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PROBLEM SET 5

1. A relative version of the Mayer-Vietoris sequence will be needed later in this course, when we prove
Poincaré duality. Given pairs of spaces (X,Y), (A, C) and (B, D) such that X = AuBandY =CuD,
the relative Mayer-Vietoris sequence in an axiomatic homology theory h, takes the form

é (iAv_iB)
> B (X, Y) 5 ho(A A B,C A D) RS

CA B
Jx®
* £ h

(X Y) 25 hy 1 (AnB,CAD) — ...,

where we denote the inclusions of pairs
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Let’s specialize to singular homology h, := H, (with arbitrary coefficients), and abbreviate the sub-
complexes

Co(A+B) = Co(A) + Cu(B) € C(X)  and  Cy(C + D) := Cx(C) + C(D) € Co(Y).

Notice that the inclusion Cy (A+ B) — C,(X) descends to a chain map Cx(A+B,C+D) — Cx(X,Y),
where we define the quotient complex

C«(A+ B,C+ D) := C*(A+B)/C*(C+D).

(a) Show that if (A, B) is an excisive couple in X and (C, D) is an excisive couple in Y, then the
chain map Cx(A + B,C + D) — C«(X,Y) induces an isomorphism on homology.
(b) Under the same assumptions as in part (a), derive the relative Mayer-Vietoris sequence in

singular homology from a short exact sequence of chain complexes 0 — Cyw(A n B,C n D) —
Ci(A,CY®Cy(B,D) - Cy(A+B,C+D)—0.

2. If f : X — X is a homeomorphism, then the mapping torus X; = (X x[0,1])/(z,0) ~ (f(z),1) admits
an alternative definition as

Xy = (X xR) [(@,0) ~ (f(@),t +1)

where the equivalence is defined for every z € X and t € R. Take a moment to convince yourself
that these two quotients are homeomorphic. The second perspective has the advantage that one can
view X := X x R as a covering space for X¢, with the quotient projection defining a covering map
X > X ¢ of infinite degree. Writing St := R/Z, we also see a natural continuous surjective map
m: Xy — S':[(z,t)] — [t], whose fibers 77!(¢) are homeomorphic to X for all ¢ € S*. We shall
denote by i : X — X the inclusion of the fiber 7=1([0]).

In lecture, we proved the existence of a long exact sequence
il Ty—fx Ty il
> b1 (X)) — b (X) =" hp(X) — hi(Xp) — hgo1(X) — ...

for any axiomatic homology theory h,. The goal of this problem to gain a more concrete picture of
the connecting homomorphism ® : Hq(Xy;Z) — Ho(X;Z) for the special case of singular homology
with integer coefficients, under the assumption that X is path-connected and f is a homeomorphism.



Assuming X is path-connected, there is a natural isomorphism Hy(X;Z) = Z, and Xy is then also
path-connected. Since H;(Xy;Z) is isomorphic to the abelianization of m1(X¢,x) for any choice of
base point z € X, we can identify X with 7=!([0]) € X/, fix a base point z € X < X and represent
any class in Hy(Xf;Z) by a loop v : [0,1] = X with v(0) = v(1) = . Now let 4 :[0,1] — X denote
the unique lift of y to the cover X = X x R such that 5(0) = (z,0). Since v is a loop, it follows that
4(1) = (f™(x),m) for some m € Z, where f™ denotes the mth iterate of f if m > 0, the (—m)th
iterate of =1 if m < 0, and the identity map if m = 0.

(a) Prove that under the natural identification of Hy(X;Z) with Z, the connecting homomorphism
®: Hi(X§;Z) = Z can be choserﬂ such that

([y]) = m,

so in particular, [y] € ker ® if and only if the lift of v to the cover X isa loop.

(b) Prove directly from the characterization in part (a) that ® : H1(Xf;Z) — Ho(X;Z) is surjective.
Remark: Of course this can also be deduced less directly from the exact sequence.

3. The Klein bottle K? can be presented as the mapping torus of f : S — S1 : e s ¢~ Use the exact
sequence of the mapping torus to compute H, (K?;Z) and H, (K?;Z,).

4. Recall that the degree deg(f) € Z of a map f : S° — S° is characterized as the unique k € Z such that
the homomorphism

Z =~ Hy(S%Z) % Hy(8%2) ~ Z

is multiplication by k. In fact, there are only four possible maps f : S — S°: compute the degrees of
all of them.

5. Prove that for any axiomatic homology theory h, and each n € N and =z € S™, the map h,(S™) —
hn (8™, 8™\{z}) induced by the inclusion (S™, &) — (S™, S™\{z}) is an isomorphism.
Hint: You can choose a neighborhood U < S™ of x homeomorphic to a disk and use h,(S™, S™\U) as
a substitute for h,(S™, S™\{z}) (why?). What kind of space is S™\U?

6. (a) Prove that for every positive even integer n, every continuous map f : S™ — S™ has at least one
point x € S™ where either f(z) = z or f(z) = —z. Deduce that every continuous map RP" — RP"
has a fixed point if n is even.

(b) Construct counterexamples to the statement in part (a) for every odd n.
Hint: Consider linear transformations with no real eigenvalues.

IThere is a bit of freedom allowed in the definition of ®, e.g. we could replace it with —® and the sequence would still be
exact since ker & and im & would not change.



