tta =dg.geCtv) 

?() (),gc) a legendian imaerslion 

an 

tract Lagranglan 

4) On tee leved frel data, F:TV TW, da) is a sohapie nono 

a anat fo 

iAmerrim 

imertion. By 3), f ts n teaet Larangian Imu traon 

MOnO 

Laprangian dabspacey tTN, do we yet a komchy om Fto F! =Tf 



Q what abyat Lag ranglaa 

Supe fe TV,) 

1 havent seolved the 

iMmersos int 

can be ktpie to the daituntal f a Lagrangian 

Thmi The hprineeple haldA fer Lagangian immand f te foral solhin F ae 

Gamol, les)ades asmed to 

Io sympleie immesions 

For 

jeneral smuple dhie mfds ? 

probem 

py of f nd Lagragian imStond. 

denote 

� (W, be opl ecte nfds ith dinwdiuad AcV be d suspolyhedan 

Lenma let UcxW be opcu at NFww is cact U. Tuea te h-rine'p e holda 

fr Lagrangian isoteopi e sectirnw qtycVxw 

dea ¢ the pf: Say , e da ,enu). vet this problem to a prole abeut 

Legendrian isotropie sechi ons opA (UxR, A=dz-«) k prove that tus 

] eed to ink derential rel & (ocally Interable, uerfleblek mvariat wrt a PMall 

mere abut tais skpnbhd f dentiy in tHamcV,y). 

Then: The local k- principle hold for the inion Ho'aatyug Ssogypip 
F:TO,4) TN, fayy, C1af)'ow-[v 

A tangent ectar G ot tae frm X, Tf)) e Tv xTW fr xe TV 

’n is exact on a nbhd U (by rekochng 4 nsh f He gragh to Hhe gmph) 



Obs bs f: oA V» W 

Note! 

Csromav) 

is a foral isotropic Sechion T( A) ’ TU e TV *TW k is e ct mU, 

is houotopie thro ug formal otropic 
(s an isohrapie 

The leMma 

Setions t 

Sechion OpA« W. 

above implies taat 

for pe qoAy XYeTV, e(T (,1ê () -e-wa)(0r,A), lY,TAY) 
- wy(K,Y)-w (TfU), T) 

Then te 

1S an 

Tf via formal itosymplechie ineims (by oamposig tta obtuined htpy t 

iumersion ? is an isotropie sechon 

Thm: let (V,y,(W,w) le Syle cht mfd wl dia w7dim V. 

k prineiple holde tr Sasylechie tmnerions 

an 

(wy-p) (x,) 

PE Tais i siila to te root of h-piniple tr So contact immersio. 
Given F(TV, wy)(TW, ,) a foran eolutiaw, let NV be tae 

Lemaa 1,3 a 

ojccbm to Tw) 

n a nbhd ov n N st Sympleetic shr w 

ks hefre , we deduce E(TV))=v) ,ie the tibes f a 
estead F to 

Symp lectic eomlets of TV ce TN)y. Then we ean 

iSosymplechie ianetim. 

0sosyylechic iunrsim, V open, ts haa Core ot phve odia. 

Retictg 



{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Form", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

