
Motivation
·

time" "position" "velocities
h

· Given an open differential relation REJ(IR
,
RF) = RXR*

x 19 Si
. e . an open subset) and a formal salution

F= (8, 9) : [ < R
,

+ 1 < (+, 8 (t)
,
f(t)) Smooth but suppose extend R in the sense that we allow for "more velocities at time and

position ((t)"
.

Moreover
, suppose that the extension of R now yields that f is a genuine Solution (So extension of R Captures &(t))

,

Can we get a genuine Solution of R ?

· The answer is YES. We can even find a homotopy ,
which connects F With a genuine Sal. F= (G,i) and f and In

as Eoslose together .

· To do this
,

we use a technique called "convex integration". In the following ,
I want to show you how the main-

argument for the proof of the above Statement Wards (even if some maps below are not smoothl :

· Regard C=0 and Suppose there are velocities an, , ...
an in R S. + . OE int(Canu (an

,...,
an))

.
Then we decompose

O = [ciai and : gives us the time we spend with Velocity ai
. By defining a path ,

which always goes between the ai in

highbequence and integrating it gives us a "Solution"
,

which is Co-close to 0
.

Example :

G1E - 1
, az = 1 "possible velocities" and Ea + EG2 =0

:; v
St) = (1 for +e) do if

for + [12
,
1]

S 1 - + if + E [1
,
1]

↳ right velocities but is not

= clase to 8

S
1 it +e[o, )

I
+ if +E(0

,
1)

·Make it ascilate fast between 1 and -1 : S'(t) = - if +e[
,
) ~i Scoldo = 112 = + if +22T

,
1) my

. . . .

1 if + [1
,
3) + - 14 if + 25%

,
34)

-1 if + [3
,
1] 5/ - + i) + [34

,
1]

- 11282
-> Will to approx. O

.

- 1/4 S2

- 11893

-in is is e ii i

RmK :

· "Map" , "path" and "Section" Will always mean that the functions are 20



Important Definitions

interpretation of differential relations as "differential inclusions"

· Let REJ (R
,
RP) be a differential relation and let (4,CCICRRA) .

We define

can
be empty E+3x5y3x19

&(1) : = RnPy := Rn Spa (ty)
,

where po :(R
,
R)xJ(R

,
MF)

.
Moreover

,
we

11 II

RXRExR9 xRxRA
,

/FY
,
F11y (FY)

naturally identify &(t, ) = [YERA (iY,
Y)ER3 "space of possible velociesa" and get that Stiy,

Y)ER(=YYERStiY) .

&

Heft 1 : "Modifying Velocities"

· Given a differential relation REJI
,
RP) and a Section F= (f

,
1) : R X R i. e. smath maps R XRA,R XRA S.. H,H

, 7) ERVER

i) Connec (R) will denote the path component of R((+, 2(+ 1)) which Contains FC) E SABEH3XA
,

but we can always identify with subset of 1A as above

ii) Conve (R) : = Conv (Connec (R))P = E+x22H3x1RF

iii) ConVe(R) :=UCONVER ERXRI (R
,
RF) m This is differential relation

iv) Suppose F is a formal Solution of R
.
We will call F a Short formal solution

,
if f: R xRA is a genuine Solution of ConVf R i .

e., , Conve CRI VER.

1) We will call R fiberwise path-connected if &H, Y) is path-connected VSt
, Y) EHXRA

->
path-connected sompolight ,

when i ligs

Vi) REJ1 (R
,
IRP) is called ample if VCYCERXRA : Conv (Conni Jh(ty)))= RA Y&(i) Six styl =&,

then ar
. I



Main Lemma and Prof Idea
Zemma 1 : One-dimensional convex integration (25

.
3 . 1)

WLaS REIXH9x9 open -

-

· Let R&D (R
,
19) be an open differential relation and F= (f

,
1) : I iR be a short formal solution of R

.

·Then there exists a Cont. map H : Ix] < R
,

(T
, +ryFift) := (f+ (H) , Jyht)

1) VTeCo
,
1] : H(.

, T) is a Short formal solution and fr is Carbitrarily) Co close to f.

ii) HJ ,
a) = F

,
H) ; 1) is a genuine Solution of R and Ho

,
4) = F(o)

,
H(1

,
+) = F(1) X+[0

,
1]

.

"Homotope Short formal Sol . along short formal sol
.

to a genuine sol .

"

Rmk :

· If the formal solution F is already genuine in near Bl i . e .
(6

, 1) = 10
, 7 ER in anble of and1 then the above homotopy H

Can be choosen fixed near 22 : Apply Lemma 1 to CS
,
1-8]CI and get # : [S

,
1-8]x] R. Now define

↓(t) if + #[S,
1-S]

S# Ix I <R
,

(+, T) : #Itit else
.

This map is cont.
b . s . by ii)

,
we have #1S

,
4) = F(8) and(1.5

,
+) = F(1-8) Vre50

,
1)

.

Problem : The maps H( ,4) are not necessarily differentiable at the "gluing points" Sand 1-8 but we can fix this by

using openness of R and working in small nbhos J6-E,
S +El and 11-8-5

,
1-S + E)

,
where we use a smouth interpolation

Which is small enough ,
so we stay in R and 2: close to 2

.

Proof Idea :

1 Reduce to the case when f =o

2. Localize the problem and use the "good lasal form"of R

3. Prove the Lemma in the easier setting that we got from localization

4) Glue local solutions to get desired statement
.



&roof of the Main Lemma
Lemma 2 : "Reduction to f = 0

"

· Suppose we have proven Lemma 1 in the case where f0. Then it holds in general .

Proof :

· We define R := 3(+, z
,
z)eIRR(H))ER3 "variation relation along &

"

· Then E is open b
. c .
R= ↑"(R) and N : IXR*xIP xIxREXIRA is can't .

· Moreover F= (0
,
1-2) : T E is a short formal solution b

. c. OECONVER .

So we can apply Semma 1
, get #: Ex] i with

#(+, ) = (+, [+ (t), )
.

Wa deline H : IXI < R
,
(, T) x (+, EH) + 2St)

,
#(t)+ ·(+)

,
which yields the desired homotopy .

D

Def2 : (Abstract) flowers

i) Let neI and (lo
,
a)

,
(In, o....,

(In
, C)

,
where IFC, I Fi. in .

We will call IS
,
Osl := Fov In... In

an abstract flower
.

The interval Io ES is called the Stem of the flower
,

all other intervalls It ES
,

i.....in

in TES

Yes 1 in In S
...

&

are called the petals.

LS := EC1
, 1)

,
1121

....,
(in3 the union of free ends of the petals In th of the flower S

11,
2,

8 ·

os

&

& as (ordering not important /

11 to (12)

Smooth means smoothness of paramatization maps

T

ii) A map ↑: S ~ RF
,

and sometimes also its image
V

:= MIS)
,

will be called a flower
. · (1 , 0)

↳ Not necessarily bijective

smooth
Note that giving a map t : S xRG is equivalent to giving paths Pi :Ifor it.....in where to(Mo...

= In (O)

· For a flower V
= PCS)

,
we Set Gir = (1) i = 1

....in and C= 40S) = EMC
....,

In13
.

Lemma 3 : "Localization of the Problem" 125
.

4
.
2)

· Let REIxRqxR9 be an open differential relation and F= 10
, 1) : I R be a short formal Solution .

· Then 38x0 S. +. VtoC(0
,
1-S] one can choose a flower Y = ↑ (S) [Pto

, c
= Eto3x503xR9 S. +.

i) Of in+ (Conv(DE))

ii) No (4) = +Jta + St)
,

+El "Stem is given by
"

-
disk around O in IRF of radius E also uniform for all to Ca , 1-5]

11

iii) [ta
,
to + S] xIDICR for sufficiently small EX0

.



Proof :

· Let to el be ab
.

Since (to
,
0

,
0 eConVesta R = Conv (ConecaR) She

,
X

...., xneJ0
,
1) with Xi = 1 and

an , ..., an eSonnstaR) s. + . Origi = OE SanuSan
, ...,

an 3
.

Now there are two cases

Case 1 : OE int(ConvEan, ...,
an 3) i. e.

xie Jo , 1) Vi

>
smoath paths b. c . Rapen = &(t, fH)) open => Caruso/R) open

· Then Since flta)
, an ..., an EConnstaJR) and by path connectedness of this space 34: 1 > Consta (R) with Mild = +Stol

and Pi(1) =ai .

These paths will be the petals of our flower I while the path Pa(t) : = f (to + St) is its stem .

· By openness of R
,

we get that for all tie 50
,
1) 38: xo and Eixo S

. + . (i-Si
,
titSiln[xDxIER .

San cover I by

Iti-Si
,
titSiln[- Only need fin. many my Define SieminS

.
For any to20

,
1-8] bie] : [to

,
totS] Elti-Si

,
titSiln I

it]

and hence for E :=min : [to
,
totS]XDIER

Case 2 :Di= 1... n : OF i i . e. xic
.

· Then by openness of R and by local path-connectedness of IRA
, Connecte (R) &RA is open. Then 3ryo : Boca Connecta (R)

· For An = E
, ..., Aq=-ei we get=int(Caaq) .

Return ta Case

D

· In order to prove Lemma 1 in the local case
,

we need the following concept :

Defn 3 : "(weighted) Product of paths and balanced paths"
Li can be o if pi is constant

↑
· Let Kel

, p1, ..., Pr : I it be paths and 41 ....,
<ke(0, 1) S.. Sn +... + -x = 1

.

· We define p : = prop2 ... pr : I <M+ >pist) foo + e(ti- 1+:] and p(o) : = pr(0) when ti := bet ... +di for i = 1
,..., K

,
to : = 0

.

↳ a priori not Crn-1 .

· We call p the weighted product of pathsthat necessarily cantinous) and if di = /k Vizl
, .... K

,
we call p the uniform product of paths .

·Given a path p : I XR*
,

we will denote by pr the uniform product p....p of N factors and define p-:I, + 1 xpH-+)
.

-> > integrate componenta iss

· Moreover
,

we will deline Spiedo :I+1 Spoldo and we will call p balanced ifSpsoldo =0
.

Property 1 : "Multiplicativity of the integral" (25
. 4

.
3)

· Let pi : I iR9
,

i =1
, ...,

N be balanced paths .
Then Sup ....pu)Joldo = Yn(Spelado ......Spr(oldo) where the products

On both sides are uniform.

· This shows in particular that pr .... pr is also balanced.



Proof :

· Let + I be ab
. Then Sie S1,...,

N3 S . + . + e("YN,] and with this :

1/N 3/N t T
T

- -(p ... pr)(0) do = Spdo+P(v(a - y))da +...+Di (No - "Y))do

N(+- i-Yn)

subsitutions = YNpest)dx + YNpa(+(d+ +...+ pi(4)d+

N(+- i-Y)

balanced - = Epi/TIdN(SpitidSpd)
A

Property 2 :
"Co-norm of uniform products" (25

.

4
.

4)

&
uniform product

· Let pi : I iR9
,

i =1
, ...,

N be balanced paths .
Then IIS (p1 ..... pu) (0) dollca = YN max 311)picoldolles, ...,

1)pr(o)dolle 3
.

Proof :

· IIS (p1 ..... pr)(o) da/I l Sperado ......Spucadolle = 11 Speedo ......Spr(odo)(t)))
N(t-YN)

=N max Em 1 pela do II, II Spacodoll ,... ,doll3

= INmax E1 Ilpicado II,1 I1] Para doll,. ...
F Ilprcodo 113

= /N max & IISpicaldollea ,
Il Spasoldalleo ,...,

II Spusoldalleo
3

D

RmK :

· Property 2 implies that if p : I iRP is a balanced path,
then pr

N-0
y 0 in 20-norm

.

Lemma 4 : "Main-Cemma in local Setting" (25
. 4

.

1)

· Let Exo be arb
.,

1=(S)C a flawe with OEint(CanvWl) and R= IxDXI
.

Moreover
,
let

F= (0
,
1) : I iR be a formal Solution of R Jautomatically Short b . c . OEConv(t)) ,

wher I is the stem of I .

·Then there exists a Cont. map H : Ix] < R S. +
.

1) VTeCo
,
17 : H(:, T) is a Short formal Solution and Carbitrarily) Co close to 0

.

ii) HJ ,
a) = F

,
H) ; 1) is a genuine Solution of R and Ho

,
4) = F(o)

,
H(1

,
+) = F(1) X+[0

,
1]

.

↳
Will ensure soht . When we "glue" later

.

Proof :
- 1

· Let I= 3)
,

Mr
, ...,

mus be the parametrizing maps for the flower I
. By a slight reparametrisation

We may assume that tilt) = f (0) near +=0 and Vilt) = ai near += 1 for i = 1, . . .,
Y (to ensure Smoothness)



ab %0

↑ philo:i = 1

· We consider the product ↑ = toanti ..... Turakoti
,

where the weights of constant paths ai are (1-9)d: and the

Weights of the other paths are S2K
.

· We want to adjust Xi and 9 S. +.

↑ becomes balanced :

S12k + (1-S(21 + S/2k (2k -1132k + 11 -9) i 1
T

i=1

·3- (1-514()do +... + Str (24X-1-((do + Str(10-1= M-51)) do· For this
,

letd. (dot-, (2k-2)9/2k + (1 -9) T (2k- 1(92k + (1-9)
- S

=Stand +.. + Bu +u(+(d+ +Bu+ )d+

=> lldII(STES =C
.

Since Oint(Souva
...

an)) by assumption ,
So: Bro cala

and Since (1-5) Convlan
, ...,ak) = Canu (11-9)a1, ...,

(1-9)9k)
,

we also get Bru-s)(0)ESonv (11-5) an
, ...,

S-Sak)
.

For So

-
Hes we adjust s

Small enough , we have Ild/kY = -de Bry(o) [Bussi (a) [Sonv (11-5)an, ...,
(1 -S(ak) = - d = 31(1-9(a1 + ... + 2(1 -Sak for Zie(0,1]

-Here we adjust Zi

K

withSi = 1
.

We assign the new weights1(1-9), ...,
&k(1-9) to the constant paths di ,

then we get

1 S(2k + (1-9) 23/2k + (1-S( + (1-9)% (2k- 1)9/2k + (1 - S)

& Moldo = d+SandoSad-= d+(1-gan-glas-slak = -d =et is a balanced pathe

↓
again with smarth interpolation

· Now we apply the same balancing construction to the path F = Yanot"..... tuapotr of
,

whee the weights of the constant

1

paths ai are (1-9)6; and the weights of all other paths are S/12K+ )
.

- Set Stlado =0
.

· Now we construct a genuine Solution In of R and the desired homotopy :

· Let :=I be the uniform product of N factors
,
and : = Senlodo

~will yield-closedness to 0 i
M It

· Then Property 2 implies II fillea = EmaxEIIStoidolle
,

11 S Faldolle3 and (b
,
(1) is a genuine solution of R = IxD* xI

b.c . In biss sompletely in 1
,
Since El

, tr, ....
+k3 parametrize I and In bies in D for N large enough .

Moreover we have

- (0) =O (1) and (a) = +(a) = +(0) = 1(0) and h(1) = F(1)= 1(1)
.

· For the homotopy , we utilize the homotopy tia,oti-)0) and deform the ↑ to the constant path to +(c) and Y to 1
.

· Utilizing the homotopy (10) · /(0) ~ 1(0) and 110) · +r1
,

we get a homotopy H: IXI >I from 1 to b S . +.

H(0
, 4) = f (0)

and H (1
, +) = (11) Fre I

. With this
,

deline H : II iR
,

(tiT) < (t, PESH
,

Hilt
,
+)

,
which satisfies the desired properties

D

Proof of Lemma 1 for f= c

3 So uniformly Ftoc(6 ,
1-S) ,

so take Nuso : "28 and do it for I

M
· Recalling Jemma 3

,
we can subdivide the interval I into finitely manySubintevalls [0

,
]

,
Ch, ], . . . .

[1-Yn
,
1]

and we get that 3 IRA flowers S . +
. i) Of int(Convli))

ii) to(+ ) = f) + =) , + E]

-

iii) [i,XIDict



· On those intervals
,

we get homotopies Hi : (i,x 1- > (in,XIDIck with desired properties. Now we glue the

=eased
to ages an

homotopies together to get H : If I <R
,

which is continuous b . c . We haveHi,
-

---

YN3N3N

· Moreover the maps of which we get from the homotopies are still smooth b
. c. differentiating or on I'm

,
"Ym)

,
we get

· (a)

the map its from prove of Lamma 4
.
This map is Smarth in [,Y] and fi(1(=(i +YN)(0)is

exi+ Y +
..

which yields the desired regularity. For the map fy
,

we get smoothness by our construction of t
,
F and 1.

D



Corollary 1 : 125.
3

. 2)

Convyr = + xyx1Rq-

T
· Le+ REJ(R

,
17) be an open ample differential relation. Then any formal solution F= J

,
1) : I iR which

is genuine near GI there exists a homotopy of formal solutions
,

fixed near WF
,

H : Ix] <R
,

(4, + )1 > F+ (t) = (fy (H)
, fr(t))

,

FoF Such that Er is a genuine solution of R andIn is Jarb
.
) Coclase to f.

Proof :

· By ampleness of of R
,

we get that any formal solution is short
,

so we can apply Lemma 1
.

B

Corollary 2 : (25
.
3

. 3)

·Le+ R & J (IR, 19) be an open and liberwise path-connected differential relation R
.

1) Eg: I fsmooth g is a genuine Sol. of R3
dense

20 :IFsmooth t is a genuine Sol. of ConvIRI3

ii) 18 additionally ,
R is Liberwise non-empty and ample,

then Eg : I #Fsmooth g is a genuine Sol. of R3
dense

38: I < 19 smooth 3.

Proof :

i) For this
,

we want to construct a Smooth + S. . ((t)(t
,
f(+)) V+EI

·

For FEE arb
.,

We have that SNEIN and VIFL,...,
UNIFIER(F, (c) : (SF)= XiVi(F) b

.c. f is a gen. Sol. of Canv (R)
.

· By openness of R and by sont . Of C
,

we san extend V in a small nbhd.
YIFF to a Smooth map S

. + . VT(HERS, est) VEIF
-

· By compactness of I
,

we only used finitely many Fi=t ,
i = 1

, ...,
N to cover I

.
To globalize our construction,

we use the Liberwise

path-connectedness. For FeinFin
,

we get by path-connectedness and openness a smooth path Vi : I &(F
, ((F) With 8 : 201 = visF) and

U: (1) =v :+ (F)
. By openness R and Cant of f we san reparametrize and extend U : in a small nahd.

[F-S
,
F+S] to a smouth map

I

Will
,

S. +. WitS+,(t))V+ E [F-S
,
F+ S] and Such that U:() =Vi(t) in a nbhd . of F-S and (H) =V1(t) in anblo. of ++ S

.

· With this
,

we get a smooth mapy on I S. +.
F = (f

,
1) : I iR is a short formal solution .

BApplying Lemma1
,

we get a genuine solution g of R
,

which is =close to 2.

· For ii)
,

note that if 8: I >RA is smooth ,(t
, 2/t)) + ↑ V+ EE by assumption and Conv(B(+, 25t)) = 11 VCI

,
we get

that 36: 1 >Ret smooth] = 20 :IEsmooth t is a genuine Sol. of ConvR]
,

so the statement follows by it
.

D



Parametric case

· In this last part ,
we will State and prove the main lemma of parametric one-dimensional

Convex integration. The idea of the prave is the same as in the non-parametric case
,

so I willomit details.

ItLemma 5 :"Parametric one-dimensional Convex integration (25
.

5
. 1)

· Let REIJIR
,
19) be an open libered differential relation i. . e. an open subset of I RXRRP

↑
section

and F : IEI iR
, (p,+1 ( p,

+,
Espit), +(pit) be a Giberwise short formal solution of R i . e. VpEI the section

F(p,. ) : I xRp := RnpxJIR ,
RP) is a short formal Solution of Rp . Suppose that Fzp,

) depends smoothly on peIP and

is a genuineSolution of Rp when peOplGI? )
.

· Then there exists a homotopy of LiberwiseShort formal Solutions H : IXIx] <R
,

(T
, ppt)1 < F

+ (pit) = (b+ >pit) ,
+(pit)

S
. + .

Fo = F
,

Fr is a genuine Solution of R and S
. +.

VTES0
, 1] :

9)It isarbitrarily) [*close to f

b) Fr (p , c) = F(p, c) and F+ (p,
1) = F(p, 1) XpEIh

2) Fr is constantly equal to Fo = F 600 peOp(cIe) and

d) the first derivatives of E1)p, + ) W .r. +. PEI" are farbitrarily) Coclose to the respective derivatives of f(p, +) .

↳ Again
,

if F is already genuine near b1
,

then Fr can be chosen fixed near of

·As in the non-parametric case
,

it is enough to consider &= O
.

Def 4 : Fibered flowers

· A Libered flower is a map t : It gabstract 19
,

as well as the Set 1 :=I
*xS)IEM9 parametrized by this map.

· Given a fibered flower I
,

we will denote by Ip the flower ↑(ptS) [pXt , peI?

Lemma G !Localization of the parametric problem" (25
.

6
.
2)

smooth dependence on p

M

· Let REIE("J
,
17) be an open Gibered differential relation and F= 10

, 1) : ICI iR be a fiberwise short formal solution of R
.

Then 3Sx0 s.+. VtoeSa
,
1-8] one can choose a Libered flower I=/IS) I P

, o
= [

*
x Eto 3x5a3xIR*

s. +. VpcI?:

9) OE int (Conv(@4p))

b) to(p,+ ) = ((p,+a + S+ )
,

+EI

2) Px[to,
to +S]xDXYpERp for Exo small enough



Proof :

· Let toda
,
1-S]

.
For fixed pat It ,

(a
, tp) is a short formal sol. of Rp .

Result that we constructed an(pol, ..., an (pol E Cann,to

S.t . Of int (Canv(Anspol , ..., an(pol)) . By openness of R
,

there is a small open nbhd
.

U of pot I
2

S . +
.

Gi(p)e Connfip
,
yaR is Smoath and OEint/Convlan(p) , ...,

an(p))) XPEU. Now again by openness of R
,

we may deline

1
smoth Will

be chosen Later
. Imagine it to be for now if that makes you uneasy

paths Milp, +) in CannF(p
,
talR from Sp,

to) to Gilp) S. +
.
↑= (1(p, ta + St)

,
M <p.

+)
, ..., ↓(p,

+)) is a flower libeed over U
.

· By compactness ofI we can choose a finite cavering of I? by open Sets Uj ,
j= 1

, ...,
L

,
such that we have

above Isower +u = (1(p, ta + St)
, tip,t) , ..., (pt) Libered over Uj .

Let Usi for 51, S.. Is be slight

smooth
↑

smaller open Sets. For every i= 1,..., L choose a cut-aff function &" : 13 x[0
, 1] S... B= 1 on Uj and =O on IPUI

· With those
,

we deline 4 :I xIEPo
, (p,

+) S ↑4 ↑, B5(p(+) for pelj for i = 1
, ..., Nj ,

j = 1
, ...,

4

esp ,tol forpEFe\Uj

and I := (e(p ,
to + St)

,
t

, Y
,

. .

.,
Th,,, . .

.,
ti .....,,

. . . .,
tr)

,
where we san choose So and Exo by openness of R

and compactness of I .

J

·With above Lemma G
,

we get that it is enough to prove the parametric one-dimensional convex integration for the case when :

J

i) the fibered relation R consists of Libers Rp = p+ IxDX #ppx](IR , 1f)
, pelC wher I = NSx2)EIERA is

a Libered flower S. + .
OE int (Conv(ctp)) far each peI

?

ii) F= (0, 1) : [x]R where I is the stem of 1
.

125
.
6 .

1)

· In order to prave above reduction we do the following 3 Steps :

Convex decomposition of a section

· Let I be a Libered flower and let Gilp) = tilp ,
1)

,
i = 1, ...,

N and let Up := ConvCtp for peI?

Smarth
-

· Le+ d : JxI(x, pl > (p, dcp)EpXint)Up) be a map.
Then there exist maps di : [2 20

, 1]
,

i= 1, ...,
N S. + .

5)
we are in an open set

X(p) +... + (N(p) = 1 and X1(p)91(p) +... + <NJp)aN(p) = d(p) (sanstrust them locally and globalize them by part. of unity)

Construction of the homotopy Fr

·We will use the proof for the non-parametric case (see proof of Lemma 11 :

>
Smooth

· Take weights (1-9) Lilp) and Pak to deline ↑= Mar ·ti .... tran tit as befor Ip dependenced - Get smooth &(p) with Ildspoll = CS.
↳ from the flower



· Use that rsp) := SupEryol BriceXp3 is cant. an
I" to get uniform gYQ S. + . deplint (11-910p) ,

use sanvex decomp

to get new Yi/p) to balance ↓(pit) Vel? Do the same for F = M . anti :... Tran : tr . Y
.

·Again,
let In = + ..... to F uniform product of N factors and S(pit)=Tspoldo

.

Define homotapies as befor

and get desired homotopy Fr
,

which Satisfies property a) and b)
.

· For property c)
,

let B : I < 20
. 1] S

. + . PEO near Bl2 and BE1 on smaller cube = I?

· Then we redeline the homotopy H : IXIx] iR
,

(t
, p . + )1 < Fpipit (pit) .

Derivatives with respect to the parameter

· In order to show property d)
,

we need to show that lopfilp. t) orb
.

Enclose to 0
.

fix + and convince yourself

· We have UpfSp,
+) =p p ol do = Sphp,

oldo and Ephp,Exp ....SpPCPHFCP
sh is bod .

-VPEIS ↑ balanced

· Since + and F are balanced = Copt and copt are balanced b
. c . Septsp,

oldo = ep4p,do = 0.

· Using property 2
,

we get that for any +E
, pEI:

18pf(p,+) maxSp(1
,
Iphiptemax Ellepglea

,
Iphllea 3

=>

> Il0pfllea I max Ellepglea
,

Klophiles
,

where glpt= Sup,
oldo

, hept = [Fpoldo
,

so we got the desired statement
.

D


