MC_')‘I’ iVaation

dime" positer” etaryiies”

T

’ Si\leh an open differerdial ewelation QST(I'R, m‘)ﬂ%’(ﬁ;’x R¥ G o open siie) anal o Eormal  Selution

F=(f,¢): T— R, ++— (4, Pc), P)) Snecin bui Soppase extend R in the Sense that we allow for "More Velocifies of time + oand
position Pc1)". Mocove, Suppose that the extension of R how yields 4hat £ is o genovine Solution (So extensin of R copuns i),
Can gue se{ o gchvine Sofviron of R7

’—n\c answer S YES le con even find o horno{opy, which connects F with o genvine Sof. Er(ﬁ,,f.) and P ond A
ot C%close -{oJel,\e-.

. 7(; olo this, e Use o technique called Canvex in-ledmﬁvn". In the ﬂ/{ow:nj , T candi 4o Show you how +he Mmain-
ocyumend foc the proof of +he above Statement (orks (Cuen i Sonc ruys belos an rot sy

‘Q%jord. =0 and Suppose thece are Velocites ad,..,an i R S4. OE int (Conv (04,-0n)). Then we olecompose
O’ Zo(,'q; ond «; gives us the dime e Spend with Ve bocity a;.By o{ef{w'»j o Pa-{lr\ , which always aoes betwcen the o in
high fregvence  cmd in{ea( oding i gves US o " Solytien" , which is E™close 40 O.

[ gample :

I A- 1 9 § s
Qu=-1, 0g=4 ‘msitl vcies’ and Tourtaa=0 . > §H) =\ 41 b felo,%) ~ N 8(a~)o‘a~"'i‘f ir 4elo, )
-4 ° ?
- % 4—"“' %
1 bor tel%,17] r 1eL%,47

Lw;g«« vebeities but IS oy
Coclbse ¢ O

1 i +eCo %) . + ie t€Co, %)

“Mabe it oScilate fasi between 4 ond-1 : $'y= V-1 e qer % 3) ~ S Sl = | -t i tel%,B) ~ ...
1 e +el%, %) ’ t-Y% it 4eL%, %)
-1 i el ¥%,17] -+ i 4elM, 43

1 "Map " A "PMI\ " and "Section" will always Mmean +had the Ponetions ore e



Il’hp_qr-l-owf Llef initions

i »(;1 R ey (R, fR‘) be a diferential aelotion ool Lot (+y,7)eJ'(R,RY). L)e ole/:'nt
Can ke empty SR
S2y):=Rn Ry :=Rn (P‘.‘,U)" (417) ; wWheee Pf, : 34([R,HfR‘ ) — :“)o(fR,qu'). Mareow, we
Rx R xR > RxRY | (£5,9) EF)
hodurally iddentify QUU,Y) = { ye R | (-(‘y,y')eR} et e s andl get that (1Y, ¥)ER K=> ye Q).

Defn 4 :“MOOII‘P:/,'nj \/eeocf-nes 0

t Sm., o diPPeential wtlation RS I'(R,RY) ondl o Section F=2 (B ) R—>R . oo v rrss onit oo i e vien

i) Corm,-‘,, (R) wit denote +he path Componeni 0f Q((+ P1)))  Which Contains F(4) S $15x 70T BT bt e con aloms oty i s st 20 5 abre

i) Convm, (R) := Conv ( COnn,,-w (R)) €D, = Wl

i) Convg (R):= QR Comipen (R) SRxR%WRY=2"(R,RY) ~ 7 .ty i

iv) Suppase F is a Remal Solution of R.We wilt call F o Short Goemal Solviion | if f:iR—»lR“ iS a genvine Sofviion of G)nVFR e ¢, Feo, fenye Conv (R) Ve R

\/) lJe Wil( Call R Pberwise podh-Connected if SLU,Y) iS path- Comected Yi,y)e Rx RY

e componest st 3 Cirs
-t €

V;) RQJ‘([R,W’) 1S callee q}np(e WP V(‘l.‘I)SR*mgt COm/(Comy (Sl('lﬂ)))-‘- (Rq V?GSZ(i.y) (it Rltyy=9), thesok.)



/ﬂg«in fnmm_qm&enwm_

f 4. —al: . 9 m (25 2.4)
JRNVES R ZxR Y opon

Jet ReD'( R,R*) be an open differential welation and F=(f,£): T—R be o Shod formal Solution of R.

'Then ther exists a Comt. mep H: TxZ—>R , (7, 1) Fet4):= (Pr ), o))
i) VreLo41 : HC,7) is o Shoct formal Solution and fy is (arbitearily) €2 close +o £.

i) H,00=F, H(,4) is o aehvine_Solviion of R and Hlo,7) = Flo) , HU,7) =F (4) Ve Lo,43.

I
HomD/,,Pg Shoct Focmal Sol. alony Shori_fomal Sol. 40 0. genvine Sol I

Remx:

|8 +the Pocmal Solviion F is already genvine in Neor BT o C0)=(r )R i anihl of ool Then the above homﬁon H
Can be choosen Fixed hear @I : App(y Lewma 4 10 [§,4-81CT and gef ﬁ7ES,4~8:|xI—>R . Mow dlefine
F1) it +€[§,1-8D
H% T«I—R , TV g ﬁ'(«;,'r) else . This Map is cont. b.c. l:y i), we have f'(g,'r)' F(S) and H(4~S,‘T‘)= F(4-8) VYreCo].
Reblem: The maps H(-,%) ore not hecessarly diffeentiable ot the " Qluing poinis” S and 4-§ bui Wwe can fix +his by

Usina openness of R and worhing in Swall nbhds (8-, 8+€) and (1-§-¢, 1-8§+€) , tohese we use a Swmooth inderpolation
j P 9 ! po

Which is small enough , So We Stay in R ond T close 4o £,

I_DQQE Llea :

@ Reoluce 4o +he case tohen £=0

@ Localize the problem and vse the "aoad Goal foam "of R
@Q‘oVe the (emme in the easir Sefting thal we got fiom Localization

@ g(ue Gocal solutions +o qel olesiced  Statement,
3



Proof of +he Main fgmmo\

L "
/fO” 3

: gupPose we have proven Levamon 4 in the case whee P=0. Then it holds in sencratl.

Yi(t,z,2)

(2 o q q 1 | 1 = I
E &)e O'efine R:: { (‘l’,Z,E)ST\(fR wfR | (‘l’, 2-4?(%), 2.+f(4))€9? Vaciadion aeladion along A"
* Then '15 iS open b.c. §= Y'(R) and ¥: ITxR* R—TxR*<R* is cont.
e o o~ [4 o~ o~
Moceover F=(0,P-8): T—R is a short bmal Solution b.c. Q€ Coml;;R . So we can apply demma 1, 9el H: TxT—R with

ﬁ(+,7)= +, B4, 7). e deine BTr1—R, (+,1)— (+, & ) e 8D, o1+ b)) , Which vyields he desiced homotopy .
D

ef” Sicaci ) Plowers

i) ZC‘I hCW and (Ie,o). (Id,o),...‘ (Ia,o), w})u'(. I.’""Eoldj \/i:o,.,,,.. we will Ca[( (S' Os ):= IoV I4 v.V I"t

On obsiact Plowe . 717: inderval Ty cS is called the Siem of the Plowe- , all other irtervalls T €S Jis 4,
4in TasS 10T 29 B

3 3 $
oe Calfed the Pe»{a/s, (as‘= { (4.’1), ('11‘1),..., (Alh)§N> the Union of @ee ends of the peils Zu.Zo of the Plrce S

((Hen‘nj not imporfant )

Smooth melhs SkeothnSS of poruistriZativh hup ¢

.. 1
ll) A h'\qP *=S—>Rq, and Sometimes &lso its image ¥:= ¥(S), witl be called o Plocser.
Ly Wod ne

3 Mo hetessacly bisectva

Smeoth

Note 4hat giving o Mmap ¥:S—RY is @quivalent to giving pci{hs Vi: TR Brico,,n whee ¥o(0)=¥ylo)=... = ¥a (0).

‘For o Plower Y =¥(S), we St oii= ¥:U0) ixgn and =¥ (@S)= LH(h),.., t(03.

“

3: alization e Croblem ' (25 42)
et RETxRYR* be an open diblerortal relation and F= (0,¢): T—>R be o Short foowal Solvion.
-Then 3§70 S4.Vte€[0,4-51 one can choose o Powe ¥ =¥(S) € B, .= ttodxfodx R 5.0,
i) O€ int (Conv(Y))
i) B)=F(10¢81) , € T "oyt

/794;54 acome] 0 i RY of wedivs & 74130 Unifacm foc all 4o €L0.1-5 ]
/!

i) [0, to+§] xlD:xY CR Poc subbiciently Small €>0.



Proce:

n
Lot 40eT be ob. Since (1o, 0, 0) € Convg,, R = Conv (Com,-(,,,R) 3neV, Mo \n€(0,4D with L xi=4 and

n
Q4yy On € Conng (R) s+ O= ; nai =>» O€ Con\/zm,..., cu.? Mo there ore o cases:

Ca,gg 1: O€ int( Conv {au,,., C‘m?) e, we (o,4) Vi

/75Wao1h poihs bc. R open => U2 cpen = @,Mpmm open

“Then Since (o), .., am € Connge, (R) and by path Connecieohess of +his Space 3% : T—> Connpry (R) with ¥i(0)=F(+o)

ond ¥;(1)=a;. These paths il be the petals of our Blower ¥ while the poth Yot i= PlHo48+) is ils Stem.

; By openness of R, We ges +hat for all i€ [0,4] 38:>0 and &iro s.a. (-n-s.;ms:)nIxO;.xi' sR . Cancovee T by
(18, 4480 L ~> Only heed Lon. many ~r Deine 8:=tin %. Foc any to€L0,4-81 3ied : [to, 10181 S (4;-8i,+:¢8:)0 T
and hence FPoc €:=tmin & 2 [Ho,10+8x fjex Y =R

CQ,SQQI 3i=4,...,n: O=a; ic nt

- Then lDy openhess of R and by focal path- comnectedness of RY Compyy (R) € R* is open. Then 3v>0: Becore Compeay (R)

4 '
< A .
‘Foc a4 = '{e«,,.., Qg =124 écf we get thet O= quy Loy =>» O€ Int ( Co'\V(aa,..., q,uﬂ. Retun 40 Case 4.

)

r ,n occler- o prove Jemma 4 in the  local cose, e heed +he fillowrny Concepi:

n3: (e rodvct _ of poths of !

dicanbe 0 if piis constant
A

%
‘fe{ Ke, p.,...,p.pT—?fR' be poths and  «4,., 4« € (0,4] S4. &t 1un=4.

-lJe olefine Pi=PacPac.cpr :T—oﬁ?’, - p;(*'f‘?‘) For +€ (e, 2:] andl P(0):=pa(0) twhee tiiz areruti for iz, o =0,

Lo Prioi med com,

*We coll p the Weghted product of paths (ot necrsasty cinne) andk i€ &= Visd, K, e call p fhe Unifoem produci of paths.

’ S.‘ven a path P:I—ﬂRa ) We il denote by o the wnifsem produet pe..p of N factors and efine P —’R“/ T p-1).

0 indeymde comporentaaise 4

‘/“o«,over, we wilt olefine SP(c-)clo- :’I—ﬂR’, ﬂ—)i prdlo  and we wil call [ balanced if o.f P(«r)ola- =0,

[
Pr’gpg.-'l:, E /"U[{:’g[igi[_vﬁy of the ,‘yejd " (254 3)
P rei P :I—>1R1 piz N be balanced Podhs. 7;)0) j (par.. -P,/)(o—)olcr = 4/4' (I P4 (aYo ».... pr/(v)old‘) Where the prodvets
O'\ bO*ﬂ) S;JES ore Unifoem,

[ —n')is Shows in particulor +hod Pas..cpw is also balanced.



Poop:

. re:! +e T be ob. They Jic§t. n3 s -re("?,v, W] and with ths :
+ w w = + A
< Vo — 5
.o“ (paepw) (@)oo = §p4(dc)ola- t %flp,(m))o(cr ot ;Evp,- W - "W)oo
o 1 W= ty)
s = Ty af pa(rdoly + W a(‘ Pa (Tl + ... q"i/.cl: pi(rider
N(i-1ty)

bafusced > = 4"7:,['3" (7)ol = %/ (Ip(«)o('r ... 'S\Py(v)clw- ) (1).
e
(]

"
&P"ﬁ' 2: E%pom 0f unifoem products” (25 14 1)

oo pebet

Lo pi :T—RY,i=4., # be balanced paths. Then I § (p4{...‘p,/) (oo lloe = T ax § I fpstordellee, .. ||SP”(¢)o(orll¢-3.

P AVE

Propesty 4
r " S (P4-...-p;/‘) (Voo "co = 4/!/ || .ﬁl« (o)do - ... ’.YP&'CQ)JO' "Co =W fc\::':,q’.l " dP4 (6Ydo ... ’jpy(c)o(o-)(ﬂ ]

4 s T sop o %)
= mox LZE.M ||§ pa(eyolo- Il recow,'wd I 5 PR W | §p,,(¢)olrll 3

+ a 1
= %' Mmax z*s:'t’o,ﬂ " §pq(:r)al¢ n, +€Latd ll{p, (oYl ”,..., f;é.",.: usp;/(:r)elr ”3

= W ax i 1§ pa(@ole llee, 0§ pe(eldells,.., IISPA;(O‘)O(G‘ ||¢o§
o

Rm :
’Propwy Z implies that if P:T—>7R% is o balanced Pedh, +hen P"’ 422,06 in C=noem.

"
Main- [ Seiting" (25 4. 1)

Lot €50 be arb. , L= PSR o flwe wish Ocint (Grv DY) and R=TxDtx? . Moveover, Le

F-= (O,f)1I—>R be o fortmal Solvtion of R (avtomedcalty Shoct be OH&WW)),N’)M P is +he Sfem of Y.

Then thew exists a Comt. mep H: TxZ—>R S.+.
i) Vrelo4d : HC,7) is o Shoct formal Solution and (ashitcarity) €2 close to O.

i) H,00=F, H(;4) is o genvine Solution of R andl Hlo,7) = Flo) , HA,T)=F(4) V7€ Co,7.

Lot lensye cont. chen we 'or” ot

Rocp-

Lot Y:i'f’,%,..., 3 be the Porametrizing maps Foc the  Plower t.Bo S€ight crepormmedcisasfion ‘ /

1

we qu aSSume ‘f’hﬁ“ "’.’(’f)a '((0) heor 'l"=o C(”o’( y.’(‘f)ea,’ Nécxr ’f-':" for i=4 ey K (fo ensure Shoothness )



of’cg - .
Zx =1

<lUe conside~ the producy Y =tican 0t o taaketi! | whee the tueights of Constant paths ai are (4~ 3)«. and +he
wefjhfs of the othe paths oce %&K.

‘We want 4o adjust &; and § s1. ¥ becomes balanced :

Shw s (-8 )44 + ShK Tl (e ot (4 31&. <
= S~ (4-8)x. AR o = (2%-1) S~ (4-
For ths, Lo oli= 5%(”“")o\mf%<4- 2 F ) o+, Jmm%)umfwu (et
St (4-2)q CRUAARS 2 \ﬂ\f’/ (2%-1) 5 + (4-8)

IR g, iyl bavds 4
= S/‘LK §‘P4(‘T)d'r L& Six gh('r)ol'r .t %x gi’x('T)o('r *%K g?« (7)ol

=> ol & Sk ( 5 II'I'a('r)IIc('n- J mmnm e g P YI=¢C. Since O int (Conv (an,..,ax)) by assumption , Je>0: Brlods cowlar,., an)

m >yt Lr»_ o

ond Since (4-g) Conv(ay,..,ax) = Conv( (1-g)au,..., (4-8)ax) , e olso ge Bee-gy (0) € Conv ((4-5)a1,..., (-2)oax). For 3>0
/7Hu- we adiust g

Small @wgh, e have lldll< %, =>-de 8«-,,_(9) < B«.“.,, (o) & Conv ((4-5)01,..., (4-3)@«) = —d=% (4-8)aq +..-.+ X (4-8)aw For ;€ Lo,1]

e e adsun
< 7

toith é:(sl. e assigh +he hew weslvls 24(4-3),...,3&(4’3) to +he Constant paths Qi , then e g¢

Sext (12, W+ 421001 =18, S+ (28
S"’(ﬂdo— =d+ -(m do- + Jasde ¢.... ¢ Jaw oo =0l + Xa(1-9)ant %4-£)0z 4.+ ¥uU-gax = dl-of =0 ie ¥ is o balancesd poth.
28hu+ (4-$3T, lw v (k) LR

e e e
/

~
'lyow we apply +the Same ba{anc:‘no Consicuction +o the path Y=trcane ¥t teroun ¥t P, whee the coeghts of the Consfan

4
Paths a; oace (4-8)&; and the wesl\{s of all other Po(ks ore Sakr). ~7 SCf .g ‘i"(ﬂdt =0,

‘/VON we Constrved o Senuing Sofvdjon fq of R ond the olesiceck bolmrlopy:
r fe«l '& -‘l’ Y. be. the onifocm P(oo(uol OP /V Pac'lots anol & Sﬁ(zr)o(a*,

/,,mY o(d E-closidness *o O
‘7770) PcoPedy 2 :mp{-es "ﬁ"co A/JMO\’({ “S‘f‘lﬂdf"g “S‘l’(’\old‘"co; and (fq ﬂ) iS o 5Cnume, Solution of R Ich"f
b.c. fh Lies C‘omp(c/e(y in ¥ , Since f\’,%,m,w:{ Pwmcfdaef ond & lies in [l..): Gor N &gc emgjh. Moreoves e have
£i(0)=0=F (1) and filc)=¥(0)=H(o)=T(c) and (1) =F()= P(4).
* Foe 4he loomo*lcm , e Utlize +he hom«ry ¥.ca;- 47 '~ L0) and olefomn +he ¥ +o +the Consiont P""h 40 fCs) and ¥ 4 ¥

: u‘f"lt‘z-:‘(tj +the "wmolopy f0)- f(0) ~ (o) and 'l’(O)"f""f/ we gei o }somnfo’ar W IxI— Y feom £ 4o i S.t I—IQ(O,‘T)a'f’(a)

and H‘(4,‘r)= flA) Vre T. (ith this, deline. H: TxL—R ; thrd= (4 rAE, Wie,7)) ) which Satisfies the olesimedt properties
(]

2 a4

L N»o: e 8 Y
o onfamiy Vs cEe4-63, So 4 H>o: T4e8 and do it for W
a3

7/
g QCCA{/InD feMma 3 ; We can Subdivide “he interval T into f.‘niic(s/ Many Subintevalls Lo I%J 5 L-.%, E4 /A’ 4 J

I"'
and e get thot 32 e R? Plowes s.4. i) O€ int (Covi@t))
i) %;(1)='f’(,i,'r$),-fez

i) [, i ]xlDfo:cR



3 i, i i ir 9 : 9 ‘es. G +the
1 Oh +hose intervals , e get ,’\OMO'l'vPic-f ' :L'/.v,—},JxI"E‘/y, L) xDgrYeR  ith desiced propecties Mow we glve

Ho KN el ey om0 TV

il _ gy EPEY]
- é - homotopies together +o ge/ H: Tx T—>R | which is Confinveus b.c. we have H (% ,'r)-\v-(o,f(?))ggﬂ (7/'1-').
Zavn

ANSANEN

HmsFay

W Yy w

. R i, 1Y .
Moccove the maps Fr which e et From the homotopies ore St Smooth buc. diffetiating Er on (Y, "), we ge

()

0 . 0 HTY) ‘ = j 7 = i G,
the ep ‘l"ft' Erom prove of Lewma . This Map iS Smeeth in [, W1 and 'ﬁ| (41 )7 (s ”)%ﬂ (0) v

Stem is fliat By 1)

which y,'e(Js The ole,g;,-g,( 'thu{an"ly~ Foc +he map fer , We ged Smoothness By ouc Consirvedion OF ‘l’, ¥ onat .

D



¥

( ;ché'ﬁgry 1: (2532)
Comvy = tx e

g
're.{ R Q3‘“R,f|2%) be an open ample diflesential rrelotion. Then any Locmel Solution F=(£,¢): TR which
IS genhvine heor QL thee exisis o homcﬁory of Pormal Solvdions, fixed hesr I, R: T T—R ) (MY Fren) = (Er.00), tr) ,

Fo=F Such thai Fa is a génvine Solvtion of R and b is (ah.) €%close 4o P.

Proce:

By ompleness of of R, we get that ahy Acmal Solution is Shod , So we Can apply Lemmad.
(]

{ :Qvggﬁgg)g 2: (25.3.3)

'Ie{ Q c 34([9, Rt ) be an open and EBberwise Pa*fh-COnhoc/eJ difPecential elation R.
€2dlense

i) {3 I—7R‘smam Is iS o genuine Sol. of R} c 5331—7 R%&mm If iS o. genuine Sef. of Conv(R)z

€2dlense
i) 1P addtionally, R is Piberwise non-empty and ample, then {3:I—> RY st | 9 i o genvine Sol- of R3 < S0 T—RY o 3

i) Foc this, we twant o Construct & Smooth £ 54. PHEQL,ED) VieT.

”
For ¥eT acb., We have that 3Nel and Vo, Me¥)e L ech) = Fi¥r=L 2viF) be Pis o gem Sol- of Cow (R).
'By openness of R and by cont. of £, we con extend V4 in o Small nbhol. i:s'-i' fo o SMmooth map S.1. Vi (e L4, Peh) Vie f'q-.
’8~/ Compaciness of T, we only needd Fmitely many L=ty , izt W 4o cove T. o lobalize our construciion, we use the Piberwise
path=Connectedness. Fo- :t\"e'fmlo';.., wWe get B; poth-Connecledness and openness o Smoofh path ¥: : T—> T, PA)) with B;(0) =V 1(3) and
¥; () =VH(F)., 87 openness R and cont. of P ) We Can Teporeuneliize aud extend ¥; in o Small nbhdl. E?’-S,?’oS’J 40 A Smoath maup
B, 54 BieneR+,ec0)Vie LF-8, 7187 and Such hat ¥ (#)=V4 () in o nbhd. of T-8 and ¥7(4)=Vf"(1) in anbhd. of +1§.

With this, we gel o Smooth map P on T St. F=(8¢): T—>R is o Shord formal Solution.

APP[‘/";) Lemma 4, we gef O Genvine Solution 3 of R, whith is €2close 4o P.

“For i), hele that if f: T—RY is smooth , L, Ben) # g VteT by assumprion and Conv (2(4,Pe)) =R} Ve T, we 9et

that ?f:I—)fR1 Smw%i = EftI—7 RQSTV\QMH If is o genuine Sef. of ConVRz ; So the Stafemeni Lllows by .
)



D

L lh +his st pw-{ , We will Slade ancl prove +he  main Zewvw\ of Pamlme-ln’c, One - dimensjonal
Convex iw{eamf:on. ’ﬁ\e iclea of the prove is the Same as in the hoh- pevametfic case, So T it omid oletaits.

"
"
zmma 5 : Pgmmgm‘g one-dimensiona( Convex jgf%;ah’og (25.5.1)

£
'loe.{ ReT% JI'R,R) be an open Fbered oifferential wveletion i on open Subser of T RR'4R?

and F=IiIiw:R ) (et Cp, 4, Flpit), Flpi) be o fibewise Shori focmal Solvtion of R i-e. Ype T +the section
Fep,): T—Rp:=Rapx I (RRY) is & Shoit fermel Solvtion of Rp. Soppose that Fep,1) olepends Smoothly on pe L€ and
iS o genuine Solution of Rp when pe Gp(9TE).

* Then thee exists a homotopy of Aberwise Shoet Fomal Solotions H: TxTxT—R, (7, p;4) = Frtpt) = (£ (p,1), Frtp)
S+4. Fo=F, Fais o genune Solution of R and s+. NT€Lo1]:

a) fr is Corbitrarily) T2close 40 £

b) Fo(p,o) =F(p,0) and Fr (p,4)=Fcp4) Vpe T

c) Fr is constontly egont 4o F, =F for pe Op(RI*) andl

d) +the Besi decivatives op fulp,t) W, PeT‘ oce (ocbitrarily) C%close +0 +the mespective dedvetives of Eept).
L 4
Yain

 if Fis alwesdy genvine near D7, then For can be chasen Fixedk neor ®7

‘As in the hon- porameliic Cose, it iS enovgh fo Consiole £=o.

De,f"q: Fibeceo Plowers

absiact o

v
A lbeed Plowe~ is a map ¥: T4S—T% fR%, as wele as the ses ¥:=¥(T%S) e TER? Po:wm.sed by this map,

’Siven o Pibeced Plower Y, we wilt denote by t, +he Plower ¥(pxS) erR‘, peIe.

"

"
2010 e (25.6.9)
amooth olependence on p
/7

’I;{ QSIfc 3'(IR,R") be an open Pibecedk oliffesential arelotion anol F= Co 1) TS%T—R be o Pberwise Shori formal Solution of R.

Then 38§>0 s+ Vtec[o,4-81 one cCan choose o Fibeweod Plower L=¥(T4S) e s £..= TS §43 foix RY .. Ype T4

Q) OE int (Conv (%, ))
13) Yo 4)=P(p, %0461), +eT

C) PxLto, 1.+83xDF x ¥p SRy fie E>0 Small eroysh



Rooe:
0.2'24 foelo1-8).For Pixed po€ I‘, (o, %) is o short foumal Sof. of Rp . Qe,ea// 4hai we Constevcied a,(p.),...,a.\cp,)e.(}.,.'__{'g)

S4. O€ int (Conv(Outpo),.., ancp)) ). 3y openness of R, thew is o Small open nbhd. W of paéfe' ST,

Qi(p)E Gonngy, R is Smooth and O€ it { Gonv (a1 (p),..., antp))) Vpeu. Mow again by Openness of R, we May oleline

il Gl be chaten B4 Imegime i 4 be O for now f fhet makrs you Oeasy
25Wm0° p oy

1 /
P‘“hs %(P:") in C°""l=(,'wR feom '((P,‘fo) +o O/ (p) SA. \l’u= (PCp, 10181, Valp.t),..., Yn(p 1) iS o Plowe EFibeed v U.
-By compaciness of T€ e can choose o Lmte Coveing of T by open Sets Uy, S=4,.., L, Such thai e have

. o ] AP L
obove Fflowe VU5 = ('l'(p,-to is1), Yylpt),..., W.?;(p,-n) Fibeed over Uy . Los M's cclUy for 3=4,.,L s T% 3(5(,(5‘ be Sightly

Shualle~ open Sets. For every 3=4,..,L choose o Cut-aff Pumction '3’%1‘—) Lo,47] s ps’a'f on ug ond [Zsso on I\ Uy

3 . .
-Wih those, we oleline ‘Pf 3ICXI—>I£ eo,o / (p, ) —> {‘P‘%(P/ B>(py+) for pelUs Por i=dp., Ny / 3=4,..,L
Plpite) boe PpE I‘\M5

cnd ¥:= (1’(P,-f°¢s~f), VW, Vi ¥ ¥, Vi, Y Y0 ) | toher we can chose §>0 and €70 by openness of R

Cind Compactness of L.
|

'w-‘-lh above Lopma |6 , We ged +hat i{ is €nough fo prove the pacamedec one-dimensional Convex infejrafion bor #he case when:
i) the Pibecesk cvelation R consists of Fbess Rp=prT xDix ¥, € pxI'(R,RY), pe T whee v= ¥(ST) TR is

& Pibeced Llowe S4. O€ int (Conv(R%p)) b¢ each pe TS

i) F=(0;2): TXxT—>R whee f is the Stem of £. (2561

r ln Ocoler o Prch, above meduction e 0(0 +the @//ou:no 3 Steps:

C Vi Y s

'«fe«{ ¥ be o Bbewsd Plower and Lot aicp)= \P;(P,'i), i, N and et Ap:= CZ»V%?’P o pe I'e,
Lot o TE—> T RY, p— (p,depy) € px int (Ap) be o map. Then thee exist r:qps «: TS Lo4], i=4,.. N S4.

gt

oy (P) .o o(y(P) =4 and «4(9)6\4(9)1»...’ avlplawv(p) = ol('p) (constwet them &(Z}; and_ globalize shom by post. of onitr)

Cgm;iwgﬁg» oF jb: bnmninp;c !:g:
‘Zde will use +he proof for dhe hon-poaramelnc coSe (sce proof of Lemmadl:

e <
’71;44 weskls (4-3)&;(?) and 4’( Ho olefine V=¥, qu-ta"s.  Yu-aw ¥5" as befor (p dpoden) > Set Smooth el p) with llolepyl £ Cs.

lom s e,



*Use that orepy:=Sup Er> 0l Breor & Ap 3 is comton T 4o get onifm 830 54, olep) € ind ((4-8)4p) | USe convex olecomp
fo get new Xiep) fo balonce YCpt) YpeT’ Oo the somc for Yetae-ta'e. Yuav- ¥ P,
-+
’Aﬁq}n, let b=V bV Miferm peosics of N factors and b (pity = § fiCp,0)do . Oe/im ,')oww-lopiex as befor
and qef olesicedd "ummfy For, which SotisPies propecdy &) and b).
"For property ), les [3:I¢—>E°,4'3 S4. B=E0O hear T and B=1 on Smler cvbe = TS

“Then we eedeline the homotopy H: IxT<T—R, (T,p, ) Fge\, (p,4).

Deriva{;Veg with ~espect +a the pocemeter

‘Ih ocde 4o Show property ol)/ e heed fo Show tha+ Qpﬁ(p,’f) orb, C%close 40 O.

frx 4 and comines Yo ¢

-+ +
L)e have %Pﬁ (pt) = “p §~ﬂ|(‘>, e = .S’(BP'&(P,O')O(G‘ andl Qpﬁ(p,-f).3.»Qp?’(y,#)-.u"bp'l’(p,-t)-’ap‘?"(pﬁ)

e
VT ¥ balaueeol,

1 ’
- Since ¥ and ¥ ore balanced => Pp ¥ and Qp"F ove bafonced b.c. ;‘bp‘l’(?,@)olo- r‘ap~§1’(p,o—)ela~ =o.
'US-‘nj ProFer-}y 2, e gef tha! for any t€T, ?eI‘:
1
|(apfq(p,4)l £ ¥ Mmax g i'xpl(afj(pﬂ)' q ‘S‘o{ '(aph(eﬁﬂ}é-f}/ Meax g lRpgllee, lIReh ucaf

+ +
=> [|QpAl et 2% max £ 19 3llee, lIRph lee 3 ) whee gep)= ;('l'(p,a)ola , hephy= !&,,,)da , So We get the olesie| Stodemeny,

3



