SEIBERG-WITTEN FLOER HOMOLOGY LECTURE 7

DINGYU YANG

1. LECTURE 7

Please email yangding@math.hu-berlin.de if anything. Lecture notes up to
now are available at www.mathematik.hu-berlin.de/~yangding/monopole.html.
Exercises sprinkled throughout lecture notes have been collected into an exercise
sheet at www.mathematik.hu-berlin.de/~yangding/Exercise_SWF.pdf.

We will do the following in this lecture:

e Put the configuration space (and its blowup along irreducibles) and the
bundle over it (where the section of SW expression lives), and the gauge
group acting in this setting into Banach space setting (so that the finite
dimensional intuition largely carries over and to ultimately apply Sard-
Smale theorem).

e Using a slice to locally parametrize a quotient manifold using a submanifold
through a point.

e Morse theory (i) needs V f non-degenerate at critical points (can be viewed
as requiring y — V, f as a transverse section of TB — B), and (ii) needs
M (a,b) to be a manifold of correct dimension, by requiring

(t = x(t)) = (t—@(t) + Ve f)

to be a transverse section of |, enrap(r,5) I'(7*TB) = Map(R, B) in a suit-
able function space setting built upon point (i) (this can be generalized
more readily instead of the formulation of stable and unstable submani-
folds intersecting transversely). Analogously in the SW infinite dimensional
picture, need (i) VL non-degenerate, and (ii) need 4d SW solution space
on a cylinder up to gauge transformation (flow lines of —VL on 3d up to
3d gauge transformation) to a manifold with expected dimension. Each
will be dealt with as a perturbation of a Fredholm defining section into a
transverse section.

We achieve by perturbing VL into V£ by adding the gradient of a
“generic” cylinder function, while keeping compactness.

1.1. Functional space setting. Use M to denote either X (possibly with 9X) in
4d, or Y in 3d setting, compact (or bounded geometry such as R x Y) Riemannian
with a spin® structure s. Use W to mean the (positive) spin bundle ST for X, or
S for Y.

The configure space C(M, s) = (Ao, 0)+T(iT*MOW) = (Ag+T(iT*M)) xI(W),
for example I'(iT*X & ST) in 4d, and T(sT*Y & S) in 3d.
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Cr(M,s) = (Ao + Li(iT*M)) x L?(W). Banach/Hilbert manifold, a manifold
based on local models of open sets in Banach/Hilbert space (which is a function
space with finite regularity).

The blow-up with regularity

Cl(M,s) ={(A,s,¢) € (Ao + LE(iT*M)) x R x Ly,(W) | s > 0,|¢|| 2 = 1}.

The gauge group Gp11(M) = {u € L} (M;C) | |u(p)| = 1}, here we ask
2(k +1) > dimM, so u is continuous and the condition makes sense by Sobolev
embedding LY (M) — C™ if k=2 > r (thus the function space without the condition
is a Banach algebra).

C7 (M, s) Hilbert manifold with boundary with a Hilbert Lie group Gi41 acting
smoothly and freely (always having 2(k + 1) > dimM in place).

The tangent space at v = (Ao, so, o) to CJ = C(M,s) is

Trly = T,Cf := {(a,s,¢) € L(iT*M) x R x L3 (W) | Re(¢o, ¢) 2 = 0}.

They fit into the tangent bundle 7, and one can also complete the fibers using
weaker L7 norms and denote it as 7; for | < k, replacing k by [ in the definition.

1.2. Quotient. We can form quotient By(M,s) = Cr(M,s)/Gr+1, and the blow-
up version By := C7/Giy1, where drop the dependence of manifold and spin®
structure for brevity. By is a Hilbert manifold with boundary being a quotient of
a free and smooth group action with closed orbit (the image of d., below is closed),
and Hausdorff.

The group action Act : Gy X Cf — C7,(g,7) + g7v. The differential of this at
the identity g = e and a general configuration =, is denoted by

d,y = d(eﬂ)ACt :TeGrv1 — T,ch.

We locally parametrize the quotient structure using a slice: if we choose any
locally closed L. X .
C containing a given v € G~ such that T,C = imd,, & TS, then

submanifold
1:S—>C/G
inclusion quotient
obtained as the composition S et C C/G is a diffeomorphism from an
open neighborhood of « onto the image, which is an open neighborhood of G in
C/G (by inverse function theorem).

1.3. Construct a slice for the blow-up configuration space. First consider
the irreducible configuration space, then extend it to the blow-up.

v = (Ao, ®o) € C;(M,s) C Cx(M,s) with &y # 0.

dy: L?H(iR) = Tily, & = (—d€,EDy), for j < k.

Let Jjly := dy (L34 (iR)).

K| denotes its L? orthogonal in T;|-, explicitly

{(av ¢) | —d*a+ iRe<i(I)0a ¢> =0, <a‘|61\/17 TL> = 0}7

where n is the outwards normal to M. The first condition is dX (a, ¢) = 0.

Jj = U,ec- Jjly and similarly K; are closed subbundles of 7j|c- and they are
orthogonal and complementary.

Jj extends (to the boundary of C7) to J7 over C? naturally.

For v = (Ao, s0, ¢0) € Cf, we define

IC;-’\,Y ={(a,s,0) | —d'a+ is%Re(id)O7 ) =0, {alan,n) = 0,Re(igg, §) 2 = 0}.
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They fit together Kf subbundle of 77 that is complementary to J7 in 7.
Want to find a closed submanifold Sy C Cf based at v = (Ao, s0,do) s.t.
1,57 ., = K9 |y. We define:

Si = {(Ao+a, s, ¢) | —d"a+issoRe(igo, ¢) = 0, (alarr,n) = 0,Re(igo, ¢)r2(ar) = 0}

ST Ty has a well-defined limit as so in v = (Ao, S0, ¢0) goes to 0, which defines
Sy for ~ on the boundary.

Note that the construction of S  is motivated from the proper transform of the
slice S 4 == {(4,?) | —d*a + iRe(i®y, ) = 0, (apar,n) = 0} through any point
v = (Ao, (1)0) € Cy.

U := quotient o ¢ : SY ~ — By with ¢ denoting the inclusion, called Coulomb-
Neumann chart/slice (because as we shall see that to bring a general configura-
tion into this slice based at a reducible configuration (Ag,0), one solves the same
equation as in the Coulomb-Neumann gauge fixing previously in the argument of
compactness).

1.4. SW map as a section from the blow-up space with finite regularity.
We have trivial bundle

Vi1 :=Cr x L2_,(isu(ST) @ S7) = C

and the blow-down map Cy 5 Cp. Define V7_, = m*Vj_1 for the compact manifold.
Fo(A,s,0) = (3px (Fi.) — s*(¢¢")o, D} ¢) is a section of V7_; — C7 with Gyy1
acting equivariantly and smoothly.
In 3d, VL smooth section T—1 — C, and (VL)? smooth section for 7,7 ; — Cf.

1.5. As a preliminary, global slice: bring a general point in C; to the slice
Sk, at a reducible vy = (Ap, 0). Recall that the defining condition for the slice
Sk,% is

{=d"a =0, {a|an,n) =0}.

To find a gauge transformation of the form u = ef to put (A,¢) = (Ag + a, @)
into the slice, one needs to solve (substituting into the above defining condition)
A& = d*a, (d€lom,n) = (alon,n). & is unique if asking fo =0.

Define G-, = {e* | [,,& =0}

We have a diffeomorphism

gk{i-l X Skf‘fo = Ck, (657 (av ¢)) = (AO + (a - df), e£¢)7

restricted from the group action map Act.

By, is quotient of Cx/Gri1 = L(Skﬁo)/(gkﬂ/g,gﬂ). Here G" := gk_H/gle
can be realized as the extension S' — G" — H'(M;Z), where the second map is
taking the associated homotopy class, and H'(M;Z) is the components of gauge
group. (The notation for G" comes from an alternative realization as harmonic
maps u : M — S with Neumann boundary condition Au = 0, (Vu,n) = 0.)

Exercise 1.1. From the above, show we have homotopy equivalences

BY = (S, NCE)/G" x (LE(S)\{0})/S* = H'(M;iR)/2n H (M;iZ) x CP™.

Yo
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1.6. Tame perturbation. In 3d, we will take perturbation of the following form
f : C(Y) — R invariant under G. £:=L + f perturbed CSD functional. The
perturbation to the equation is q = V f.

When q having less regularity, we call it a formal gradient of some f if for all
smooth 7 : [0, 1] = C(Y), we have (f 07)(1) = (f ©7)(0) = [; (%, q) zzdt.

q=(q%q') € L2(iT*Y) @ L*(S). VL£=VL +q.

Lifted to the blow-up, (V£)? = (VL) + q°. We will write out the LHS (which
also then defines q% in terms of q):

% * FBt + 7"2,071(1/)’[/)*)0 + qO(BaTa ¢)
(Vg)a = Aq(Bﬂ”ﬂ/’)” ’
DBw + al(Bvr7¢) - Aq(B,’f‘, 1/’)7“

where §'(B,7,¢) = [, (d(5.sr4)9")(0,%)ds, and
Aq(B,7,0) = Re(), Dptp + (B, ) 2.

Exercise 1.2. Using the expression of V£ and the above to write down q“ in terms
of g = (q°,q") explicitly.

(B, r, 1) is a crtical point of (V£)7 iff:
when r # 0, (B, rv) is a critical point of V£; when r = 0, (B,0) is a critical point
of V£ and v is an eignevector of ¢ — D¢ + (d(B,O)ql)(O, 0).

We need tame perturbation (the following definition is a bit technical and one
can proceed to cylinder functions right after it, and we hope to add a sketch of
proof for the last assertion of this lecture which might make the definition more
palatable):

Definition 1.3. (7-model) Let Z = [t1,t2] X Y. As the 4d blow-up model (with
regularity) viewed as a path in 3d blow-up model, one needs to divide a factor to
rescale the last variable so that it satisfies || ||2(y) = 1 (we need to invoke unique
continuation theorem which implies that we never divide by 0), the rescaling factor
needed to multiplied to the second variable, which now is a non-negative function
s(t) on t € [t1,tz]. This is the 7-model and we use superscript 7 to signify it, and
we ask
s € Li([t1,ta]) N {s(t) > 0}.

Cf is not a Hilbert manifold with boundary but a closed submanifold of an obvious
Hilbert manifold (where the middle factor is L2 ([t1,t2])).

Exercise 1.4. Work out the tangent bundle, and slice in 7-model.

Definition 1.5. (tame) Let Z = [t1,12] x Y. We want to use gauge invariant
norm L% 4, then we no longer have a trivial bundle V; as a normed vector bundle.
L2 = (L})".

Given v € C7(Z), we view it as a path ¥(t) in CJ(Y"), then we have q7(%(¢)) €
L2(Y;iT*Y) ® R x L2(Y; S), using Clifford multiplication to identify i7*Y with
isu(ST) and S with S~. Then this becomes an element in V[, denoted by 47 (7).
One also has the non-blow-up version q of the above.

For an integer k > 2, a perturbation q : C(Y') — Tp is k-tame if it is the formal
gradient of continuous Gy -invariant function on C(Y'), such that

e v — q(v) is a smooth section of Vi (Z) — Cr(2),
e for every integer j € [1,k], q is a continuous section of V;(Z) — C;(Z),
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e for every integer j € [—k, k], dq which is a smooth section of
Hom(TCx(Z), Vi(Z)) — Ci(2),

extends to a smooth section Dq of Hom(T'C;(Z),V;(Z)) — Ci(Z),
e there exists constant ma, ||q(B,¥)|rz < ma(||¢]|r2+1) for (B, ¥) € Cr(Y),
e for any smooth connection Ag, there exists a real function p; such that
(A, @)z, < (A= Ao, @It , ),

e q:C1(Y) > ToinY is CL.
If q is tame for all £ > 2, then q is called tame.

This technical definition will become handy in the proof of achieving transver-
sality while keeping compactness. One cannot help but notice some similarity with
an ingredient in the definition of sc-smoothness in polyfold theory.

Readers can skip the above definition on the first reading and just proceed to
the following construction of a class of functions called cylinder functions that will
give tame perturbations.

1.7. Cylinder functions. We break up the construction into several bite-size
pieces:

1.7.1. Choose a simpler quotient representative. We have Gi 1 = gk%ﬂ x G" from
the above.

In 3d setting, at 7o = (Bo,0), we have difeomorphism Gi-y; X Skyy — Ci(Y)
which is the group action, where Sy ,, = {d*b = 0} as above.

We want Gj1-invariant function. Due to the above splitting and identification,
only need to construct functions on Sy -, that are invariant under G".

1.7.2. Torus-valued function on configuration pairing with I1-forms. Given a co-
closed 1-form ¢ € T(iT*Y) = Q!(iR) (namely, d*c = 0), define

re:C(Y) =R, (Bo+b,w)i—>/b/\*52<b,c>y.
Y

u € Grr1, —u~ldu represents h € 2miHY(Y;Z), rcou —r. = (hU [xg])[Y]. If
¢ = d*c coexact, r. is invariant under Gy 1.

Denote T := H'(Y;iR)/2miH'(Y;Z), we can choose i-valued harmonic 1-forms
modulo those with 27 periods as preferred representatives. Choose integral basis
wy, - ,wy € HY(Y,iR), so T = Rt /27Zt.

C(Y) — T7 (Bo + b,’l/)) — [bharm]-

We have (B, 1) — (rw, (B,¥), 1w, (B,1)) mod 2rZ".

1.7.3. C-valued equivariant function from pairing of the spinor direction. We choose
a splitting S — G" 2 H(Y;Z), e.g. using harmonic gauge transformations such

that u(xzo) =1 for sor?ae base point zg.

Define G, (Y) = G"O(Y) x G, (Y), where G"0(Y) = im(v).

Gp,1(Y) acts freely on Cix(Y) with quotient B). The S* action on B} induced
by the Gyi1 = S x g,2+1 action on Cy, is €? € S! acting as (B,v) +— (B, e1). We
have Bk = Ck/ng = Bg/Sl

H(Y;iR) x S (with S spin bundle) acted by G"° = im(v), with the quotient
T x § =: S which fibers over T x Y.
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For a smooth section T of S — T x Y, we can always choose a lift T which is
a section of H'(Y;iR) x § — H'(Y;iR) x Y. Denoting T4(y) := Y(b,y), we have
Torn(y) = (v(ﬁ))(y)Ta (y), where v is the splitting above.

Recall quickly on Hodge theory. In particular, A = d*d has Green function
G:L{_ (YY) = L} (Y), AoG =1d. Given T of S, we define a G%-equivariant
map YT :C(Y) = T(S), (By + b,¢) > e~ G4bYy, .

Define gy : (B,%) — [, (¥, YT(B,¥)) = (¥, T1)y. gy is G%-invariant, and also
St equivariant.

1.7.4. Invariant function from finitely many directions picked out. Choose coclosed
€1, ,Cntt, where the first n coexact, and last ¢ being basis w; above. Choose m
sections Yq,---,7Y,, of S.

Define function p : C(Y) = R" x T x C™,

(Bﬂb) = (TCI(B,’QZJ),- e 7rCn+t(B7w)7qT1(‘B7w>7 T 7qu(Bv'(/}))'
We have an S'-action on R x T x C™ acting on the last factor C™. Choose an

Sl-invariant compactly supported g : R® x T x C™ — R.

1.7.5. Cylinder function and being large enough. Define f := gop and q:=Vf. A
function of this form is called a cylinder function.

Exercise 1.6. Show that space of cylinder functions is ‘large enough’: for any
[B,¢] € Bp(Y) := Ci/Gr1,

any non-zero tangent vector v € Tip 4 Bj(Y). There exists a cylinder function
f:Cr(Y) — R with the quotiented restriction f := (f c:)/Gk+1 : BE(Y) — R such
that (dipw)f)(v) # 0.

Make a countable collection of such choices of cylinder functions. The space P
of countable sequence of constant weights used for linear combination of cylinder
functions is the Banach space of perturbations.

1.8. Transversality in 3d. Let P be the Banach space of weights for linear com-
binations for cylinder functions.

There exists a residual (complement of countable intersection of open dense
sets, especially non-empty) subset Pyes of P, such that for any q € Pyes, zeros
of (V£)? = (VL)? 4+ q7, which is a section of 7,7 ; — C7(Y), is non-degenerate
(This means the following: We have for j <k, 77 = J7 @ K7 as before, (V£)7 is
transverse to the subbundle J7 ,, recalling it being invariant under group action).

This is proved using Sard-Smale theorem.

A sketch of the proof will be added shortly.
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