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I Directedimmersions ampleness

What is a directed immersion

Let's start with the following Assume you want to embed a line segment into 5

There are actually several ways to do this 5
Essentially the differentembedded line segments are

going along different directions We now want to

fix the possible directions an embedding or more generally an immersion can

go along within the manifold our embedding is living

We are going to directtheimmersion aloyeerta.in subspaces To do this let's

look at the following

Def The Grassmannian Grau of a n dim vector space V with diff structure

is a smooth manifold that parametrizes the set of all k elim

linear subspaces of V

Def Considering a vector bundle IT E M somemfd M we define the

Grassmann bundle

F Gr E M by Grace GrilEx
It earns its smooth structure per definition from the fibers being the

Grassmanniens of the Ex

Furthermore consider a smooth g dim mfd W with it's fangenbundle

We define the Grassmann bundle of tangent n planes to W Gruw by
taking the Grassmann bundle of the tangentbundle

TW W ms Gru TW W



Def For some smooth nmfd V gmfd W a cont map F TV TW

we define the tangential lift of F as

GF V Gra w

Let A Gruw be some arbitrarysubset An immersion f V W is called

A directed if
Gldf A

Notation Given AcGrafW we'll denoteby
Rg c f V W f is A dir imm C Rimm

Aw AnGru TwW for WOW

Gru n Aw www.CL CGrun TwW

recall Rc X is ample iff it intersects all principle subspaces alongamplesets

i e the intersection with all principlesubspaces is ample

Proposition 1 Ampleness Criterion

RA ample iff HWGWVSEGrn.inAw 2g voTW SpanSiu 6An TW ample

proof

first note that every principle subspace is a coordinate principle subspace for
a suitable set of charts therefore we'll just consider J IR IR

For p x y a GRA let Papi Ip be coordinate principle subspace

P Cp y ve Nin R via _un for a un un

ms Pti p nRAETYIR9E.IR

Let un iii vn G TyIR
An immersion f V W is feed if Gfdf CA i e locally HGU

df IVICA i e imldxflespanlsiv.latycGruTww
f immersion



P p nRAafUGTww Span S v CAW 2geil

If Rsci ample S Rs ample

a I follows from DiffV invarianceof Ra since it is then enough to

check condition locally in charts as above

II Directed immersions into almost symplectic manifolds

recall 1 an almost symplectic structure on mfd W is a non degenerate 2 form

on its tangentbundle

2 we call a subspace A Taw w symplectic if An Lo

Lagrangian if A A

A WGTqW w a w HaGA isotropic if A A

coisotropic if ALA

Def we define symplectic lagrangianisotropic coistropie immersions trough

A directed immersions with A ZGGrn w 8 sympl

Rsym.pl open Ringer Riso Rcoiso not open

Rimm is open since the desired property rinkdf an i e detdf 0 is open
condition

RsympicRimm consider ZCTgW symplectic i e Znz 0

VGZst.co vwlz0VwGTgW v20

w
zig

0 open condition Ramp open

Ring Rimm consider 8CTgw Lagrangian i e 728

co g
0 closedcond Ring closed



Assume W is equippedwith a Riemann metric

Define Ring Rf RE.is through A directed immersions for A the

open E nbhd of the Lager iso coiso set AcGralw

Im Rag Riso ample h principleholds

Rsymp.IRoiso.Rsosym not ample

III Directed immersions into almostcomplexmanifolds

real 1 An almost complex structure on a manifold W is is a complex structure

on the tangentbundle J Tpw TpW J id

turns Tpw into complex v s

2 SEC is called complex if is S

real if Snis 40
co real if Stis C

Def Let w be a manifold of dimW 2k with almost emplx structure

We define complex real co real immersions trough A directed immersions

with A zeGruw A is complex

Def Assume W is equippedwith a Riemann metric

Define Romp through A directed immersions for A the open E nbhd

the complex subset AcGrafw

remis Reap is not ample



rem Rc X Ra IE and Hast any principle subspace Pla

PnƩ CP smooth submfd of codim E 22 then we call

E CX a thinsingutarity

P.roposition2 E c X thin singularity R LE ample

Theorem 1 Gromov Rrea Reorea are ample and hence all forms of the
4 principle hold for real co real immersion U W

proof Rey since we want to embed V with dimU In into a W with dimW 2k

along only real subspaces we mayw.l.org assume nek p222

For some G 1 dim subspace Scho Area of a n dim real

subset LGAreal determine 2s UGTWW spanSiuGAreal

what constraints for VETWW sit ZiespanSiu Zniz 0

assume Eniz 0 sxuzistipuzz.biz
s is ip d v

v1
Sis

RsaTow Stis with dim Stig 22 n 1 2 24

Stis thin singularity Brea ample

similarly Zaspan Sir assume Zeit TW

pick WGTwWz Zeit ms was pv is in

2 Stig patio v

Es
Stis TW u can be anything except vos rankdf n RgeTWls
Stis TwW choose wetwWllstis m UGTulillstis RsaTullstis

codim 5 22 codim tis 2 Raren ample



II Directed embeddings

Det Rae Vew is called affine ample if for any SGGrn.ee Aw

any hyperplane Has and any affine hyperplane Hc Tww parallel to It

the set Ritt is ample in H

reg If a diff rel is the complement of a thin singularity then

it is affine ample

Using this and the proof of them 1 we have that

Rreal Reoreal are ample

Theorem 2 Directedembeddings

Suppose AcGralw is an open subset and the corresponding Rae v w

is affine ample Then every embedding fo V W whose tangential lift

G Gldf V Gra w

is homotopic over V to a map Giv A can be isotoped to an

A directed embedding f V W Moreover ft V W can be chosen

arbitrary C close to the constant isotopy

remi Let's consider Go Gldfo U ZCF.euW

Homotopic over U means that for 6 Gru w the underlying

homotopy g is chosen constant i e
g f

In general one could look at 6 homotopic over embeddings where

g is not fixed The isotopy f can then be chosen arbitrarily C close

to gg We restrict to grafo



proofofthm
2mmmToprovetheore.mn

2 we are going to use two auxiliary Lemmas

The first one in particular is going to give us some intuition on what

affine ampleness is and how its power comes into play

Def Given smooth manifolds VEW we define a tubular neighborhood

of U in W fibered over V as a vector bundle

IT X V together with a map I X W st

Io 0 22 with i V W embedding Ox zero section

ZU EX ÜEM with OV EU VEU st Ila U Ü differ

W

ni.IE
Lemma1 Let Ac GraCW be an open subset sit the corresponding RAC v W

is affineample Let VCW be an embeddedmfd and a

tubular noted of V fibered over V

Then the relation RICX of A directed sections of the fibration

p X V is open and ample

sketch of proof

Finnin



We slice with these affinehyperplane H in coordinatedirection for fibers

to get that the resulting Rsn is ample for everysuch It
Then the diff rel wert X is ample

Now we use Lemma 1 to prove the following statement

Lemma 2 Let Acorn w be open sit Rsc V W affine ample
Let at TW TW be a homotopyof fibered isomorphisms sit

bspteidlw
Then for every A directed embedding f V W there exists

an isotopy ft V W s.t.fr is an Ä directed embedding
where Ä d A Moreover such an isotopy ft can be chosen

arbitrarily C close to the constant isotopy

proof We define a sequence of maps I a It O tot t 1

sit the angle between I L and I L is less than I LEGrm w

Set A A consider a tubular nbhd X of folv sit

Lemma 1 Rf is open ample ms convex integration to formal sol

FEI df.lu get embedding ft as genuinesol which is Andir

repeat inductively for tubular nbhd.Xnofft.lv
we get ftp.zf which is E directed embedding

approximation property followsfrom possibility to approximate at eachstep

Now let's assume the setting of them 2 and equip Wwith a Riemannian

metric We then cover up the homotopy 6 by a homotopy of fiberwise
isomorphism i e we justdefine the fiber wise isom It by

Gt U GraCw with underlying grV W

Glu Typus

gflut G.lu fiberwise isom if we fix gLu f.lu



Then we just apply Lemma 2 which yields the claim

One meaningful application of this is the following

Corollary realembeddings Let W be an almost complexmfel

Then the following hold

a Every embedding to U W whose tangential lift Go Gelf

is homotopie over embeddings to a map
G U Areal C Gru W resp G V Acoreal

can be isotoped to a real Co real embedding f V W

b Let ft V W be an isotopy which connects two real resp co real

embeddings to f Suppose there exists a family of real resp co real

homomorphisms Ff TV TW which covers the isotopy f Sat

dfg Ff are homotopic vier families of monomorphisms fixed at t 0,1
Then there exists an isotopy of real resp Co real embeddings

V W

which connects fort with Foto C close to ft and

d Ff homotopic via families of monomorphisms at 20,1


