SEIBERG-WITTEN FLOER HOMOLOGY LECTURE 9

DINGYU YANG

1. LECTURE 9

Please email yangding@math.hu-berlin.de if anything. Lecture notes up to
now are available at www.mathematik.hu-berlin.de/~yangding/monopole.html.
Exercises sprinkled throughout lecture notes have been collected into an exercise
sheet at www.mathematik.hu-berlin.de/~yangding/Exercise_SWF.pdf.

This lecture is about moduli spaces of trajectories and regularity. Exercise ses-
sion fills some details skipped during the lecture and gives the proof for regularity.

We focus on shifting the functional analytic setting from I x Y with compact I
toRxY =: Z.

We saw in the lecture notes that C™(I x Y) the 7 model (instead of o model)
adapted to the flow picture.

o model: A typical point in the blow-up configuration space is (A4, s, 1) with
constant s > 0 and [[¢)||z2(z) = 1 in 4d.

We restrict spinor (t) := 1(t, -) on each slice Y 2 {t} x Y (unique continuation
property implies that if ¥ # 0, then v (t) # 0 for all ¢.)

To make each slice a ¢ model (with last entry being of unit length), we need
to divide the spinor by its norm and multiply this norm to the middle entry,
(A(t), S‘|1[)(t)||L2(y), W), making it into a non-negative function R — R=Y.

L2(v)
This is 7 model.

C7(Y) with the middle function asked to be in LZ. This is no longer a Hilbert /Banach
manifold with boundary, but a closed subspace of a Hilbert manifold C}g(Y) where
the middle function in the latter is R — R (no constraint).

For I compact, we have the correspondence between a point in C"(IxY)/G(IxY)
in 4d and a smooth path in C?(Y)/G(Y) in 3d.

But for I = R, need care: CNk,loc =

{(A787¢) € Ao+ L%,loe(iT*Z) X L%,loc(R7 R) X L%,loc(s+) ‘ Hw(t)HL?(Y;S) = 1}7
here Y = {t} x Y and S 2 S5y The subscript loc means L norm is bounded
for function/section restricted to compact I x Y.

We also consider the un-tilded version Cf ;. where s(t) > 0.

The gauge group Gri1ioc = {4 € Li 1 1,.(Z,C) | u(-)| = 1}, with quotients
Bl;r:,loc c Bl;r:,loc'

q € P7¢® residual part such that zeros of (V£)? non-degenerate.

4d SW map is a section F7 : C};lOC(R X Y) = V[ 11,.(RxY), the fiber of the
latter at (Ag, so, ¢o) is {(a, s, ) €
L2y e (i50(STNBLE_y 10 (RRIGLE_, 1,0(57) | Re(o (), 5(1) p2y) = 0 for all 1}.
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This bundle is not a locally trivial vector bundle, but ok if we choose some projec-
tion.

If b is zero of (V£)7, b corresponds to a translation-invariant v, € CJ;,.(2) s.t.
FI(76) = 0. So 7 (+) is constant.

Definition 1.1. [v] € Bg7loc(Z) is asymptotic to [b] as t — %00, if [7] — [s] in

B ,,., where 777 := y(-4t). Written as limy = [b] when t — +o00, and lim[y] = [b]
) — —

when t = —o0.

Definition 1.2. A moduli of trajectories is
M ([, [6]) = {[7] € BY1pe(Z) | F(3) = 0, limy = [a], Timy = [b]}. It is indepen-

—

dent of k due to elliptic regularity before. We also have M ([a][b]), where we have
(7] € B} ,.(Z) and with the same other constraints.

[v] € M([a],[b]) corresponds to [¥(-)] in Bf(Y) connecting from [a] to [b]. It
determines a relative homotopy class z € m1(By (Y); [a], [b]) which is an affine space
over H'(Y;Z), the components of gauge group, via action. So it decomposes into
components, M ([a], [b]) = | |, M.([a], [b]). This is most natural way to describe the
moduli space of trajectories.

But we need more direction version for transversality:

Choose lifts a and b in C7(Y') of zeros [a] and [b] of (V£)?. Choose smooth
Yo = (Ao, s0,%0) € C;JOC(R x Y), which is v, near —oco and v, near +oo and
[Yol € 2.

Define Cf(a,6) = {1 € C[0u(Z) | 7 — 20 € LR(T*Z) x LZR.R) x L34 (S*)},
here Li is global, and Li 4, neans (higher) covariant derivative are defined using
the connection A, from 7.

Sitting inside, we have CJ (a, b) where we have the middle variable in L2 (R, [0, 00)).

The gauge group is defined as Giy1 := {u € Grt1,10¢ | u(Cf(a,b)) C Ci(a,b)}. A
fact is Gr41(Z) = {u € Grg1,10c | 1 —u € L3, (Z;C)}.

Define B7._([a], [6]) = C7(a,6)/Grs1(Z). Bf([al, b)) = LI, B..(la], [6]). The
tilde version are defined the same way. They are Hausdorff.

Theorem 1.3. Let [y] € M.([a], [b]). Choose any lift v € Cf;,.(Z), choose lifts
a,b and vy such that [%] € z. Then there exists u € Gri110c S-t- u(y) € C[(a,b)

(namely, there exists a gauge representative that lies in the direct description). Any
two such u and u', we have w'u=' € Gy11(Z). So

v = [(w()] = (e ) (u(y)] = [ (v)] € BF, . ([a], [6])
is well-defined independent of choice w. Then actually this map descends to an
injective map from M, ([a],[b]), and this map has the image

{ln] € Bi - ([a,b]) | F7(7) = 0},
and this bijection is homeomorphism. Similarly, we have the statement for the tilde
version.

1.0.1. Local structure of moduli space of trajectories. We have just realized M, ([a], [b])
as the zero set of F7. Now we want to show F to be locally non-linear Fredholm
between Banach manifolds.

Lo + h k-ASAFOE on sections of E — Y as in the last lecture (Ly SAFOE,
h:C>(E) — L*(E) extends to bounded h : L}(E) — L}(E) for all j with |j| < k).
Wepull E—Y backto E - Z =R xY.
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Consider the translation-invariant D = % + Lo+ h is bounded L? () — Lf(E)
for |j| < k.

Spectrum for an operator on a real Hilbert space means spectrum of its com-
plexification.

Definition 1.4. Let Lo+ h be a k-ASAFOE operator. It is hyperbolic, if spectrum
is disjoint from the imaginary axis in C.

Proposition 1.5. Ly + h hyperbolic, then D = % + Lo+ h: L?_H(E) — L?(E) 18
invertible (thus Fredholm,).

Now consider time-dependent h. D := % + Lo+ h: L? — L? (independent of k
so we consider lowest k). Family Lo + hq, t € [0, 1], which is a continuous path in
{bounded operator L? — L?} with Lq + ho and Lo + h; hyperbolic.

The spectral flow sf(Lo + ht) = “net number of eigenvalues whose real parts
go from negative to positive”. We make this precise in the exercise session as a
genericity statement.

Proposition 1.6. Ly SAFOE on sections of E — Y, hy bounded L?(E) — L?(E)
continuous in t in operator norm with h4s = hy, and Lo + h4 hyperbolic. Then
Q=% +Lo+hs : L*(RxY; E) — L*(RxY; E) is Fredholm with index = sf(Lo+hy).

1.0.2. Slice. T} denotes the L? fiber-completion of the tangent bundle of C}:(a, b)
(the latter of which has the constraint Re{(¢olt, ¢|¢)r2(v;s) = 0 in its definition),
where ¢ is from the base and ¢ is from the vector.

Write the derivative of the gauge group action as before as d7§ = (—d§, 0,£¢o)
Wlth’}/: (A07803¢0)‘ B

Define ST = {(A = Ao + a,s,¢) € C{(a,b) | Coul] (Ao + a,s,$) = 0}, where
Coul : Cf(a,b) — L?_, (iR),

fy<i¢o,¢>)
1"

The point of this map is its linearization d.Coul] extends to d™1 : T; — L7 ,(iR)
has the following property: ICJT’k := ker dfy’T and J, = imd7, are complementary
closed subspaces spanning 777 which vary smoothly over the base.

Want to show that restricting to the slice denoted by -|, the equation has Fred-
holm linearization.

Fq | asection of Vi_;[ = Sf , where a tame perturbation ¢ chosen s.t. zeros of
(V£)° are non-degenerate.

Vi_1 is not a trivial vector bundle along the path, and we need a projection II7
to define linearization (just like differentiating on a sphere), where

I : L2(isu(S*)) @ LA(R,R) @ L2 4 (S7) = V]

2,77

(777 T, 1@ = (77) r, Héo(t)w) where Héo(t)w =1 — Re<¢30(t)a q#(t»L?(Y;S)d)O-
dF] is defined by taking derivative in the ambient Banach space, then projecting.
a = b+ cdt where b is in temporal gauge, and we denote

(a,r,0) = ((b;r, ), c) = (V,c).
dyo Fy : (V,0) = %V +d(VE)7 (V) +d7, e Here SV = (%, % 115 (92)).
(We used ¢T*Y with isu(St)).

(Ao + a,s,¢) — —d*a+ issoRe(idy, ¢) + i|do|*Re(
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We impose the Coulomb gauge fixing condition 0 = di'"(V, ¢) = de 4 d:(’f(t)(V).
We also assume g is in temporal gauge for convenience.

SW + gauge fixing, Q,, = d,,F; © dfﬂ’f. In path notation, (V,¢) — %(V, c) +
Loy (V;0).

d.(V£)? d?

Here, if denoting ¢ := vo(t), L. = ( C(dO',T) 0‘

c
Theorem 1.7. @, is Fredholm for 1 < j < k with index independent of j and
satisfying the semi-Fredholm estimate/Garding inequality ||u||r2 < C1||Qoul L2 -+
J J—

_——
) = Hess, . before.

A,

d(Fy |stice) : K7, = V]_; ., Fredholm with index same as that of Q,, also called
relative grading

—0 0 de
gr.([a], [b]) = gr(a, b) = sf(Hess, 5, ;)) = sf( (d”’T(t) 'Yo(t)> @©Hessg (1)) = sf(Hessy  ))-
Yo
1.0.3. Regularity. M. ([a],[b]) € M.([a], [b]) C B,Z,Z([a], [6]), where the first one has
s(t) > 0.

A neighborhood of [y] in M. ([a], [b]) is the zero set of F7|u, : Uy — V[_;. If
dyFg| + K., — V_,. is surjective, then M,([a],[b]) is a manifold near [7] of
dimension dim ker d, 7| = ind@,, = gr,([a], [b]).

Unique continuation means a SW solution v = (A, s, ¢) has either s = 0 or
s: R — R\{0}.

In the second case if s > 0, [y] € M.([a], [b]), so

M ([a], [b]) = M- ([a], [b]) /(i : [A, 5, 0] = [A, =, ¢]).
In the flow form of 4d SW equation, we have appearance of A,(a), which plays

the eigenvalue role in the finite dimensional case. If a is a reducible zero, a is called
boundary-stable if A,(a) > 0, and boundary-unstable if A,(a) < 0.

Lemma 1.8. If M,([a],[b]) conatins an irreducible trajectory, then a is either ir-
reducible or boundary-unstable, and b is either irreducible or boundary-stable.

Proof. % = —A,(¥(t))s and s > 0. We have Ay(¥(t)) — Aq(a) and to Ay(b).
If a reducible, s — 0 at —oo, then A, (a) < 0.

If b reducible, similarly, we have A,4(b) > 0. O
If 7y reducible, @ = QQ & Q5.
Qi? = (d\F)? @ dg’T whose first factor is invariant under involution 4, and

QY L3(iR) = L7 (iR),s + % + A(¥)s.

After calculation, one can see (dim ker Q%, dimecok@?) is (1,0) if a is d-unstable
and b is boundary-stable; (0, 1) if a is boundary-stable and b is boundary-unstable
(this case is said to be boundary-obstructed, this is still ok due to be constant
dimension of cokernel); (0,0) if both a and b are boundary-stable, or both a and b
are boundary-unstable.

The definition of regular is stated.

The regularity theorem says that there exists a residual ¢ € P, (i) all zeros of
(V£)? non-degenerate; (ii) M, ([a], [b]) is regular.

The proof is provided in the exercise session.
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