SEIBERG-WITTEN FLOER HOMOLOGY LECTURE 14

DINGYU YANG

Please email yangding@math.hu-berlin.de if anything. Lecture notes up to
now are available at www.mathematik.hu-berlin.de/~yangding/monopole.html.
Exercises sprinkled throughout lecture notes have been collected into an exercise
sheet at www.mathematik.hu-berlin.de/~yangding/Exercise_SWF.pdf.

1. LECTURE 14: DETECTING VOLUME IN 3D CONTACT GEOMETRY

Let (Y, \) be a closed connected contact 3-manifold. Recall from last time that,
A is a 1-form such that A A d\ nowhere 0, thus a volume form.

For any I' € H;(Y"), which (using the volume form/orientation) is under Poincaré
duality corresponds to PD(I') € H?(Y)) which corresponds to a (iso class of) line
bundle denoted still by PD(I"), and a spin® structure s¢ @ PD(T"). Here, recall
the spin bundle of s¢ is C @ £ with { = ker A the contact structure. We assume
c1(s¢ ® PD(I')) = c1(€) + 2PD(T) is torsion. Thus we have absolute Z grading.

Let {0k}, be a sequence of nonzero homogeneous classes in HM _*, * € Z with
klim —gr(oy) = co. Here, in the monopole Floer cohomology, we count trajectories
—00

from right to left, namely, 9[b] = 3_ #M ([a], [b])[a]. Then, the topic of today’s
lecture is about the following volume detecting property:

o (Y, 0)2
tim ATy = / AAdA.
koo —gr(oy) Y

Now we explain the undefined term ¢, for a nonzero class:
There is a filtered version of HM  as follows: Ci = {a e C* | £(a) < L}, with
a =73 ;nici =y, ni[(Ai,¥;)] and E(a) ==Y, ni(i [, XA Fa,), is a subcomplex of
5'*, inducing ¢y, @L* ~ HM
Given o € @*\{0}, define
co(Y,\) =infr{L | o € im(¢1)}.

This volume detecting result is proved by Cristofaro-Gardiner—Hutchings—Ramos,
in their “The asymptotics to ECH capacities” paper.

xFaq = (r{c(-)Y,¥) —i\) + (i x dp + 70)
"1 Day =0.
Here 7 is the universal constant.
Last time, (1) |gr(4,v) + 2CS(A)| < sr3Y/16 for r > r,. (We can shift the
degree to get rid of one grading term from last time.)

Fix ¢ € (0, %) Given j € N, define r; to be the largest real number s.t.

1.1. Proof of “<”. (1)

rJQ»Vol(Y7 A)— r?*‘s.
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Since r > 0, no generators from reducibles (using a spectral flow estimate). So
for 7,

s; = {r | 3 a generator with grading > —j associated to reducible solution to (}),} < co.

Claim: s; < r; if 7 > 0. (This is one of significance of r;.)
(®) (Taubes): For (A, ) solution to (1)r, E(A) :==1i [, AAFa < Gvol(Y,\) +C.
CSD(A,¢) = L(CS(A) —rE(A) +1 [, p A Fa+r [ (Darh,b)dvol.
Fix o € H M~ nonzero with gr(o) > —j (h defined last time using minmax for
homology aM «» here we have cohomolohgy, so maxmin)

h(r) = - max min CSD(cj) = CSD(
nicr€o

it

and h(r) piecewise smooth. Define CSD(r) = CSD(A(r), ¥ (r))

ma,xmm)

( ) (T)> = maxmln’
and £(r) = E(A() A
4. CSD(r) = —3&(r) for all 7 > s; (no reducible) s.t. C* is defined.
Proposition 1.1. li_>m E(r) =2me, (Y, N).
E(A) > 2nLy a universal threshold
|CS(A)| < Cr?/3&* appeared in the last lecture
for (A, ) to (1), that is not (Ariv, Ytriv)-

Fix v € (0,2) and § € (0, ).

Lemma 1.2 (@). 7 > 0, {

Lemma 1.3 (B). For all j, 3 p s.t. 7> p and C* defined, (A, ) non-trivial
solution to (1), of grading —j, then |CS(A)| < rt=7&(A).

Proof. (of Lemma (b)) If not, 3 such a (A, ) with
MTTE(A) < |CS(A)| < Cr2/3g(A)Y/3

if » > 0. This implies that =Y CS(A)| > E(A) > C3r1=37, thus |CS(A4)] >

C—3r2=% and this exponent is bigger than ‘;’—é by choice (4y < ¢ < %) and and

thus contradicts to (1) as r > 0. O

Proof. (of Proposition) Assume r > 0, @ and ® (gr(c) = —j) and non-trivial
solution in gr(c) irreducible with energy £ > 0.

Taubes
{f Fal = WEDHD (@) i fyn Fa] < RECA).
Lemma (2)
As CSD(A,¢) = L(CS(A) —rE(A)) +i [ w A Fa, by Lemma () and Inequality
(©), we have:
(1 =777 =2kr 1)E(A) < Z2CSD(A,9) < (1+ 777 + 26~ 1)E(A)
{rli)ngog(Atriv) == Tli)nc;lo CSD(At;iiv’thv) = 0
This implies the proposition by the definition of ¢,. (Il

To see the “<” part of the statement, heuristically:
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Suppose ¢; nonzero of gr —j. Then,
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(%VO](K A) + C)2
1617r2 rjzvol(Y, A) + 7“]2476

=4n%vol(Y, \).

®
<
®

1.2. Proof of “>”. Let (Y1, A1) closed oriented contact 3-manifolds. A strong
symplectic cobordism (Yy,Ay) — (Y_,\_) is a compact symplectic 4-manifold
(X,w) (where 2-form w satisfies dw = 0 and w? nowhere zero) with X =Y, UY_
s.t. w|yi =dA\+.

A weakly exact symplectic cobordism is a strong symplectic cobordism with
w = dA\ exact. This gives rise to a morphism

Op(X,w): HM, (Yo, A\, 0) — HM, (Y_,A_,0).

Let A € Hy(X,0), 0A =T, —T'_. For a strong cobordism, the filtration level
might get shifted but between the limits is well-defined HM = limHM L Here
I} is identified as PD(I'}) the line bundle to tensor with s.. Thus, we have
DX, w) : @_*(F+) — I?]\\I*(F_). This is defined by counting SW trajectories
in the (completed) cobordism with limits in the £ pieces. We have the following
properties:

e Trivial cobordism = & = Id.

* 3(X;) o0 p(X)) = p(Xi0X,).

o (X1 UXs) = (X1) ®(X2).

e We have U map increasing M — ﬂ/fH_Q, corresponding to cup prod-
uct with ¢y of tautological line bundle in coupled homology picture. We
have ¢(X) o Uy =U- o ¢(X).

Proof. (of “>") Step 1: oM finitely generated and U is isomorphism.

* large enough, = 3 finite collection of sequence satisfying (§) Uogy1 = oy for
all k, s.t. every nonzero homogeneous oy of sufficiently large k is in one of these
sequences in (§). Thus suffice to prove “>" for (§).

Step 2: ([—a,0] x Y,d(e*))). For € > 0, B(r) := {z € C? | 7|2|? < r} with
standard wg. Let ¢; : B(r;) = [—a,0] x Y, i = 1,--- , N, with disjoint images,
st w?([—a,0] x Y\, 9i(B(ri))) < € (using Darboux charts). Denote X :=
[=a,0] x Y\ LI; ¢i(B(ri))-

Weakly exact cobordism X : (Y, \) = (Y,e™*X\) U ||, 0B(r;).

Step 3: ®(X) formulay,

HM (83(7“1)) has basis {Ck}kgo. CQ = [(Atrivawtriv)] and UQ = <i+1~

For any o0 € HM , (o) = D k<0 Dy otk =k Uko @ (e, @ -+ @ Cry -
Step 4: ok, k < 0 with Uo = ogy1.



4 DINGYU YANG

N

Cop (Y, A) = Co(o) (Ve N U | | 0B(ry))
=1

N
= max max Ciriy (Y e7ON) + ¢ ’
U’%awéol’c:k1+»-~+k1v( Uk ( ) ZZ:; Cki(aB(T‘))

N
= B(r;)).
o kﬁ---Tl??:kqu:;CCki (0B(r:))

Here ¢, (0B(r;)) = dr; where d is the unique nonnegative integer s.t. @ <
2

62 —a
This implies lim inf 2= > 43", vol(B(r;))? = :=5—vol(Y, A) — ¢, with a > 0 and
€ arbitrary. This immediately implies “>”. U
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