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PROBLEM SET 12

There is essentially just one problem this week, and it is to compute the cohomology ring H�pTn;Rq for
every n ¥ 1, with coefficients in any commutative ring R with unit. The idea is to derive the cup product
from information about the homological cross product

HkpTm;Rq bHℓpTn;Rq
�
ÝÑ Hk�ℓpTm�n;Rq,

using the relations
xrφs � rψs, ras � rbsy � p�1q|a|�|ψ|xrφs, rasyxrψs, rbsy (1)

and
rφs � rψs � π�X rφs Y π�Y rψs (2)

for rφs P H�pXq, rψs P H�pY q, ras P H�pXq and rbs P H�pY q, with πX and πY denoting the projections of
X � Y to X and Y respectively.
The homology of Tn is fairly easy to compute because Tn � S1� . . .�S1 has a natural structure as a product
cell complex (cf. Exercise 46.1 in the lecture notes). Without mentioning cell complexes, we can also use an
inductive argument based on the Künneth formula. Indeed, the case n � 1 is trivial since T1 � S1, so in
particular, H�pS

1;Zq is a finitely generated free abelian group. Let’s call its canonical generators

r�s P H0pS
1;Zq, rS1s P H1pS

1;Zq,

i.e. r�s is the homology class represented by any singular 0-simplex ∆0 Ñ S1, and rS1s is the class represented
by the identity map S1 Ñ S1 under the isomorphism H1pS

1;Zq � π1pS
1q.

(a) Derive from the Künneth formula an isomorphism

HmpTn;Zq � Hm�1pTn�1;Zq `HmpTn�1;Zq

for every n ¥ 2 and m P Z. Deduce that HmpTn;Zq is always a finitely-generated abelian group, whose
rank is an entry in Pascal’s triangle,

rankHmpTn;Zq �
�
n

m



.

Hint: Since you already know that H�pS
1;Zq is finitely generated and free, you can prove by induction

on n P N that the same is true for H�pTn;Zq; this should remove any need to worry about Tor terms.

(b) For each m P N and each choice of integers 1 ¤ j1   . . .   jm ¤ n, define the homology class

ej1,...,jm :� A1 � . . .�An P HmpTn;Zq

by setting Aji :� rS1s for each i � 1, . . . ,m and Aj :� r�s for all other j P t1, . . . , nu. Deduce from the
Künneth formula that the set of all such elements forms a basis of H�pTn;Zq.

It will be useful to have an alternative description of the degree 1 generators ej P H1pTn;Zq that appear in
part (b). Pick a base point t0 P S

1 and consider the embedding

ij : S
1

ãÑ Tn : x ÞÑ pt0 � . . .� t0loooooomoooooon
j�1

, x, t0 � . . .� t0loooooomoooooon
n�j

q. (3)

Note that different choices of the base point t0 P S
1 give homotopic maps ij : S1 Ñ Tn, thus the induced

map pijq� : H�pS
1;Zq Ñ H�pTn;Zq is independent of this choice.
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(c) Show that for each j � 1, . . . , n, pijq�rS
1s � ej .

Hint: For the case j � n, you can identify S1 in the obvious way with t�u � S1 and then write
in : S1

ãÑ Tn as
in � ι� Id : t�u � S1

ãÑ Tn�1 � S1,

with ι : t�u Ñ Tn�1 denoting the inclusion of the point pt0, . . . , t0q. The naturality of the cross product
then gives a commutative diagram

H0pt�u;Zq bH1pS
1;Zq H1pS

1;Zq

H0pTn�1;Zq bH1pS
1;Zq H1pTn;Zq.

�

ι�b1 pinq�

�

Use the fact that r�s � rS1s � rS1s for the canonical generator r�s P H0pt�u;Zq, after identifying
t�u�S1 � S1, while ι� : H0pt�u;Zq Ñ H0pTn�1;Zq is an isomorphism relating the canonical generators.

(d) Use the universal coefficient theorem to upgrade the computation of H�pTn;Zq above to a computation
of H�pTn;Gq for arbitrary coefficient groups G. Deduce in particular that for any commutative ring R
with unit, H�pTn;Rq has the structure of a finitely-generated free R-module, with a basis in bijective
correspondence with the basis of H�pTn;Zq described above.
Remark: There is no need to assume that R is a principal ideal domain here, as we are only using the
universal coefficient theorem and Künneth formula for Z-modules.

(e) Show that for each m P Z, the natural map

HmpTn;Rq Ñ HompHmpTn;Rq, Rq : rφs ÞÑ xrφs, �y

is an R-module isomorphism, implying HmpTn;Rq � Rp
n
mq.

Hint: Again, you do not need to assume here that R is a principal ideal domain. Just regard R at
first as an abelian group, prove that the natural map from HmpTn;Rq to the abelian group of group
homomorphisms HmpTn;Zq Ñ R is a group isomorphism, and then use what you know about the
algebraic structure of HmpTn;Rq.

Henceforth, we fix R as the coefficient ring for both H�pTnq and H�pTnq and omit it from the notation
wherever possible, regarding these groups as R-modules. We can write down a canonical basis for H�pTnq
as follows. For n � 1, define

λ P H1pS1q

to be the unique cohomology class such that

xλ, rS1sy � 1 P R.

Now for each choice of integers 1 ¤ j1   . . .   jm ¤ n, define

λj1,...,jm :� α1 � . . .� αn P H
mpTnq,

where we choose αji :� λ for each i � 1, . . . ,m and αj � 1 P H0pS1q for all other j P t1, . . . , nu. By (1), we
have

xλj1,...,jm , ek1,...,kmy � xα1 � . . .� αn, A1 � . . .�Any � �xα1, A1y . . . xαn, Any

�

#
�1 if ji � ki for all i � 1, . . . ,m,

0 otherwise,

proving that the collection of classes λj1,...,jm for all choices 1 ¤ j1   . . .   jm ¤ n is a basis for H�pTnq as
a free R-module.
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To describe H�pTnq as a ring, we now need to compute each product of the form λj1,...,jm Y λk1,...,kq P
Hm�qpTnq. We start with an observation about the 1-dimensional classes λj P H

1pTnq. Consider for each
j � 1, . . . , n the projection map

πj : Tn Ñ S1 : px1, . . . , xnq ÞÑ xj ,

which is related to the inclusions ij : S
1

ãÑ Tn defined in (3) above by

πj � ik �

#
Id : S1 Ñ S1 if j � k,

constant if j � k.

(f) Show that π�j λ � λj for each j � 1, . . . , n.
Hint: Evaluate both π�j λ and λj on the generators ei P H1pTnq.

(g) Use (2) to prove that for any m P N and integers 1 ¤ j1   . . .   jm ¤ n,

λj1 Y . . .Y λjm � λj1,...,jm .

Conclude that the ring H�pTn;Rq is isomorphic to the exterior algebra ΛRrλ1, . . . , λns over R on n
generators of degree 1.
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