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1 Introduction

The question is this: given an infinite series of the form )" °  an(z — 2¢)", for what values of 2 does it
converge? This is an important thing to know, as it tells us, for instance, when we can expect a Taylor
expansion like In(1+z) = z—2%/2+2%/3—2*/4+ ... to provide information that is either useful or relevant
or correct: if the series doesn’t converge, then the expansion, however nice it looks, is nonsense. The general
pattern is that we can examine the coefficients a, to determine a certain interval of convergence, that is,
a range of values that x must fall into in order for the series to converge. This problem can be attacked
in a number of different ways, and the methods used in your textbook (Stewart) are different from those
that have been introduced in class. The purpose of these notes is to describe both methods and clarify the
differences and similarities between them. We’ll start with the method discussed in class, and then move on
the approach taken by Stewart, using the so-called “ratio test”.

2 A Theorem for Power Series

The following theorem is quite simple to use once you get used to it, but unfortunately it does not appear
in Stewart’s book:

Theorem 1. Given a power series Y .- o GnZ™, suppose |ani1/ay| converges to some number L as n — co
(L could also be 00). Then define R =1/L (or if L =0 set R = 00, and if L = 0o set R = 0). This number
R is called the radius of convergence of the power series, and it has the following properties:

1. The series converges absolutely for all x with |z| < R.
2. The series diverges for all x with |z| > R.
If R = oo, this means the series converges for all .

Note that the theorem makes no conclusion about what happens when |z| = R: the cases = R and
x = —R must be investigated separately. Also, those who’ve already read and absorbed Stewart’s method
to be described below, pay close attention: the ratios |a,y1/an| being examined here are not ratios of
the actual terms in the series, they involve only the coefficients! (A ratio of actual terms would look like
|(ant12™1)/(anx™)| rather than |a,41/a,|.) Before presenting the proof, let’s look at an example.

Example _11 Consider the power series § — % + f% — % +.... This can be written as Y.~ anz™ where
ap = (773" , thus
n+1 n
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Thus we set L = 1/2 and R = 1/L = 2, to conclude that the series converges for |z| < 2 and diverges
for |z| > 2. We must now investigate the cases x = +2 separately: when x = 2, the series becomes
1-— % + % — i + ...; this is the alternating harmonic series, which we know is conditionally convergent. At
x = —2, we have —1 — % - % - % — ..., which diverges (it’s minus the harmonic series). So we conclude that

the interval of convergence —2 < x < 2.



It goes without saying that a series of the form Y ° jan(z — zo)™ can always be handled in the same
way: we examine the coeflicients to derive a radius of convergence R and conclude that the series converges
for |z — zo| < R and diverges for |z — z9| > R. Again the two points where |z — 29| = R must be checked
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separately. So for instance,
—4<z<0.

The theorem is proven by comparing the power series for a given value of xz with a certain geometric
series, whose convergence or divergence we can easily check. The essential point is quite simple but may
seem obscured in the details, so you might want to skip the proof on a first reading.

. converges for —2 < z+2 < 2, in other words

Proof of Theorem 1. Assume |a,t1/a,| converges to a finite number L > 0, and set R =1/L. (We'll ignore
for the moment the case where L = oo; it requires a slightly different argument and is after all not very
interesting, as it yields a power series that only converges at x = 0.) We’ll first prove that the power series
is absolutely convergent if |z| < R. First, we already know it converges if = 0, so pick any z # 0 with
|z| < R. The fact that |z|] < R = 1/L and thus 1/|z| > L allows us to choose a small positive number e such
that 0 < € < 1/|z| — L. (If L = 0 we can do this for any = # 0, so we define R = oo to mean that there’s no
constraint on the size of z.) Since |a,+41/an| = L, we can find some large integer N so that

L—6<|an+1|<L+e (1)
|an|
whenever n > N. In particular, |anpy1| < (L + €)|ay| for all n > N. Now let p be some positive integer, and
observe that since every integer from N to N + p is greater than or equal to N, we can apply the inequality
|an+1] < (L + €)|an| repeatedly and obtain:

lan-tp| < (L +€)lantp-1| < (L +€)*|lanip—2| < (L +€)’lansp-s] < ... < (L +€)Plan].
Setting n = N + p, we rewrite this as

lan|
(L+¢e)N

We want to prove that Y °  a,z" converges absolutely, but of course it would suffice to prove that
Yooy anx™ converges absolutely, which by definition would mean that Y7 \ |a,z"| = Y7\ |an||z|™ < co.
Since we’re now summing only terms with n > N, we can use Inequality 2 for comparison:

an
Z|an||:c|"<z L+ ~(L+e" |x|": | |NZ [(L+¢€)|z|]".

The sum on the right is simply a geometric series. Does it converge? The answer is yes, due to the very
special condition we placed on € at the beginning: we required that 0 < € < 1/|z| — L, and with a little bit
of algebra this translates into (L + €)|z| < 1. Thus the geometric series converges, and by comparison, so
does the power series (absolutely).

Much of this same reasoning can be recycled and adapted to prove that the series will diverge whenever
|z| > R = 1/L. In this case we can choose a number € such that 0 < e < L — 1/|z|. Again there is some
large integer N such that Inequality 1 holds whenever n > N, and in particular, |ap4+1| > (L — €)]|a,|. We
can again choose a positive integer p and apply this inequality repeatedly to obtain

|an| < (L+6)" Nan| = (L+e€) 2)

lan+pl > (L = €)lanp-1] > (L = ©)*lan1p-2| > (L —€)lantp-3] > ... > (L —€)’lan],

or setting n = N + p,

lan|
——— (L — €)™ 3
T (=9 3)
Remember that in order for ZZO:O anz™ to converge, it is necessary that the sequence of terms a,z™ must
approach 0. We can now prove that this won’t happen: when n > N Inequality 3 tells us

lan] > (L =€) Nan| =

anN anN
ane"| =lanlol” > A (L = Plel” = 72 (= el
Since € < L — 1/|z|, it turns out that (L — €)|z| > 1, so the term on the right diverges to oo as n — oc.
Therefore a,z™ cannot possibly converge to 0, and the power series cannot converge. O



This theorem can be applied to most, but not all power series. Its greatest success story is the exponential
series, e” =Y o 2" /n!. Here the coefficients are a, = 1/n!, thus

any1| _ 1/(n+1)!  n! 1
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so we set L = 0 and conclude that the radius of convergence R = 1/L = o0, or in more pedestrian terms,
the series converges absolutely for all z.
Here’s an example of a series for which the theorem is not applicable:
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COS$:1_5+1_5+"'
Notice that all the odd powers of x in this series are missing, so in order to express it in the usual form as
Yoo o anz™, we'd have to define the sequence of coefficients {a, }32, as {1,0,—1/2!,0,1/4!,0,-1/6!,0,...}.
Now the ratios |an+1/an| don’t converge to anything at all, in fact every other term is undefined (has a 0
in the denominator). But all is not lost: all we have to do is compare this series with the result we already
obtained for the exponential series. Namely, the exponential series converges absolutely, so

T T . e . S 1

1+|SE|+T+?+T+?+F+<OO

for all . Obviously then,
P et Jef
+7+T+F+“'<OO’
since every term in this series is also included in the one above. Therefore the series for cosz converges
absolutely.

3 The Ratio Test

We’ve not explicitly discussed the ratio test in class, and if you know Theorem 1 above, you won’t really
need to learn it. However, Stewart uses the ratio test instead of Theorem 1 to test the convergence of power
series. In some sense, Theorem 1 is an application of this more general method that can be used to test
convergence of a wide variety of infinite series, not just power series. Here’s how it works:

Theorem 2 (The Ratio Test). Consider an infinite series Y .o | by, and suppose |byi1/bn| converges to
some number L as n — oo. Then,

1. If L <1, the series Y .., b, converges absolutely.
2. IfL>1 (or L =00), the series Y .-, b, diverges.

As will surely not surprise you by now, no conclusion results if L = 1. There are obvious similarities
between this and Theorem 1, and they are not coincidental. However, we should take note of some differences:
most importantly, where Theorem 1 dealt with ratios of the coefficients in a power series, Theorem 2 uses
ratios of the actual terms. It wouldn’t make sense for Theorem 2 to talk about coefficients, since it doesn’t
even make any explicit mention of a power series: Y >° | by, could be any infinite series at all.

Example 2. Zf;o % is not a power series, but we can use the ratio test to prove that it converges. The
series can be expressed as Y .~ by if b, = 1/nl, then

_ 1/(n+1)!  n! 1

bn+1
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0,

so since 0 < 1, the ratio test tells us that this series converges.

The ratio test can be used to test the convergence of all the same power series for which Theorem 1
is applicable, though since we’re now using a principle that isn’t explicitly designed for power series, the
method is a little bit less direct. Let’s repeat some previous examples in this new context to see how it
works.



Example 3. We want to find out for what values of x the series § — 5755 + 3755 — 152 + ... converges. We

write this as Y., b, where by, = %, then
bral _ [0+ 02 2t e
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So we have L = |z|/2, and according to Theorem 2, the series will converge absolutely if |z|/2 < 1, i.e. || < 2,
and diverge if |x|/2 > 1, i.e. |z| > 2. Since no conclusion can be drawn from the ratio test if L = 1, which in
this case means |x| = 2, we must again check explicitly whether the series converges for x = £2; we would
do this step exactly the same way is in Example 1, and conclude as before that the power series converges
for -2 <z <2.

Example 4. Let’s apply the ratio test to > .., mn—", Here b, = z™/n!, so
b ntl 1)! Igntt
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It may seem confusing at first that the limit L = 0 doesn’t depend on x. Actually this makes the problem very
easy: since L < 1 regardless of what value of x we may choose, we conclude that this series will converge for
all x, or in other words, that the radius of convergence of the series is 0.

As yet I've made no attempt to convince you that Theorem 2 is true. As a test for convergence of series
in general, it’s quite easy to use, but not nearly as intuitive as the comparison test, or even the alternating
series test. This, and the fact that in practice it’s rarely needed except when dealing with power series,
is why we haven’t discussed it explicitly in class. Stewart states and proves his version of Theorem 2 in
Section 11.6 (page 733), so I will not repeat the proof here. Suffice it to say that the proof is quite similar to
our proof of Theorem 1, and based on the same principle: comparing the series with some geometric series
that we can easily see either converges or diverges.

It’s worth noting though, that if we take Theorem 1 as given, we can construct a very easy alternative
proof of the ratio test: assume we have a series Y ° b, with |b,41/b,| = L, and note that the sum of
this series is the same as the sum of the power series >~ b,z when z = 1. Theorem 1 then tells us
that the power series has radius of convergence R = 1/L. If L < 1, then R > 1 and 1 is inside the interval
of convergence, therefore o b, converges absolutely. If L > 1, R < 1 so 1 is outside the interval of
convergence and Y7 by, diverges.

4 Which method is better?

The fact is, at least as far as power series are concerned, every problem that can be solved by Theorem 1 can
also be solved by the ratio test, and vice versa. Which method you choose to employ is a matter of personal
preference. Theorem 1 may seem more direct, since it’s intended for use with power series in particular,
and provides an explicit formula for the radius of convergence (i.e. R = 1/L). On the other hand, the ratio
test is something that’s good to know since it can be applied to a wider variety of problems, not only power
series. On the other hand yet again, such problems don’t come up very often in practice, and if you ever
forget the ratio test but remember Theorem 1, you can always rederive the ratio test using the argument
of the previous paragraph. So it’s up to you to decide which approach works better for you, and try to be
consistent about it.



