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We aim to give a quick recap of Morse theory and sketch a proof of the ℎ-cobordism theorem.

Roughly, Morse theory studies smooth manifolds by looking at the critical points of functions from 

these manifolds to ℝ. The classical motivational example is the standing torus (i.e. with the “hole” 

towards the viewer) and its height function: This function has 4 critical points, one of index 0 at the 

bottom, two of index 1 where the hole “starts” and “ends” and one of index 2 at the top. These counts 

match the respective ranks of the homology of the torus and not by coincidence: It turns out that 

one can use these critical points to define a “Morse Homology” that matches the CW-homology.

More elementary one gets the Morse-Inequalities, which say that a smooth function (fulfilling 

certain technical conditions) has at least 𝑏𝑖 critical points of index 𝑖 where 𝑏𝑖 is the 𝑖-th Betty 

number. As always when dealing with inequalities this makes the question arise whether they are 

tight i.e. whether there always exists a function 𝑓 : 𝑀 → ℝ with exactly 𝑏𝑖 critical points of index 𝑖 
for every 𝑖. This is a quite hard question in general, which is why we are only going to deal with a 

quite special case (which is still hard enough) that already has far reaching implications, but we have 

to recall some definitions beforehand.

Let us start with the basics, just to make sure:

Definition 1.  A point 𝑝 ∈ 𝑀  is called a critical point of a function 𝑓 : 𝑀 → ℝ if (d𝑓)𝑝 = 0

For technical reasons we are only interested in non-degenerate critical points, a definition which 

requires the Hessian. In general we need a connection to define the Hessian as ℒ︀𝑋(ℒ︀𝑌 𝑓) +
d𝑓(∇𝑋𝑌 ), but at critical points this is independent of the choice connection, allowing us to define:

Definition 2.  Let 𝑝 ∈ 𝑀  be a critical point of 𝑓 : 𝑀 → ℝ. The Hessian of 𝑓  at 𝑝 is defined as

Hess(𝑓)(𝑋, 𝑌 ) ≔ ℒ︀𝑋(ℒ︀𝑌 𝑓)

Now we can define non-degeneracy:

Definition 3.  A critical point 𝑝 ∈ 𝑀  of 𝑓 : 𝑀 → ℝ is called non-degenerate if its Hessian has full 

rank.

Using the Hessian we can now also define the index of a critical point:

Definition 4.  The (Morse-)Index of a critical point is defined as the dimension of the largest subspace 

on which the Hessian is negative definite.

All of these concepts are so important because of the following Lemma:

Lemma 5 (Morse Lemma).  Let 𝑝 ∈ 𝑀  be a critical point of 𝑓 : 𝑀 → ℝ. Then there exist coordinates 

𝑥1, …, 𝑥𝑛 such that

𝑓(𝑥) = −𝑥2
1 − … − 𝑥2

𝑖 + 𝑥2
𝑖+1 + … + 𝑥2

𝑛

where 𝑖 is the index of 𝑝.

This Lemma is truly the heart of classical morse theory, saying that every function looks “the same” 

around critical points of the same index. Since this breaks for degenerate critical points, let us also 

define what is means for a function to be “nice”

Definition 6.  We call a smooth function 𝑓 : 𝑀 → ℝ Morse if it has no degenerate critical points.



As it turns out, being Morse is a generic condition, which is why we are going to assume that every 

function in this talk is Morse.

The statement we are going to proof today is formulated in the language of cobordism, so let us also 

recall:

Definition 7.  A cobordism (𝑊, 𝜕±) is a smooth manifold 𝑊  together with a splitting of its boundary 

into a positive part 𝜕+𝑊  and negative part 𝜕−𝑊 .

Now we can finally state the important theorem of today:

Theorem 8 (ℎ-cobordism theorem).  Let 𝑊  be a cobordism of dimension dim 𝑊 ≥ 6 with 

𝑊, 𝜕±𝑊  simply connected and 𝐻∗(𝑊, 𝜕−𝑊; ℤ) = 0. Then 𝑊  admits a Morse function without 

critical points that is constant on 𝜕±𝑊

Remark

This theorem was first proven by Smale in 1962 and earned him a Fields Medal because it 

upheaved the understanding of manifolds at the time. Since up to dimension 4, increasing the 

dimension increases the difficulty of getting results it was assumed that higher dimensional 

manifolds must be even harder to understand. But it turns out that starting with dimension 5 it 

usually gets easier, e.g. the generalized Poincaré Conjecture almost immediately follows from this 

for dimension larger or equal to 5.

Proving this requires some helping lemmata, which are useful tools in general Morse theory, but to 

formulate them we need some additional definitions. A lot of Morse theory depends on the flow of 

the gradient of Morse functions. Defining these gradients requires a choice of Riemannian metric, 

but the morse theoretic consequences and definitions are independent of the choice of metric. 

Alternatively one can also choose a vector field that behaves like a gradient:

Definition 9.  Let (𝑊, 𝜕𝑊±) be a cobordism and 𝑓 : 𝑊 → ℝ a Morse function. A vector field 𝑋 on 𝑊  

is called gradient-like for 𝑓  if it satisfies

ℒ︀𝑋𝑓 ≥ 𝛿(|𝑋|2 + |d𝑓|2)

for a 𝛿 > 0, where |𝑋| is the norm with respect to some Riemannian metric and |d𝑓| is the respective 

dual norm.

(..) => .. [ Note that at critical points of 𝑓/zeros of 𝑋 the left hand side is zero and thus 𝑋/d𝑓  has 

to be zero there and therefore critical points of 𝑓  correspond to the zeros of 𝑋. ] The most important 

consequence of these vector fields is the definition of stable/unstable manifolds:

Definition 10 (Stable/Unstable Manifold).  Let (𝑊, 𝑓, 𝑋) be a Smale cobordism. The stable/

unstable manifold 𝑊−
𝑝 /𝑊+

𝑝  of a critical point 𝑝 ∈ 𝑊  of 𝑓  is the set of all points converging to 𝑝 under 

the forward/backward flow of 𝑋.

Remark

These stable/unstable manifolds are one of the reasons why Morse theory is so powerful. The fact 

that 𝑓  has only one critical point on them ensures that they are completely described by the index 

of the critical point, therefore any Morse function gives us a handle decomposition. (which also 

proves that every smooth manifold is a CW complex)

We can collect all of these fact together in one definition:



Definition 11 (Smale cobordism).  A cobordism (𝑊, 𝜕𝑊±) together with a Morse function 𝑓 :
𝑊 → ℝ that has no critical points on the boundary and a pseudo-gradient vector field 𝑋 is called a 

Smale cobordism (𝑊, 𝑓, 𝑋).

We are sometimes interested in Smale cobordism that are “as simple as possible”:

Definition 12 (Elementary Smale cobordism).  A Smale cobordism (𝑊, 𝑓, 𝑋) is called elementary 

if there are no 𝑋-trajectories between different critical points of 𝑓 .

As a consequence, the stable manifolds of elementary Smale cobordisms are discs that intersect 

𝜕−𝑊  along spheres, which we are going to call stable discs/spheres (respective unstable discs/

spheres).

Elementary Smale cobordisms are interesting, because every Smale cobordism can be split into 

elementary ones (this essentially works because non-degenerate critical points behave nicely, in 

particular they are isolated). Also useful for is the fact that the critical values of a elementary Smale 

cobordism can be changed quite freely:

Lemma 13 (The elementary moving lemma).  Let (𝑊, 𝑓, 𝑋) be an elementary Smale cobordism 

with 𝑓𝜕±𝑊 ) = 𝑎± and critical points 𝑝1, …, 𝑝𝑛 of values 𝑓(𝑝𝑖) = 𝑐𝑖. For 𝑖 = 1, …, 𝑛 let 𝑐𝑖 : [0, 1] →
(𝑎−, 𝑎+) be smooth functions with 𝑐𝑖(0) = 𝑐𝑖. Then there exists a smooth family 𝑓𝑡, 𝑡 ∈ [0, 1], of Morse 

functions for which 𝑋 is a pseudo gradient vector field with 𝑓0 = 𝑓  and 𝑓𝑡 = 𝑓  on 𝒪︀𝑝(𝜕𝑊) such that 

𝑓𝑡(𝑝𝑖) = 𝑐𝑖(𝑡)

Proof.  There are no 𝑋-trajectories between critical points by assumption, turning the stable 

manifolds into disjoint discs, whose boundaries are stable spheres denoted by 𝑆𝑖 ⊂ 𝜕−𝑊  for a 

critical point 𝑝𝑖. We are then going to extend these into disjoint tubular neighborhoods in 𝜕−𝑊  and 

denote the closure of their image under the forward flow of 𝑋 as 𝑉𝑖 and then again with smaller 

tubular neighborhoods contained in the previous ones, whose forward flow is denoted as 𝑈𝑖 ⊂ 𝑉𝑖. 

Reflecting on this definition, one notes that 𝑉𝑖 ∖ Int 𝑈𝑖 is diffeomorphic to 𝑆𝑘1−1 × 𝑆𝑚−𝑘𝑖−1 ×
[0, 1] × [𝑎−, 𝑎+] where 𝑚 is the dimension of 𝑊  and 𝑘𝑖 the index of 𝑝𝑖. This holds true because the 

stable manifold of 𝑝𝑖 is a 𝑘𝑖-dimensional disc with a (𝑘𝑖 − 1)-sphere as boundary, with the tubular 

neighborhoods adding a factor of 𝑆𝑚−𝑘𝑖−1 × [0, 1]. Also since the trajectories don’t meet any critical 

points the factor of [𝑎−, 𝑎+] gets added by the forward flow. Taking this manifold as a choice of 

coordinates for 𝑊  turns 𝑓  into 𝑓(𝑢, 𝑣, 𝑥, 𝑦) = 𝑦 and 𝑋 = 𝜕𝑦.

Now fix a inversion function 𝜌 : [0, 1] → [0, 1] which equals 1 near 0 and 0 near 1. Pick smooth 

families of diffeomorphisms 𝜎𝑖,𝑡 with 𝜎𝑖,0 = Id, 𝜎𝑖,𝑡(𝑐𝑖) = 𝑐𝑖(𝑡) and 𝜎𝑖,𝑡 being the identity near 𝑎± 

for every 𝑖, 𝑡. Using the coordinates established above we can define

𝑓𝑡 ≔

{



(1 − 𝜌(𝑥))𝑦 + 𝜌(𝑥)𝜎𝑖,𝑡(𝑦) on 𝑉𝑖 ∖ Int 𝑈𝑖

𝜎𝑖,𝑡 ∘ 𝑓 on 𝑈𝑖
𝑓 on 𝑊 ∖ ⋃𝑖 𝑉𝑖

Critical values 𝑝𝑖 lie in the interior of 𝑈𝑖 and therefore 𝑓𝑡(𝑝𝑖) = 𝜎𝑖,𝑡(𝑓(𝑝𝑖)) = 𝑐𝑖(𝑡). We also have on 

𝑉𝑖 ∖ Int 𝑈𝑖:

ℒ︀𝑋(𝑓𝑡) = 𝜕𝑓𝑡
𝜕𝑦

= (1 − 𝜌(𝑥)) + 𝜌(𝑥)𝜎′
𝑖(𝑦) > 0

hence 𝑋 is a pseudo-gradient vector field for 𝑓𝑡, making 𝑓𝑡 the desired function. ⁠ □

Moving critical values is an invaluable tool, but we still need to get rid of critical values in some 

way. The next lemma partially takes care of that:



Lemma 14 (Cancellation of critical points).  Let (𝑊, 𝑋, 𝑓) be a Smale cobordism with two critical 

points of index 𝑘 − 1 and 𝑘 connected by a unique trajectory of 𝑋 along which the stable and unstable 

manifolds intersect transversely. Then there exists a family of Smale cobordisms (𝑊, 𝑋𝑡, 𝑓𝑡) fixed on 

𝒪︀𝑝 𝜕𝑊  with (𝑋0, 𝑓0) = (𝑋, 𝑓) such that (𝑋1, 𝑓1) has no critical points.

Sadly this Lemma is too difficult to prove in our limited time, which is why we have to point to [1, 

Theorem 5.4] for a proof.

Since it also doesn’t allow arbitrary removal of critical points, but only cancellation, we ironically 

sometimes have to create critical points to cancel them out later, enabled by the following lemma:

Lemma 15 (Creation of critical points).  Let (𝑊, 𝑋, 𝑓) be a Smale cobordism without critical 

points. Then for 1 ≤ 𝑘 ≤ dim 𝑊, 𝑝 ∈ Int 𝑊  there exists a family of Smale cobordisms (𝑊, 𝑋𝑡, 𝑓𝑡) that 

only changes near 𝑝 with (𝑋0, 𝑓0) = (𝑋, 𝑓) such that (𝑋1, 𝑓1) has two critical points of index 𝑘 − 1 

and 𝑘 that are connected by a unique trajectory of 𝑋1 such that the stable and unstable manifolds 

intersect transversely.

For the proof we again refer to [1, Lemma 8.2]

The last lemma we need is a bit more technical:

Lemma 16 (Moving attaching spheres).  Let (𝑊, 𝑋, 𝑓) be a Smale cobordism and 𝑝 ∈ 𝑊  a critical 

point with stable manifold 𝑊−
𝑝  that intersects 𝜕−𝑊  along a sphere 𝑆 ⊂ 𝜕−𝑊 . Given an isotopy 𝑆𝑡 ⊂

𝜕−𝑊  of 𝑆 there exists a homotopy 𝑋𝑡 fixed on 𝜕𝑊  of gradient-like vector fields from 𝑋 such that 

𝑊−
𝑝 (𝑋𝑡) intersects 𝜕−𝑊  along 𝑆𝑡.

We are going to need this to simplify certain intersections. Now we can finally start with our proof 

itself:

Proof.  We start by using Lemma 13 to move every critical point of index 𝜆 to level 𝜆 (A morse 

function like this is also called self-indexing), the only obstacle to this is that this Lemma can only be 

applied to elementary Smale cobordisms, but using transversality we can move the stable/unstable 

manifolds away from each other, allowing us to apply our lemma to the general case.

Now for every 𝑘 ∈ ℕ consider the regular level set Σ = 𝑓−1(𝑘 − 1
2) i.e. the level set between the 

critical points of index 𝑘 − 1 and 𝑘. Let 𝑝1, …, 𝑝𝑠 be the critical points of index 𝑘 and 𝑞1, …, 𝑞𝑡 those 

of index 𝑘 − 1. Denote the stable spheres of 𝑝𝑖 by 𝑆−
𝑖 ⊂ Σ and the unstable spheres of 𝑞𝑗 as 𝑆+

𝑗  and 

let 𝐴 be the matrix of homological intersections numbers 𝐴𝑖𝑗 = 𝑆−
𝑖 ⋅ 𝑆+

𝑗 .

We can modify 𝐴 using so called handle slides: Take two critical points 𝑝𝑖, 𝑝𝑗 of level 𝑘, move 𝑝𝑖 to a 

slightly higher level and using Lemma 16 modify 𝑋 to “slide” the stable manifold of 𝑝𝑖 over the 

stable manifold of 𝑝𝑗, replacing the homology class [𝑆−
𝑖 ] by [𝑆−

𝑖 ] + [𝑆−
𝑗 ], effectively adding the 𝑗-th 

row of 𝐴 to the 𝑖-th row. Since 𝐻∗(𝑊, 𝜕−𝑊; ℤ) = 0 we can use these elementary row operations to 

ensure that 𝑆−
𝑖 ⋅ 𝑆+

𝑗 = 1 for 𝑖 = 1, …, 𝑟 ≤ min(𝑠, 𝑡) with all other intersection numbers being zero.

Now before we continue we are going to have to get rid of critical points of index 0, 1, 𝑚 − 1, 𝑚 

with 𝑚 = dim 𝑊 . We can use Lemma 14 to get rid of the critical points of index 0 and 𝑚 and then 

use the “Smale trick”: Use Lemma 15 to create a pair of critical points of index 2 and 3 and then use 

the critical point of index 2 to cancel out a critical point of index 1. Similar with critical points of 

index 𝑚 − 1.

No we can remove all remaining “homologically unnecessary” intersections (i.e. intersections that 

are cancelled out by others) that still remain. To accomplish this, consider two transverse 

intersection points 𝑧± with local intersection indices ±1. We can connect them by paths in 𝑆−
𝑖  and 

𝑆+
𝑗  to obtain an embedded loop 𝛾 in Σ. Per assumption 𝑊  is simply connected, hence 𝛾 bounds a 



disk. We also have dim 𝑊 ≥ 6, allowing us to apply a theorem by Whitney (see [2] for details) to 

choose this disk Δ such that it meets 𝑆−
𝑖 ∪ 𝑆+

𝑗  only transversely along the boundary. Pushing 𝑆−
𝑖  

over Δ using Lemma 16 then eliminates the intersection points 𝑧±.

We end up with 𝑆−
𝑖  and 𝑆+

𝑖  intersecting in a unique point for every 𝑖 = 1, …, 𝑟. In particular 𝑝𝑖 and 

𝑞𝑖 are connected by a unique 𝑋-trajectory, allowing us to eliminate them using Lemma 14. Thus we 

end up with a Morse function with no critical points. ⁠ □
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